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ABSTRACT
There often exist different types of information due to the sub-
jective and objective criteria in practical decision-making prob-
lems, thus it is necessary to develop some efficient frameworks to
deal with the decision-making problems with heterogeneous
information. The paper proposes a framework for group decision-
making problems with heterogeneous information with thermo-
dynamical parameters consisting of three parts to achieving this
goal. The first part builds the rectifications of criteria weights
according to decision makers’ confidence in evaluations. The
second part adopts thermodynamical parameters to measure the
numerical values and the data distribution of heterogeneous
information to characterize the heterogeneous information fully.
The last part applies the TODIM (an acronym in Portuguese for
Interactive and Multicriteria Decision Making) to aggregate the
decision-making results based on the characterized heteroge-
neous information without transforming it into a unified form. By
depicting decision makers’ different sensitive attitudes towards
uncertainty by several mathematical expressions, experiments are
performed to assess the sensitive attitudes’ impacts on decision-
making results with the proposed framework. Finally, a case study
on the selection of a green supplier under the low-carbon econ-
omy is provided to illustrate the flexibility and feasibility of the
proposed framework.
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1. Introduction

Human management practices emerged almost simultaneously with the dawn of
human civilization. Going with the development of human being’s exercising activ-
ities, decision making as a branch of management has made its way into the fields of
economics (Bateman et al., 2013; Buyukozkan & Guleryuz, 2016; Farahani & Asgari,
2007; Johansson-Stenman, 2018; Kaya et al., 2019; Leiser & Azar, 2008; Mendoza,
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2018; Rani et al., 2020; Santoyo-Castelazo & Azapagic, 2014; Strantzali & Aravossis,
2016; Zhang et al., 2019), engineering (Liu et al., 2018; Mori et al., 2018; Wessel
et al., 1984), military (Salinas, 2017; S�anchez-Lozano et al., 2015), etc. Initially, the
classical decision theory was established based on the expected utility theory (Von
et al., 1944), which shows the idea that in the decision-making process, decision mak-
ers usually look forward to the current environment and the future development, and
respond to the possible gains and losses, finally choose the most desirable way to
achieve the maximum satisfaction. The utility theory defines individual behavior in
decision making and supports decision theory development until now.

With modern decision-making evolution, the environment’s complexity and uncer-
tainty determine that the decision makers are limited to providing accurate evalua-
tions of objects. Vague expressions, such as fuzzy set (Zadeh, 1965), intuitionistic
fuzzy set (IFS) (Atanassov, 1983, 1986), hesitant fuzzy set (HFS) (Torra, 2010), lin-
guistic term set (LTS) (Zadeh, 1975), hesitant fuzzy linguistic term set (HFLTS)
(Rodr�ıguez et al., 2012), etc., were proposed, where an IFS describes an object by a
membership and a non-membership, a HFS describes an object by several possible
memberships, a LTS describes an object by a linguistic term, and a HFLTS describes
an object by several continuous linguistic terms. The past years have seen increasingly
rapid advances in the field of fuzzy decision-making methods with different fuzzy
sets (e.g., Kahneman et al., 2015; Liao & Xu, 2015; Ren et al., 2021).

In practice, decision makers meet the decision-making problems with both subject-
ive and objective criteria frequently. For example, suppose a capitalist considers inves-
ting in a corporation among several possible corporations. In that case, he may
measure them by the following criteria: asset-liability ratio, annual profit, corporate
image, corporate credit, and corporate development program. The data types of eval-
uations concerning criteria are diverse in such cases. Under this background,
researchers have shown an increased interest in addressing the decision-making prob-
lems with heterogeneous information. The techniques can be briefly divided into two
categories: (1) transforming all heterogeneous information into common types of data
and making a decision (Herrera & Martinez, 2000; Li et al., 2010; Tan et al., 2019; Xu
et al., 2016); (2) introducing an appropriate method to directly use heterogeneous
information to make a decision (Lourenzutti et al., 2017; Peng et al., 2011; Verma
et al., 2015; Xu, 2007; Zhang et al., 2019, Yue, 2019, Liang et al., 2020; Zheng
et al., 2020).

The above research represents the evaluations on objects towards each criterion by
different forms, highlighting that decision makers may have different levels of under-
standing about an object’s performance under each criterion. These different forms of
evaluations reflect the different uncertain degrees of decision makers on objects to
some extent. However, the above research solves the decision-making problems by
using numerical characters of the heterogeneous information, which ignores its dis-
tributed characters. In some cases, taking the distributed characters of information is
necessary and meaningful. For example, suppose that, in a group decision-making
problem, four decision makers assign “0.3, 0.6, 0.5, 0.4” to an object, and assign “0.5,
0.5, 0.4, 0.4” to another object, the average evaluations show that the performances of
the two objects are identical, then should we accept the results? The answer is no
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because the initial evaluations of them are disparate. Obviously, in decision-making
problems, choosing the object with “0.5, 0.5, 0.4, 0.4” as the optimal one is more
dependable for its centralized evaluation of four decision makers.

Considering this weakness, Verma and Rajasankar (2017) introduced the thermo-
dynamical knowledge in physics to construct the decision-making methods with real
numbers (i.e., numerical number, the abbreviation is RNs) and triangular fuzzy num-
bers (i.e., a simple form of fuzzy numbers, the abbreviation is TFNs). The method
uses energy, exergy, and entropy indicators to depict the judgments with group con-
centration (valid judgments) and group dispersion (invalid judgments). Motivated by
this idea, Ren et al. (2017a) extended the method to depict the thermodynamical
characteristic of decision information in an intuitionistic fuzzy environment. Due to
the bounded rationality of human beings, the thermodynamical method was further
applied to handle the hesitant fuzzy information (Ren et al., 2017b). Furthermore, by
combining the thermodynamical parameters and the prospect theory, the thermody-
namical decision-making methods were developed in a hesitant fuzzy linguistic envir-
onment, a probabilistic linguistic environment, and a Pythagorean fuzzy environment
(Coban & Onar, 2021; Liao et al., 2018; Wang et al., 2020).

So far, the above thermodynamical decision-making approaches are confined to
solving decision-making problems in specified circumstances, limiting the universality
of handling decision-making problems with different types of information. To
improve the thermodynamical decision-making methods’ applicability, we develop a
thermodynamical framework for heterogeneous information involving RNs, utility
values (i.e., a measure of people’s satisfaction, the abbreviation is UVs), LTs, and
HFLTSs, in which RNs are used to depict the objective values on criteria, UVs, LTs,
and HFLTSs are the commonly used descriptions in economic and management
activities. For example, suppose that we let a decision maker evaluate an alternative
with respect to a subjective criterion. In that case, he may assign his utility on the
alternatives as “8” (from 1 to 10), or may express his feeling on alternatives by the
terms of “good” or even “more than slightly good”. It is easy to catch that such
descriptions of “8”, “good” and “more than slightly good” are people’s common
expressions, which are called UVs, LTs, and HFLTSs.

The main innovations of the paper can be summarized as follows:

1. Based on that UVs, LTs, and HFLTSs are the expression forms people commonly
use in economic and management activities, the paper builds a decision-making
process by considering these subjective evaluations, which would fruit the frame-
work of decision making in economics and management.

2. Considering different types of subjective evaluations indicate different levels of
fuzzy mind, the paper rectifies the original weight of the criterion that people are
hesitant to give accurate evaluations accordingly, which would decrease the impacts
brought by uncertain factors and limitations of decision makers’ thoughts.

3. The paper applies thermodynamical parameters to describe the centralized degree
of decision-making information, which would improve the reliability and preci-
sion of the results.

ECONOMIC RESEARCH-EKONOMSKA ISTRAŽIVANJA 6603



4. The paper introduces the TODIM (an acronym in Portuguese for Interactive and
Multicriteria Decision Making) to collect each alternative’s overall score without
the form of transformation and measure information with prospect theory, which
would avoid information loss, as well as increase the significance of results in
economics and management with uncertainty and risk.

The remainder of the paper is organized as: Section 2 reviews basic knowledge about
related fuzzy sets and the thermodynamical decision-making method, then shows the
implications of the proposed framework in the economic and management field. Section
3 defines heterogeneous thermodynamical decision-making parameters and provides the
rectifying weights according to decision makers’ confidence levels. Section 4 presents a
heterogeneous group decision-making framework, including correcting the criteria
weights according to the decision maker’s confidence level, characterizing the numerical
values and distribution of decision-making information simultaneously, and introducing
the TODIM to derive the final decision-making results. Experiments are performed in
Section 5 to discuss how the decision makers’ sensitive attitudes towards uncertainty
impact decision-making results. The proposed framework is applied to address a green
supplier selection problem under the low-carbon economy in Section 6 to demonstrate
its flexibility and feasibility. The paper ends up with conclusions in Section 7.

2. Preliminaries and implications

2.1. Linguistic variables

Based on a finite and ordered LTS S ¼ sh h ¼ 0, 1, :::, 2sj gf (s is a positive number),
the LT (Zadeh, 1975), expressed as sh, is utilized to describe the individual fuzzy
mind towards objectives qualitatively. Some operations and measurements for any
two LTs sa and sb were proposed as (Xu, 2005): (1) sa� sb¼ saþb; (2) ksa¼ ska

(k � 0) and (3) dðsa, sbÞ ¼ sa�sbj j
2s :

Based on a finite and ordered LTS S ¼ sh h ¼ 0, 1, :::, 2sj gf (s is a positive number),
a HFLTS (Rodr�ıguez et al., 2012), defined as b ¼ hxi, bðxiÞi xi 2 Xj g�

(Liao & Xu,
2015), is used to capture individual fuzzy mind towards objectives with several con-
secutive LTs in S, where the hesitant fuzzy linguistic element (HFLE) bðxiÞ (Liao &
Xu, 2015) is expressed by at least one LT in S:

To keep the operational characters of HFLTSs, Zhu and Xu (2014) proposed add-
ing some elements in the shorter one(s). If the shorter HFLTS is expressed as b ¼
bl l ¼ 1, :::, zj g,

�
then the added elements ~b can be determined by ~b ¼

gðmaxl blÞ�ð1�gÞðminl blÞ (0 � g � 1). Furthermore, Zhu and Xu (2014) defined
IðbÞ as the ordered lower index set of b ¼ bl l ¼ 1, :::, zj g,

�
and Zhang and Wu

(2014) introduced the following comparative technique for two HFLTSs ba and bb:

1. If sðbaÞ>sðbbÞ, then ba>bb,
2. If sðbaÞ ¼ sðbbÞ, then ba ¼ bb,

where sðbÞ ¼ 1
2sz

Pz
l IðblÞ:
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Suppose that ba ¼ bla l ¼ 1, :::, Lj g�
and bb ¼ blb l ¼ 1, :::, Lj g

n
are two HFLTSs with

the same length, their operations (Zhu & Xu, 2014) and measurements (Liao et al.,

2014) are: (1) ba�bb ¼ [ brðlÞa 2 ba
brðlÞb 2 bb

brðlÞa �brðlÞb

n o
; (2) kba ¼ [

brðlÞa 2ba kbrðlÞa

� �
(k � 0);

(3) dðba, bbÞ ¼ 1
L

PL
l¼1

IðbrðlÞa Þ�IðbrðlÞb Þ
�� ��

2s , where brðlÞa and brðlÞb are the l th largest element

in ba and bb, respectively.
The current researchers fail to give a general conclusion for the subtraction

between any two linguistic variables since the results may be out of the initial LTSs.
To ensure the scope of operation, referring to the inverse of the additive operation,
we define the following subtractive operations for LTs and HFLTSs with the restricted
condition:

1. For any two LTs sa and sb, if a>b, then sa � sb ¼ sa�b;
2. For any two HFLTSs ba ¼ bla l ¼ 1, . . . , Lj g�

and bb ¼ blb l ¼ 1, . . . , Lj g
n

with the

same length, if IðbrðlÞa Þ>IðbrðlÞb Þ for all l ¼ 1, . . . , L, then ba � bb ¼
I�1ðIðbrðlÞa Þ�

n
IðbrðlÞb ÞÞ l ¼ 1, . . . , Lj g:

2.2. Thermodynamical decision-making approach

For a multi-criteria decision-making (MCDM) problem with m alternatives A ¼
Ai i ¼ 1, :::,mj gf and n criteria C ¼ Cj j ¼ 1, :::, nj g,�

h decision makers assign the
weights of the criteria as w ¼ wk

j j ¼ 1, :::, n, k ¼ 1, :::, hj g
n

and utilize the matrices
R ¼ ðrkijÞm�n, where rkij (i ¼ 1, :::,m, j ¼ 1, :::, n, k ¼ 1, :::, h) are RNs, to evaluate the
alternatives with respect to criteria. The thermodynamical decision-making process to
handle it can be briefly introduced (Verma & Rajasankar, 2017) as:

1. For an alternative Ai (i 2 1, . . . ,mf g), define the decision values rkij as its poten-
tial with respect to the criterion Cj and the weight wk

j as its force, for j 2
1, . . . , nf g and k 2 1, . . . , hf g;

2. Calculate the quality qkij of the potential rkij by qkij ¼
1� rkij � 1

h

Ph
k¼1 r

k
ij

��� ���= 1
h

Ph
k¼1 r

k
ij

� �
, for i ¼ 1, . . . ,m and j ¼ 1, . . . , n;

3. Construct the energy matrix Uk ¼ ðukijÞm�n and the exergy matrix Xk ¼ ðxkijÞm�n,
respectively, where ukij ¼ wj � rkij and xkij ¼ qkij � ukij for i 2 1, . . . ,mf g, j 2
1, . . . , nf g, k 2 1, . . . , hf g;

4. Obtain the energy indicator and the exergy indicator of the alternative Ai for

each decision maker by uki ¼ 1
n

Pn
j¼1 u

k
ij and xki ¼ 1

n

Pn
j¼1 x

k
ij, respectively;

5. Get the overall energy indicator and the overall exergy indicator of the alternative

Ai by ui ¼ 1
h

Ph
k¼1 u

k
i and xi ¼ 1

h

Ph
k¼1 x

k
i , respectively;

6. Calculate the overall entropy indicator of the alternative Ai by si ¼ ui�xi, and
rank alternatives. The optimal alternative corresponds to the one with min-
imum entropy.
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2.3. Implications in economic and management field

The construction of the proposed framework yields implications in the economic and
management field, which can be summarized as follows:

1. In practical economic and management activities, people likely use different types
of expressions to evaluate objects. By addressing the information of RNs, UVs,
LTs and HFLTSs, the proposed framework provides an efficient tool for some
common economic and management decision-making problems.

2. Considering the uncertainty and complexity exist in economic and management
activities, the proposed framework introduces thermodynamical parameters to
take full use of available information, which would improve the reasonability of
the economic and management results.

3. As economic and management activities usually face risks, the proposed frame-
work considers decision maker’s sensitive attitude to the fuzzy mind (manifested
by vague expressions) during weight reification. It develops people’s characters of
risk-aversion, risk-neutral, and risk-preference in economics into the actual deci-
sion-making process.

In general, the proposed framework is built based on taking the economic and
management situations, i.e., uncertainty, complexity and risk into account. It would
provide a way to improve the reasonability of the economic and management deci-
sion-making results.

3. Heterogeneous thermodynamical parameters and weight rectification

In this section, we present thermodynamical parameters to manifest the data
features from the aspects of numerical values and distributions. Furthermore,
considering that evaluations on alternatives regarding subjective criteria are inev-
itably ambiguous, we introduce a weight rectification way to decrease the relative
weight of the criterion that corresponds to the evaluations with more
uncertainty.

3.1. Heterogeneous thermodynamical decision-making parameters

Suppose that an MCDM problem contains h decision makers D ¼ Dk k ¼ 1, :::, hj g,f
m alternatives A ¼ Ai i ¼ 1, :::,mj g,f subjective criteria C ¼ Cj j ¼ 1, :::, nj g,�

and o

objective criteria C ¼ Cj j ¼ nþ 1, :::, nþ oj g:�
Decision makers assign the vector

of criteria weights as w ¼ ðw1, :::,wnþoÞT in which wj 2 0, 1½ � and Pnþo
j¼1 wj ¼ 1 for

all j ¼ 1, :::, nþ o: Decision makers use UVs, LTs, or HFLTSs to evaluate the alter-
natives towards the subjective criteria, and RNs manifest the objective performan-
ces of the alternatives pij: The heterogeneous decision matrix Rk ¼ ðrkijÞm�ðnþoÞ,
which consists of all objective performances and individual evaluations, can be
presented as:
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Subjective criteria Objective criteria
C1 � � � Cnþo C1 � � �Ct � � � Cy � � �Cn Cnþ1 � � � Cnþo

Rk ¼
A1

..

.

Am

r11 � � � r1, nþo

..

. � � � ..
.

rm1 � � � rm, nþo

0
B@

1
CA ¼

A1

..

.

Am

uvk11 � � � sk1t � � � bk1y � � � bk1n
..
. ..

. ..
. ..

.

uvkm1 � � � skmt � � � bkmy � � � bkmn

j
p1, nþ1 � � � p1, nþo

..

. ..
.

pm, nþ1 � � � pm, nþo

0
BB@

1
CCA for k 2 1, :::, hf g

(1)

where uvkij is a UV expressed by a crisp value, skij and bkij ¼ ðbkijÞl l ¼ 1, :::, Lbkij

��� o�
are

respectively an LT and an HFLTS that are both provided based on LTS S ¼
sh h ¼ 0, 1, :::, 2sj g,f for k 2 1, :::, hf g, i 2 1, :::,mf g and j 2 1, :::, nf g:
Note that decision makers are not required to assign their judgments to the alter-

natives with respect to the objective criteria.
To establish the thermodynamical decision-making method in a heterogeneous

environment, we firstly present some heterogeneous thermodynamical definitions:

Definition 3.1. In a decision-making problem, the evaluation of an alternative with
respect to a subjective or objective criterion is defined as the heterogeneous potential.
The corresponding criterion weight is defined as the heterogeneous force. The hetero-
geneous potential can be presented by each form such as UV, LT, HFLTS, RN, etc.,
and the heterogeneous force is located in ½0, 1�:

In physics, the energy of an object is the sum of its kinetic energy and potential
energy (Charles & Herbert, 1980; Perrot, 1998). Applying this relation to the deci-
sion-making circumstance, the energy of an alternative is equal to the potential
energy for its static state.

Definition 3.2. In each state, an alternative’s heterogeneous energy is its efficacy in
the heterogeneous decision-making system at that state, calculated by the product of
its heterogeneous potential and the corresponding heterogeneous force.

By Definition 3.2, different types of potentials correspond to different types of
energies, and a proposition to obtain the potentials is presented as:

Proposition 3.1. For a heterogeneous decision matrix Rk ¼ ðrkijÞm�ðnþoÞ
(k 2 1, :::, hf g, i 2 1, :::,mf g and j 2 1, :::, nþ of g), where rkij may be expressed as a
UV uvkij, an LT skij, an HFLTS bkij or an RN pij, the heterogeneous energy of the alter-
native Ai under the criterion Cj can be obtained by one of the following situations:

1. If the heterogeneous potential rkij is a UV, then we call the heterogeneous energy
as utility energy, which can be calculated by uekij ¼ wjuvkij;

2. If the heterogeneous potential rkij is an LT, then we call the heterogeneous as
energy linguistic energy, which can be calculated by lekij ¼ wjskij;

3. If the heterogeneous potential rkij is an HFLTS, then we call the heterogeneous
energy as hesitant fuzzy linguistic energy, which can be calculated by hekij ¼ wjbkij
(Liao et al., 2018);

4. If the heterogeneous potential rkij is an RN, then we call the heterogeneous energy
as real energy, which can be calculated by reij ¼ wjpij (Verma & Rajasankar, 2017),
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where linguistic energy and hesitant fuzzy linguistic energy can be calculated by their
scalar multiplications (Xu, 2005; Zhu & Xu, 2014).

For general decision-making problems, if the evaluations on alternatives are
described in the same form, then we can get the overall values of the alternatives by
using the weighted aggregated operations; or if the evaluations on alternatives are
described in different forms, then we can (1) normalize them into the same scale and
calculate the weighted average of alternatives, or (2) make relative comparisons among
all alternatives with respect to each criterion and collect the comparative results of alter-
natives. These methods can compare alternatives and rank them numerically. Let us fur-
ther consider a situation as described before: for two alternatives, if two sets of data have
the same aggregated results, but the distribution of one set is more centralized than the
other, which should be judged as the better one? In most cases, we likely choose the one
with the more centralized distribution for its stable performance, similar to the case that
an individual or corporation is willing to invest a stable fund rather than a steep one to
guarantee profit and avoid risk. Then, in the following, we introduce the parameters to
capture the centralized degree of the heterogeneous information.

Definition 3.3. The heterogeneous static quality of a heterogeneous potential on an
alternative is manifested by the concentration degree of the potential assigned by a
decision maker to the mean of heterogeneous potentials assigned by all deci-
sion makers.

Proposition 3.2. For a heterogeneous decision matrix Rk ¼ ðrkijÞm�ðnþoÞ
(k 2 1, :::, hf g, i 2 1, :::,mf g and j 2 1, :::, nþ of g), where rkij may be expressed as a
UV uvkij, an LT skij, an HFLTS bkij, or an RN pij, the heterogeneous static quality of
any heterogeneous potential rkij (k 2 1, :::, hf g) over all other heterogeneous potentials
rkij (k ¼ 1, :::, h) is

1. If the heterogeneous potential rkij is a UV, then we call the heterogeneous static

quality as utility static quality, calculated by uqkij ¼ 1� uvkij��u�vij
�� ��

�u�vij
;

2. If the heterogeneous potential rkij is an LT, then we call the heterogeneous static
quality as linguistic static quality, calculated by lqkij ¼ 1�dðskij,�sijÞ;

3. If the heterogeneous potential rkij is an HFLTS, then we call heterogeneous static
quality as hesitant fuzzy linguistic static quality, calculated by hqkij ¼ 1�dðbkij, �bijÞ;

4. If the heterogeneous potential rkij is an RN, then rkij ¼ rkþ1
ij for all k 2 1, . . . , hf g,

and real static quality is rqij ¼ 1:

where dðskij,�sijÞ and dðbkij, �bijÞ are respectively the distance measures of linguistic infor-
mation and hesitant fuzzy linguistic information.

Furthermore, we put forward the concept of heterogeneous exergy as follows:

Definition 3.4. Heterogeneous exergy is defined as the maximum centralized effect
that a heterogeneous potential possesses, which can be calculated by the product of
heterogeneous energy and heterogeneous static quality of each alternative.
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Proposition 3.3. For a heterogeneous decision matrix Rk ¼ ðrkijÞm�ðnþoÞ
(k 2 1, :::, hf g, i 2 1, :::,mf g and j 2 1, :::, nþ of g), where rkij is a UV uvkij, an LT skij,
an HFLTS bkij, or an RN pij, the heterogeneous exergy of a heterogeneous potential
rkij (k 2 1, :::, hf g) is

1. For a UV uvkij, its utility exergy uxkij ¼ uqkij � uekij;
2. For an LT skij, its linguistic exergy lxkij ¼ lqkij � lekij;
3. For an HFLTS bkij, its hesitant fuzzy linguistic exergy hxkij ¼ hqkij � hekij (Liao

et al., 2018);
4. For an RN pij, its real exergy rxij ¼ rqij � reij (Verma & Rajasankar, 2017).

3.2. Weight rectification with the confidence level

With the idea that people always give accurate descriptions and evaluations to an
alternative which they know very well and give ambiguous descriptions and evalua-
tions to another which they are unfamiliar with, we propose to rectify the criteria
weights to decrease the relative importance of the criteria correspond to indetermin-
ate evaluations and increase relative weights of the criteria correspond to accurate
evaluations.

Firstly, a concept to describe the confidence degree of a decision maker is intro-
duced as:

Definition 3.6. The confidence level of a decision maker with respect to his/her given
HFLTS b ¼ bs s ¼ 1, :::, lbj gf is a parameter to measure its practical dependability in
the decision-making process, which can be calculated by

n ¼ 2
lb þ 1

(2)

Remark 1. The confidence level of hesitant fuzzy linguistic information focuses on
recording the expression accuracy of its linguistic length. The accuracy is proposed
based on the motivation of relative standard deviation in mathematics (statistics).

Definition 3.7. For an uncertain decision value, its confidence level is calculated as
n, suppose that a decision maker initially assigns its weight as w, then its rectified
weight can be obtained by

�w ¼ w � FðnÞ (3)

where FðnÞ is a function of the confidence level n:

Remark 2. The technique to rectify the weights for the evaluations with more fuzzi-
ness helps reduce the impact on the decision-making results caused by the unknown
factors or individual thought limitations.
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Proposition 3.5. The form of FðnÞ can be determined by a decision maker’s sensitive
attitude to the accuracy of decision value, specifically

(1) If decision makers are neutrally sensitive to the accuracy, then FðnÞ is a linear
function, F00ðnÞ ¼ 0;

(2) If decision makers are sensitive to the accuracy, then FðnÞ is a locally convex
function, F00ðnÞ>0;

(3) If decision makers are insensitive to the accuracy, then FðnÞ is a locally con-
cave function, F00ðnÞ<0:

Intuitively, the situations in Proposition 3.5. can be presented by Figure 1.

4. A framework of heterogeneous thermodynamical decision making

Based on Section 3, the section aims to establish a decision-making framework for
the MCDM problem with subjective and objective criteria, which involves the follow-
ing three algorithms:

Algorithm 1. Weights rectifying

Input: (1) The alternatives A ¼ Ai i ¼ 1, :::,mj g,f (2) the criteria C ¼
Cj j ¼ 1, :::, nþ oj g,�

(3) the heterogeneous decision matrices
Rk ¼ ðrkijÞm�ðnþoÞ(k ¼ 1, :::, h) that contain the heterogeneous potentials of alternatives
towards subjective criteria (expressed by the UVs uvkij, the LTs skij, and the HFLTSs
bkij) for k ¼ 1, :::, h, i ¼ 1, :::,m, j ¼ 1, :::, n, and the objective criteria (presented by
the RNs pij) for i ¼ 1, :::,m and j ¼ nþ 1, :::, nþ o, (4) the weights of criteria wk ¼
ðwk

1, :::,w
k
nþoÞT assigned by each decision maker; (5) the decision makers’ functions of

the confidence levels according to their sensitive preferences;
Output: The rectified weights of criteria �wk ¼ ð�wk

1, :::, �w
k
nþoÞT for k ¼ 1, :::, h;

Step 1. For all heterogeneous decision matrices Rk ¼ ðrkijÞm�ðnþoÞ(k ¼ 1, . . . , h, i ¼
1, . . . ,m and j ¼ 1, . . . , nþ o), select the criteria Ck

j that correspond to the evalua-
tions expressed by HFLTSs for k ¼ 1, . . . , h and j ¼ 1, . . . , n, go the next step; If
no criteria as such exist, end this algorithm;

Figure 1. Shapes of FðnÞ with a decision maker’s different sensitive attitudes towards the accuracy
of decision values.
Source: Authors.
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Step 2. Denoted the selected criteria and their original weights as Ck
j	 (k ¼ 1, . . . , h

and j ¼ 1, . . . , n) and wk
j	 (k ¼ 1, . . . , h and j ¼ 1, . . . , n) respectively, go the

next step;
Step 3. Obtain the confidence levels of the decision makers towards the selected crite-
ria Ck

j	 (k ¼ 1, . . . , h and j ¼ 1, . . . , n) by

nkj	 ¼
2

l̂bkj	 þ 1
(4)

where l̂bkj	 is the length of the normalized HFLTSs for j th criteria given by k th
decision maker. Go to the next step;

Step 4. According to the function of the confidence levels provided by the decision
makers, calculate the rectified weights of the criteria Cj	 (k ¼ 1, . . . , h and
j ¼ 1, . . . , n) by

�wk
j	 ¼ wk

j	 � f ðnkj	Þ (5)

and go to Step 5;

Step 5. For the criteria expressed by UVs, LTs, and RNs, their weights can
be adjusted:

�wk
j ¼ wk

j 1þ
Xn

j	¼1
wk
j	 � �wk

j	
��� ���=ð1�Xn

j	¼1
�wk
j	Þ

� 	
for k ¼ 1, :::, h and j ¼ 1, :::, nþ o

(6)

End.

For convenience, we note the rectified weights of criteria as �wk ¼ ð�wk
1, :::, �w

k
nþoÞT

for k ¼ 1, :::, h, which are composed of all above-rectified weights.
It is worth noting that considering the known information is shared among all

decision makers in a heterogeneous group decision-making problem, we assume that
decision makers reach a consensus to assign the evaluations to which criteria by
more nebulous information because they contain more unknown factors. It means
that the columns in these h decision matrices, which correspond to the evaluations
expressed by HFLTSs, are the same.

Based on Algorithm 1, a process can be furtherly proposed to obtain the thermo-
dynamical features of alternatives:
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Algorithm 2. Thermodynamical features processing

Input: (1) The alternatives A ¼ Ai i ¼ 1, :::,mj g,f (2) the criteria C ¼
Cj j ¼ 1, :::, nþ oj g,�

(3) the heterogeneous decision matrices Rk ¼ ðrkijÞm�ðnþoÞ
(k ¼ 1, :::, h) that contain the heterogeneous potentials of alternatives towards subject-
ive criteria (expressed by the UVs uvkij, the LTs skij, and the HFLTSs bkij) for k ¼
1, :::, h, i ¼ 1, :::,m, j ¼ 1, :::, n, and the objective criteria (presented by the RNs pij)
for i ¼ 1, :::,m and j ¼ nþ 1, :::, nþ o, (4) the rectified weights of crite-
ria �wk ¼ ð�wk

1, :::, �w
k
nþoÞT ;

Output: The heterogeneous exergy matrix;

Step 1. Obtain the heterogeneous energy of each heterogeneous potential by
Proposition 3.1, and then construct the corresponding heterogeneous energy matrix
HEk ¼ ðhekijÞm�ðnþoÞ of each heterogeneous decision matrix Rk ¼ ðrkijÞm�ðnþoÞ for k 2
1, . . . , hf g i ¼ 1, . . . ,m and j ¼ 1, . . . , nþ o: Go to the next step;

Step 2. Calculate the individual heterogeneous static quality matrix HQk ¼
ðhqkijÞm�ðnþoÞ for each individual heterogeneous decision matrix (k 2 1, . . . , hf g, i ¼
1, . . . ,m and j ¼ 1, . . . , nþ o), where the elements hqkij (k ¼ 1, . . . , h, i ¼ 1, . . . ,m
and j ¼ 1, . . . , nþ o) can be obtained by Proposition 3.2. Turn to Step 3;

Step 3. Acquire the individual heterogeneous exergy matrix HXk ¼ ðhxkijÞm�ðnþoÞ of
each individually heterogeneous decision matrix (k 2 1, . . . , hf g, i ¼ 1, . . . ,m and
j ¼ 1, . . . , nþ o), whose elements can be obtained by Proposition 3.3. Go to Step 4;

Step 4. Synthesize all individual heterogeneous exergy matrices into an overall
heterogeneous exergy matrix HX ¼ ðhxijÞm�ðnþoÞ (i ¼ 1, . . . ,m and
j ¼ 1, . . . , nþ o), where

hxij ¼ 1
k

Ph
k¼1 hx

k
ij for k ¼ 1, :::, h (7)

End.

Through Algorithm 1 and Algorithm 2, we can improve the rationality of the deci-
sion-making procedure from weight setting and available decision-making informa-
tion characterizing. Next, a question arises – how to utilize the charactered
information and make a decision?

Currently, there exist two paths to handle heterogeneous decision-making informa-
tion. One is to transform information into the same type, then aggregate the homoge-
neous data; another is to introduce a method that makes a decision by relatively
comparing alternatives with respect to each criterion. Since the latter can avoid dis-
torting or losing information in the transformation process, we apply such thinking
to our following decision analysis.

Prospect theory proposed by Kahneman and Tversky (1979) indicates that people
hold different attitudes towards gains and losses. Specifically, they are more sensitive
to losses than gains. TODIM (Gomes & Lima, 1992), a popular decision-making
method developed based on prospect theory, can relatively compare alternatives
through their superiorities and inferiorities. With this property, the TODIM is suit-
able to deal with different types of information independently. Therefore, we extend
the traditional TODIM method to make decisions with heterogeneous data. Two
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interpretations ought to be presented respectively, (1) there exists no research work
that uses the TODIM to handle UVs, LTs, HFLTSs, and RNs simultaneously; (2) we
address the TODIM procedure based on the thermodynamical feature decision matrix
rather than a collection of original decision matrices, which contains more practical and
refined group decision- making information and is better applied in actual problems.

Algorithm 3. TODIM procedure for heterogeneous information with thermodynami-
cal features

Input: The heterogeneous exergy matrix HX ¼ ðhxijÞm�ðnþoÞ for i ¼ 1, :::,m and j ¼
1, :::, nþ o; the rectified weights of criteria �wk ¼ ð�wk

1, :::, �w
k
nþoÞT for k ¼ 1, :::, h;

Output: The global values and ranking of alternatives;

Step 1. Normalize the elements in the heterogeneous exergy matrix HX that are
expressed by UVs or RNs into 0-1.

1. If hxij is a UV, denoted as uvij, then

uvij ¼
uvij

max i 2 1, :::,mf g
j 2 1, :::, nþ of g

ðuvijÞ (8)

2. If hxij is an RN, denoted as rnij, then

rnij ¼
rnij

max i 2 1, :::,mf g
j 2 1, :::, nþ of g

ðrnijÞ (9)

Subsequently, we get a normalized thermodynamical feature decision matrix HF ¼
ðhf ijÞm�ðnþoÞ, i ¼ 1, :::,m, j ¼ 1, :::, nþ o: Go to Step 2;

Step 2. Obtained the overall rectified weights �w ¼ ð�w1, . . . , �wnþoÞT based on the indi-
vidual rectified weights �wk ¼ ð�wk

1, . . . , �w
k
nþoÞT for k ¼ 1, . . . , h by

�wj ¼ 1
k

Xh
k¼1

�wk
j (10)

Turn to Step 3;

Step 3. Calculate the relative weight of the criterion Cj to the criterion Cr

wjr ¼ �wr=�wj for j, r 2 1, :::, nþ of g (11)

Go to Step 4;

Step 4. Towards each criterion, we obtain the dominance degree of the alternative Ai

over the alternative At with respect to the criteria Cr for r ¼ 1, . . . , nþ o: Specifically,
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1. If hxij is a UV or an RN, then

drðAi,AtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wjrðhxir�hxtrÞXnþo

r¼1
wjr

vuut if ðhxir�hxtrÞ> 0

� 1
h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXnþo

r¼1
wjr

� 	
ðhxtr�hxirÞ

wjr

vuuut
otherwise

8>>>>>>>><
>>>>>>>>:

(12)

2. If hxij is an LT or an HFLTS, then

drðAi,AtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wjrdðhxir, hxtrÞXnþo

r¼1
wjr

vuut if hxir > hxtr

� 1
h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXnþo

r¼1
wjr

� 	
dðhxtr, hxirÞ

wjr

vuuut
otherwise

8>>>>>>>><
>>>>>>>>:

(13)

where dðhxir, hxtrÞ is the distance between hxir or hxtr: Go to the next step;

Step 5. Calculate the dominance degree of the alternative Ai over the alternative At by

DðAi,AtÞ ¼
Xnþo

r¼1

drðAi,AtÞ (14)

Step 6. Obtain the global value of each alternative by Eq. (4.12), and then sort all
alternatives according to the global values.

ci ¼
Pm

t¼1DðAi,AtÞ�mini
Pm

t¼1DðAi,AtÞ
� �

maxi
Pm

t¼1DðAi,AtÞ
� ��mini

Pm
t¼1DðAi,AtÞ

� � for i ¼ 1, :::,m (15)

End.

5. Impact of sensitive attitudes on decision results

Since people could be divided into risk-aversion, risk-neutral, and risk-preference cat-
egories when they engage in economics and management activities, in this chapter,
we consider the impact of their different risk attitudes towards fuzzy minds on the
results obtained by the proposed framework. Specifically, the fuzzy minds are mani-
fested by the different types of fuzzy expressions, and our proposed framework
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addresses the weight rectification on the criteria with more obscure expressions. As a
result, we design experiments to analyze the effects of weight rectification on decision
results caused by the decision makers’ different sensitive attitudes.

Suppose a group MCDM problem with four alternatives and four criteria (includ-
ing an objective criterion and three subjective criteria). Three decision makers are
invited to judge alternatives with respect to each subjective criterion by UVs, LTs,
and HFLTSs, respectively, where LTs and HFLTSs are based on S ¼
sh h ¼ 0, 1, :::, 2sj gf (s is a positive number). According to these settings, we randomly

generate three decision matrices representing three decision makers’ judgments, and
randomly generate three vectors of criteria weights. Then, we address the weight vec-
tors by the following situations:

Situation 1. For the column that is evaluated by HFLTSs, suppose that the decision
makers are neutrally sensitive to the accuracy of decision information, then we set
the function of the confidence level as FðnÞ ¼ n to rectify its weight;

Situation 2. For the column that is evaluated by HFLTSs, suppose that the decision
makers are sensitive to the accuracy of decision information, then we set the func-
tion of the confidence level as FðnÞ ¼ en�1 to rectify its weight;

Situation 3. For the column that is evaluated by HFLTSs, suppose that the decision
makers are insensitive to the accuracy of decision information, then we set the func-
tion of the confidence level as FðnÞ ¼ ln ðnþ 1Þ to rectify its weight;

Situation 4. For the column that is evaluated by HFLTSs, we reserve its original weight.

We substitute these four weight vectors into Algorithm 2 and Algorithm 3, obtain
the corresponding four alternative rankings, and record the optimal selection of each
ranking. Repeating the above procedure 1000 times, we list four optimal selection
rankings towards the four situations.

We further let the decision matrices be with five alternatives and five criteria, six
alternatives and six criteria, seven alternatives and seven criteria, eight alternatives and
eight criteria, nine alternatives and nine criteria, ten alternatives and ten criteria, then
record the rankings with different situations under each order of decision matrices.

Through every 1000 simulations with different orders of matrices, we can get four
rankings of the optimal selections for heterogeneous thermodynamical group decision
making with original weights, the rectified weights under neutrally sensitive attitude,
the rectified weights under sensitive attitude, and the rectified weights under insensi-
tive attitudes, respectively.

One way to assess the impacts of sensitive attitudes on decision results is by making
comparisons between the rankings with the original weights and the rectified weights
towards different sensitive attitudes. Pearson product-moment correlation coefficient
(PPMCC) is an easy and common statistical analysis technique to determine the relationship
between two sequences of data from the perspective of linear correlation. The data without
centralization can be utilized to analyze the observations of two sequences in pairs. Each pair
of observations is independent, which is appropriate for the sequences obtained with differ-
ent types of weight processing. Therefore, we use the PPMCC to test the correlations
between two ranking sequences derived from simulations, and show the results in Table 1.
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The correlation coefficients in Table 1 are all significant since they all pass the sig-
nificance test. The test shows that the decision results obtained through the original
weights and the rectified weights with sensitive attitude/neutrally sensitive attitude are
correlative. It is worth noting that the decision results obtained through the original
weights and the rectified weights with insensitive attitudes can completely fit with
each other because the correlation coefficients are all 1, which verifies that the deci-
sion makers’ insensitive attitude towards the accuracy of decision information does
not influence the final optimal selections whatever the orders of the decision matrices
are. The results accord with decision makers’ behaviors, i.e., with the decreasing sen-
sitivity of decision makers, the influence of the rectified weights decreases, verifying
the reasonability of the proposed framework.

It is apparent from Table 1 that decision results obtained by the rectified weights with
neutrally sensitive/sensitive attitudes can change the optimal selections. To further under-
stand the effects of different sensitive attitudes towards uncertain decision informtion on
optimal selections and find whether there exists any factor to impact these effects, we com-
pare the optimal selections with the rectified weights and the optimal selections with the
original weights, then record the different selections. The results are highlighted in Figure 2.

Results in Figure 2 suggest that: (1) with the order of decision matrices increases,
the numbers of different optimal selections decrease whatever decision makers are
neutrally sensitive or sensitive towards the uncertain decision information; (2) when
the orders of decision matrices are equal to or greater than seven and decision mak-
ers’ attitudes towards uncertain information are neutrally sensitive, the optimal selec-
tion is hardly to be impacted by the rectified weights.

Conclusions obtained by these experiments have some scientific contributions and
significances, which can be summarized as follows:

(1) Decision makers who are insensitive to the fuzzy mind do not require weight
rectification with our proposed framework, whereas decision makers who are
sensitive or neutrally sensitive to the fuzzy mind need the weight rectification.
The conclusion would improve the completeness and feasibility of the proposed
framework in practical application with different kinds of decision makers.

(2) Under our proposed framework, the experiment conclusions strongly suggest
that risk-preference people are hardly to be impacted by the fuzziness.
However, the fuzzy impact on risk-neutral and risk-aversion people gradually
increases. In other words, people with risk aversion mostly consider the
uncertain or risk factor, which accords with human psychology and behavior
in the real world.

6. Application to the selection of a green supplier under Low-
Carbon economy

With climate change and global warming in recent years, human beings have suffered
from various disasters, such as glacier melting, sea-level rise, frequent floods, etc.
These situations destruct the biodiversity, reduce the crops, and increase diseases,
threatening humanity’s survival and sustainable development (Cheng, 2010). Since the
primary cause of global warming is the massive greenhouse gas emissions, and carbon
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dioxide is the primary kind of greenhouse gas, controlling and reducing carbon diox-
ide emissions is an absolute and direct path to ease global warming. Since the
Copenhagen summit of 2009, numerous countries have focused on carbon emissions,
and the concept of a low-carbon economy has been introduced.

Various countries towards carbon emission reduction have promulgated some
laws. The government policy is becoming more stringent. For example, some devel-
oped countries have proposed to impose a carbon tariff on imported goods, and
Singapore planned to levy a carbon tax in 2019. Similarly, the National Development
and Reform Commission in China works with the Ministry of Finance and the
Legislative Affairs Office to introduce China’s carbon tax policy. The government
faces the impact of the low-carbon wave, and consumers prefer low-carbon products.

Figure 2. Different optimal selections with rectified weights and original weights.
Source: Authors.
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They no longer only pay attention to traditional economic factors like quality and
price but also consider the corporations’ environmental performance essential when
purchasing products. What is more, some corporations have considered low-carbon
in their industrial chains. For example, Dell has required the major suppliers to
report their carbon emissions and propose its requirements on carbon emissions since
2007; simultaneously, Wal-Mart has required all product suppliers to establish their
low-carbon certification and reporting system.

Nowadays, low-carbon has become the inevitable trend of the development of con-
temporary corporations, and it has become a crucial factor for corporations to survive
and enhance their competitiveness. Therefore, selecting an appropriate green supplier
is worth being discussed in the corporation’s supply chain management.

The establishment of indicators has been deeply investigated. Based on introducing
the environmental performance, Noci (1997) divided the ecological management
strategies into negative and positive strategies and then constructed the indicators for
evaluating green suppliers, including green competitiveness, environmental manage-
ment efficiency, green image, and life cycle from the perspective of positive manage-
ment strategy. Later on, Humphreys et al. (2003) provided a set of indicators for
evaluating the suppliers’ environmental performance. He further proposed that it is
reasonable to combine the qualitative and quantitative indicators to judge suppliers.
After reviewing some references related to green suppliers’ selection problem, Wang
(2017) conducted that it is valid to measure the environmental performance by green
image, contamination control, environmental management system, green design,
green capability, product recycling, and pollution treatment cost. Moreover, different
indicator systems were built to evaluate suppliers in different industries, such as the
electronics industry (Lee et al., 2009; Lu et al., 2007) and the manufacturing industry
(Buyukozkan & CifcI, 2011), etc.

Distinctly, it is needed for a corporation to comprehensively judge a green supplier
from various aspects to promote long-term cooperation, such as its quality, reliabil-
ity, and green ability, etc. Therefore, the following indicators are used in this paper:
(1) Quality. It mainly indicates the quality guarantee of the products or techniques
provided by a supplier, which includes: a) the certificates of quality such as
ISO9000, ISO9001; b) the efficient ways to control non-conforming products; c) the
measures to rectify or recall non-conforming products; (2) Delivery reliability. It is
an indicator to judge if a green supplier can deliver the ordered products on time,
which influences the companies’ business proceedings in the supply chain. It is by
the ratio of the orders delivered and total orders. (3) Flexibility. It is an indicator to
reflect the capacity of a green supplier, including a) the response capacity to react
to the particular requirements on products; b) the diversity of products it provides;
c) the capacity to deal with information sharing. (4) Green image. To some extent,
it presents the responsibility of a supplier on social benefits, enterprise and society’s
long-term development, and other aspects, which accord with the fundamental
interests of modern society. (5) Technical and green research and development ability
(R&D ability). It invisibly measures a supplier’s green innovation capacity from the
perspectives of its technological development level, cleantech, green R&D ability for
products, etc.
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Suppose that there are four upstream suppliers for a manufacturing corporation to
be chosen in a green supply chain, and a leader of the manufacturing corporation,
including three division heads from the purchasing, operational, and planning depart-
ments, is needed to determine a supplier to cooperate. We denote the above five cri-
teria as C1, C2, C3, C4 and C5, the three heads respectively assign the weights of
criteria as w1 ¼ ð0:19, 0:25, 0:16, 0:20, 0:20ÞT , w2 ¼ ð0:20, 0:22, 0:17, 0:19, 0:22ÞT and
w3 ¼ ð0:18, 0:22, 0:20, 0:19, 0:21ÞT : Furthermore, the division heads give their opin-
ions according to the known information as (Table 2): where the judgments with
respect to C2 are expressed by RNs, the judgments with respect to C5 are expressed
by UVs, the judgments with respect to C1 and C4 are expressed by LTs, the judg-
ments with respect to C3 are expressed by HFLTSs, and LTs and HFLTSs are assigned
based on the LTS:

S ¼
s0 : extremelypoor, s1 : verypoor, s2 : poor,
s3 : slightlypoor, s4 : fair, s5 : slightlygood,
s6 : good, s7 : verygood, s8 : extremelygood

8<
:

9=
;:

Before we process this decision-making problem, we list the reasons why we apply
the proposed framework to solve it:

1. The criteria considered in the problem contain subjective and objective proper-
ties, which causes the judgments to be expressed in different forms. Thus, a deci-
sion-making method for heterogeneous information, including LTs, RNs,
HFLTSs, and UVs, is needed to be utilized here.

2. Due to informational barriers existing in commercial activities, the three heads
must provide their opinions with limited information. Inevitably, decision makers
may have different attitudes to the known and unknown things. Therefore, the
attitudes of the decision makers towards uncertainty should be considered
in practice.

Table 2. Decision matrices of the green supplier selection problem.
C1 C2 C3 C4 C5

Head 1
Supplier 1 s6 0.95 fs5, s6, s7g s6 7
Supplier 2 s6 0.90 fs5, s6g s7 9
Supplier 3 s4 0.92 fs6, s7g s7 10
Supplier 4 s5 0.88 fs5, s6, s7g s5 10

Head 2
Supplier 1 s6 0.95 fs5, s6g s5 9
Supplier 2 s7 0.90 fs4, s5, s6g s7 9
Supplier 3 s4 0.92 fs5g s6 11
Supplier 4 s5 0.88 fs6, s7g s6 10

Head 3
Supplier 1 s7 0.95 fs7g s6 8
Supplier 2 s7 0.90 fs4, s5g s6 9
Supplier 3 s4 0.92 fs4, s5g s6 11
Supplier 4 s6 0.88 fs6, s7g s6 11

Source: Authors.
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Suppose that the three heads are risk aversion and are sensitive to uncertain infor-
mation, they prefer to use available information to make decisions and suppose that
the function can represent their sensitive preferences. According to Algorithm 1, the
weights of criteria assigned by each decision maker can be rectified as:

�w1 ¼ ð0:20, 0:27, 0:1, 0:21, 0:22ÞT , �w2 ¼ ð0:22, 0:23, 0:11, 0:20, 0:24ÞT , �w3

¼ ð0:18, 0:22, 0:19, 0:19, 0:22ÞT :

Based on the rectified weights, we apply Algorithm 2 to obtain a heterogeneous
exergy matrix that synthesizes three heads’ judgments and includes numerical values
and data distributions (as shown in Table 3).

With the thermodynamical feature decision matrix that includes heterogeneous
decision information, we can apply Algorithm 3 to obtain the suppliers’ final ranking,
and the results are presented in Table 4.

From Table 4, we can know that, by the proposed model, the best cooperative
partner is Supplier 2. The global values distinctly express differences among all sup-
pliers, which the decision makers can visually use to make the final decisions.
However, a drawback of the proposed model should be noted, i.e., the global score
cannot react to each supplier’s superior aspect(s) in detail.

In this chapter, we perform the proposed framework to solve the green supplier
selection problem under a low-carbon economy. It shows that with the evaluations
given by decision makers, the proposed framework is available to derive a ranking for
decision makers, where the ranking is meaningful for economic and management
activities by considering peoples’ different types of evaluations, their fuzzy mind
under uncertainty and their different risk attitudes.

7. Conclusions

This paper develops a framework for group decision-making problems with heteroge-
neous information with thermodynamical parameters. It includes rectifying criteria

Table 3. Thermodynamical feature decision matrix of the green supplier selection problem.
C1 C2 C3 C4 C5

Supplier 1 s1:25 0.23 fs0:76, s0:79, s0:86g s1:12 1.59
Supplier 2 s1:31 0.23 fs0:56, s0:59, s0:73g s1:32 1.96
Supplier 3 s0:71 0.22 fs0:63, s0:72g s1:25 2.27
Supplier 4 s1:06 0.21 fs0:74, s0:78, s0:91g s1:12 2.25

Note: we normalize the HFLTSs by pessimistic principle, which means g ¼ 0:
Source: Authors.

Table 4. Decision results of the green supplier selection problem.
Dominance degree Supplier 1 Supplier 2 Supplier 3 Supplier 4 Global value Ranking

Supplier 1 0 �0.47 �0.31 �0.30 0 4
Supplier 2 0.18 0 �0.21 �0.23 1 1
Supplier 3 �0.11 �0.37 0 �0.12 0.59 2
Supplier 4 �0.09 �0.30 �0.22 0 0.57 3

Source: Authors.
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weights according to decision makers’ confidences on evaluations, adopting thermo-
dynamical parameters to fully characterize the heterogeneous information from
numerical values and the data distribution, and applying the TODIM to aggregate the
decision-making results without the transformation of the characterized heteroge-
neous information. We further studied different decision makers’ sensitive attitudes’
impacts on decision results with the proposed framework, which provide economic
and management implications for decision making with uncertainty and risk. Finally,
we perform a case study on the selection of a green supplier under the low-carbon
economy to illustrate the feasibility of the proposed framework.

Note that the proposed framework is full of economic and management signifi-
cance since it addresses the features in economic and management activities manifest-
ing as peoples’ different expression ways, the fuzzy mind under uncertainty, and
different risk attitudes.

In addition, the proposed framework has limitations in handling the decision-mak-
ing problems with other natural expressions used by people. In addition, the pro-
posed framework considers the static decision-making problem, which limits solving
dynamic decision-making situations. It would be better to overcome the above limita-
tions in future work, specifically, discussing the proposed framework in different
types of heterogeneous environments and developing the proposed framework to
address a multi-stage decision-making problem, or even the problem with a stream of
heterogeneous information.
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