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Abstract

Climate change is a problem that has been preoccupying the scientific community and
policymakers for many years, triggered mainly by the phenomenon of global warming. There
is strong evidence that the buildup of GreenHouse Gases (GHGs) into the atmosphere is the
primary cause of the global warming that has occurred in the recent decades. It is known
that the increasing concentration of these GHGs in the atmosphere is due principally to
the burning of fossil fuels like coal, natural gas, and oil for producing electricity and heat,
leading to collateral problems like rising of see water level, shrinking of water supplies,
increasing incidents of severe weather, among others.

Renewable energy usually tops the list of changes that can be implemented to stave off
the worst effects of climate changes and global warming. Despite having other environmental
impacts, harnessing of renewable energy sources like wind or solar mitigate carbon dioxide
and other GHG emissions that contribute to global warming. In addition to being clean,
renewable energies lower the dependence on imported fossil fuels making the energy
production more sustainable. However, one of its main disadvantages apart from high
costs, is their high uncertainty in their availability. In fact, the availability of renewable
energy sources has daily and seasonal patterns being incompatible with consumer’s power
demand. This can be mitigated with energy storage systems, which adapt the availability
of the renewable energy to the consumer’s needs.

Although renewable sources are very important in meeting the growing energy needs
and mitigating global warming problems, they are heavily dependent on power electronics
for conversion and control. Without power electronics it would not be possible to regulate
voltage, frequency and power output characteristics of these renewable sources. On the
other hand, power electronics converters greatly improve system security, reliability and
operational flexibility.

However, these devices are prone to faults as any other device. Since electric energy is
a key asset in modern societies, the most important issues when choosing power electronics
converters to harness power from renewable energy sources is their reliability, efficiency and
cost. Thus, making power electronics converters more reliable and efficient are key factors
to lower the cost associated with electricity harnessed from renewable energy sources.
The first measure that can be taken to produce more reliable converters is to use high
quality materials. On the other hand, in order to reduce costs, it can be implemented fault



diagnosis techniques and control systems that are tolerant to faults. However the referred
measures are all important, the focus of this thesis is on model-based fault diagnosis
techniques.

Hence, this thesis will cover the theoretical development and implementation of an
inversion-based scheme for Fault Detection and Isolation (FDI). A key development of this
approach, which is based on the inverse model, is the implementation of a fuzzy inference
framework to isolate different types of faults in the system.

Consequently, in order to achieve this, it is firstly made a literature review on model-
based FDI techniques applied to power electronics converters. After that, it is developed
an inversion approach to FDI that permits to reconstruct faults modeled as unknown
inputs. This inversion technique is firstly applied to Linear Time-Invariant (LTI) systems
and then adapted to recover injected faults in power electronics converters, namely the
dc-dc types.

The developed techniques are validated through simulation of both LTI and Switched
Linear Systems (SLSs) such as linear electric circuits, and the buck, boost and buck-boost
converters. In the case of the boost converter, it is developed a simulation and experimental
setup where four types of faults can be injected: i) switch; ii) current sensor; iii) voltage
sensor; and iv) capacitor. In the case of the first, it is injected only an open switch fault.
Relatively to the sensors, there are injected gain and offset faults. In the case of the
capacitor, the value of its capacitance is degraded.

In order to address the problem of faults in the converter, it is implemented an inversion-
based approach with a fuzzy-based inference system, which can detect and isolate the
above mentioned types of faults. Moreover, a prototype of a boost converter was built to
verify the flexibility and performance of the proposed methodology. This new methodology
is validated in real-time using a low-cost microcontroller, which is used to control the
output voltage of the converter and execute the algorithm instructions required to the
FDI. Hence, no additional components are needed for this implementation. Nevertheless, a
computer is used in this experimental setup to inject faults in the sensors and to visualize
and save signals (data-logger) obtained from the microcontroller through their Universal
Serial Bus (USB) ports. Within the established scenarios for both simulation and practical
implementation, all types of faults are detected and isolated.

Keywords: Inverse Problems, dc-dc Converters, State-Space Models, Fault Detection,
Fault Diagnosis, fuzzy systems, Capacitor Degradation, Sensor Fault,
Semiconductor Fault.
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Resumo

As alterações climáticas são um problema que tem vindo a preocupar a comunidade científica
e os decisores políticos há muitos anos, desencadeada principalmente pelo fenómeno do
aquecimento global. Há fortes evidências de que a acumulação de gases de efeito de estufa
na atmosfera é a principal causa do aquecimento global ocorrido nas últimas décadas.

Sabe-se que a crescente concentração destes gases na atmosfera se deve principalmente
à queima de combustíveis fósseis como carvão, gás natural e petróleo para produzir
eletricidade e calor, levando a problemas colaterais como a elevação do nível da água
do mar, limitações no abastecimento de água, aumento dos fenómenos meteorológicos
extremos, entre outros.

As energias renováveis geralmente encabeçam a lista de mudanças que podem ser
implementadas para evitar os piores efeitos das alterações climáticas e do aquecimento
global. Apesar de ter outros impactos ambientais, o aproveitamento de fontes de energia
renováveis como eólica ou solar, mitigam as emissões de dióxido de carbono e outros gases
de efeito de estufa que contribuem para o aquecimento global.

Além de serem limpas, as energias renováveis reduzem a dependência de combustí-
veis fósseis importados, tornando a produção de energia mais sustentável. No entanto,
uma das principais desvantagens, além dos elevados custos, é a grande incerteza da sua
disponibilidade. De fato, a disponibilidade das fontes de energia renováveis tem padrões
diários e sazonais que são incompatíveis com a procura de energia por parte dos consumi-
dores. Isso pode ser mitigado com sistemas de armazenamento de energia, que adaptam a
disponibilidade da energia renovável às necessidades dos consumidores.

Embora as fontes renováveis sejam muito importantes para corresponder às crescentes
necessidades de energia e mitigar os problemas de aquecimento global, elas são altamente
dependentes de conversores eletrónicos de potência para conversão e controlo. Sem a
eletrónica de potência, não seria possível regular a tensão, frequência e as características
de potência de saída dessas fontes renováveis. Por outro lado, os conversores eletrónicos de
potência melhoram consideravelmente a segurança do sistema, a fiabilidade e a flexibilidade
operacional.

No entanto, esses dispositivos são propensos a falhas como qualquer outro dispositivo.
Como a energia elétrica é um ativo fundamental nas sociedades modernas, as questões mais
importantes na escolha de conversores eletrónicos de potência para aproveitar a energia



de fontes renováveis são sua fiabilidade, eficiência e custo. Assim, tornar os conversores
eletrónicos de potência mais fiáveis e eficientes são fatores-chave para reduzir o custo
associado à eletricidade aproveitada a partir de fontes de energia renováveis.

A primeira medida que pode ser tomada para produzir conversores mais fiáveis é usar
materiais de alta qualidade. Por outro lado, para reduzir custos, podem ser implementadas
técnicas de diagnóstico de falhas e sistemas de controlo tolerantes a falhas. Embora
as medidas referidas sejam todas importantes, o foco desta tese é para as técnicas de
diagnóstico de falhas baseadas em modelos.

Assim, esta tese vai abordar o desenvolvimento teórico e implementação de um método
baseado em inversão para deteção e isolamento de falhas. Um dos principais desenvolvimen-
tos desta abordagem, que é baseada no modelo inverso, é a implementação de um esquema
de inferência difusa para isolar diferentes tipos de falhas no sistema. Consequentemente,
para se conseguir isso, é feita inicialmente uma revisão bibliográfica sobre técnicas de
diagnóstico de falhas baseadas em modelos, aplicadas a conversores eletrónicos de potência.

Em seguida, desenvolve-se uma metodologia de inversão para diagnóstico de falhas
que permite reconstruir falhas modeladas como entradas desconhecidas. Esta técnica
de inversão é primeiramente aplicada a sistemas lineares invariantes no tempo e depois
adaptada para recuperar falhas injetadas em conversores eletrónicos de potência, ou seja,
os do tipos dc-dc.

As técnicas desenvolvidas são validadas através da simulação dos sistemas lineares
invariantes no tempo e dos sistemas comutados, como por exemplo os circuitos elétricos
lineares, e os conversores buck, boost e buck-boost. No caso do conversor boost, são
desenvolvidos o modelo para simulação e o protótipo experimental, onde quatro tipos de
falhas podem ser injetadas: i) interruptor (semicondutor); ii) sensor de corrente; iii) sensor
de tensão; e iv) condensador. No caso do primeiro, é injetada apenas uma falha de circuito
aberto. Relativamente aos sensores, são injetadas falhas de ganho e de offset. No caso do
condensador, o valor de sua capacitância é degradado.

Com o intuito de abordar o problema das falhas no conversor, é implementada uma
metodologia baseada em inversão com um sistema de inferência difuso, que permite detetar
e isolar os tipos de falhas mencionados anteriormente. Além disso, um protótipo de um
conversor boost foi construído para verificar a flexibilidade e o desempenho da metodologia
proposta.

Esta nova metodologia é validada em tempo real usando um microcontrolador de
baixo custo, que é usado para controlar a tensão de saída do conversor e executar as
instruções do algoritmo necessárias para a deteção e isolamento das falhas. Portanto,
nenhum componente adicional é necessário para esta implementação.

No entanto, um computador é usado nesta configuração experimental para injetar
falhas nos sensores e visualizar e guardar sinais (data-logger) obtidos do microcontrolador
através das portas USB. Dentro dos cenários estabelecidos para simulação e implementação

vi



prática, todos os tipos de falhas são detetados e isolados.

Palavras-chave: Problemas de Inversão, Conversores dc-dc, Modelos em Espaço de
Estados, Deteção de Falhas, Diagnóstico de Falhas, Sistemas Fuzzy,
Degradação do Condensador, Falha do Sensor, Falha do Semicondutor.
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Terminology

The terminology used in this thesis is in accordance with the International Federation of
Automatic Control (IFAC) SAFEPROCESS Technical Committee terminology in the field
of fault diagnosis as listed below. These definitions can also be found e.g. in [31–33].

Disturbance:
An unknown and uncontrolled input action on a system.

Error:
A deviation between a measured or computed value (of an output variable) and the
true, specified or theoretically correct value.

Failure:
A permanent interruption of a system’s ability to perform a required function under
specified operating conditions.

Fault:
An unpermitted deviation of at least one characteristic property (feature) or parameter
of the system from the acceptable, usual or standard condition.

Fault Detection:
Determination of presence of faults in a system and the time of detection. It’s a
binary decision that tells if something has gone wrong or not.

Fault Diagnosis:
Determination of the kind, size, location and time of detection of a fault by evaluating
symptoms. Includes fault detection, isolation and identification.

Fault Identification:
Determination of the size and time-variant behavior of a fault. May not be essential
if no reconfiguration action is required. Follows fault isolation.

Fault Isolation:
Determination of the kind, location and time detection of a fault by evaluating
symptoms. Follows fault detection.
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Fault Modeling:
Determination of a mathematical model to describe a specific fault effect.

Incipient Fault:
A fault where the effect develops slowly (e.g., clogging of a valve). It is in opposite
to an abrupt fault.

Malfunction:
An intermittent irregularity in the fulfillment of a system’s desired function.

Model:
A mathematical representation of a physical system or process intended to enhance
the ability to understand, predict or control its behavior.

Reliability:
Capability of a system to perform a required function under stated conditions, within
a given scope, during a given period of time.

Residual:
A fault indicator, based on a deviation between measurements and model-equation-
based computations.

Residual Generation:
Is a procedure of extracting fault symptoms from the system, using the available
input/output information.

Residual Evaluation:
The process of comparing residuals to some predefined thresholds, directions or
evaluation function. This is a stage where symptoms are produced.

Safety:
Capability of a system not to cause danger to persons, equipments or environment.

Symptom:
A change of an observable quantity from normal behavior.

Threshold:
Limit value of a residual’s deviation from zero, so if exceeded, a fault is declared as
detected.
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Nomenclature

The symbols used in this thesis are in accordance to the following conventions: scalars are
represented by italics like {a, b, c}; vectors are represented by bold-italic lowercase letters
like {x , y , z}; matrices are represented by bold-italic uppercase letters like {A, B , C};
sets are represented by calligraphic letters like {U ,V,W}; and fuzzy sets are represented
by a capital letter with an under tilde like A∼ . A generic matrix is denoted by A, which
should not be confused with the state matrix. For the sake of notation simplicity, the time
dependence of signals is sometimes omitted when there are no confusions.

Symbols and Variables

Only commonly used symbols are given here.

Symbol Description Dimension

A State matrix [n× n]

B Input matrix (known inputs) [n×m]

C Output matrix [p× n]

D Feed-forward matrix [p×m]

F Input matrix (unknown inputs) [n× `]
A+ Pseudoinverse of matrix A -
AT Transpose of matrix A -
AH Conjugate transpose of matrix A -
A∗ Complex conjugate of matrix A -
D Duty cycle -
fs Switching frequency (Hz) -
k Discrete time instance tk = kT -
` Length of unknown input vector -
m Length of known input vector -
Mv Voltage conversion ratio -
N (T ) Null Space of matrix {x ∈ Rn|Tx = 0} -
n Length of state vector -
p Length of output vector -
r Rank of a matrix -



SYMBOLS AND VARIABLES

Symbol Description Dimension

T Sampling interval (s) -
t General notation for a continuous time -
Ts Switching period (s) -
u Known input vector [m× 1]

〈v〉, V dc component of variable v -
x State vector [n× 1]

x State variable -
ẋ First derivative (dxdt ) -
y Output vector [p× 1]

ϕ Unknown input vector [`× 1]

Σ Continuous-time dynamical system -
Γ Discrete-time dynamical system -

Σ−L Continuous-time inverse dynamical system -
Γ−L Discrete-time inverse dynamical system -
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“Engineering is achieving function while avoiding failure.”

— Henry Petroski

Power electronics converters are embedded in almost every modern electric and
electronic application that one may think of. In fact, power electronics converters
are used to interface grid-connected Energy Storage Systems (ESSs), in Electric

Vehicles (EVs) and its chargers, in variable-speed motor drives, in Renewable Energy Sys-
tems (RESs), just to mention some. Moreover, these converters are important components
of modern engineering systems, which are increasingly complex but, at the same time,
must be highly efficient and reliable to meet the needs of a modern society.

Although being efficient, reliable and safe, power electronics converters are prone to
faults as any other component or system. Consequently, to avoid all problems related
with the presence of faults in these equipment that could lead to failures, Fault Detection
Isolation and Identification (FDII) techniques should be considered in the development of
these modern systems.

This chapter provides contextualization on the importance of using power electronics
converters in modern engineering systems to mitigate climate change and global warming.
Moreover, it shows the necessity of embedding Fault Detection and Isolation (FDI)
techniques in those converters due to the problem of faults that affect them. Afterwords,
the research questions that where the starting point for this work are addressed together
with the contributions that resulted from it. At the end of the chapter it is described the
thesis structure.
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Figure 1.1: GHGs emissions from selected sectors in 2017 (Adapted from:[1])

1.1 General background

For millions of years, GreenHouse Gases (GHGs) trap heat from the sun in the earth’s
atmosphere and keep its climate habitable for humans. Due to technological evolution and
industrialization, those gases are reaching levels that threatens the human habitability on
our planet. It is known that largest source ofGHGs emissions is due to human activities such
as the burning of fossil fuels for electricity, heat and transportation, which are contributing
to climate changes. These, encompass not only the rising average temperatures known
as global warming but also some extreme weather events, rising seas level, among other
impacts.

The overall share of fossil fuels in global primary energy demand has not changed
over the past 25 years. Oil, coal and gas are still essential to today’s global energy
system. According to the World Energy Outlook1, in 2017, the GHGs emissions from
energy and industrial processes (including methane CH4 and nitrous oxide N2O as well as
CO2) were about 39 Gt of CO2-eq, as shown in Figure 1.1. The largest category by far is
coal-fired power generation, with 2053 GW of capacity accounting for 27% of emissions.
Buildings were responsible for nearly 9% in 2017, followed by gas-fired power generation and
petroleum-fueled cars (more than 1 billion cars) responsible of about 8% each. Emissions
from cement production and oil and gas operations accounted for 7% each, with trucks
(202 million vehicles) responsible for 6% and steel for around 5% of the total [1].

It is known that there is a close link between energy and climate changes. Tackling the
climate change threat can be seen as an opportunity to transform our fossil fuels-dependent
energy system. In fact, according to a recent study [2], energy production and use account
for 79% of European Union (EU)’s GHGs emissions. Moreover, according to the IEA2,
the global energy consumption of 2018 increased at nearly twice the average rate of growth
since 2010. This was driven by a robust global economy and higher heating and cooling
needs in some parts of the world, caused by climate changes.

1Annual report on energy for the year 2018, from the International Energy Agency (IEA)
2The latest trends in energy and emissions in 2018, available at https://www.iea.org/geco/
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Figure 1.2: Global electricity demand by region and generation by source: 2000 to
2017 (Adapted from:[1])

In an effort to mitigate this dramatic trend, in 2015, 195 states responsible for 99.75%
of global GHGs emissions, signed the Paris Agreement3, where they committed to keep
the rise in global average temperature this century to “well below” 2 °C above pre-industrial
levels.

As illustrated in Figure 1.2, despite this commitment, in 2017, global electricity demand
grew by 3%, which is more than any other major fuel, reaching 22 000 TW h. Moreover,
its global demand grew by 4% in 2018 to more than 23 000 TW h, almost twice as fast as
overall energy demand, and at its fastest pace since 2010 [1].

Furthermore, higher electricity demand was responsible for over half of the growth
in energy needs. As a result of higher energy consumption, global energy-related CO2

emissions increased to 33.1 Gt of CO2, up 1.7%. Nevertheless, the impact of energy
efficiency in mitigating the growth in energy demand is considerable [1].

According to the IEA2, global electricity consumption has increased by around 70%
since 2000, and it accounts for 19% of total final consumption today compared to just over
15% in 2000. The steady rise in demand for electricity means that it is now the second
largest fuel by end-use, but the level of electricity consumption remains less than half the
amount of oil.

As a consequence of the awareness to the referred environmental problems, there is a
growing demand for cleaner energy sources with less impacts on the environment. RES
are among the preferred solutions that can be used to solve that problem. Next section
will present some statistics to show the necessity of using such clean energy sources and
the importance of the associated power electronics converters.

3Available at: http://unfcc.int/
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CHAPTER 1. INTRODUCTION

1.2 Motivation

Although electricity is more and more the energy of choice for society, a dramatic transfor-
mation in the power sector is in progress. The quest for cleaner and more reliable energy
sources has considerable implications to the existing power transmission and distribution
system. This is due to the fact that innovative technologies are disrupting the traditional
ways of producing, transporting consuming and storing electricity, bringing opportunities
for new actors and business models. For instance, digitalization is starting to enable
demand to become more responsive to supply signals through smart metering. In fact,
digital solutions permit better control of energy demand and trade. The coexistence of
smart energy networks and availability of low-cost renewable power has the potential to
transform the energy sector in a way that seemed unlikely to happen some years ago.

In a recent report of the National Renewable Energy Laboratory (NREL)4 [3], one
can see that the cumulative global installed capacity of renewable electricity grew by 8.9%
in 2017 (from 2016 GW to 2196 GW). Its evolution from 2007 to 2017 is illustrated in
Figure 1.3.

Regarding last year (2018), renewables demand, which grew by over 4%, met around
25% of the growth in total primary energy demand. This was largely owing to expansion in
electricity generation, where renewables accounted for 45% of the world’s electricity growth
in 2018. Solar PhotoVoltaic (PV), hydropower, and wind each accounted for about one third
of the growth, with bio-energy accounting for the majority of the remainder. Renewables,
now account for almost 25% of global power output, second after coal. Moreover, the share
of renewables in meeting global energy demand is expected to grow by one-fifth in the next
five years to reach 12.4% in 2023 [1].

Thus, to restrain climate changes, modern economies must reduce dramatically their
dependency on fossil fuels and shift towards alternative energies that are more environmental
friendly [4]. It is estimated that renewables together with energy efficiency measures
deployed in end-use applications in industry, buildings and transport sectors, boosted by
substantial electrification, can provide over 90% of the necessary reductions in energy
related carbon emissions. Moreover, it is stated that electrification of heat and transport
together with renewable power can reduce emissions by 75% [5].

Hence, expanding the use of electricity is the main driver for accelerating the energy
transformation. For example, the electric mobility revolution is gaining pace. According to
InsideEVs5, EV’s sales (both battery-electric and plug-in hybrids) hit more than 2 million
units in 2018, which corresponds to a 58% growth over the previous year.

Furthermore, an increasing digitalization of the global economy is keeping pace with
the growth of electrification. In fact, the electricity is considered a consumer good that is
essential in our daily life more than ever. Moreover, electricity is increasingly the choice

4National laboratory of the U.S. Department of Energy. Website at https://www.nrel.gov/
5Website about electric vehicles: https://insideevs.com
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Figure 1.3: Global renewable capacity (Adapted from:[3])

when households and companies must choose an energy to meet their needs. This tendency
resulted in a rapid rising in electricity demand, which grown globally two thirds since 2000
(mostly from China and India) [1].

Even so, this transition cannot be achieved having technology as its only impeller.
Actually, policy makers must create conditions to ensure the reliable and secure provision of
electricity being affordable for everybody, while meeting environmental goals and countries
needs to maintain on target their levels of emissions reduction ambition.

As referred in the case of electric mobility, storage is gaining importance in many areas.
It is not uncommon to hear that batteries and renewables are elements of the same system.
However, battery storage can help balance the grid and improve power quality regardless of
the generation source. According to a report of the EU, energy storage will be fundamental
to enable the EU to develop a low-carbon electricity system. Energy storage can bring
more flexibility and balancing to the grid, providing a back-up to intermittent renewable
energy [6].

According to a report from NREL [3], in 2017, 58% of new storage capacity installed was
thermal (582 MW), 41% was electrochemical (410 MW), and 0.5% was electromechanical
(5 MW), as it is shown in Figure 1.4. Since 2007, electrochemical systems have accounted for
87.6% of all storage projects in the world. Pumped-hydro storage, which is not considered
in the figure, was the largest parcel of the global energy storage installed capacity as
of 2017, with 153 GW. Moreover, in the annual report of the International Hydropower
Association (IHA), this value grew to 160.3 GW in 2018, corresponding to a 4.8 % growth
rate [7]. Looking at the Global Energy Storage Database6 it can be seen that the total

6Website at https://www.energystorageexchange.org/projects/data_visualization
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installed capacity of storage in 2019 is close to 190 GW.
Consequently, in the future, the role of energy storage will be more complex and

important than today [8]. Electrical Energy Storage Systems (EESSs) are increasingly
used in many areas of power systems, such as in electric mobility [9], smart grids [8], PV
systems [10] and other renewable energy systems [4].

The traditional grid was not designed to accommodate the mix of electricity generation
connected to it more recently. As a consequence, the amount of produced energy that
must be absorbed and transferred through power lines can cause congestion, leading to
higher vulnerability to failures and reduced reliability in electric service. These effects
together with the growing awareness on environmental pretection and the need for cleaner
and sustainable energy, can leverage the penetration of renewable and clean energy sources
and the implementation of smart micro grids.

Smart micro grids are modern, small-scale models of the centralized electricity system,
which are semi-autonomous and constituted of conventional and distributed generator
sources, transmission lines, power distribution operators, where costumers are intercon-
nected and share power with each other to increase the power system reliability and
efficiency according to their needs. These production sources may include reciprocating en-
gine generator sets, micro-turbines, fuel-cells, photovoltaic and other small-scale renewable
generators, electrical vehicles and EESSs, just to mention some [11].

Smart micro grids are intended to achieve specific local goals such as reliability, carbon
emission reduction, diversification of energy sources and cost reduction. Like the bulk
power grid, smart micro grids also generate, distribute and regulate the flow of energy
to their costumers in an efficient way, but this is done locally. As an example, in these
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Figure 1.5: Smart dc micro grid system

smart grids, electrical vehicles can charge their batteries when there is excess of energy
production and operate as an EESS when needed.

As referred, EESSs are an important part of smart micro grids, as they can provide
more flexibility and balancing to the grid and can be a backup to the inherent intermittent
profile of renewable energy. Moreover, they can improve local management of the network,
reducing costs and improving efficiency [8, 11]. For the bulk grid, they can improve the
security and efficiency of electricity transmission and distribution (reducing grid congestion
and voltage and frequency variations), and stabilize market prices of electricity while
ensuring higher security to energy supply [6, 12].

Nevertheless, these smart grids use solid-state semiconductor power electronics devices
to interconnect systems, being estimated that more than 30% of all electric power currently
generated uses power electronics technologies. Moreover, it is expected that, by 2030, 80%
of all electric power will flow through these devices [13].

Power electronics devices are widely used in the grid since they can deliver power to
the costumers with high levels of efficiency, adequate control of system variables, while
providing increased reliability, security and flexibility [11, 14]. Moreover, as illustrated
in Figure 1.5, power electronics converters have a lot of application to integrate several
energy sources in power Direct Current (DC) micro grids [15]. DC micro grids had gained
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a lot of attention with the increasing harnessing of renewable sources in areas such as data
centers, telecommunication systems, rural systems and lighting [16]. In fact, these types
of grids are more reliable and efficient, with higher power quality, and use fewer power
electronics converters than an Alternating Current (AC) network [17].

In the case of DC grids, they are also used in transportation systems such as: aircrafts
[18, 19], trains [20], ships [21, 22], and public transports [23]. Nevertheless, there is also
some research going on hybrid micro grids, which is a concept that decouples DC sources
with DC loads and AC sources with AC loads, while power exchanged between them is
transferred through a bi-directional converter/inverter [24].

In all cases, it is expected that these systems are reliable, efficient and safe, with the
possibility of operate even in the presence of faults. Reliability of power electronics is
critically important in many applications, ranging from the automotive to the aerospace
industry, passing through industrial automation and converters for voltage and power flow
control in electrical networks. Nevertheless, power electronics are prone to faults as it
happens to other devices. It is estimated that about 38% of the faults in power conversion
systems are due to failures in power semiconductor devices [25]. Furthermore, around 38%
of faults in variable-speed drives are related to these switches [26]. Another component
responsible of failures in power converters is the dc-link capacitor, which is responsible for
about 30% of the down-time of such equipment [25].

Regarding the occurrence of sensor faults, some research has been conducted, e.g.,
[27]. Nevertheless, their rate of occurrence is very low compared to the previous referred
components. However, if a sensor fault occurs, it will have serious impact on the monitored
system. These faults will provoke erroneous control actions that could lead to hard failures
of the system. Consequently, these types of faults will also be addressed in this thesis.

Hence, the above mentioned reasons are great motivation to develop Fault Detection
Isolation and Identification (FDII) techniques that are capable of mitigating these failures
problems in systems connected through power electronics converters. There are many
proposed approaches in the literature to deal with this problem of faults in converters.
Nevertheless, our attention is firstly directed to model-based approaches to FDI.

On the top of that, our interest is focused on detection and isolation of faults in a
class of Switched Linear System (SLS), that are the dc-dc converters. Finally, our main
motivation is to develop a new methodology to detect and isolate faults in these types of
converters based on the inversion-based approach firstly proposed by Sain and Massey [28].

1.3 Research questions and contributions

Inversion of Linear Time-Invariant (LTI) systems is a concept that interests the control
community since many years, motivated by the necessity of achieving a desired system’s
output by controlling its input. Consider a proper plant, which can be described by the

8
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following state-space system of equations:

{
ẋ = Ax+Bu

y = Cx+Du

(1.1a)

(1.1b)

where x is the state vector, y is output vector and u the input vector and the suffix
(t) was omitted for simplicity. Suppose it is intended that the output follows a desired
reference. One can invert system (1.1) to know what is the necessary input which takes
the system to follow the desired trajectory. In the simplest case, the inverse system can be
described by the following equations:

{
ż = (A−BD−1C)z +BD−1y

u = −D−1Cz +D−1y

(1.2a)

(1.2b)

With this inverse system it is possible to solve the problem of generating an input that is
capable of producing a desired output. However, if the plant is not proper or D matrix in
not invertible, this approach is not valid anymore. There are several approaches to this
problem but one is considering the one developed by Sain and Massey [28]. Despite the
initial utilization of this concept has been to control the output of a system, the idea of
this work is to take advantage of it from a FDI perspective. Since there are some doubts
that inversion-based approaches can be used to detect and isolate faults, the first research
question arise:

Research Question 1. Is it possible to apply this approach to detect and isolate faults?

In order to answer this question, it was developed an inversion-based framework to detect
and isolate faults in LTI systems, based on the Sain and Massey’s [28] inversion approach.
This framework is described in chapter 3.

However, since the main idea was to detect and isolate faults occurring in dc-dc
converters, that led us to the second research question:

Research Question 2. Is it possible to apply this approach to SLSs?

Hence, one had adapted the previously referred inversion-approach to recover and recon-
struct unknown inputs of SLSs, namely the case of dc-dc converters. Both in the case
of LTI systems as in the case of SLSs, it were performed simulations that validate the
developed FDI frameworks.

Meanwhile, when studying this problem of detecting and isolating faults in dc-dc
converters, our focus was directed to the boost converter and the difficulty of isolating
more than two types of faults, principally when considering sensor faults. Consequently,
the third research question naturally arose:

Research Question 3. Is it possible to detect and isolate four types of faults applying
this approach to a dc-dc boost converter?

9
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This showed to be a very difficult task to achieve. Nevertheless, both simulation results
showed in chapter 4 and experimental validation in chapter 5 proved that the developed
approach is capable of achieving the desired results.

Consequently, in addition to the previously referred, the main contributions of this
thesis are:

1. Based on the approach first introduced by Sain and Massey [28], the first contribution
is the development of an inversion-based approach to FDI which can be applied to
both LTI systems and SLSs;

2. Application of this method to detect and isolate four types of faults in a dc-dc boost
converter, using a fuzzy-based inference system (under predefined constraints);

3. Validation of the proposed inversion-based approach to FDI in real-time, using a
low-cost microcontroller (under predefined constraints).

1.3.1 My publications

As a result from the work that as been done during the years enrolled in the PhD program,
the following papers have been published:

Conference Papers with presentation:

[1] Alexandre Silveira, Rui Esteves Araújo, and José Ulson. Comparative study of inver-
sion-based and observer-based approaches for fault diagnosis in DC-DC converters.
In 2017 IEEE 8th International Symposium on Power Electronics for Distributed
Generation Systems, PEDG, 2017.

[2] Alexandre M. Silveira, Rui E. Araujo, and Ricardo de Castro. FIEEV: A co-simulation
framework for Fault Injection in electrical vehicles. In 2012 IEEE International
Conference on Vehicular Electronics and Safety (ICVES 2012), pages 357–362. IEEE,
2012.

[3] Alexandre Silveira, Rui Esteves Araújo, and Ricardo de Castro. Survey on Fault-
Tolerant Diagnosis and Control Systems Applied to Multi-motor Electric Vehicles. In
Luís M. Camarinha-Matos, editor, Technological Innovation for Sustainability (AICT
349), pages 359–366. Springer, Berlin, Heidelberg, 2011.
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Journal Papers:

[1] Alexandre Miguel Silveira and Rui Esteves Araújo, A new approach for the di-
agnosis of different types of faults in dc–dc power converters based on inversion
method, Electric Power Systems Research, volume 180, 2020, ISSN: 0378-7796,
https://doi.org/10.1016/j.epsr.2019.106103.

[2] Alexandre Miguel Silveira and Rui Esteves Araújo, Inversion-Based Approach for
Detection and Isolation of Faults in Switched Linear Systems, Electronics, volume 9,
2020, ISSN: 2079-9292, https://doi.org/10.3390/electronics9040561.

1.4 Thesis outline

This thesis is organized in six chapters. The general background and motivation for this
research on FDI applied to power electronics converters is presented in chapter 1.

The literature review applied to the detection and isolation of faults in power converters
is surveyed in chapter 2. Firstly, it is made an overview of general fault detection and
isolation methods. Then it is briefly introduced the modeling of systems with faults
followed by a literature review on faults in power converters. At the end, it is made a
succinct review on inversion-based approaches to FDI.

Chapter 3 exposes the developed inversion approach which is based on a state-space
model of the system. This technique is first applied to LTI state-space systems and then
to SLS.

Chapter 4 presents simulations of the inversion approach referred above applied to
dc-dc non-isolated converters. First, it is made an analysis of the buck, boost and buck-
boost converters in Continuous Conduction Mode (CCM) and Discontinuous Conduction
Mode (DCM). These converters are then simulated in both modes, and the inversion
technique is applied to reconstruct faults modeled as unknown inputs. The final section
shows simulation results for a dc-dc converter to which are injected four different types of
faults. These faults are isolated using a fuzzy-based inference system.

Chapter 5 shows the experimental results performed during the realization of this work.
These laboratory experiments were applied to a dc-dc converter to which are injected
faults and then isolated using a low-cost microcontroller.

Chapter 6 presents the general conclusions of this thesis and then a brief suggestion for
future works.
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“The important thing in science is not so much to obtain new facts as to discover new ways of

thinking about them.”

— William Lawrence Bragg

Fault detection and isolation is a widely used technique across many application
domains whose development is of major importance owing to the increasing demand
for systems safety and reliability. In fact, one of the most critical issues inherent

to the design of automotive systems has to do with its reliability [29]. The first approach
to improve the reliability is to enhance the quality of individual components, like sensors
and actuators. Nevertheless, a fault-free system cannot be guaranteed, even if there are no
cost limitations. Hence, condition-based maintenance and FDI techniques are becoming
indispensable constituents of modern control systems.

Model-based FDI techniques have evolved remarkably since the early 1970s and can
achieve high levels of efficiency in detecting faults in many industrial processes and
automatic control systems. Therefore, they are fully integrated in nowadays vehicle control
systems, transport systems, power systems, storage systems, energy management systems,
among other applications.

This chapter addresses the literature review in this field of FDI particularly the model-
based approaches. Moreover, this research is directed to dc-dc converters and their



CHAPTER 2. LITERATURE REVIEW

components. Finally, the focus will be redirected to the inversion of systems, from the
perspective of FDI.

2.1 Introductory concepts

By going through the literature of the field of fault diagnosis, sometimes it can be difficult
to understand some meanings, as the terminology used by researchers is not consistent. To
overcome this inconsistency, the IFAC Technical Committee SAFEPROCESS made an
effort and started to define a commonly accepted terminology. The one used throughout
this document was listed in Terminology and can be found, e.g., in [30–33].

As referred before, due to increasing environmental concerns, availability and cleaner
energy requirements, power generation from renewable sources is spreading, leading to
the disseminating of smart micro grid systems. To connect and transfer energy between
sources and loads power electronics converters are used. In order to improve their reliability
and safety, they should be equipped with control systems that are capable of detecting
the presence of faults, isolating them and, above that, performing corrective actions to
accommodate them.

A monitoring system used to detect faults and reason about their location and sig-
nificance is called a fault diagnosis system, and usually consists of the following three
tasks:

Fault detection: to make a binary decision that indicates the occurrence of a fault in
the system, which lead to an undesired behavior;

Fault isolation: to determine the type, location of the fault, and cause that lead to
the fault;

Fault identification: to determine the magnitude and time-variant behavior of the
fault.

Although being undoubtedly helpful, fault identification may not be essential if no recon-
figuration action is involved. A control system which is capable of maintain acceptably
operation, with some performance degradation, after the occurrence of a fault is called a
Fault Tolerant Control System (FTCS). These systems are designed to retain some control
integrity in the event of a set of considered faults. This is possible if the control system
has the capability of automatic reconfiguration once a fault has been detected, isolated
and identified, which can be obtained using, e.g., a model-based approach.

According to Chen and Patton [30], model-based fault diagnosis can be defined as the
determination of faults based on the analysis of residuals, generated by the comparison
of the measurements of system variables, with the estimation of the same variables using
the system’s mathematical model. Anyways, since reconfiguration actions are not in the
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objectives for this work, one will restrict ourselves to the concepts of Fault Detection (FD)
and Fault Detection and Isolation (FDI), using a model-based approaches.

2.2 Overview of fault detection and isolation methods

Modern control systems are known for being complex but are also associated with increasing
demands of higher system performance, higher efficiency, reliability, availability and safety.
Therefore, there is the need for continuous development in the control and fault diagnosis
methods [34]. These requirements of high reliability and safety that are mandatory for
safety-critical systems such as nuclear power plants or aircrafts, are nowadays present on
systems like autonomous electrical vehicles, fast rail systems, power systems, renewable
energy systems, just to mention some [29, 32, 35]. The following paragraphs briefly address
some of the existing FDI methods used in modern control systems.

Model-based FDI techniques gained increasing reputation since the early 1970s and have
been widely recognized as powerful approaches being successfully applied to many practical
systems. There are many methods in the literature based on the use of mathematical
models, which have been extensively reviewed by several authors [29–34, 36, 37]. There
are many classifications of FDI approaches in the literature. In general, FDI approaches
can be classified into the following main categories [31, 38]:

1) Knowledge-based: use heuristic symptoms that are obtained either from expert
human operators, or from a qualitative model. Some knowledge-based methods can
be obtained from expert reasoning, fuzzy reasoning, or using neural networks.

2) Signal-based: focus on signal processing techniques for detecting changes or varia-
tions in signals, which can be performed using methods such as: parameter estimation,
Fourier analysis, correlation analysis, among others;

3) Model-based: uses mathematical methods to design residual generators which can
be related to a specific fault or faults. Here, it can be included observer-based,
parameter estimation, parity equations and inversion techniques.

Although this thesis is concerned with model-based approaches, it will be described
briefly other techniques used to detect and isolate faults in the remainder of this section.
The simplest technique to FDI is to monitor the magnitude or trend of a signal and
taking an action when it reaches a predefined threshold. This method, known as limit
checking, whilst simple to implement also has its drawbacks, as false alarms in the presence
of disturbances and noise.

Regarding wider applications, such as safety-critical systems, the traditional approach
to FDI is based on physical or hardware redundancy methods, which use multiple sensors,
actuators and computers to measure and control a particular variable. With this redundant

15



CHAPTER 2. LITERATURE REVIEW

Process SensorsActuators

Process 
Model

Analytical redundancy

Controller

Residual
evaluation

Residual generation

Fault 
isolation

Reconfiguration 
mechanism

FDI

y
<latexit sha1_base64="8sOh7dtaRFoFyhM1AMK3cyHZh+4="></latexit>

u
<latexit sha1_base64="ljdn+zVTGWlxcKongAZjfDqEGDE="></latexit>

yref
<latexit sha1_base64="+RZoigtqz0LuLjtxqwe2csiU8L0="></latexit>

Faults Faults Faultsinputs
Unknown

inputs
Unknown

inputs
Unknown

Fault 
identification

Normal
behavior

FTC

Actuators

Decision Logic and
Reconfiguration

Hardware redundancy

Se
lec

tio
n

Se
lec

tio
n

Sensors

System
fa

<latexit sha1_base64="Y+RbxOWTeqvFk3dko7K9zcfm0G8="></latexit>

fc
<latexit sha1_base64="3uS6MbsIbyanJGXPN72vyuPRFe8="></latexit>

Residuals

Fault information

s

database

Fault
signature
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hardware, it is typically applied a voting scheme to decide if a fault has occurred and
its most probable location. The utilization of multiple redundant equipment is common
for instance in aviation systems and nuclear power plants, where there is no margin for
failures. The main advantage of this approach is its high reliability but, on the other hand,
requires extra equipment and space to accommodate it, and more maintenance, which
leads to higher overall cost.

A modern control system capable of accommodate and adapt itself to those problems
is depicted in Figure 2.1. It consists of a system with its process, actuators and sensors,
a fault tolerant controller and a reconfiguration mechanism which adjusts the control in
the case of a fault. Although the structure depicted in figure could be used to represent a
FTCS, that research topic is not the core of this work. With this in mind, the structures
representing topics that will not be addressed are shown with dashed lines. The faults in
the system can be diagnosed both in the case of hardware redundancy and in the case of
software redundancy (analytical redundancy), which are represented in the same figure.

Having present this dichotomy between reliability and cost of extra hardware, it is
plausible to attempt to use distinct measured values together to cross check each other,
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rather than replicating hardware. This can be done replacing the redundant hardware by
a system model, which is implemented by software in a computer. This concept is know
as analytical redundancy, and uses redundant analytical relationships between measured
variables to decide if a fault has occurred.

Similarly to the concept of hardware redundancy where the redundant components are
running in parallel with the ones of the system, in the analytical redundancy approach
the model of the system will run in parallel with the real process and will be driven by
the same inputs. It is expected that the reconstructed process variables computed by the
model will follow closely the ones of the real process in the fault-free case and show evident
deviations in the case of a fault. The difference between the measured real process variables
and their reconstructed values (by the model) are called residuals. For this reason, the
model-based approaches are also known as residual-based approaches.

Model-based approaches to FDI are based on the comparison between the measured
output signal y of the process and its estimation, obtained using a mathematical model of
the process in nominal operating conditions. This difference is called residual and should
indicate if a fault has occurred. Residuals should ideally be close to zero under no-fault
conditions but this is not easy to obtain in practical applications.

After being generated, residuals are evaluated for the likelihood of faults, which is
done by comparing them with the normal behavior of the system. A decision rule is then
applied to determine if a fault have occurred, which is normally achieved by a threshold
test on the instantaneous values or moving averages of the residuals. The generated fault
information is the basis for fault isolation.

According to [32, 39], most of the model-based approaches to FDI rely on the generation
of residuals. A variety of methods is available on the literature for residual generation,
such as:

Observers: the outputs of the system are estimated from measurements using some
form of observer, such as, e.g., Luenberger observer, Kalman filter, or Unknown Input
Observer (UIO);

Parity vector: the direct manipulation of the state-space or input-output model is
used to check the consistency of the measurements of the system;

Parameter estimation: the measured input and output signals are used to estimate
the parameters of the system.

However, as it has been understood, the works related to FDI in dc-dc converters rely
on several different methods, many of which are not dependent on residual generation.
Nevertheless, regarding observer-based approaches, a great quantity of works can be
found in the literature. The principle behind observer or filter-based approaches is the
estimation of the system’s output from its measurement, using either Luenberger observers
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in a deterministic setting or Kalman filters in the presence of noise. Then, the output
estimation error is used as a residual.

Although there are some difficulties regarding its implementation, model-based ap-
proaches to FDI show some advantages relatively to hardware redundancy. Firstly, model
based-approaches do not need extra hardware components. Also, their FDI algorithm can
be implemented and executed by software on the process control computer. Furthermore,
since the measurements used by the controller are usually sufficient for the FDI algorithm,
no extra sensors have to be installed. Perhaps, a greater computing power is needed to
execute all instructions of the algorithm.

Model-based approaches to FDI use the mathematical model of the process to infer
about the presence of faults, however a perfectly and accurate mathematical model of the
physical system is never available. Also, the parameters of the system may vary with time
in an uncertain manner, and the characteristics of the disturbances and noise are unknown
so that they cannot be modeled with accuracy.

Thus, there is always a mismatch between the actual process and the mathematical
model even in the case where there are no faults. These discrepancies are the cause of
false alarms and therefore their modeling is of crucial importance in model-based FDI.
Consequently, for the residuals to be useful in practical applications, they should be
insensitive to disturbances, noise and model uncertainties while being sensitive to faults.
Several residuals can be designed, each having sensitivity to individual faults occurring
in different locations of the system. Once a threshold is exceeded, fault isolation and
identification is possible by analyzing each symptom.

After the isolation of the faults, the task of fault identification is to determine the
type and magnitude of the faults, which gives the Fault Tolerant Controller (FTC) the
necessary information to adapt itself to the new situation [35]. In general, a FTCS can be
thought as a system with the capability to adapt itself and compensate in a systematic way
to random faults and maintain the functionality for which it was designed, even though in
a degraded way. In other words, tolerance describes the notion of trying to contain the
consequences of faults and failures such that the system remains functional. Thus, faults
are compensated in such a way that they do not lead to failures [31, 34].

Another important task in model-based FDI is the ability to diagnose incipient faults
as they may have a small effect on features and can be overshadowed by disturbances and
noise. On the other hand, abrupt faults can be diagnosed easily because their effects are
usually larger than modeling uncertainties and a simple fixed threshold is normally enough
to detect their occurrence. Incipient faults do not necessarily cause failures in the system
or process but they indicate that a component is degrading and should be replaced before
that happens.

Hence, a better model representing the dynamic behavior of the system will result in
higher reliability and performance of the FDI approach. However, as referred previously,
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in most cases a perfect and complete mathematical model of the system is not available.
Moreover, uncertainty and disturbances are a source of false alarms which difficult the
detection and isolation of faults, jeopardizing the reliability and performance of the
approach. In order to achieve reliable FDI, a good solution consists in proper integration
of several methods taking advantage of their capabilities [30, 32].

The robustness of a FDI approach means it must be insensitive or invariant to un-
certainties and unmodeled disturbances whilst being sensitive to faults. There are two
techniques to mitigate this problem and to increase the robustness of the FDI approach
[39]:

Robust residual generation: achieved by using a mathematical model of the system
that includes all types of uncertainties in order to build a set of residuals as insensitive
as possible to faults effects. Examples of this technique include robust observers or
robust parity equations.

Robust residual evaluation: the robustness is achieved in the decision-making stage.
The objective is to minimize the false and missing alarm rates, which can be achieved
using several approaches, such as: using adaptive thresholds, or using artificial intel-
ligence and soft-computing approaches like fuzzy logic, or neural networks, among
others.

As referred previously, a robust FDI approach should combine both objective (quan-
titative) and subjective (qualitative) information. A class of robust FDI approaches, in
the previously defined sense, represents combinations between classical approaches, like
observer-based or parameter estimation, used in the residual generation stage, and neural
networks, or fuzzy logic techniques, used in the decision-making stage [40].

Although the FDI approach used in this work is based on system’s inversion, it includes
a fuzzy-logic inference algorithm, which permits to isolate faults present on the system.
Consequently, next section will briefly address the application of fuzzy-logic approaches in
FDI.

2.3 Application of fuzzy logic to FDI

Model-based FDI represents an approach with a great variety of methods in the literature,
that relies on a mathematical model of the process. However, an accurate model is difficult
to achieve in practice for complex nonlinear plants, or systems with noisy signals or
parameter uncertainties. Computational intelligence techniques, such as fuzzy logic, are
many times the answer from the fault research community to overcome these issues [41].
Moreover, many real complex system control problems may require a formal knowledge of
how a human operator understands the system and how he proceeds when controlling it.
This imprecise human reasoning requires a dedicated tool for representing human-originated
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Figure 2.2: Membership functions

information in a flexible way. Fuzzy theory provides that kind of mechanism, which permits
to represent linguistic attributes such as ‘tall’, ‘medium’, or ‘large’. It also provides an
inference procedure that enables appropriate human reasoning capabilities. In other words,
the inference permits the evaluation of the linguistic rules in order to take a conclusion
[42].

An advantage of fuzzy techniques is their ability to model uncertain or ambiguous data,
which often occurs in real life. Fuzzy techniques provide a means of modeling uncertainty
associated with vagueness, imprecision and lack of information regarding a problem or
process. Another key advantage of such techniques is their ability in modeling nonlinear
systems [43].

Fuzzy logic or multi-valued logic, as opposed to combinational logic, establishes the
bases of a qualitative approach that can be used for the analysis of complex systems, in
which the use of linguistic variables permits to deal with uncertainty and to model human
reasoning in a more appropriate way. This concept, initially considered unorthodox, opened
new perspectives in many scientific areas. Fuzzy logic is used for reasoning about inherently
vague or uncertain concepts and provides a representation scheme and a calculus for dealing
with them. Fuzzy logic theory has applications in areas such as control engineering, signal
and information processing, expert systems, pattern recognition, decision-making, among
others. In fact, this type of approach has received a lot of attention from the scientific
community since the beginning of this century, e.g., [41–44]. Moreover, in the area of
power electronics, there are also some works related to fault diagnosis with fuzzy logic,
e.g., in Voltage Source Inverter (VSI) drives [45, 46], or motors [47].

Fuzzy theory mainly includes the content of fuzzy set theory, fuzzy logic, fuzzy reasoning
and fuzzy control. Fuzzy theory is based on the mathematical foundation of fuzzy set
theory, introduced in 1965 by Lotfi Zadeh for dealing with vagueness and uncertainty
[48]. Zadeh proposed the set membership idea to make better decisions in the presence of
uncertainty and vagueness. Consider the crisp set illustrated in Figure 2.2(a). In this case,
the membership value is either ‘1’ if a value belongs to the set or ‘0’ if it is not a member
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of the set. Hence, the membership in a set is found to be binary and can be defined as:

χA(x) =

{
1 , if x ∈ A
0 , if x /∈ A

(2.1a)

(2.1b)

where χA(x) is the membership of element x in set A, and A is the entire set on the
universe.

Zadeh [49] extended this membership to possess several ‘degree of membership’ belonging
to a continuous interval [0, 1], which is called a fuzzy set. Fuzzy sets, like the one illustrated
in Figure 2.2(b), can capture vagueness via its Membership Functions (MFs), which are
mappings from a given universe of discourse X to a unit interval containing membership
values. The membership can take values between 0 and 1. A fuzzy set A∼ in a certain
numerical universe of discourse X is the set of pairs:

A∼ = {〈µA∼ (x), x〉}, ∀x ∈ X, (2.2)

where µA∼ (x) is the MF of the fuzzy set A∼ . As referred, the MF provides the mapping
of the numerical universe X of a variable, to the range [0, 1]. Contrarily to the classical
theory of sets, where an element can belong to a set or not, in fuzzy sets theory an element
x belongs to the fuzzy set with a certain degree of membership:

µA∼ (x) : X 7→ [0, 1]. (2.3)

Fuzzy techniques are suitable not only for control and estimation of variables that
cannot be measured, but also for FDI. Fuzzy Logic Systems (FLSs) can be applied to
isolate faults in complex systems, which can be performed using mainly two methods [43]:
a) Classification methods; and b) Inference methods. In the case of the latter, the rule base
is created often on the basis of expert’s knowledge. The generic structure of a FLS that is
widely used in engineering applications is depicted in Figure 2.3 [50].

There are three basic methods used for fuzzy inference [51]: a) Mamdani; b) Sugeno;
and c) Tsukamoto. Mamdani fuzzy inference was first introduced by Mamdani and Assilian
[52] in 1975, where it was proposed a linguistic tool to develop the fuzzy model of a system.
With this tool, they proposed to model the behavior of a system using “IF. . . THEN” rules
connecting linguistic terms that contain the intuitive understanding of the system’s signals
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by human experts. This concept is commonly used to perform fault isolation tasks. In this
case, the relationships between residuals and the normal and faulty states of the system
are expressed by “IF. . . THEN” rules. This type of Fuzzy Inference System (FIS) is the
one used for fault isolation later in this thesis.

A FIS, also known as a fuzzy rule-based system, is the major unit of a FLS, having
decision making as its primary function. Fuzzy inference is the actual process of formulating
the mapping from a given input to an output using fuzzy logic. This mapping then provides
a basis from which decisions can be made. This process of reasoning involves all membership
functions, fuzzy “IF. . . THEN” rules and fuzzy logic operators, like “OR” or “AND”, for
obtaining essential decision rules.

As illustrated in Figure 2.3, to implement a FLS in a real system, three steps are
needed: fuzzification, fuzzy inference and defuzzification. Fuzzification is the process of
converting real world crisp variables to fuzzy variables or, in other words, to determine
the degree to which they belong to each of the appropriate fuzzy sets via membership
functions. Usually, fuzzification involves two steps: derive the membership functions for
input and output, and represent them with linguistic variables. In practice, membership
functions can have different shapes, such as triangular, trapezoidal, Gaussian, bell-shaped,
etc, which are chosen depending on the application. For systems that need significant
dynamic variation in short periods of time, triangular or trapezoidal shapes should be used
[51, 53].

In the second step, fuzzy data is processed to obtain the desired output, using a database
of fuzzy rules. Fuzzy rules are represented by a sequence of the form “IF. . . THEN”, leading
to algorithms describing what output should be taken in terms of the currently observed
input. The design and building process of fuzzy rules is based on human’s knowledge and
experience. The fuzzy “IF. . . THEN” rule is used by the fuzzy inference system to compute
the degree to which the input data matches the condition of a rule. It associates an input
or condition, which was described using linguistic variables and fuzzy sets, to an output or
a conclusion.

The conclusion or output derived from the combination of input, output membership
functions and fuzzy rules is still a vague or fuzzy element. To make it usable by real
applications, a defuzzification process is needed, in which fuzzy outputs are converted
back to crisp values. In fact, the fuzzy conclusion is still a linguistic variable which needs
to be converted to a crisp variable via the defuzzification process. The most commonly
used defuzzification methods are the following three [53]: a) Mean of Maximum (MOM);
b) Center of Gravity (COG); and c) Height Method (HM).

The application of this structure to the design of FDI systems consists of fuzzy system
identification in the case of residual generation and fuzzy reasoning in the case of residual
evaluation. As referred previously, these systems provide a transparent representation of
the system under evaluation even if it is nonlinear, based on the linguistic interpretation
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Figure 2.4: Overview of a fuzzy output calculation

in the form of rules. Normally, the rules extracted from data are validated by experts and
combined with their knowledge of the system.

The design of a FLS for residual evaluation can be divided into the following three steps
[54]: fuzzification, inference and the presentation of fault alarms. The task of fuzzification
is of great importance, since it influences the isolation properties of the FDI scheme. In
this case, it consists on the assignment of a suitable number of fuzzy subsets to each
residual component. The evolution of the MFs can be assigned on the basis of heuristic
knowledge of the process.

The task of fault decision is to conclude, from a set of residuals, onto the set of possible
faults, i.e., if there is a fault present on the system. For that, one has to construct fuzzy
conditional statements from a composition of all combinations of fuzzy sets of all residuals.
Usually the constructed rules are of the type:

IF x∗1 is R∼ i,1 AND x∗2 is R∼ i,2 THEN y∗ is F∼j

where R∼ i,k represents the i th fuzzy subset of residual ‘k’ and F∼j represents the j th fault in
the system. Evaluating an adequate number of rules, it is possible, under certain conditions,
to find out for each combination of residuals the fault responsible for such combination.
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The last step of the FDI is to represent properly the fault situation to the supervisor,
which can be done by means of an automatic defuzzification procedure. Typically, in a
FDI problem, the output consists of a number of fault indication signals, one for each
fault and for normal operation. These are still in a fuzzified format and can be called a
fuzzified fault indication signal, which represent the degree of compatibility for a possible
fault or normal operation. In this case, no fuzzy sets for the output of the inference have
to be assigned and the decision about a fault alarm is left to the operator. In the case of
autonomous systems, there are fuzzy sets assigned to the output and a defuzzification is
needed.

Figure 2.4 shows an overview of a fuzzy output calculation from a simplified FDI

scheme. Two residuals x∗1 and x∗2 are first fuzzified using five linguistic variables with
triangular MFs, defined as: N∼ - Negative, NM∼ - Negative Medium, S∼ - Small, PM∼ -
Positive Medium and P∼ - Positive.

The inference engine accumulates de effects of each rule on the output MFs, including
the logical operations, implication and aggregation tasks. For the inference task, two rules
are evaluated in parallel for the two inputs: x∗1 = −0.3 and x∗2 = 0.35. In this case, these
rules are:

RULE 1: IF x∗1 is S∼ AND x∗2 is S∼ THEN y∗ is NF∼
RULE 2: IF x∗1 is NM∼ AND x∗2 is PM∼ THEN y∗ is F1∼

where the logical operator (A AND B) is replaced by the function min(A,B). For the
implication operation it is used the ‘MIN’ operator, and for the aggregation it is used the
‘MAX’ operator. The result of the inference task, µO∼ (y), which is a combination of the
input, output MFs and fuzzy rules, is still a vague or fuzzy element. To turn the conclusion
or fuzzy output available to real applications, defuzzification is needed. Figure 2.4 shows
the deffuzification process using two of the most used methods: Mean of Maximum (MOM)
and Center of Gravity (COG). As shown, both outputs are similar and close to 1, meaning
that fault F1 is present on the system.

This type of technique is used later on this work to isolate faults in a dc-dc converter.
Based on the symptoms generated by the inversion approach, a FLS system is implemented
to isolate the faults present on the converter. The developed FLS is able to isolate faults
in circumstances of imprecise parameter values and external disturbances like noise.

2.4 A synthesis on modeling systems with faults

When developing a model-based approach it is obviously necessary to obtain the mathe-
matical model of the system. This can be difficult as the exact model is usually not known
and there could be some disturbances, noise and model uncertainties. Nevertheless, these
uncertainties can be modeled as unknown inputs, and the same happens in the case of
faults.
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Figure 2.5: Faults actuating on system

Consider the system shown in Figure 2.5, which is constituted of a process or plant, its
actuators and sensors. Regarding the occurrence of faults, it is known that they can appear
in the process or system components (fc), in their actuators (fa) and in output sensors
(fy). Faults can be classified by their form, time behavior and extent. Regarding their time
dependency, they may show up as: abrupt, incipient or intermittent. In relation to process
models, faults may appear as changes of signals (additive) or parameters (multiplicative).
The latter, influence, e.g., the variable yR(t) by the product of a variable uR(t) and fc(t).
Thus, multiplicative faults can only be detected if the input is different from zero [31].

The dynamics of the process can be described by the following state-space system of
equations:

{
ẋ(t) = Ax(t) +BuR(t)

yR(t) = Cx(t) +DuR(t)

(2.4a)

(2.4b)

where x(t) ∈ Rn is the state vector, uR(t) ∈ Rm is the real input vector and yR(t) ∈ Rp

is the real output vector. A, B, C and D are known system matrices with appropriate
dimensions.

When a component fault occurs, for example a change in a parameter of the process
affecting the i th row and j th column of matrix A, the state equation of the system can
then be described as:

ẋ(t) = Ax(t) +BuR(t) + c∆aijxj(t) (2.5)

where ∆aij is the change in the parameter, xj(t) is the j th component1 of the vector x(t)

and c is an n-dimensional vector with all zeros except for a 1 in the i th row.
Inspecting again the figure, it is clear that the actual output of the system yR(t) is not

directly available, and sensors are used to measure the output of the process. This can be
modeled as:

y(t) = yR(t) + fs(t) (2.6)

where fs ∈ Rp is the sensor fault vector. In the case of multiplicative faults, the measure-
ment is given by:

y(t) = (1 + ∆)yR(t), (2.7)

and the fault vector can be written as fs(t) = ∆yR(t).
1In this case, ‘component’ is related with the vector, not the process, as explained in Appendix A
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Regarding actuator faults, they can be modeled like explained for parameter faults. In
this case, it can be seen that uR(t) = u(t) + fa(t). Hence, considering all possible actuator,
parameter and sensor faults, the state-space equations governing the system dynamics can
be written as:

{
ẋ(t) = Ax(t) +Bu(t) +Bfa(t) + fc(t)

y(t) = Cx(t) +Du(t) +Dfa(t) + fs(t),

(2.8a)

(2.8b)

where all faults are modeled as unknown inputs. Considering the general case, with the
inclusion of all faults, uncertainties and noise, the dynamics of the system can be described
by the following state-space equations:

{
ẋ(t) = Ax(t) +Bu(t) + F1f(t)

y(t) = Cx(t) +Du(t) + F2f(t),

(2.9a)

(2.9b)

where f(t) ∈ R` is the fault vector and F1 and F2 are the fault entry matrices, which
represent the effect of faults on the system.

2.5 Faults in power converters

Nowadays, power electronics converters are used in a great variety of applications, such as
industrial processes, adjustable-speed drives, interfaces between renewable energy resources
and the grid, power quality correction, High Voltage Direct Current (HVDC) systems,
electrical aircrafts, telecommunications, ESSs, EVs, among others [55]. For example, in a
Battery Storage System (BSS), the power converter transfers the energy from the grid
to charge the battery, ideally at night when energy prices are lower, and transfers the
energy back to the grid when it is necessary. This happens with other applications, being
them connected to a DC grid or to an AC grid. These converters can be unidirectional or
bidirectional, according to the applications.

The main reason why these systems are highly integrated in lots of applications is
that they provide compact and high-efficient solutions to power conversion. On the other
hand, the integration of power electronics into these applications rise questions about the
reliability of the overall systems [55–59].

According to [25, 56, 60], the main issues related with the reliability of power converters
lie in the semiconductor power switches and the corresponding gate driver electronic circuits,
and in electrolytic capacitors, which are the most vulnerable parts of these systems. Since
for many applications there is usually no redundancy, if a fault occurs to any component it
will lead to a failure and possible shutdown of the system. For instance, a fault in a power
converter of the power-train of an electric vehicle could evolve to a failure and cause the
vehicle to stop or even an accident.

Therefore, the detection of degradation and faults that could lead to failures is of
paramount importance for many applications [61]. Moreover, it is quite important to
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develop control systems which are capable of detecting, isolating and identifying faults in
power converters, and reconfigure them in order to improve their reliability, safety and
overall cost. Also, as referred in [55], improving the reliability and fault tolerance of power
converters is becoming very important, as these enhancements could eventually maintain
the functioning of the system, even though with degraded performance, in the presence of
faults.

To meet these requirements many solutions are proposed, from the design perspective
(i.e., systems based on redundancy) to the management of operation. According to [60],
the former solutions are effective at the beginning phase of system’s design, but can lead to
higher costs. The latter are based on the existing hardware and are achieved by modified
or augmented control. In what refers to management of operation, the solutions found in
the literature can be classified into: diagnostic, prognostic, and thermal management.

As stated before, one of the major concerns related with the reliability of power
electronics systems lies in electrolytic capacitors and power switching devices such as Metal
Oxide Semiconductor Field Effect Transistors (MOSFETs) and Insulated Gate Bipolar
Transistors (IGBTs), which are the most vulnerable components [56, 62]. In the case of
capacitors, it is known that they are the main responsible for failures in power converters,
accounting for 30% of total number of failures [62, 63]. According to [63, 64], 21% of
the total failures in power converters are caused by semiconductor faults. In the case of
variable-speed AC drives, 38% of their faults are related with power switches [26]. In
the case of grid-connected PV systems, the failure rate of the dc-dc boost converter is
about 41% [64]. Moreover, power converters are the most fragile subsystem in wind energy
conversion systems, as they are responsible for more than 22% of their total downtime
[65]. These statistics show unequivocally that it is of paramount importance to address
the issues of how to detect and isolate faults, and predict degradation of components in
power electronics converters.

Regarding dc-dc converters there are a few works addressing the detection and isolation
of different types of faults. Due to the widespread of dc-dc converters in many applications,
it is also important to detect the aging of the converter’s most vulnerable components
[66–70]. Accordingly, in [71] it is proposed a fault detection and identification model-based
approach to switching converters. The proposed approach is based on state estimation
and is applied to different types of converters. Moreover, it is used to diagnose Open-
Circuit Faults (OCFs) of switches, sensor faults and degradation of capacitance in dc-dc
converters such as the buck and interleaved boost. In [72] it is proposed a model-based state
estimation approach to diagnose switch OCFs, sensor faults and capacitance degradation in
a boost converter. On a recent paper, [73], it is proposed a monitoring system to diagnose
OCFs and Short-Circuit Faults (SCFs) that is capable of aging detection of components of
dc-dc converters. The proposed methodology is based on measurements of voltages across
the diode and inductor, using a Rogowski coil sensor, and temperature sensors. In [74] it
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is proposed a fault diagnosis approach based on the sliding mode observer applied to a
boost converter. The proposed methodology is designed through linear matrix inequalities
to identify faulty parameters of the converter.

However, analyzing the described literature, it was not clear if the proposed methodolo-
gies were able to isolate all faults from a single experiment, since the authors show several
experiments, one for each fault. Regarding individual faults (e.g., switch OCF, capacitor
degradation and sensor fault), there are several works in the literature that address their
detection and isolation separately. Consequently, next subsections will present a literature
revision for each of the above mentioned faults, in what refers to dc-dc converters.

2.5.1 Power semiconductor faults

As introduced before, power semiconductor faults are on the top list of the converter’s
components with higher rate of failures. According to a survey [56], semiconductor and
soldering joints failures in power switches are responsible of up to 34% of the power
electronics converter’s failures. The problem of semiconductor failures in power electronics
converters is well studied in [56, 63]. Power semiconductor switches of electronics converters
suffer both mechanical and environmental stresses, which causes wear out over time. The
environmental factors such as humidity, ambient temperature, and cyclic thermal stress
all contribute to increased rate of failures in these devices [26, 75]. In the case of voltage
source inverters, most of them use IGBTs for switching purposes, as these have higher
voltage and current ratings and can operate at high power densities [76–78]. In the case of
MOSFETs, they have been widely applied in various kinds of low-power supply systems
due to their advantages, such as fast switching speed and low power consumption [79].

Faults in these power devices can be broadly categorized as SCFs and OCFs. When a
SCF occurs, the switch becomes closed and it remains on the on-state regardless of the
gate control signal. As a result it will be traversed by an abnormal over-current that could
damage more components of the circuit besides the power switch. On the other hand,
when an OCF occurs, the switch stays in the off-state independently of the gate signal,
which can lead to over-stresses on the healthy switches and generate unexpected pulsating
currents [80].

These two types of faults may happen due to the following [63, 76, 81]:

i) Open-Circuit Faults
a) Lifting of bonding wires during thermal cycling;
b) Driver failure;
c) Induced rupture of the switch (can be a consequence of a short-circuit fault);

ii) Short-Circuit Faults
a) Improper gate-driver voltage (caused by driver circuit malfunction, auxiliary

power-supply failure or a dv/dt disturbance);
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b) Intrinsic failure (caused by over-voltage/avalanche stress or temperature over-
shoot)

As referred before, power electronics converters are used to transfer energy from a
source (e.g. PV system, battery or a Wind Energy System (WES)) to a load (e.g. battery
or electrical machine) and vice-versa. These sources and loads can be AC or DC, which
define the type of converter to be used.

In the case of AC systems, VSIs are widely used in many applications, ranging from
variable speed drives, high-voltage direct current transmission, railway traction systems,
RES, among others [82]. Since reliability and availability of those systems is of increasing
importance, the introducing of FDI techniques in mandatory. A survey of fault diagnosis
for grid-connected WESs can be found in [83], where it is shown that failures of power
electronics converters account for about 25% of total failures in such systems. Moreover,
capacitors and semiconductor switches are the components with higher failure rates.
Regarding semiconductors, OCFs and SCFs are the most common faults occurring in
VSIs [84].

In the literature, it can be found many published works related to fault diagnosis
methods for VSIs, e.g., [46, 82, 85–88]. Most of them is focused on OCFs rather than
SCFs and gate-misfiring ones. In fact, SCFs are difficult to deal with as the time between
the occurrence of the fault and the failure itself is very small. According to [76], most of
the existing short-circuit detection and protection methods are hardware circuit based, not
algorithm ones.

These systems are widely used in variable-speed applications in industry, because
of their efficiency, robustness and cost. In recent years, many fault diagnosis methods
have been studied for OCFs in Permanent Magnet Synchronous Machines (PMSMs)
[45, 84, 89, 90] and Induction Machines (IMs) [91–93]. Most of them use measured currents
to achieve FDI. Nevertheless, the d-axis reference voltage can also be used to extract fault
characteristics from faulty current [91]. Moreover, among those, there are some works
where signal processing methods [89] and artificial intelligent methods [45, 93] are used.

Since the main focus of this work is related with dc-dc converters, our attention is
now directed to them. dc-dc converters are used in a wide variety of power electronics
applications, ranging from EVs, to RESs. In most cases, they are used to transfer energy,
in an efficient way, between different voltage levels. From these applications there are
clearly some that require high level of reliability. Thus, as in other types of converters, fault
detection and identification capabilities are important to keep safe and high performance
operation. Also, in some critical systems, it is important to have some degree of fault
toleration and the possibility to reconfigure the system in the presence of faults.

There is a great interest from the scientific community in the area of fault diagnosis
applied to dc-dc converters. Since these converters have less power switches than AC

converter types, their reliability is higher. By going through the literature, it can be verified
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that there is some research about semiconductor faults in applications such as PV systems
[62, 64, 94–96] and ESSs [97–99]. In [64] it is proposed an open and short circuit fault
diagnosis scheme for a boost converter with reconfiguration strategies. The fault diagnosis
algorithm is based on the slope (signal) of the inductor current, whereas the reconfiguration
is performed using a redundant switch. A similar approach is proposed by the same author
in [100], where the algorithm is validated using a fault-tolerant scheme implemented in
a Field Programmable Gate Array (FPGA). In [94] it is presented a model-based fault
identification system for OCFs and SCFs of a dc-dc boost converter performing Maximum
Power Point Tracking (MPPT) in a PV system. The fault identification scheme is based on
the Luenberger observer which is insensitive to irradiance’s unpredictability. The proposed
approach has fault tolerant capability using a redundant switch. The algorithm is validated
using a Digital Signal Processing and Control Engineering (dSPACE) system. [101]
proposes a fault identification method for non-isolated dc-dc converters for identifying
SCFs andOCFs. The method is applied to a boost converter with synchronous rectification,
where the rectifier diode is replaced by a switch for better efficiency. It uses a predictive
current emulator for fault diagnosis, which provides the predicted value of the inductor
current as function of certain control signals. The algorithm is validated in real-time using
a Digital Signal Processor (DSP) board.

In the case of standard non-isolated dc-dc step-up converters, such as boost and
buck-boost, they are usually used to perform MPPT in PV systems [64]. Nevertheless,
in some applications, the output voltage level of the energy harvesting system must be
controlled and adapted to the load. Consequently, the best choices to perform MPPT and
control the level of the output voltage are the two-stage dc-dc converters [96]. [95] proposes
a two-stage buck/buck-boost converter with fault tolerant operation with a redundant
synchronous switch for a PV system, where the buck converter is operated in the DCM

whereas the buck-boost operates in the CCM. Similarly, [96] proposes a fault diagnosis
approach for two-stage non-isolated dc-dc converters which can detect both OCFs and
SCFs. The proposed approach can be applied to different non-isolated converters. The
algorithm uses both inductor current slope and switching signal to detect faults on the
switch of each stage.

In the case of high-voltage high-power applications, Modular Multilevel Converters
(MMCs) are widely used due to its superior performance, standardization and flexibility
[102]. In [99] it is proposed a fast open circuit diagnosis method for a MMC. For fault
diagnosis it uses an Operational Amplifier (OPAMP) to compare sub-module output
voltages. The result is sent to the FPGA through a photo-coupler together with gate
signals. The approach proposed in [103] is about an input series output parallel dc-dc
MMC. It uses the magnetic component voltages of each module as diagnose signals, which
are acquired by adding an auxiliary winding to the inductor of the MMC. If a fault occur
in one of the modules, it is replaced by one additional redundant module. In [104] it is
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proposed a model-based fault diagnosis method to OCF based on similarity analysis of
capacitor voltages under both normal and fault conditions. The proposed algorithm is
validated experimentally using a dSPACE system.

Three-level dc-dc converters and its different topologies are also attractive choices
regarding high-power and high-voltage applications [105]. The main advantage of these
types of converters is that the main switches only withstand half of the dc-link input
voltage. In [105] it is proposed a fault detection and protection scheme which is based on
monitoring the flying capacitor voltage. The proposed methodology is capable of detecting
SCF and OCF. [106] proposes a switch fault tolerance approach of a three-level boost
dc-dc converter of a PV system. The proposed methodology uses the average voltages
of the two diodes in the circuit to detect OCF of main switches. The methodology is
validated using a dSPACE system.

Step up or boost dc-dc converters are used in fuel cell ESSs to raise the fuel cell voltage
(1V/cell) high enough for the load and to prevent the stack from overloading [107]. However,
low and high frequency components in the fuel cell current, injected by power converters,
de-rate the stack output power and increase fuel consumption. Consequently, multi-phase
interleaved dc-dc boost converters are typically used in these applications. Interleaved
dc-dc converters bring benefits related to their efficiency, size, thermal management,
modularity and the capacity of current ripple cancellation. Also, these converters have an
inherent fault tolerance capability, as they are constituted by n phases, whose currents are
phase shifted 2π/n radians. [108] proposes an adaptive democratic current sharing control
scheme that balances currents between healthy modules. The proposed fault tolerant
control can detect OCFs and SCFs. Once one of the currents drops to zero, the fault
is detected and isolated and the and the gains of the current and voltage PI controller
are changed. In [97] it is proposed an FPGA based fault tolerant control scheme applied
to a fuel cell EV. For detection of faults, it uses the values of the currents in each leg.
The fault-tolerant control consists in modifying the Pulse Width Modulation (PWM)
gate command signals according to the faulty leg. The methodology is validated using a
dSPACE system.

However, interleaved dc-dc converters have more applications beyond fuel cells systems.
In [109] it is proposed an open circuit fault diagnosis method which is robust to transients
and current imbalance between phases, and do not need additional sensors. This method
uses the dc-link current derivative and the information of its sign variation during different
time intervals for open-circuit fault detection. The proposed methodology is validated in a
PV system using a dSPACE. [110] proposes an open circuit fault diagnosis method with
reconfiguration applied to a three-phase interleaved dc-dc boost converter. It uses the
input current and the switching signals applied to the switches gates. After a fault in one
of the switches, the control strategy is changed to accommodate the fault. The proposed
method is validated using a dSPACE system.
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Figure 2.6: Types of capacitors used in power electronics2

Capacitors are not the only passive components of a power electronics converter. For
example, in [62], it is proposed an observer-based scheme to monitor the states of a
buck converter and to estimate some component parameters, such as the inductance and
capacitance. Nevertheless, they are the ones with higher failure rates. Consequently, next
section is dedicated to that problem.

2.5.2 Capacitor faults

Capacitors are widely used in the dc-link of power electronics converters to balance the
instantaneous power flow between the source and the load and to minimize voltage variation
(filtering). These devices are used in a wide range of applications, such as power factor
correction systems, PV systems, EV systems, motor drives, among others [111]. The type
of capacitor used in the dc-link of power converters depends on factors such as the required
capacitance value, the voltage rating, the maximum operating temperature, frequency
characteristics, size, reliability, cost, among others [55].

In general, there are three main categories of capacitors that can be used for power
electronics applications, which are: Aluminium Electrolytic Capacitors (Al-Caps), Metal-
lized PolyPropylene Film Capacitors (MPPF-Caps) and Multy-Layer Ceramic Capacitors
(MLC-Caps) [111, 112]. The ranges of capacitance versus voltage ratings of various types
of capacitors used in power electronics applications is illustrated in Figure 2.6. Al-Caps
are widely used in many applications due to their high capacitance, small size and low cost.
These devices have shorter life span compared to other power electronics components [113].

2Source: https://commons.wikimedia.org
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Due to their electrochemical operating principle, the aging of Al-Caps depends in greatly
on the operating and ambient conditions [114]. On the other hand, MPPF-Caps can
withstand high levels of surge voltage, high Root Mean Square (RMS) currents and have
longer lifetimes compared to Al-Caps [115]. Moreover, as MPPF-Caps are not polarized,
they can be used in AC voltage applications without DC bias.

In a capacitor there are two main types of faults [116]: a) catastrophic faults or structural
faults and b) degradation faults or parametric faults. In the first ones, less common, the
capacitor loses its function due to a short-circuit or an open-circuit. The latter ones, more
usual, are due to aging. In this case the capacitors loose their initial characteristics due to
the effects of temperature, frequency and humidity. These effects degrade the parameters
of the capacitor, which is expressed by the drop in the capacitance and an increase of the
Equivalent Series Resistance (ESR) [117]. Moreover, these parametric faults can lead to
structural ones if the capacitor is not replaced in time [116].

For diagnosing the capacitor’s degradation state, there are on-line and off-line techniques.
The latter are less expensive and easier but on the other hand the capacitor needs to be
disconnected from the system. An example of an off-line technique is to measure the ESR
with an LCR meter. As disconnecting the capacitor off the circuit is not practical, the
on-line techniques are more interesting to apply.

Thus, to avoid serious failures which can lead to high consequential costs, on-line
monitoring units that are capable of detecting the end-of-life status of capacitors are
a solution. With the information provided by them, it is possible to make preventive
maintenance and replace the capacitors with defect, avoiding total failure of the equipment.
In the literature there are many works related with condition monitoring of capacitors.
Nevertheless, a good review can be found in [112].

In [114] it is proposed a monitoring concept based on the component’s power losses for
PWM converters. As the total power drawn by the capacitor can be represented by the
ESR, this value is obtained by measuring the AC component values of the voltage and
current across the capacitor. This method is validated using a low-cost microcontroller.

However, as referred by [117], the majority of capacitor aging detection methods
reported in the literature use the measurement of switching frequency voltage ripple. This
is the case of the work in [113], which proposes a model-based fault diagnosis scheme
applied to a flyback converter. It analyses the voltage ripple of the output Al-Cap at
certain instants of the switching cycle. Those values are sent to the DSP, which estimates
the values of the ESR and capacitance. On the other hand, [117] proposes model-based
method to detect capacitor wear-out of a step-down dc-dc converter. The proposed
method uses the change in circuit dynamics as an indicator of capacitance degradation. It
needs the voltage measurement and load current, which are normally required for control
purposes. The capacitor condition is evaluated by applying a voltage step to the converter
output and analyzing the resulting step response.
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Regarding dc-dc converters, the electrolytic capacitors are the dominant choice in
dc-links for filtering and storage due to their low cost, high capacitance and low size. On
the other hand these are one of the most life-limiting components, being responsible for
about 50% of the failures [115].

In [115] it is proposed a technique for the diagnosis of capacitors which is suitable for
continuous and discontinuous current mode of a boost converter. There was developed a
predictive diagnosis tool for both electrolytic and MPPF-Cap to estimate the capacitance
of the device, as the ESR of the MPPF-Cap is very small and difficult to measure.
According to the authors, with this method it is possible to separately evaluate the
capacitor’s parameters in different discrete states. The value of the capacitance can be
evaluated in the on state of the switch and then the value of the ESR can be estimated
during the off state. To do this estimation, the values of the input current and output
voltage of the boost converter are sampled.

On the other hand, the work proposed in [118], uses a different approach to monitor
the capacitor lifetime in non-isolated dc-dc converters. In their work it is described a
technique that uses the gate driver signal and the capacitor current derivative that is
captured by a printed circuit board Rogowski coil. Beyond permitting to estimate the value
of the capacitor’s ESR, these signals are also used to detect OCF and SCF of switches. In
[61] it is proposed a health monitoring method for detecting aging degradation of passive
components in dc-dc converters. The technique uses the non-parametric system response
to a perturbation with an optimized multitone sinusoidal signal. The parametric system
model is estimated using a recursive weighted least-square algorithm.

These on-line techniques are suitable when the state of the component must be predicted
continuously without stopping the system. Contrarily, not all systems require to have an
on-line fault diagnostic technique or it could not be easy to implement such a technique in
some of them. Thus, the development of off-line techniques is some how important but at
the same time less implemented. Also, the implementation of these techniques is much
easier and less expensive. Accordingly, in [116], it is proposed an off-line technique for the
estimation of the ESR and capacitance values of electrolytic capacitors. To implement this
technique the capacitor is fed by a sinusoidal voltage and the resultant impedance vector
defined by the voltage and current across the capacitor gives the information needed to
estimate those values.

2.5.3 Sensor faults

In many systems, closed-loop control is a commonly used method, in which the inductor
current and capacitor/output voltage sensors are needed to feedback those values in real-
time. Thus, these sensors are important to the control performance of the overall system.
Due to aging or incorrect operation of equipment, environment influence, bad connections,
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and other factors, measurements can become corrupted or missed, which may affect the
control performance of power electronics converters [119].

Sensor faults can be mainly categorized into three types [27, 120, 121]: a) offset
deviation; b) gain deviation; and c) noise abnormality. Nevertheless, in the published
literature there is no classification of the type of fault they are addressing, just sensor
faults in general.

The majority of works related to this topic use the concept of residual generation to
detect faults occurring in sensors [119, 121–125]. In [125] it is proposed a sensor fault
diagnosis scheme for a three phase inverter of a grid-connected PV system. The algorithm
is based on an observer that estimates the dc-link current and corresponding voltage.
[121] proposes a sensor fault detection scheme based on a sliding mode observer, which is
applied to a buck-boost converter. The algorithm compares the residual produced by the
observer with a threshold to achieve fault detection. A Luenberger observer is proposed by
[122] for sensor fault detection and system reconfiguration for a dc-dc boost converter.
The Luenberger observer is designed to produce residual errors, which are compared to a
threshold for fault detection.

The same type of observer is used by [126] for fault diagnosis in a dc-dc boost converter.
In their work they use the state observers for inductor current and capacitor voltage that,
with sensor measurements, generate residuals. The sensor fault diagnosis unit diagnoses the
faulty sensor by comparing the residuals with thresholds. In [127] it is proposed a voltage
sensor fault detection based on residual generation between measured and observed current
form factors, with an adaptive threshold to avoid false alarms. This algorithm is applied
to a single phase rectifier. Moreover, the proposed scheme is also used to diagnose OCF

of switches. In [128] it is proposed a sensor fault diagnosis scheme for dc-dc converter
interfacing the main energy storage unit and the AC drive. It consists of a residual based
approach to detect and isolate faults on the system. The proposed approach extends the
classical Kalman-based detection filter, used normally in LTI systems, to a piecewise filter
suitable for SLSs.

In the case of [119], it proposes a sensor fault detection and isolation scheme for
electrical drives that uses the parity space approach. The algorithm is based on temporal
redundancies and is insensitive to parameter variations since it is not required to have
knowledge of the system model. Also without knowing the model of the system, it is
proposed by [129] a data-driven sensor and actuator fault detection and isolation scheme
for a wind turbine. The algorithm is based on fusion of different classifiers and is robust
against several operation conditions.

From the survey of existing FDI techniques applied to dc-dc converters, it can be
concluded that for each fault it is usually used a different method. In other words, no
systematic procedure exists to detect and isolate the following four types of faults: i) switch;
ii) voltage sensor; iii) current sensor; and iv) capacitor degradation.
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2.6 Inversion-Based Fault detection and isolation

The problem of inverting state-space LTI dynamical systems has received a lot of attention
in the past because of its close relation to control and estimation theory [130–132]. An
inverse system, when it exists, operates on the output and generates the corresponding
input of the system to which it is inverse. This concept revealed to have application
in areas such as control, coding, and filtering. The works of [133] and [28] in the late
60’s, applied to Multiple-Input Multiple-Output (MIMO) systems, promoted even more
this new approach, being followed by others, e.g., [134] and [135]. This concept had also
received attention for output tracking control applications [136, 137].

In the beginning of this century, it appeared the first works related to the area of
FDI. In [138], it is proposed a detection filter for FDI in linear systems by means of
system left inversion. The described approach relies on the concept of system inversion
studied by [133] for LTI systems. The idea of reconstructing faults attracted attention of
several researchers. The key point is to model faults as unknown inputs and to invert the
system to reconstruct them. In [139] it is proposed an approach for input reconstruction
by means of system inversion applied to nonlinear systems. In [140] it is proposed an
inversion-based input reconstruction of faults based on the idea of detection filters applied
to an aircraft monitoring problem. There were also published some works related to FDI

of linear parameter varying systems based on system inversion, e.g., [141, 142], which can
be alternative to nonlinear system description.

As SLSs become increasingly used in modern control systems, there were published
some works related to the problem of their inversion. The problem of invertibility of SLSs
was introduced by [143], where it was addressed the recovery of the switching signal and
input from the knowledge of the output and initial state. In their work, they gave the
necessary and sufficient conditions for a switched system to be invertible, based on the
methodology of inversion proposed by [133] for LTI systems. Giving some continuity to
this work, [144] addressed the invertibility problem for switched nonlinear systems. Both
of these works were developed from a perspective of control.

Regarding FDI, it were proposed in the literature a few works based on system’s
inversion. [145] proposed an inversion based approach with application to switching
electrical networks. This approach is based on Silverman’s [133] structure algorithm,
and uses the concept of recovering unknown additive disturbances caused by faults. The
methodology is capable of recovering switch and parametric faults, such as the degradation
of capacitor’s capacitance in dc-dc converters. However, this work does not include
practical validation.

As referred in [146, 147], for LTI systems, the problem of state estimation is equivalent
to that of stable system inversion. The formulation of observers for FDI in dc-dc converters
has been tackled in several works [62, 67, 71, 94, 148, 149]. In [147] it is proposed a method
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for estimating the unknown inputs of a discrete-time SLSs. They addressed the problems
of system inversion and state estimation. The state observer is used to asymptotically
estimate the unknown inputs, which produce a stable inverse system. Moreover, as referred
by the authors, system invertibility is necessary to construct the state observers, or, in
other words, the problem of state estimation is equivalent to that of stable system inversion.
This fact was reinforced in the work of [150], where they made a comparative study of
inversion and observer-based approaches for FDI in dc-dc converters. In this work it
was shown that the results from both observer and inverse models are quite similar. Both
methods proved to correctly detect and isolate switch OCF and capacitor degradation
fault in a boost dc-dc converter.

37



This page was intentionally left in blank.



Inversion-Based FDI

C
h
a
p
t
e
r

3
three

3.1 Introduction to System’s Inversion, 40 • 3.2 Transfer Function Inver-

sion, 41 • 3.3 State-Space Inversion, 43 • 3.4 State-Space Inversion for

FDI, 57 • 3.5 Inversion of Switched Linear Systems, 73 .

“A good engineer thinks in reverse and asks himself about the stylistic consequences of the

components and systems he proposes.”

— Helmut Jahn

Inversion of dynamical systems is a concept that raised interest to the control
engineering community since the 50’s. As referred in chapter 2, inverse systems play
an important role not only in the fields of digital signal processing and control systems,

but also in the area of fault diagnosis. Consequently, this chapter will address left inversion
of LTI systems, where the interest is to recover or exactly reconstruct the unknown input
(vector) of a system, from the knowledge of its output (vector). As it will be clear, this
concept is closely related with fault detection and isolation. The inversion of MIMO state-
space systems was principally driven by Silverman [151] and Sain and Massey [152] who
gave, with their contributions, a lot of insight into the comprehension of the properties of
inverse systems. The former, realized with his so-called structure algorithm that an inverse
system can be achieved with the same number of differentiators (or delay elements) as the
original system. The latter, studied principally left inversions and introduced the concept
of inherent integration (delay) of a continuous (discrete) LTI system. Both methods as
well as some interesting properties will be presented in section 3.3. The inversion method
first developed by Sain and Massey [152] is then adapted in section 3.4 to reconstruct
unknown inputs in order to achieve fault detection and isolation in MIMO LTI systems.
Since our focus is on FDI in power converters, this method will be presented in section 3.5
in order to be applied to SLSs.



CHAPTER 3. INVERSION-BASED FDI

3.1 Introduction to System’s Inversion

As pointed out before, system inversion techniques are quite important in different areas
such as fault detection. Therefore, to compute various types of inverses special algorithms
are necessary. In this section there are addressed general aspects of inversion of systems
with representations in the frequency and in the time domains.

LTI systems are usually mathematically described in frequency-domain or in time-
domain. Classical control theory approach considers systems in frequency-domain which
are commonly represented in the form of a transfer function. Moreover, this approach is
best suited for Single-Input Single-Output (SISO) systems. In this case, the model of a
system does not contain any information about the internal structure. Contrarily, it rather
describes the external structure in terms of a relation from input to output.

This representation based on simple input-output relations is described by a rational
matrix, which is a matrix whose entries are ratios of polynomials. A rational matrix
representing a linear system in frequency domain is called a transfer matrix or transfer
function. Despite our interest in the so-called state-space description used in modern
control theory, advantage of the simplicity of transfer functions will be taken to illustrate
the general principle of a system’s inversion.

For that, inspect system Σ in Figure 3.1, from which one has access to its output y.
Suppose one wants to know what was the input u (unknown) which led to that output.
If system Σ? is a perfect dynamic inverse of Σ, connecting them in series will lead to an
equivalent system equal to the identity. This means that the output of the second system
will be equal to the input of the first, i.e., y? = Σ?Σu = u. Therefore, an inverse can
intuitively be understood as a second LTI system which, when cascaded with the original
one, produces at its output the input from the first system.

With this simple principle in mind, it becomes appropriate to introduce the concept of
left inversion, which will be useful in the remainder of this work. As stated by Moylan
[135], a left inverse for a system Σ is a system ΣL which computes the input to Σ from
the knowledge of its output, such that ΣLΣ = Im.

However, left inversion is not always possible to obtain. An intuitive way of verifying if
a system is invertible is given by the following definition:

Definition 3.1 (Invertibility): Let u1 and u2 be any two inputs to the system Σ

depicted in Figure 3.1, and let y1 and y2 be the corresponding outputs for the same
initial state. The system Σ is said to be (left) invertible if y1(t) = y2(t) for all t ≥ 0

implies that u1(t) = u2(t) for all t ≥ 0.

This is equivalent to say that there is a one-to-one mapping between input and output
at each and every instant of time, i.e., if distinct inputs lead to distinct outputs, then the
system is invertible.
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Figure 3.1: General principle of a system’s inversion

Although there is also the concept of right inversion, this is not appropriate for fault
diagnosis. Indeed our interest is on recovering system’s inputs with the knowledge of its
outputs, and that is related with the left inversion concept. Furthermore, and as already
mentioned, since next sections will use some matrix algebra concepts, the reader with less
knowledge about that subject is referred to Appendix A.

3.2 Transfer Function Inversion

In frequency domain, a transfer function is an input-output description of a system, i.e., it
is a mathematical description that models the system’s output for its input. Suppose a
SISO LTI system defined by the following nth-order differential equation:

dny(t)

dtn
+ a1

dn−1y(t)

dtn−1
+ . . .+ an−1

dy(t)

dt
+ any(t) =

= b0
dnu(t)

dtn
+ b1

dn−1u(t)

dtn−1
+ . . .+ bn−1

du(t)

dt
+ bnu(t)

(3.1)

where u is the input and y is the output. As explained in Appendix B, this system can
also be modeled as a rational transfer function or a ratio of two polynomials in the form:

G(s) =
Y (s)

U(s)
=
b0s

n + b1s
n−1 + . . .+ bn−1s+ bn

sn + a1sn−1 + . . .+ an−1s+ an
(3.2)

where the one in the denominator has a degree of order n and the one in the numerator has
a degree of at most order n. Moreover, the only common factors of the two polynomials
are nonzero real numbers, meaning that they are coprime. As stated by Fairman [153],
a rational function of this form is said to be: i) strictly proper when the degree of its
numerator polynomial (zeros) is less than that of its denominator polynomial (poles); ii)
proper when the degree of its numerator polynomial is equal to that of its denominator
polynomial; and iii) improper when the degree of its numerator polynomial is greater than
that of its denominator polynomial. These concepts are important not only for control
theory, but also when the transfer function needs to be inverted. Note that a strictly proper
transfer function has an improper inverse.

From linear algebra, it is known that the transfer function given by the rational
expression in (3.2) can also be expressed as:

G(s) = cT(sI −A)−1b+ d (3.3)
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which in the simple case of one state becomes:

G(s) =
ds+ (bc− ad)

s− a (3.4)

In this case, as this is a proper transfer function, it has an inverse G?(s) which is given
by (if d 6= 0):

G?(s) =
s− a

ds+ (bc− ad)
(3.5)

Consequently, considering the concept of left inversion, one can write that G?(s)G(s) = 1

and, as it was previously stated, Y ?(s) = G?(s)G(s)U(s) = U(s). Although this operation
is easy to understand, it is indeed the basic principle of inverting a transfer function.

In the case of a more general SISO system with n states, the s-domain transfer function
relating its input with the output is then given by (3.2). The number of poles p (in the
denominator) is usually greater than the number of zeros q (in the numerator), meaning
that it is a strictly proper transfer function. If the system is to be inverted, which is the
same as to find U(s) in terms of Y (s), the new transfer function will have a number of
zeros greater than the number of poles, being an improper or impractical transfer function.

As stated by Kheir [154], to overcome this problem, more zeros need to be added to
the original transfer function before inverting it. The number of zeros needed is at least
equal to rd = p − q, where rd is called the relative degree of the transfer function. The
simplest way to add rd zeros is to multiply the output function Y (s) by srd . This will
result in the same number of zeros and poles in the new inverted transfer function. As
the inverse Laplace transformation of srdY (s) is equivalent to differentiating y(t) rd-times,
it is clear that to invert an input-output system with a relative degree of rd, the output
function must be differentiated at least up to rd times.

To clarify this concept, consider the SISO system given by:

ẋ(t) = ax(t) + bu(t) (3.6)

y(t) = cx(t) + du(t). (3.7)

With d = 0, the output equation becomes y(t) = cx(t), which does not explicitly contain
the input u. Thus, it is not possible to use it for system inversion. However if we take time
derivatives of both sides of the output equation and substitute with the state equation,
we obtain: ẏ(t) = cẋ(t) = cax(t) + cbu(t). If cb 6= 0, the input u appears in the equation
and it is possible to invert the system by solving for u in terms of y and x. Otherwise, we
have to continuously take higher-order of time derivatives until the input u shows up in
the equation.

For a MIMO system, with m inputs and p outputs, the inversion process is not as
straightforward as in the case of the previous one. For better understanding of this process,
consider that the transfer function of this system is:

Y (s) =
[
C(sIn −A)−1B +D

]
U(s) = G(s)U(s) (3.8)
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where In denotes an n× n identity matrix. Expanding (3.8) like explained in Appendix B,
generates the following set of equations:




Y1(s)

Y2(s)
...

Yp(s)




=




G11(s) G12(s) . . . G1m(s)

G21(s) G22(s) . . . G2m(s)
...

...
. . .

...
Gp1(s) Gp2(s) . . . Gpm(s)




︸ ︷︷ ︸
G(s)




U1(s)

U2(s)
...

Um(s)




(3.9)

where G(s) is the transfer function matrix and Gij(s) (i = 1 : p; j = 1 : m) is a rational
transfer function which relates the j th input to the i th output.

In this case, the transfer function matrix will have (p×m) individual scalar transfer
functions in the s-domain. Moreover, each element Gij(s) of this transfer matrix is an
s-domain ratio of polynomials as defined in (3.2) for a SISO system. Thus, computing the
(left) inverse of this transfer function matrix such that GL(s)G(s) = Im and multiplying
on the left of both sides will give:

GL(s)Y (s) = GL(s)G(s)U(s) = ImU(s) (3.10)

As it is clear, in the case of MIMO systems, the inversion of the transfer function
matrix is a complex problem. This subject has been addressed by several authors, e.g.,
[155–159], but will not be contemplated here as it is not the focus of this work.

3.3 State-Space Inversion

Inversion of dynamic systems can also be performed in state-space. In order to discuss
the various forms of inverting dynamic systems in state-space representation, it is first
necessary to give its formal definition. Consider a MIMO system Σ represented by the
following set of state-space equations:

Σ =

{
ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

(3.11a)

(3.11b)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector and y(t) ∈ Rp is the
output vector, for t ≥ 0. Moreover, A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and D ∈ Rp×m are
the matrices that define system (3.11).

Applying Laplace transform to the state-space system of (3.11), permits to obtain its
transfer function:

G(s) = C(sIn −A)−1B +D (3.12)

The p ×m feed-through D matrix quantifies the immediate response of the output
when the input is excited, and it is of particular importance for inverting the system, which
is more evident when it is a proper one.
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u(t)
<latexit sha1_base64="g6UKuZXP0697Vlj1bhA6DECiWgU=">AAACMXicbVDLTgJBEJz1ifgCPHrZSEwwMWRXTfRI9OIRE3kYIKR3mIUJM7ubmV4NbvgKr/oVfg0349WfcIA9CFhJJ5Xq7nRXeZHgGh1nYq2tb2xubWd2srt7+weHuXyhrsNYUVajoQhV0wPNBA9YDTkK1owUA+kJ1vCGd9N+45kpzcPgEUcR60joB9znFNBIT21PJvG4hGfdXNEpOzPYq8RNSZGkqHbzVqHdC2ksWYBUgNYt14mwk4BCTgUbZ9uxZhHQIfRZy9AAJNOdZPbx2D41Ss/2Q2UqQHum/t1IQGo9kp6ZlIADvdybiv/1WjH6N52EB1GMLKDzQ34sbAztqX27xxWjKEaGAFXc/GrTASigaEJauIJ8+Dp3MWWCewrUKNEDiJg+B6XCF71gMvHk2KToLme2SuoXZfey7DxcFSu3aZ4ZckxOSIm45JpUyD2pkhqhRJI38k4+rE9rYn1Z3/PRNSvdOSILsH5+AZn4qt8=</latexit>

y(t)
<latexit sha1_base64="vxaq+Zz/C0I19fEVGPAb2ss8G/I=">AAACMXicbVDLSgNBEJz1GeMriUcvi0GIIGFXBT0GvXiMYB6ShNA7mSRDZnaXmV5lXfYrvOpX+DW5iVd/wsnjYBILGorqbrqrvFBwjY4zttbWNza3tjM72d29/YPDXL5Q10GkKKvRQASq6YFmgvushhwFa4aKgfQEa3iju0m/8cyU5oH/iHHIOhIGPu9zCmikp7Ynkzgt4Vk3V3TKzhT2KnHnpEjmqHbzVqHdC2gkmY9UgNYt1wmxk4BCTgVLs+1IsxDoCAasZagPkulOMv04tU+N0rP7gTLloz1V/24kILWOpWcmJeBQL/cm4n+9VoT9m07C/TBC5tPZoX4kbAzsiX27xxWjKGJDgCpufrXpEBRQNCEtXEE+ep25mDDBPQUqTvQQQqbPQangRS+YTDyZmhTd5cxWSf2i7F6WnYerYuV2nmeGHJMTUiIuuSYVck+qpEYokeSNvJMP69MaW1/W92x0zZrvHJEFWD+/oRyq4w==</latexit>ẋ(t)=Ax(t)+Bu(t)

y(t)=Cx(t)+Du(t)
<latexit sha1_base64="vNRrH9zPQaHQki4OOJzEokNtBik="></latexit>

u(t)
<latexit sha1_base64="g6UKuZXP0697Vlj1bhA6DECiWgU=">AAACMXicbVDLTgJBEJz1ifgCPHrZSEwwMWRXTfRI9OIRE3kYIKR3mIUJM7ubmV4NbvgKr/oVfg0349WfcIA9CFhJJ5Xq7nRXeZHgGh1nYq2tb2xubWd2srt7+weHuXyhrsNYUVajoQhV0wPNBA9YDTkK1owUA+kJ1vCGd9N+45kpzcPgEUcR60joB9znFNBIT21PJvG4hGfdXNEpOzPYq8RNSZGkqHbzVqHdC2ksWYBUgNYt14mwk4BCTgUbZ9uxZhHQIfRZy9AAJNOdZPbx2D41Ss/2Q2UqQHum/t1IQGo9kp6ZlIADvdybiv/1WjH6N52EB1GMLKDzQ34sbAztqX27xxWjKEaGAFXc/GrTASigaEJauIJ8+Dp3MWWCewrUKNEDiJg+B6XCF71gMvHk2KToLme2SuoXZfey7DxcFSu3aZ4ZckxOSIm45JpUyD2pkhqhRJI38k4+rE9rYn1Z3/PRNSvdOSILsH5+AZn4qt8=</latexit>ẋ(t)=(A�BD�1C)x(t)+BD�1y(t)

u(t)=�D�1Cx(t)+D�1y(t)
<latexit sha1_base64="VRBhWryOETWa+O58TlP6H++7a0o="></latexit>

⌃
<latexit sha1_base64="PiCO8Y3cy8mot1MtU+UqdwkLK3Y=">AAACM3icbVDLSsNAFJ34rPXV1qWbYBFcSElU0GXRjcuK9gFJKDfTSTt0JhNmJkoM/Qy3+hV+jLgTt/6DSZuFbT1w4XDOvdx7jx8xqrRlfRgrq2vrG5ulrfL2zu7efqVa6ygRS0zaWDAhez4owmhI2ppqRnqRJMB9Rrr++Cb3u49EKirCB51ExOMwDGlAMehMclyfp+49HXKY9Ct1q2FNYS4TuyB1VKDVrxo1dyBwzEmoMQOlHNuKtJeC1BQzMim7sSIR4DEMiZPREDhRXjq9eWIeZ8rADITMKtTmVP07kQJXKuF+1slBj9Sil4v/eU6sgysvpWEUaxLi2aIgZqYWZh6AOaCSYM2SjACWNLvVxCOQgHUW09wWTcfPsy9yxqgvQSapGkFE1ClIKZ7U3JOpz/MU7cXMlknnrGGfN+y7i3rzusizhA7RETpBNrpETXSLWqiNMBLoBb2iN+Pd+DS+jO9Z64pRzBygORg/v9KLrAc=</latexit> ⌃?

<latexit sha1_base64="jz7Q1VjxnqiieM7ESjFfmzkzfUU="></latexit>

Figure 3.2: Inversion of a proper system

3.3.1 Proper system inversion

Consider a proper system whose feed-through or D matrix is square and non-singular, i.e.,
it has an inverse. In this case, (3.11b) can be solved for u, resulting in:

u(t) = −D−1Cx(t) +D−1y(t) (3.13)

which substituted into the state equation results in:

ẋ(t) = (A−BD−1C)x(t) +BD−1y(t) (3.14)

Consequently, the inverse system Σ? in a state-space realization can be written as:

Σ? =

{
ẋ?(t) = (A−BD−1C)x?(t) +BD−1u?(t)

y?(t) = −D−1Cx?(t) +D−1u?(t)

(3.15a)

(3.15b)

Inspecting these expressions, it is easy to understand that a strictly proper system having
a zero output matrix D = 0, cannot be inverted using (3.15). Note that a strictly proper
system has an improper inverse. On the other hand, in the case of a non-singular D
matrix, if this inverse system is cascaded with the original one, it is possible to obtain the
inputs of the first system, as illustrated in Figure 3.2.

The matrices of this inverse system can also be written as:

A? = A−BD−1C (3.16a)

B? = BD−1 (3.16b)

C? = −D−1C (3.16c)

D? = D−1 (3.16d)

Applying Laplace transform to the state-space system (3.15), permits to obtain the
transfer function of the inverse system, resulting in:

G?(s) = −D−1C[sIn − (A−BD−1C)]−1BD−1 +D−1

= C?(sIn −A?)−1B? +D?
(3.17)

Under those circumstances, using the concept of left inverse given by (3.10), it is sim-
ple to confirm that (3.17) is an inverse of (3.12). Consequently, after simple algebraic
manipulation, one can obtain:

G?(s)G(s) =
[
−D−1C(sIn −A+BD−1C)−1BD−1+

+D−1
]
·
[
C(sIn −A)−1B +D

]
= Im

(3.18)
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which satisfies (3.10) in previous section.
On the other hand, in the case of a non-square system, D is also non-square meaning

that this approach cannot be used. In the case matrix D is full column rank, u(t) can be
reconstructed substituting D−1 on (3.13) by the Moore-Penrose generalized inverse matrix
D+. In the case matrix D is rank deficient, the same generalized inverse can be used.
However, in this case, the result is an approximation of the exact inverse. Nevertheless, an
exact method for obtaining the inverse of a strictly proper system will be addressed in the
next section.

3.3.2 Strictly proper system inversion

As mentioned before, in the case of a strictly proper system, where D matrix is singular,
the system cannot be inverted as shown in the previous subsection. Moreover, most
physical systems have feed-through matrix D = 0, which means that there is no direct
information of the input at the output. Consequently, it is impossible to invert such systems
as explained before. Anyway, it is known since many years that performing successive
differentiations on the output equation (3.11b) is the key to obtain the inverse of such
systems [131, 132, 135, 151, 160, 161]. Thus, by repeated differentiations of (3.11b), it is
possible to eliminate ẋ(t), using (3.11a), an to obtain the following set of equations:

y(t) = Cx(t) +Du(t) (3.19)

ẏ(t) = CAx(t) +CBu(t) +Du̇(t) (3.20)
...

n

ẏ(t) = CAnx(t) +C
n91∑

k=0

An919kB
k

u̇(t) +D
n

u̇(t). (3.21)

where
n

ẏ(t) ≡ dn

dtny(t) and
n

u̇(t) ≡ dn

dtnu(t). Therefore, more information about the input
will be available at output and it will be possible to reconstruct its input. Brockett
[131] was one of the first authors to use this approach to invert the equations of SISO
systems. A couple of years later, Silverman [151], Porter [161] and Dorato [132] also used
this approach of inversion in MIMO systems. There are other methods available in the
specialty literature to solve this problem like the ones developed by Silverman [133] and
Sain and Massey [28] in the late 60’s, which will be presented next, as they are similar and
employ this differentiation approach.

3.3.2.1 Silverman’s Inversion approach

Silverman [133] developed a method that uses y(t) and its derivatives as input, to obtain
an inverse system. It consists on defining a sequence Si of system representations formed
by repeatedly operating on the output of (3.11) with non-singular algebraic and differential
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transformations to obtain a relationship which can be solved uniquely for u(t) in terms of
y(t) and its derivatives and x(t). Furthermore, this algorithm was first constructed for
the case m = p, which will be exposed bellow. For the general case, where m 6= p, the
algorithm is explained in [162].

Firstly, consider the LTI system (3.11) for the case m = p, where the inputs are
assumed to be continuously differentiable. Now, let q0 = rank(D). If q0 < p, then there
exists a non-singular p× p matrix S0 such that:

D0 , S0D =

[
D̄0

0

]
(3.22)

where D̄0 has q0 rows and full rank. The system can then be written as:

ẋ(t) = Ax(t) +Bu(t) (3.23a)

y0(t) = C0x(t) +D0u(t) (3.23b)

where y0(t) = S0y(t) and C0 = S0C. It will prove convenient to represent C0 and y0 as:

C0 =

[
C̄0

C̃0

]
and y0 =

[
ȳ0

ỹ0

]

where the bar and tilde represent the first q0 and the last p− q0 rows, respectively, of the
matrices. Now, let Sk denote the k th system in the sequence:

ẋ(t) = Ax(t) +Bu(t) (3.24a)

yk(t) = Ckx(t) +Dku(t). (3.24b)

Ck =

[
C̄k

C̃k

]
and Dk =

[
D̄k

0

]
,

where Dk has qk rows and rank qk, C̄k has qk rows and C̃k has p− qk rows. If qk < p, let
Mk denote the differential operator matrix:

Mk =

[
Iqk 0

0 Ip−qk(d/dt)

]
. (3.25)

Then, multiplying it by the output equation gives:

Mkyk =

[
ȳk

(d/dt)ỹk

]
=

[
C̄k

C̃kA

]
x(t) +

[
D̄k

C̃kB

]
u(t) (3.26)

Let qk+1 = rank([ D̄T
k (C̃kB)T ]). If qk+1 < p, then there exists a non-singular p × p

matrix Sk+1 such that:

Dk+1 , Sk+1

[
D̄k

C̃kB

]
=

[
D̄k+1

0

]
(3.27)
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Dynamical System
u(t)

<latexit sha1_base64="g6UKuZXP0697Vlj1bhA6DECiWgU=">AAACMXicbVDLTgJBEJz1ifgCPHrZSEwwMWRXTfRI9OIRE3kYIKR3mIUJM7ubmV4NbvgKr/oVfg0349WfcIA9CFhJJ5Xq7nRXeZHgGh1nYq2tb2xubWd2srt7+weHuXyhrsNYUVajoQhV0wPNBA9YDTkK1owUA+kJ1vCGd9N+45kpzcPgEUcR60joB9znFNBIT21PJvG4hGfdXNEpOzPYq8RNSZGkqHbzVqHdC2ksWYBUgNYt14mwk4BCTgUbZ9uxZhHQIfRZy9AAJNOdZPbx2D41Ss/2Q2UqQHum/t1IQGo9kp6ZlIADvdybiv/1WjH6N52EB1GMLKDzQ34sbAztqX27xxWjKEaGAFXc/GrTASigaEJauIJ8+Dp3MWWCewrUKNEDiJg+B6XCF71gMvHk2KToLme2SuoXZfey7DxcFSu3aZ4ZckxOSIm45JpUyD2pkhqhRJI38k4+rE9rYn1Z3/PRNSvdOSILsH5+AZn4qt8=</latexit>

Differentiators
Bank of

INVERSE SYSTEM

y(t)
<latexit sha1_base64="dEcBwzbVk/4GxmODx36ALh19R5k=">AAACMXicbVDLTgJBEJzFF+IL8OhlIzHBxJBdNNEj0YtHTORhgJDeYYAJM7ubmV7NuuErvOpX+DXcjFd/wuFxELCSTirV3emu8kLBNTrOxEptbG5t76R3M3v7B4dH2Vy+roNIUVajgQhU0wPNBPdZDTkK1gwVA+kJ1vBGd9N+45kpzQP/EeOQdSQMfN7nFNBIT21PJvG4iOfdbMEpOTPY68RdkAJZoNrNWfl2L6CRZD5SAVq3XCfETgIKORVsnGlHmoVARzBgLUN9kEx3ktnHY/vMKD27HyhTPtoz9e9GAlLrWHpmUgIO9WpvKv7Xa0XYv+kk3A8jZD6dH+pHwsbAntq3e1wxiiI2BKji5lebDkEBRRPS0hXko9e5iykT3FOg4kQPIWT6ApQKXvSSycSTY5Oiu5rZOqmXS+5lqfxwVajcLvJMkxNySorEJdekQu5JldQIJZK8kXfyYX1aE+vL+p6PpqzFzjFZgvXzC6HAquU=</latexit>

y↵(t)
<latexit sha1_base64="uRRYmxRaG2vWGiC5XgfBIX0YYo4="></latexit>

d

dt
<latexit sha1_base64="Jw7cdqOtMZSBMnhj3XDqwfV5rjM=">AAACRXicbVDLSsNQEL2pr1pfrS7dBIvoQkpSBV0W3bisYB/QhjK5uW0vvXlw76QSQ37Crf6P3+BHuBO3mrRZ2NYDA4czM8ycYweCKzSMD62wtr6xuVXcLu3s7u0flCuHbeWHkrIW9YUvuzYoJrjHWshRsG4gGbi2YB17cpf1O1MmFfe9R4wCZrkw8viQU8BU6vadaZzEmAzKVaNmzKCvEjMnVZKjOahoZ33Hp6HLPKQClOqZRoBWDBI5FSwp9UPFAqATGLFeSj1wmbLi2cOJfpoqjj70ZVoe6jP170YMrlKRa6eTLuBYLfcy8b9eL8ThjRVzLwiReXR+aBgKHX09c687XDKKIkoJUMnTX3U6BgkU04wWriCfPM9dZExwW4KMYjWGgKkLkNJ/Ugsm42AcKU6XRNvNojWXg1wl7XrNvKzVH66qjds85CI5JifknJjkmjTIPWmSFqFEkBfySt60d+1T+9K+56MFLd85IgvQfn4BGqq0DA==</latexit>

d↵

dt↵
<latexit sha1_base64="ivVl2P05DV+OEYKED6mwf1E/uIk="></latexit>

ẋ(t) = (A�BD�1
↵ C↵)x(t) + BD�1

↵ y↵(t)

u(t) = �D�1
↵ C↵x(t) + D�1

↵ y↵(t)
<latexit sha1_base64="FAh64DIT4ni+MCEuWEIkNKLJOWk="></latexit>

Figure 3.3: Silverman’s inverse system structure

where D̄k+1 has qk+1 rows and rank qk+1. The sequence Sk+1 is then defined:

ẋ(t) = Ax(t) +Bu(t) (3.28a)

yk+1(t) = Ck+1x(t) +Dk+1u(t). (3.28b)

where yk+1(t) = Sk+1Mkyk, and

Ck+1 = Sk+1

[
C̄k

C̃kA

]
=

[
C̄k+1

C̃k+1

]
(3.29)

where C̄k+1 has qk+1 rows and C̃k+1 has p − qk+1 rows. If there is an integer α such
that rank(Dα)=p=m, it is possible to solve uniquely for u(t). Then, the inverse system
becomes:

Σ−1 =

{
ẋ(t) = (A−BD−1

α Cα)x(t) +BD−1
α yα(t)

u(t) = −D−1
α Cαx(t) +D−1

α yα(t)

(3.30a)

(3.30b)

where yα(t) can be written as:

yα(t) =

(
α∏

i=0

Sα−iMα−i−1

)
y(t), (M−1 , Ip) (3.31)

According to Silverman [133], a system is invertible if and only if there exists a positive
integer α < n such that qα = m, where n is the number of states. On the other hand, it
is verified that if the initial state x0 = x(t0) and y(t) is the output of (3.11) on interval
[t0, ∞) in response to the input u(t), then u(t) is the output of (3.30) in response to the
input yα(t) on [t0, ∞). Moreover, the inverse system obtained can be viewed as a bank of
differentiators specified by the operator:

N ,
α∏

i=0

Sα−iMα−i−1 (3.32)

followed by the dynamical system specified by (3.30). This structure is illustrated in
Figure 3.3. Although this method is suitable for inverting strictly proper plants, stability
of the resulting inverse is not guaranteed.

An example for better understanding of this algorithm follows:
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Example 3.1: Silverman’s inversion algorithm - RLC circuit

Consider the following RLC circuit where it is assumed that the state vector
x=[iL vC ]T is measurable, the output vector is y=[i1 i2]T and where the suffix
(t) is omitted for simplicity.

i1
<latexit sha1_base64="mQ+Mb1NtIb71UVxjDg+6mDqHM0E=">AAACK3icbVDLSsNAFJ3xWeurrUs3wSK4kJKooMuiG5cV7QPaUG6mk3boJBNmJkoM/QS3+hV+jSvFrf/hpM3Cth64cDj3Xu49x4s4U9q2P/HK6tr6xmZhq7i9s7u3XypXWkrEktAmEVzIjgeKchbSpmaa004kKQQep21vfJP1249UKibCB51E1A1gGDKfEdBGumd9p1+q2jV7CmuZODmpohyNfhlXegNB4oCGmnBQquvYkXZTkJoRTifFXqxoBGQMQ9o1NISAKjed/jqxjo0ysHwhTYXamqp/N1IIlEoCz0wGoEdqsZeJ//W6sfav3JSFUaxpSGaH/JhbWliZcWvAJCWaJ4YAkcz8apERSCDaxDN3RbPx88xFxjjzJMgkVSOIqDoFKcWTmjOZesHEpOgsZrZMWmc157zm3F1U69d5ngV0iI7QCXLQJaqjW9RATUTQEL2gV/SG3/EH/sLfs9EVnO8coDngn19ylqhA</latexit>
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<latexit sha1_base64="8CePqvqPJpInQgQAzF0mvMYAfRI=">AAACK3icbVDLTsJAFJ3iC/EFuHTTSExcGNKiiS6JblxilEcCDbkdBpgw02lmppra8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOX7IqNKO82nl1tY3Nrfy24Wd3b39g2Kp3FIikpg0sWBCdnxQhNGANDXVjHRCSYD7jLT9yU3abz8SqagIHnQcEo/DKKBDikEb6Z72a/1ixak6M9irxM1IBWVo9EtWuTcQOOIk0JiBUl3XCbWXgNQUMzIt9CJFQsATGJGuoQFworxk9uvUPjHKwB4KaSrQ9kz9u5EAVyrmvpnkoMdquZeK//W6kR5eeQkNwkiTAM8PDSNma2Gnxu0BlQRrFhsCWFLzq43HIAFrE8/CFU0nz3MXKWPUlyDjRI0hJOoMpBRPasFk4vOpSdFdzmyVtGpV97zq3l1U6tdZnnl0hI7RKXLRJaqjW9RATYTRCL2gV/RmvVsf1pf1PR/NWdnOIVqA9fMLdFuoQQ==</latexit> v2

<latexit sha1_base64="2UM2mY2EltzqxeRKLtiCfYXLPhE=">AAACK3icbVBNT8JAEN3iF+IX4NFLIzHxYEiLJnokevGIUZAEGjJdFtiw2212t5ja8BO86q/w13jSePV/uIUeBHzJJC9vZjLznh8yqrTjfFq5tfWNza38dmFnd2//oFgqt5SIJCZNLJiQbR8UYTQgTU01I+1QEuA+I4/++CbtP06IVFQEDzoOicdhGNABxaCNdD/p1XrFilN1ZrBXiZuRCsrQ6JWscrcvcMRJoDEDpTquE2ovAakpZmRa6EaKhIDHMCQdQwPgRHnJ7NepfWKUvj0Q0lSg7Zn6dyMBrlTMfTPJQY/Uci8V/+t1Ij248hIahJEmAZ4fGkTM1sJOjdt9KgnWLDYEsKTmVxuPQALWJp6FK5qOn+cuUsaoL0HGiRpBSNQZSCme1ILJxOdTk6K7nNkqadWq7nnVvbuo1K+zPPPoCB2jU+SiS1RHt6iBmgijIXpBr+jNerc+rC/rez6as7KdQ7QA6+cXi3aoTg==</latexit>
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Figure E3.1-1: RLC circuit

Applying Kirchhoff’s laws and considering the voltage sources v1 and v2 as inputs,
the state-space equations for the circuit can be written as:

ẋ =

[
i̇L

v̇C

]
=

[
−R1
L − 1

L
1
C − 1

R2C

]

︸ ︷︷ ︸
A

[
iL

vC

]
+

[
1
L 0

0 1
R2C

]

︸ ︷︷ ︸
B

[
v1

v2

]

y =

[
i1

i2

]
=

[
1 0

0 1
R2

]

︸ ︷︷ ︸
C

[
iL

vC

]
+

[
0 0

0 − 1
R2

]

︸ ︷︷ ︸
D

[
v1

v2

]

Following the algorithm explained before, the state-space equations of the inverse
system for this circuit are straightforward to obtain. Consequently, looking at D
matrix, it can be seen that q0 = rank(D) = 1 < m. Thus, S0 can be defined such
that:

D0 := S0D =

[
0 1

1 0

][
0 0

0 − 1
R2

]
=

[
0 − 1

R2

0 0

]
=

[
D̄0

0

]
.

Moreover:

y0 = S0y =

[
0 1

1 0

]
y =

[
ȳ0

ỹ0

]

and

C0 = S0C =

[
0 1

1 0

][
1 0

0 1
R2

]
=

[
0 1

R2

1 0

]
=

[
C̄0

C̃0

]
.

Next, using (3.25), it can be written that:

M0 =

[
1 0

0 d
dt

]
.

Thus, the output equation becomes:

M0y0 =

[
ȳ0

(d/dt)ỹ0

]
=

[
0 1

R2

−R1
L − 1

L

]
x+

[
0 − 1

R2
1
L 0

]
u
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As q1 = rank([D̄0 C̃0B]T) = 2 = m, (3.30) can be used to write the equations for
the inverse system. Thus, the state-space inverse system becomes:





ẋ =


 0 0

1
C 0


x+


 0 1

− 1
C 0


yα

u =


R1 1

0 1


x+


 0 L

−R2 0


yα

yα =


 0 1

d
dt 0


y

3.3.2.2 Sain and Massey’s Inversion approach

In Sain and Massey’s [28] inversion approach, as well as in Silverman’s [133], the input to
the original system can be recovered by applying differentiations to its output. However,
in the case of Sain and Massey’s approach, it is based on the concept of L-Integral inverse,
which will be explained next. According to them, an inverse can be understood as a second
LTI dynamical system which, when cascaded with the original one, reconstructs, at its
output, the input vector of the first. However, as seen before, in a great number of cases
no such inversion is possible without differentiations. In their work, it is also introduced
the concept of “L-integral inverse”, in which the output vector of the second system is the
Lth integral of the input vector to the original one. Then, the input vector to the original
system can be subsequently recovered by L differentiations.

To better understand this concept, let us first consider the LTI system described by
the state-space equations of (3.11) and its correspondent transfer function matrix which
is given by (3.12). Suppose that it is intended to recover the input vector u(t), which is
deterministic but unknown, by inverting the system. According to Sain and Massey [28],
the following definitions are valid:

Definition 3.2: A system Σ is invertible if it has an L-integral inverse for some
finite L.

Definition 3.3: A system is said to be an L-integral inverse of Σ if its transfer
function matrix GL(s) satisfies GL(s)G(s) = s−LIm.

Definition 3.4: The least non-negative integer L for which an L-integral inverse
exists is called the inherent integration of the invertible system (L0).
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Figure 3.4: Overview of the L-integral inverse system

This inherent integration of the invertible system is the least number of differentiations
required to recover the original system’s input from the output of the inverted system.
Likewise in Silverman’s approach, here it is also necessary to perform successive derivatives
to the output equation until the point where the inversion is possible. In this approach, the
output equation is differentiated in its totality, where in the case of Silverman’s approach
it is differentiated partially.

As referred by Sain and Massey [152], an L-integral left-inverse of Σ reconstructs the
input signal with L differentiations. This concept is illustrated in Figure 3.4, where a bank
of integrators is followed by an inverse system Σ−L to recover the input u(t) of Σ. Note
that y[0,L](t) have L differentiations as it will be shown later. A left inverse that obtains
the input without delay is called an instantaneous inverse, whose concept was explained
in subsection 3.3.1. According to Definition 3.3, a necessary condition for the existence
of an inverse is that G(s) must have full column rank. Consequently, the dimension of
the output vector must be at least equal to the dimension of the input vector, i.e., p ≥ m
must hold.

An advantage of the Sain and Massey’s approach is that it allows to derive inverses with
arbitrary differentiators larger than the inherent delay of the system, which is important
for stable inversion of non-minimum phase systems1.

It is known that system invertibility implies state reconstructibility, i.e., if the input
vector can be reconstructed, the same applies to the state vector. In the same way, one
is interested in reconstructing the state of the system and the unknown input vector
by inverting the system. Before deriving the general form of the inverse system, some
notations have to be introduced. Firstly, consider the input and output vectors of (3.11)
to be continuous differentiable. Now consider that:

u[0,L](t) ,




u(t)

u̇(t)
...

L

u̇(t)




(3.33)

1A LTI system is said to be minimum phase if all the poles and zeroes of its transfer function are in
the left half of the s-plane representation. Consequently, if the system and its inverse are casual and stable,
it is said to be minimum-phase.
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is the vector of the input signals and their L-time derivatives, and that

y[0,L](t) ,




y(t)

ẏ(t)
...

L

ẏ(t)




(3.34)

is the vector of the corresponding output signals and their L-time derivatives. Considering
that the output of (3.11) is differentiated L times, the response of Σ over time is given by
(3.21) and can be written as:

y[0,L](t) = OLx(t) +MLu[0,L](t), (3.35)

where the matrices OL andML obey the recursions:

O0 , C (3.36a)

Oi ,

[
C

Oi−1A

]
=




C

CA
...

CAi




(3.36b)

where Oi ∈ Rp(1+i)×n, and

M0 ,D (3.37a)

Mi ,

[
D 0

Oi−1B Mi−1

]
=




D 0 0 . . . 0

CB D 0 . . . 0

CAB CB D . . . 0
...

...
...

. . .
...

CAi−1B CAi−2B CAi−3B . . . D




(3.37b)

whereMi ∈ Rp(1+i)×m(1+i). Based on (3.35), Sain and Massey [28] showed that u(t) can
be uniquely determined from y[0,L](t) and x(t). Furthermore, system Σ is invertible under
the condition given by the following theorem:

Theorem 3.1: System Σ is L-integral left invertible if and only if

rank(ML)− rank(ML91) = m (3.38)

where rank(M−1) is defined to be zero.

Proof of Theorem 3.1 will be given using Lemma 3.1.

Lemma 3.1: An m×p(1+L) matrix K satisfying KML = Ĭm, with Ĭm , [Im 0],
exists if and only if rank(ML)− rank(ML91) = m.
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Proof. This proof assumes the knowledge of some concepts of linear matrix equations
briefly introduced in Appendix A. The existence of an L-integral inverse implies
that (3.35) can be solved uniquely for u(t), given y[0,L](t) and x(t). It follows that
there is a matrix K ∈ Rm×p(1+L) satisfying KML = Ĭm if and only if the matrix
Ĭm = [Im 0] ∈ Rm×m(1+L) lies in the rowspace ofML. This is equivalent to the
condition:

rank

([
Ĭm

ML

])
= rank(ML).

Note that:

rank

([
Ĭm

ML

])
= rank







Im 0

D 0

OL−1B ML−1







= m+ rank(ML−1). �

Thus, the proof of Theorem 3.1 can now be given [163]:

Proof. As referred, inverting a system corresponds to determine u(t) as a linear
combination of x(t) and y[0,L](t) in the form:

ULx(t) + VLy[0,L](t) = u(t). (3.39)

Substituting (3.35) into (3.39) leads to:

(UL + VLOL)x(t) + (VLML)u[0,L](t) = u(t), (3.40)

which is valid for all x(t) and all y[0,L](t) if and only if:

UL = −VLOL (3.41)

and
VLML = Ĭm. (3.42)

It follows from Lemma 3.1 that a matrix VL satisfying (3.42) exists if and only if
condition (3.38) of Theorem 3.1 holds. �

Accordingly, to check if a system is left invertible, (3.38) needs to be tested, increasing
L iteratively until, eventually, condition (3.38) holds. However, Willsky [134] showed a
more convenient way to check for invertibility, which is stated in the following theorem:
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Theorem 3.2: Let q be the dimension of the nullspace of D. Then, Σ is left
invertible if and only if

rank(Mn−q+1)− rank(Mn−q) = m, (3.43)

that is, if Σ is left invertible, its inherent integration L0 cannot exceed n− q + 1.

Proof of Theorem 3.2 can be checked in [134]. A consequence of Theorem 3.1 and
Lemma 3.1 is that there exist (m×p) matrices K0, K1, . . . , KL such that:

j∑

i=0

KiJj−i = 0, j = 0, 1, 2, . . . , L− 1 (3.44a)

L∑

i=0

KiJL−i = Im, (3.44b)

where

J0 = D, (3.45a)

Ji = CAi−1B. (3.45b)

Multiplying (from the left) both sides of (3.35) by K, in accordance to Lemma 3.1, the
following equation can be written:

Ky[0,L](t) = KOLx(t) +KMLu[0,L](t). (3.46)

There is no loss of generality in partitioning K in the manner:

K =
[
KL KL−1 . . . K0

]
, (3.47)

compatible with the partition of y[0,L](t). Since:

ML =




J0 0 . . . 0

J1 J0 . . . 0
...

...
. . .

...
JL JL91 . . . J0



, (3.48)

it follows from (3.44) that:

KMLu[0,L](t) = (KLJ0 +KL91J1 + . . .+K0JL)u(t)+

+ (KL91J0 +KL92J1 + . . .+K0JL91)u̇(t) + . . .+

+ (K1J0 +K0J1)
L91

u̇ (t) + (K0J0)
L

u̇(t) = u(t).

(3.49)
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Figure 3.5: Structure of the L-integral inverse system

Thus, substituting (3.49) into (3.46), it can be seen that it is possible to reconstruct
u(t) from the knowledge of x(t) and y[0,L](t), as:

u(t) = −KOLx(t) +Ky[0,L](t) (3.50)

which substituted into the state equation of Σ yields the following inverse system with
input y[0,L](t) and output u(t):

Σ−L =

{
ẋ(t) = (A−BKOL)x(t) +BKy[0,L](t)

u(t) = −KOLx(t) +Ky[0,L](t).

(3.51a)

(3.51b)

It is now straightforward to show that the model illustrated in Figure 3.5 is an L-integral
left inverse of Σ. This inverse system consists of two blocks (in blue):

A bank of integrators with input
L

ẏ(t) and output Ky[0,L](t);

A dynamical inverse system, given by (3.51), with output u(t).

To clarify this concept of L-integral inverse, consider the example depicted in Figure 3.6
for the case L = 1, where (t) was removed for the sake of simplicity. As it can be seen
form Figure 3.6, the output of the bank of integrators is:

Ky[0,L] = K1y +K0ẏ

= (K1C +K0CA)x+ u (3.52)

Consequently, to reconstruct the input u it is necessary to determine the matrix K
satisfying KML = Ĭm. For that, the following theorem is given:
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Bank of Integrators

L-INTEGRAL INVERSE

K0
<latexit sha1_base64="L5tKNTHms3OQBgSrwpAMRGPkth8="></latexit>

K1
<latexit sha1_base64="X1/f2ahp1CZDSW+xlCR28AHmSx4="></latexit>

Dynamical inverse system ⌃�L<latexit sha1_base64="PFN3jY1dNBT/ZAz/wBThNSwKraM="></latexit>

Cx + J0u
<latexit sha1_base64="ySSP2Tvq/CTt7iq25MHcvcT1g84="></latexit>

ẏ
<latexit sha1_base64="9rrPROxScLWKH/9r0Y34eLQwUmE=">AAACSXicbVBNS8NAEN20ftRvq0cvwSJ6kJJUQY+iF48VbCs0RSbbrV26myy7EyWG/g2v+n/8Bf4Mb+LJTZuDrT4YeLw3w8y8UAlu0PM+nFJ5YXFpubKyura+sbm1Xd1pmzjRlLVoLGJ9F4JhgkeshRwFu1OagQwF64Sjq9zvPDJteBzdYqpYT8JDxAecAlopCEKZBf0Ys3Q8vt+ueXVvAvcv8QtSIwWa91Xn0M7SRLIIqQBjur6nsJeBRk4FG68GiWEK6AgeWNfSCCQzvWxy9Ng9sErfHcTaVoTuRP09kYE0JpWh7ZSAQzPv5eJ/XjfBwXkv45FKkEV0umiQCBdjN0/A7XPNKIrUEqCa21tdOgQNFG1OM1uQj56nX+RM8FCDTjMzBMXMMWgdP5mZJzM1TA2nc2Io82j9+SD/knaj7p/UGzentYvLIuQK2SP75Ij45IxckGvSJC1CiSIv5JW8Oe/Op/PlfE9bS04xs0tmUCr/ALrstNI=</latexit>

CAx + J1u + J0u̇
<latexit sha1_base64="NJc2J7viUgpGLAuDWgvUqWUFlLs="></latexit>

K0CAx+
<latexit sha1_base64="A8ZLQvGBxe4zw65EsZXw3bJ1Qnw="></latexit>

+K0J1u + K0J0u̇
<latexit sha1_base64="6PzfuHgeR7jM+iAkZnJtrJ1CVUs="></latexit>

K1Cx + K1J0u
<latexit sha1_base64="t38NGHxmRAQiPORQJiasyOqA9sI="></latexit>

K1Cx + K0CAx+
<latexit sha1_base64="x7yqGm5YiDRraqOleB/5OAQVfsI="></latexit>

+(K1J0 + K0J1)u+
<latexit sha1_base64="TaWxfK0fQnk6CcN/KrcPXo3INak="></latexit>

+(K0J0)u̇
<latexit sha1_base64="+Mr7YDKQjPnur2Y2eHCgGuk7rAQ="></latexit>

= K1y + K0ẏ
<latexit sha1_base64="bcQ+WYO28hS+KyAkaG4HlDI/PJg="></latexit>

y
<latexit sha1_base64="4kFw9NxxPEXIi8TGtyEOmWisLMI=">AAACRHicbVDLSsNAFJ34rPXV6tJNsIgupCRV0GXRjcsK9gFtKDfTSTN0JgkzEyWGfIRb/R//wX9wJ27FSZuFbT1w4XDuvdx7jhsxKpVlfRgrq2vrG5ulrfL2zu7efqV60JFhLDBp45CFoueCJIwGpK2oYqQXCQLcZaTrTm7zfveRCEnD4EElEXE4jAPqUQxKS92By9MkKw8rNatuTWEuE7sgNVSgNawap4NRiGNOAoUZSNm3rUg5KQhFMSNZeRBLEgGewJj0NQ2AE+mk038z80QrI9MLha5AmVP170YKXMqEu3qSg/LlYi8X/+v1Y+VdOykNoliRAM8OeTEzVWjm5s0RFQQrlmgCWFD9q4l9EICVjmjuiqKT55mLnDHqChBJKn2IiDwHIcInOWcyjfxEUrwgujzT0dqLQS6TTqNuX9Qb95e15k0RcgkdoWN0hmx0hZroDrVQG2E0QS/oFb0Z78an8WV8z0ZXjGLnEM3B+PkFLi2zDg==</latexit>

ẏ
<latexit sha1_base64="9rrPROxScLWKH/9r0Y34eLQwUmE=">AAACSXicbVBNS8NAEN20ftRvq0cvwSJ6kJJUQY+iF48VbCs0RSbbrV26myy7EyWG/g2v+n/8Bf4Mb+LJTZuDrT4YeLw3w8y8UAlu0PM+nFJ5YXFpubKyura+sbm1Xd1pmzjRlLVoLGJ9F4JhgkeshRwFu1OagQwF64Sjq9zvPDJteBzdYqpYT8JDxAecAlopCEKZBf0Ys3Q8vt+ueXVvAvcv8QtSIwWa91Xn0M7SRLIIqQBjur6nsJeBRk4FG68GiWEK6AgeWNfSCCQzvWxy9Ng9sErfHcTaVoTuRP09kYE0JpWh7ZSAQzPv5eJ/XjfBwXkv45FKkEV0umiQCBdjN0/A7XPNKIrUEqCa21tdOgQNFG1OM1uQj56nX+RM8FCDTjMzBMXMMWgdP5mZJzM1TA2nc2Io82j9+SD/knaj7p/UGzentYvLIuQK2SP75Ij45IxckGvSJC1CiSIv5JW8Oe/Op/PlfE9bS04xs0tmUCr/ALrstNI=</latexit>

(K1C + K0CA)x + u
<latexit sha1_base64="0LRsEg7cuq0Ra6M2KZ6q909v5vE="></latexit>

u
<latexit sha1_base64="/R5opXLIH0Q/rWHjVo+PuWj6xak=">AAACRHicbVDLSsNAFJ34rPXV6tJNsIgupCRV0GXRjcsK9gFtKDfTSTN0JgkzEyWGfIRb/R//wX9wJ27FSZuFbT1w4XDuvdx7jhsxKpVlfRgrq2vrG5ulrfL2zu7efqV60JFhLDBp45CFoueCJIwGpK2oYqQXCQLcZaTrTm7zfveRCEnD4EElEXE4jAPqUQxKS92By9M4Kw8rNatuTWEuE7sgNVSgNawap4NRiGNOAoUZSNm3rUg5KQhFMSNZeRBLEgGewJj0NQ2AE+mk038z80QrI9MLha5AmVP170YKXMqEu3qSg/LlYi8X/+v1Y+VdOykNoliRAM8OeTEzVWjm5s0RFQQrlmgCWFD9q4l9EICVjmjuiqKT55mLnDHqChBJKn2IiDwHIcInOWcyjfxEUrwgujzT0dqLQS6TTqNuX9Qb95e15k0RcgkdoWN0hmx0hZroDrVQG2E0QS/oFb0Z78an8WV8z0ZXjGLnEM3B+PkFJr2zCg==</latexit>

x
<latexit sha1_base64="uC8BvBQolNu9U2NkD5Y8ovsJBMU=">AAACRHicbVDLSsNAFJ3UV62vVpdugkV0ISWpgi6LblxWsA9oQ7mZTtqhM0mYmagx5CPc6v/4D/6DO3ErTtosbOuBC4dz7+Xec9yQUaks68MorKyurW8UN0tb2zu7e+XKflsGkcCkhQMWiK4LkjDqk5aiipFuKAhwl5GOO7nJ+p0HIiQN/HsVh8ThMPKpRzEoLXX6Lk+e0tKgXLVq1hTmMrFzUkU5moOKcdIfBjjixFeYgZQ92wqVk4BQFDOSlvqRJCHgCYxIT1MfOJFOMv03NY+1MjS9QOjylTlV/24kwKWMuasnOaixXOxl4n+9XqS8Kyehfhgp4uPZIS9ipgrMzLw5pIJgxWJNAAuqfzXxGARgpSOau6Lo5HnmImOMugJEnMgxhESegRDBo5wzmYTjWFK8ILo81dHai0Euk3a9Zp/X6ncX1cZ1HnIRHaIjdIpsdIka6BY1UQthNEEv6BW9Ge/Gp/FlfM9GC0a+c4DmYPz8AixRsw0=</latexit>ẋ<latexit sha1_base64="PF9lzMuqitik9bpA9Q9AqNCFRQw="></latexit>

Ky[0,L]
<latexit sha1_base64="lz0OwhwhzLpciQbyeg8+EbB9myU="></latexit>

�KO1
<latexit sha1_base64="5K10PYg8tVTqBvOrK70snv6K4wM="></latexit>

A�BKO1
<latexit sha1_base64="5DczzOt0bjEPDzmsT6tAKcp2qzs="></latexit>

Figure 3.6: L-integral inverse for L = 1

Theorem 3.3: If condition (3.38) is verified, the input u(t) of Σ can be reconstructed
as a linear combination of y[0,L](t) and x(t). The reconstruction is given by (3.50)
where K must satisfy:

K = ĬmM(1)
L + YLZL (3.53)

whereM(1)
L is the generalized {1}-inverse as explained in Appendix A, YL is an

m× p(1+L) arbitrary parameter matrix and ZL , Ip(1+L) −MLM(1)
L .

Note that since matrix YL can be freely chosen, the matrix K in (3.50) is, in general,
not unique. Matrix K is unique only ifML has full row rank, in which case it is given by:
K = ĬmM91

L = [D91 0]. It turns out that this is the case of instantaneous inverse, as D
is non-singular.

In order to clarify the approach presented in this subsection, a simple example, which
is the same as the one introduced for the Silverman’s approach in the previous subsection,
follows.

Example 3.2: Sain and Massey’s inversion algorithm - RLC circuit

Consider the following RLC circuit where it is assumed that the state vector
x=[iL vC ]T is measurable, the output vector is y=[i1 i2]T and where the suffix
(t) is omitted for simplicity.

i1
<latexit sha1_base64="mQ+Mb1NtIb71UVxjDg+6mDqHM0E=">AAACK3icbVDLSsNAFJ3xWeurrUs3wSK4kJKooMuiG5cV7QPaUG6mk3boJBNmJkoM/QS3+hV+jSvFrf/hpM3Cth64cDj3Xu49x4s4U9q2P/HK6tr6xmZhq7i9s7u3XypXWkrEktAmEVzIjgeKchbSpmaa004kKQQep21vfJP1249UKibCB51E1A1gGDKfEdBGumd9p1+q2jV7CmuZODmpohyNfhlXegNB4oCGmnBQquvYkXZTkJoRTifFXqxoBGQMQ9o1NISAKjed/jqxjo0ysHwhTYXamqp/N1IIlEoCz0wGoEdqsZeJ//W6sfav3JSFUaxpSGaH/JhbWliZcWvAJCWaJ4YAkcz8apERSCDaxDN3RbPx88xFxjjzJMgkVSOIqDoFKcWTmjOZesHEpOgsZrZMWmc157zm3F1U69d5ngV0iI7QCXLQJaqjW9RATUTQEL2gV/SG3/EH/sLfs9EVnO8coDngn19ylqhA</latexit>

i2
<latexit sha1_base64="8CePqvqPJpInQgQAzF0mvMYAfRI=">AAACK3icbVDLTsJAFJ3iC/EFuHTTSExcGNKiiS6JblxilEcCDbkdBpgw02lmppra8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOX7IqNKO82nl1tY3Nrfy24Wd3b39g2Kp3FIikpg0sWBCdnxQhNGANDXVjHRCSYD7jLT9yU3abz8SqagIHnQcEo/DKKBDikEb6Z72a/1ixak6M9irxM1IBWVo9EtWuTcQOOIk0JiBUl3XCbWXgNQUMzIt9CJFQsATGJGuoQFworxk9uvUPjHKwB4KaSrQ9kz9u5EAVyrmvpnkoMdquZeK//W6kR5eeQkNwkiTAM8PDSNma2Gnxu0BlQRrFhsCWFLzq43HIAFrE8/CFU0nz3MXKWPUlyDjRI0hJOoMpBRPasFk4vOpSdFdzmyVtGpV97zq3l1U6tdZnnl0hI7RKXLRJaqjW9RATYTRCL2gV/RmvVsf1pf1PR/NWdnOIVqA9fMLdFuoQQ==</latexit> v2

<latexit sha1_base64="2UM2mY2EltzqxeRKLtiCfYXLPhE=">AAACK3icbVBNT8JAEN3iF+IX4NFLIzHxYEiLJnokevGIUZAEGjJdFtiw2212t5ja8BO86q/w13jSePV/uIUeBHzJJC9vZjLznh8yqrTjfFq5tfWNza38dmFnd2//oFgqt5SIJCZNLJiQbR8UYTQgTU01I+1QEuA+I4/++CbtP06IVFQEDzoOicdhGNABxaCNdD/p1XrFilN1ZrBXiZuRCsrQ6JWscrcvcMRJoDEDpTquE2ovAakpZmRa6EaKhIDHMCQdQwPgRHnJ7NepfWKUvj0Q0lSg7Zn6dyMBrlTMfTPJQY/Uci8V/+t1Ij248hIahJEmAZ4fGkTM1sJOjdt9KgnWLDYEsKTmVxuPQALWJp6FK5qOn+cuUsaoL0HGiRpBSNQZSCme1ILJxOdTk6K7nNkqadWq7nnVvbuo1K+zPPPoCB2jU+SiS1RHt6iBmgijIXpBr+jNerc+rC/rez6as7KdQ7QA6+cXi3aoTg==</latexit>

v1
<latexit sha1_base64="piv5jL86oSNx+sSuAiqcPBYGoQM=">AAACK3icbVDLTsJAFJ3BF+ILcOmmkZi4MKRVE10S3bjEKI8EGnI7DDBhOm1mppja8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOV7ImdK2/Ylza+sbm1v57cLO7t7+QbFUbqogkoQ2SMAD2fZAUc4EbWimOW2HkoLvcdryxrdpvzWhUrFAPOo4pK4PQ8EGjIA20sOk5/SKFbtqz2CtEicjFZSh3ivhcrcfkMinQhMOSnUcO9RuAlIzwum00I0UDYGMYUg7hgrwqXKT2a9T68QofWsQSFNCWzP170YCvlKx75lJH/RILfdS8b9eJ9KDazdhIow0FWR+aBBxSwdWatzqM0mJ5rEhQCQzv1pkBBKINvEsXNFs/Dx3kTLOPAkyTtQIQqrOQMrgSS2YTDx/alJ0ljNbJc3zqnNRde4vK7WbLM88OkLH6BQ56ArV0B2qowYiaIhe0Ct6w+/4A3/h7/loDmc7h2gB+OcXibGoTQ==</latexit>

ic
<latexit sha1_base64="+XBTeppJODBMhJyxZnHSse7VR0Y=">AAACK3icbVDLSsNAFJ3xWeurrUs3wSK4kJKooMuiG5cV7QPaUG6mk3boJBNmJkoM/QS3+hV+jSvFrf/hpM3Cth64cDj3Xu49x4s4U9q2P/HK6tr6xmZhq7i9s7u3XypXWkrEktAmEVzIjgeKchbSpmaa004kKQQep21vfJP1249UKibCB51E1A1gGDKfEdBGumd90i9V7Zo9hbVMnJxUUY5Gv4wrvYEgcUBDTTgo1XXsSLspSM0Ip5NiL1Y0AjKGIe0aGkJAlZtOf51Yx0YZWL6QpkJtTdW/GykESiWBZyYD0CO12MvE/3rdWPtXbsrCKNY0JLNDfswtLazMuDVgkhLNE0OASGZ+tcgIJBBt4pm7otn4eeYiY5x5EmSSqhFEVJ2ClOJJzZlMvWBiUnQWM1smrbOac15z7i6q9es8zwI6REfoBDnoEtXRLWqgJiJoiF7QK3rD7/gDf+Hv2egKzncO0Bzwzy/LEKhy</latexit>

R1
<latexit sha1_base64="jmhFyav2uV7mIO82GLODr1ToFlA=">AAACK3icbVDLTsJAFJ3BF+ILcOmmkZi4MKRVE10S3bjEB48EGnI7TGHCdNrMTDXY8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOV7EmdK2/YlzK6tr6xv5zcLW9s7uXrFUbqowloQ2SMhD2fZAUc4EbWimOW1HkkLgcdryRtdpv/VIpWKheNDjiLoBDATzGQFtpPu7ntMrVuyqPYW1TJyMVFCGeq+Ey91+SOKACk04KNVx7Ei7CUjNCKeTQjdWNAIyggHtGCogoMpNpr9OrCOj9C0/lKaEtqbq340EAqXGgWcmA9BDtdhLxf96nVj7l27CRBRrKsjskB9zS4dWatzqM0mJ5mNDgEhmfrXIECQQbeKZu6LZ6HnmImWceRLkOFFDiKg6ASnDJzVnMvGCiUnRWcxsmTRPq85Z1bk9r9Susjzz6AAdomPkoAtUQzeojhqIoAF6Qa/oDb/jD/yFv2ejOZzt7KM54J9fSbWoKQ==</latexit>

R2
<latexit sha1_base64="Fi9QtXoHDYRU/YwQ5B3aRuEHJr4=">AAACK3icbVDLTsJAFJ3iC/EFuHTTSExcGNKiiS6JblziAyGBhtwOA0yY6TQzU01t+AS3+hV+jSuNW//DKXQh4ElucnLuvbn3HD9kVGnH+bRyK6tr6xv5zcLW9s7uXrFUflAikpg0sWBCtn1QhNGANDXVjLRDSYD7jLT88VXabz0SqagI7nUcEo/DMKADikEb6e62V+sVK07VmcJeJm5GKihDo1eyyt2+wBEngcYMlOq4Tqi9BKSmmJFJoRspEgIew5B0DA2AE+Ul018n9pFR+vZASFOBtqfq340EuFIx980kBz1Si71U/K/XifTgwktoEEaaBHh2aBAxWws7NW73qSRYs9gQwJKaX208AglYm3jmrmg6fp65SBmjvgQZJ2oEIVEnIKV4UnMmE59PTIruYmbL5KFWdU+r7s1ZpX6Z5ZlHB+gQHSMXnaM6ukYN1EQYDdELekVv1rv1YX1Z37PRnJXt7KM5WD+/S3qoKg==</latexit>

vc
<latexit sha1_base64="cb3P2xeO7lN+tIjNgpdsemdMcqg=">AAACK3icbVDLTsJAFJ3BF+ILcOmmkZi4MKRVE10S3bjEKI8EGnI7DDBhOm1mppja8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOV7ImdK2/Ylza+sbm1v57cLO7t7+QbFUbqogkoQ2SMAD2fZAUc4EbWimOW2HkoLvcdryxrdpvzWhUrFAPOo4pK4PQ8EGjIA20sOkR3rFil21Z7BWiZORCspQ75VwudsPSORToQkHpTqOHWo3AakZ4XRa6EaKhkDGMKQdQwX4VLnJ7NepdWKUvjUIpCmhrZn6dyMBX6nY98ykD3qklnup+F+vE+nBtZswEUaaCjI/NIi4pQMrNW71maRE89gQIJKZXy0yAglEm3gWrmg2fp67SBlnngQZJ2oEIVVnIGXwpBZMJp4/NSk6y5mtkuZ51bmoOveXldpNlmceHaFjdIocdIVq6A7VUQMRNEQv6BW94Xf8gb/w93w0h7OdQ7QA/PML4iuofw==</latexit>

L
<latexit sha1_base64="BMGWjoCgylr4B5bYv9zg1ox9wI4=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMiumuiR6MWDB0jkkcCG9A69MGH2kZlZDW74Aq/6FX6NN/XqjzgLexCwkk4q1d3prnIjzqSyrC8jt7a+sbmV3y7s7O7tHxRL5ZYMY0GxSUMeio4LEjkLsKmY4tiJBILvcmy749u0335EIVkYPKhJhI4Pw4B5jILSUuO+X6xYVWsGc5XYGamQDPV+ySj3BiGNfQwU5SBl17Yi5SQgFKMcp4VeLDECOoYhdjUNwEfpJLNPp+aJVgamFwpdgTJn6t+NBHwpJ76rJ31QI7ncS8X/et1YeddOwoIoVhjQ+SEv5qYKzdS2OWACqeITTYAKpn816QgEUKXDWbii2Ph57iJlnLkCxCSRI4hQnoEQ4ZNcMJm4/lSnaC9ntkpa51X7omo3Liu1myzPPDkix+SU2OSK1MgdqZMmoQTJC3klb8a78WF8Gt/z0ZyR7RySBRg/v/Tap38=</latexit>

C
<latexit sha1_base64="p5vBzpvsEspe82tHV0+AoqQrDbs=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMiumuiRyMUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtxpPe13HlFIFvgPKg7R8WDssxGjoLTUrA+KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRrZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSfuyal9V7eZ1pXaX5ZknJ+SUnBOb3JAauScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cX5O2ndg==</latexit>

Figure E3.2-1: RLC circuit

Applying Kirchhoff’s laws and considering the voltage sources v1 and v2 as inputs,
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the state-space equations for the circuit can be written as:

ẋ =

[
i̇L

v̇C

]
=

[
−R1
L − 1

L
1
C − 1

R2C

]

︸ ︷︷ ︸
A

[
iL

vC

]
+

[
1
L 0

0 1
R2C

]

︸ ︷︷ ︸
B

[
v1

v2

]

y =

[
i1

i2

]
=

[
1 0

0 1
R2

]

︸ ︷︷ ︸
C

[
iL

vC

]
+

[
0 0

0 − 1
R2

]

︸ ︷︷ ︸
D

[
v1

v2

]

Following the algorithm explained before, the state-space equations of the inverse
system for this circuit are straightforward to obtain. First, it is necessary to test
condition (3.38). For that, the following matrices have to be obtained:

M0 = D =

[
0 0

0 9 1
R2

]

and

M1 =

[
D 0

CB D

]
=




0 0 0 0

0 9 1
R2

0 0
1
L 0 0 0

0 1
R2

2C
0 9 1

R2



.

Thus, by condition (3.38), rank(M1)− rank(M0) = 3− 1 = 2 = m and the system
is invertible with L0 = 1. Next, using (3.53), it is possible to compute K matrix,
which is not unique. One of the possible solutions is:

K = ĬmM(1)
1 + YLZL =

[
0 0 L 0

0 9R2 0 0

]
,

where

M(1)
1 =




0 0 L 0

0 9R2 0 0

0 0 0 0

0 9 1
C 0 9R2



.

Then, the following matrices can be obtained:

(A−BKO1) =

[
0 0
1
C 0

]
,

(BK) =

[
0 0 1 0

0 9 1
C 0 0

]
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and

−(KO1) =

[
R1 1

0 1

]
.

Finally, following (3.51a), the equations of the inverse system can be written as:

Σ−L =





ẋ =

[
0 0
1
C 0

]
x+

[
0 0 1 0

0 9 1
C 0 0

]
y[0,L]

u =

[
R1 1

0 1

]
x+

[
0 0 L 0

0 9R2 0 0

]
y[0,L]

where
y[0,L] =

[
i1 i2

d
dt i1

d
dt i2

]T

A succinct look at this inverse system and the one obtained from Silverman’s approach
in Example 3.1 is sufficient to see that they are similar. Making a more careful
analysis, it can be understood that the resulting equations are the same, as it might
be expected.

3.4 State-Space Inversion for FDI

In the previous sections some concepts related to system’s inversion were introduced, but
with the purpose of recovering or reconstructing the input variables (the input vector) of
the original system. As it was stated before, the concept of left inversion is closely related
to fault diagnosis since, as it enables the reconstruction of the input of the original system,
it can be adapted to reconstruct faults modeled as unknown inputs.

Henceforth, the Sain and Massey’s inversion approach exposed in the previous section,
will be adapted to accommodate faults modeled as unknown inputs, which one is interested
in recovering. Moreover, the approach developed previously for continuous-time systems,
will be adapted to discrete-time systems since it is advantageous regarding its implementa-
tion in digital controllers. As a result, an approximate solution xap(k), k = 0, 1, . . ., for
the state x(t), t ≥ 0, is obtained at discrete points in time tk = kT, k = 0, 1, . . ., where
xap(k) ≈ x(tk) = x(kT ). Moreover, suffix T will be omitted and x(kT ) will be substituted
by xk, for simplicity.

Consequently, in order to accommodate the faults present in the system, the state-space
model of (3.11) is changed to the following one, where an additional unknown input vector
and its corresponding matrix are included. Thus, consider a process described by the
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following discrete time-invariant dynamical system Γ with x0 = x(0) = 0:

xk+1 = Axk +Buk + Fϕk (3.54a)

yk = Cxk (3.54b)

where k ∈ N is a natural number standing for the discrete time instant, xk ∈ Rn is the
state vector, uk ∈ Rm is the known input vector, ϕk ∈ R` is the unknown input vector,
and yk ∈ Rp is the output vector. Moreover, A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and
F ∈ Rn×` are the matrices that define system (3.54). Its also important to refer that these
matrices are different from the ones in (3.11), since these correspond to the model derived
for discrete time. As it is shown, the feed-through D matrix is now removed from (3.54b)
as the majority of the modeled physical systems are strictly proper.

From (3.54), the state sequence X = {x0, x1, . . . , xi} with initial state x0 can be
written as:

x0 = x(0) (3.55a)

xi = Aix0 +

i−1∑

j=0

Ai−1−jBuj+

+

i−1∑

j=0

Ai−1−jFϕj , i = 1, 2, 3, . . . (3.55b)

where U = {u0, u1, . . . , ui−1} is the known input sequence and Φ = {ϕ0, ϕ1, . . . , ϕi−1}
is the unknown input sequence. In the same manner, the output sequence Y = {y0, y1, . . . , yi}
can be written as:

y0 = Cx0 (3.56a)

yi = CAix0 +C

i−1∑

j=0

Ai−1−jBuj+

+C

i−1∑

j=0

Ai−1−jFϕj , i = 1, 2, 3, . . . (3.56b)

Suppose now that one is interested in recovering the unknown input vector ϕk by
inverting the system described by the state-space model (3.54) using the previously exposed
approach developed initially by Sain and Massey [28, 152].

Accordingly, like already defined in the previous section for continuous-time, system Γ

is invertible if it has an L-delay inverse for some finite L. The least integer L for which
an L-delay inverse exists is called the inherent delay of the invertible system (L0). This
inherent delay of the invertible system is the least number of delays required to recover the
original system’s unknown input from the known input and output of the inverted system.
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Figure 3.7: Unknown input reconstruction overview

A consequence of not having D matrix is that L0 will be at least equal to one, since at
least one differentiation will be needed to reconstruct the unknown input vector ϕk.

The referred concept of reconstructing an unknown input is depicted in Figure 3.7.
On the top, it is shown the state-space equations of a system, modeled with parameter
uncertainties that affect both A and B matrices. This system is transformed to one that
have these unknown parameter uncertainties grouped in the unknown input vector. Since
the output equation does not have any information from this vector, it is necessary to
apply some differentiations to it in order to subsequently recover it.

Then, the L-delay inverse block performs the inversion of the system and reconstructs
the unknown input vector after L-delays. This L-delay inverse block will be shown in more
detail afterwards. Note that, for Γ to have an L-delay inverse, the system must have at
least as many outputs as unknown inputs, i.e., p ≥ `.

Imbued with this concept of reconstruction, it is now necessary to adapt the Sain and
Massey’s inversion algorithm, explained in the previous section, to this new approach, i.e.,
the system is modeled in discrete-time and there is a new unknown input vector to be
reconstructed. This matrix F and vector ϕ that are added to the state equation are the
main challenges faced doing this adaptation.

Firstly, let u[k:k+L] ∈ Rm(1+L), ϕ[k:k+L] ∈ R`(1+L) and y[k:k+L] ∈ Rp(1+L) denote the
vectors of sequences over (L+1) time units of the known inputs, unknown inputs and
outputs, respectively, given by:

u[k:k+L] ,




u0

u1

...
uL



, (3.57)
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ϕ[k:k+L] ,




ϕ0

ϕ1

...
ϕL




(3.58)

and

y[k:k+L] ,




y0

y1

...
yL



. (3.59)

From (3.56), assuming initial state is known (so that its effects can be subtracted out),
it can readily be checked that:

y[k:k+L] = OLxk +HLu[k:k+L] +MLϕ[k:k+L] (3.60)

where Oi ∈ Rp(1+i)×n, Hi ∈ Rp(1+i)×m(1+i) andMi ∈ Rp(1+i)×`(1+i) are given by:

O0 , C (3.61a)

Oi ,

[
C

Oi−1A

]
=




C

CA
...

CAi



, (3.61b)

H0 , 0 (3.62a)

Hi ,

[
0 0

Oi−1B Hi−1

]
=




0 0 0 · · · 0

CB 0 0 · · · 0

CAB CB 0 · · · 0
...

...
...

. . .
...

CAi−1B CAi−2B CAi−3B · · · 0




(3.62b)

and

M0 , 0 (3.63a)

Mi ,

[
0 0

Oi−1F Mi−1

]
=




0 0 0 · · · 0

CF 0 0 · · · 0

CAF CF 0 · · · 0
...

...
...

. . .
...

CAi−1F CAi−2F CAi−3F · · · 0




(3.63b)

According to Sain and Massey [28, 164], the system given by (3.54) has an inverse with
delay L if and only if (3.60) can be solved uniquely for ϕk. Accordingly, the following
theorem can be stated:
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Theorem 3.4: System Γ has an L-delay inverse if and only if

rank(ML)− rank(ML−1) = ` (3.64)

where rank(M−1) , 0.

Proof of Theorem 3.4 will be given using Lemma 3.2.

Lemma 3.2: An `× p(1+L) matrix K satisfying KML = Ĭ`, with Ĭ` , [I` 0],
exists if and only if rank(ML)− rank(ML91) = `.

Proof of Lemma 3.2 is identical to the one given for Lemma 3.1, and will not be given
again.

Proof. As referred, inverting a system corresponds to determining ϕk as a linear
combination of xk, u[k:k+L] and y[k:k+L] in the form:

ULxk + VLu[k:k+L] +WLy[k:k+L] = ϕk. (3.65)

Substituting (3.60) into (3.65) the following equation can be written:

(UL +WLOL)xk + (VL +WLHL)u[k:k+L] + (WLML)ϕ[k:k+L] = ϕk, (3.66)

which is valid for all xk, u[k:k+L] and all y[k:k+L] if and only if:

UL = −WLOL, (3.67)

VL = −WLHL (3.68)

and
WLML = Ĭ`. (3.69)

It follows from Lemma 3.2 that a matrix WL satisfying (3.69) exists if and only if
condition (3.64) of Theorem 3.4 holds. �

Note that if rank(ML)− rank(ML−1) = `, then the first ` columns ofML are linearly
independent of each other and of the remaining `L columns.

A consequence of Theorem 3.4 and Lemma 3.2 is that there exist L+ 1 (`×p)-matrices
K0, K1, . . . , KL such that:

j∑

i=0

KiJj−i = 0, j = 0, 1, 2, . . . , L− 1 (3.70a)

L∑

i=0

KiJL−i = I`, (3.70b)
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where

J0 = 0, (3.71a)

Ji = CAi−1B. (3.71b)

Multiplying (from the left) both sides of (3.60) by K, in accordance to Lemma 3.2 the
following equation can be written:

Ky[k:k+L] = KOLxk +KHLu[k:k+L] +KMLϕ[k:k+L] (3.72)

where K is partitioned as in (3.47), compatible with the partition of y[k:k+L]. Since:

ML =




J0 0 . . . 0

J1 J0 . . . 0
...

...
. . .

...
JL JL91 . . . J0




(3.73)

it follows from (3.70) that:

KMLϕ[k:k+L] = (KLJ0 +KL91J1 + . . .+K0JL)ϕk+

+ (KL91J0 +KL92J1 + . . .+K0JL91)ϕk+1 + . . .+

+ (K1J0 +K0J1)ϕk+L91 + (K0J0)ϕk+L = ϕk

(3.74)

Thus, substituting (3.74) into (3.72) results in the following equation:

ϕk = −KOLxk −KHLu[k:k+L] +Ky[k:k+L] (3.75)

which permits to reconstruct the unknown input vector ϕk from the knowledge of xk,
u[k:k+L] and y[k:k+L].

It is important to realize that in order to obtain the state-space inverse system, it is
firstly necessary to determine the matrix K satisfying KML = Ĭ`. For that, the following
theorem can be enunciated:

Theorem 3.5: If condition (3.64) is verified, the input ϕk of Γ can be reconstructed
as a linear combination of y[k:k+L], u[k:k+L] and xk. The reconstruction is given by
(3.75) and K must satisfy:

K = Ĭ`M(1)
L + YLZL (3.76)

where YL is an `×p(1+L) arbitrary parameter matrix and ZL , Ip(1+L)−MLM(1)
L .

Note that, since the matrix YL can be freely chosen, the matrix K in (3.76) is, in
general, not unique.
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Substituting (3.75) into the state equation (3.54a) of Γ yields the following L-delay
inverse system with input y[k:k+L], u[k:k+L] and output ϕk:

Γ−L =

{
xk+1 = (A− FKOL)xk +Buk − FKHLu[k:k+L] + FKy[k:k+L]

ϕk = −KOLxk −KHLu[k:k+L] +Ky[k:k+L].

(3.77a)

(3.77b)

The structure of the L-delay inverse system that corresponds to this state-space system
of equations is depicted in Figure 3.8. As it is shown, it has a slightly more complex
structure than the one illustrated in Figure 3.5. In fact, as there is a vector of known
inputs, it will have to be considered in both equations and, consequently, introduces more
complexity to the diagram. This added complexity is fundamentally based on the bank
of delays necessary to obtain the parcel KHLu[k:k+L], which has to be subtracted for the
reconstruction of ϕk and also in the state equation pre-multiplied by the matrix F . Note
that the matrices H0, H1, HL−1 and HL correspond to the Lth column of HL.
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3.4. STATE-SPACE INVERSION FOR FDI

In order to clarify this method of inversion, a small example of state-space inversion
applied to fault diagnosis in a common actuator in motion control systems follows, since it
is simpler to understand.

Example 3.3: State-space Inversion applied to FDI - dc motor

Consider a dc motor, whose electric circuits of the armature and field and the
mechanical free body diagram of the rotor are illustrated in Figure E3.3-1. The field
current if is assumed to be constant at nominal value. Moreover, the rotor and shaft
are assumed to be rigid. The torque required by the load connected to the shaft of
the motor is given by:

TL(t) =





1, if 0 < t < 3

10, if 3 ≤ t < 6

5, if t ≥ 6

vt
i

ra L
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a J LT!m

<latexit sha1_base64="Il/mZBX0Scs+7HyD8vSWNQhAvH8=">AAACRXicbVDLTgJBEJz1ifgCPXrZSIweDNlFEz0SvXjERB4JENI7NDBhZmczM6tZN/yEV/0fv8GP8Ga86vA4CFjJJDXV3emuCiLOtPG8D2dldW19YzOzld3e2d3bz+UPalrGimKVSi5VIwCNnIVYNcxwbEQKQQQc68HwdlyvP6LSTIYPJomwLaAfsh6jYKzUaEmBfeiITq7gFb0J3GXiz0iBzFDp5J3TVlfSWGBoKAetm74XmXYKyjDKcZRtxRojoEPoY9PSEATqdjo5eOSeWKXr9qSyLzTuRP07kYLQOhGB7RRgBnqxNhb/qzVj07tupyyMYoMhnS7qxdw10h27d7tMITU8sQSoYvZWlw5AATU2o7kthg2fpy7GjLNAgUpSPYAI9TkoJZ/0nMk0EPN/oNRmo0c2Wn8xyGVSKxX9i2Lp/rJQvpmFnCFH5JicEZ9ckTK5IxVSJZRw8kJeyZvz7nw6X873tHXFmc0ckjk4P79Bp7OB</latexit>

mT Bm!m
<latexit sha1_base64="dZ1mktjCMnqq2SOvZSxVyAv+oTo="></latexit>

if const.
a

Figure E3.3-1: dc motor schematic diagram

Assuming magnetic linearity, the motor’s electric and mechanic circuits equations
are written bellow.
• Electric equation (armature):

vt = raia + La
dia
dt

+Kbωm

where ea = Kbωm is the back electromotive force [V], ia is the armature current
[A], La is the armature inductance [H], Kb is the back electromotive force constant
[V s rad−1], ωm is the rotor angular velocity [rad s−1], ra is the armature resistance
[Ω] and vt is the terminal voltage [V].
• Mechanic equation (rotor):

Tm = Ktia = J
dωm
dt

+Bmωm + TL

where Bm is the viscous friction coefficient [N m s rad−1], J is the inertia moment of
rotor [kg m2], Kt is the torque constant [N m A−1], Tm is the torque developed by
the motor [N m] and TL is the torque required by the mechanical load [N m].
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CHAPTER 3. INVERSION-BASED FDI

This dynamical system can be described by a set of discrete-time state-space equations
of the form: xk+1 = Axk +Buk + Fϕk and yk = Cxk, where xk = [iak ωmk

]T is
the state vector, ϕk = TLk

the unknown input vector and uk = vtk is the known
input vector. The objective of inverting the system is to recover the unknown input
which, in this example, is the load torque applied to the shaft TL.
Applying the forward Euler discretization method with a sampling time T , results
in the following discrete-time state-space system of equations:

Γ =






 iak+1

ωmk+1


 =


1− ra

La
T −Kb

La
T

Kt
J T 1− Bm

J T




 iak

ωmk


+




1
La
T

0


 vtk +


 0

− 1
J T


TLk

yk =


1 0

0 1


xk

As the objective is to recover the input vector of Γ using the exposed method of
inversion, it is first necessary to verify condition (3.64). Let:

M0 = 0

M1 =




0 0

CF 0


 =




0

0

0

0

0

− 1
J T

0

0




At this time, rank(M1)− rank(M0) = 1− 0 = 1 = `. This means that the system
is invertible, as the number of unknown inputs ` is also 1. As L0 = 1, it is necessary
to apply one step delay to the system’s output in order to obtain the unknown input.
The next step is to construct the matrices of the inverse system (3.77). Since the K
matrix is not unique, one of the possible solutions is shown here:

K =
[
I1 01

]M(1)
1 =

[
1 0

] [0 0 0 − J
T

0 0 0 0

]
=
[
0 0 0 − J

T

]

O1 =

[
C

CA

]
=




1 0

0 1

1− ra
La
T −Kb

La
T

Kt
J T 1− Bm

J T




H1 =




0 0

CB 0


 =




0

0

0

0

T
La

0

0

0
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A− FKO1 =

[
1− ra

La
T −Kb

La
T

0 0

]

FK =

[
0 0 0 0

0 0 0 1

]

FKH1 =

[
0 0

0 0

]

−KO1 =
[
Kt

J
T−Bm

]

KH1 =
[
0 0

]

Finally, the discrete-time state-space equations of the inverse system can be written
as:

Γ−1 =





xk+1 =


1− raT

La
−KbT

La

0 0


xk +




T
La

0


 vtk +


0 0 0 0

0 0 0 1


y[k:k+1]

ϕk = TLk
=
[
Kt

J
T−Bm

]
xk +

[
0 0 0 − J

T

]
y[k:k+1]

y[k:k+1] =
[
iak ωmk

iak+1
ωmk+1

]T

Note that, since matrices FKH1 and KH1 are all zeros, they are not written in
this state-space inverse set of system equations. The state-space model of the dc
motor and the corresponding inverse state-space system were simulated in Mat-
lab/Simulink®. The load torque and the recovered signal are shown in Figure E3.3-2.
From there, it can be easily checked that the load torque TL is completely recovered
(dashed line) with one step delay, as referred before.

0 2 4 6 8 10
time [s]

0

2

4

6

8

10

T L [N
m

]

TL
TL rec.

5.995 6 6.005

5

10

Figure E3.3-2: Load torque and recovered signal
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3.4.1 Partial inversion

In section 3.4, an inversion approach suitable for fault diagnosis was described, since the
state-space model incorporates a new vector of unknown inputs that can be reconstructed
at the end. A slightly different approach, introduced by Sundaram [165], can be used to
reconstruct only a part of this unknown input vector. This can be done by manipulating
the state equation in order to group the unknown and known input vectors into one.
Then, the basic idea consists, as the name suggests, to recover only some of the inputs
(unknowns) of the system. Note that, since this alternative approach is very similar to the
one developed previously, it will not be described here in great detail.

Consider the following discrete-time dynamical system Γ for k = 0, 1, 2, . . .:

xk+1 = Axk +Buk (3.78a)

yk = Cxk +Duk (3.78b)

where k ∈ N is the natural number standing for the discrete time, xk ∈ Rn is the state
vector, uk ∈ Rm is the input vector and yk ∈ Rp is the output vector. Moreover, A ∈ Rn×n,
B ∈ Rn×m, C ∈ Rp×n and D ∈ Rp×m are the matrices that define system (3.78).

Consider an algebraic manipulation on the state equation that makes the following
partition on the input vector: uk , [ϕk ψk]

T ∈ R`+g, where ϕk ∈ R` is the vector of
unknowns to be recovered, and ψk ∈ Rg is the remaining of the input vector. Suppose also
that xk is unknown.

Now, consider partition B matrix as B , [F G] and D matrix as D , [M N ] to be
compatible with the partition of the input vector. Applying these changes to (3.78), one
obtain:

xk+1 = Axk + Fϕk +Gψk (3.79a)

yk = Cxk +Mϕk +Nψk (3.79b)

which is the new state-space dynamical system to be inverted.

To better understand this approach, consider first the response of system (3.78) over
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L+1 time units, which is given by:



yk

yk+1

yk+2

...
yk+L




=




C

CA

CA2

...
CAL



xk +




M 0 0 · · · 0

CF M 0 · · · 0

CAF CF M · · · 0
...

...
...

. . .
...

CAL−1F CAL−2F CAL−3F · · · M







ϕk

ϕk+1

ϕk+2

...
ϕk+L




+




N 0 0 · · · 0

CG N 0 · · · 0

CAG CG N · · · 0
...

...
...

. . .
...

CAL−1G CAL−2G CAL−3G · · · N







ψk

ψk+1

ψk+2

...
ψk+L



. (3.80)

which corresponds to the following compact expression:

y[k:k+L] = OLxk +MLϕ[k:k+L] +HLψ[k:k+L]. (3.81)

Making some algebraic manipulations to (3.80), it is easy to obtain the following matrix
expression:




yk

yk+1

yk+2

...
yk+L




=




M N 0 · · · 0 C

CF CG D · · · 0 CA

CAF CAG CB · · · 0 CA2

...
...

...
. . .

...
...

CAL−1F CAL−1G CAL−2B · · · D CAL







ϕk

ψk

uk+1

...
uk+L

xk




. (3.82)

where some columns changed position as highlighted. The remaining columns (not
highlighted) were grouped to form another sub-matrix. This matrix expression can be
written equivalently in a more compact form:

y[k:k+L] = TLU [k:k+L] (3.83)

Note that matrices TL and U [k:k+L] in (3.82) are formed from two sets of sub-matrices,
divided by the dashed lines. This is done to group the unknown inputs and separate them
from the known ones and the state to perform the inversion algorithm. The overview of
this approach is depicted in Figure 3.9. Partitioning matrix TL as:

TL =
[
ΦL ΨL

]
(3.84)

where ΦL corresponds to the first ` columns of T L, the following theorem can be formulated
[165]:
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unknown

known

SYSTEM � 'k
<latexit sha1_base64="2fVkrDniIehqdtTpG2V2HX71nME="></latexit>

Transformation

uk
<latexit sha1_base64="k1M4xncZF0cK5ORn4Y5vPuwYdrA=">AAACRXicbVDLSsNAFJ34rPXV6tJNsIgupCRV0GXRjcsK9gFtKDfTSTN0JgkzEyWG/IRb/R+/wY9wJ2510mZhWw9cOJx7L/ee40aMSmVZH8bK6tr6xmZpq7y9s7u3X6kedGQYC0zaOGSh6LkgCaMBaSuqGOlFggB3Gem6k9u8330kQtIweFBJRBwO44B6FIPSUm/g8jTOhpNhpWbVrSnMZWIXpIYKtIZV43QwCnHMSaAwAyn7thUpJwWhKGYkKw9iSSLAExiTvqYBcCKddPpwZp5oZWR6odAVKHOq/t1IgUuZcFdPclC+XOzl4n+9fqy8ayelQRQrEuDZIS9mpgrN3L05ooJgxRJNAAuqfzWxDwKw0hnNXVF08jxzkTNGXQEiSaUPEZHnIET4JOdMppGfSIoXRJdnOlp7Mchl0mnU7Yt64/6y1rwpQi6hI3SMzpCNrlAT3aEWaiOMGHpBr+jNeDc+jS/jeza6YhQ7h2gOxs8vsomz1A==</latexit>

yk
<latexit sha1_base64="QsEcIRn3erw1JGDzvkR0o/NVNH8=">AAACRXicbVDLSsNAFJ34rPXV6tJNsIgupCRV0GXRjcsK9gFtKDfTSTN0JgkzEyWG/IRb/R+/wY9wJ2510mZhWw9cOJx7L/ee40aMSmVZH8bK6tr6xmZpq7y9s7u3X6kedGQYC0zaOGSh6LkgCaMBaSuqGOlFggB3Gem6k9u8330kQtIweFBJRBwO44B6FIPSUm/g8jTJhpNhpWbVrSnMZWIXpIYKtIZV43QwCnHMSaAwAyn7thUpJwWhKGYkKw9iSSLAExiTvqYBcCKddPpwZp5oZWR6odAVKHOq/t1IgUuZcFdPclC+XOzl4n+9fqy8ayelQRQrEuDZIS9mpgrN3L05ooJgxRJNAAuqfzWxDwKw0hnNXVF08jxzkTNGXQEiSaUPEZHnIET4JOdMppGfSIoXRJdnOlp7Mchl0mnU7Yt64/6y1rwpQi6hI3SMzpCNrlAT3aEWaiOMGHpBr+jNeDc+jS/jeza6YhQ7h2gOxs8vuf2z2A==</latexit>

'k
<latexit sha1_base64="2fVkrDniIehqdtTpG2V2HX71nME="></latexit>

yk+L
<latexit sha1_base64="teOOST3+AOfLpgIt8ugOQYxX5pM=">AAACNHicbVDLSsNAFJ34rPXV1qWbYBEEpSRV0GXRjQsXFewDmlBuppN2yEwSZiZKDPkNt/oV/ovgTtz6DSZtFrb1wIXDOfdy7z1OyKhUhvGhrayurW9slrbK2zu7e/uVaq0rg0hg0sEBC0TfAUkY9UlHUcVIPxQEuMNIz/Fucr/3SISkgf+g4pDYHMY+dSkGlUmW5fAkToeJd3qXDit1o2FMoS8TsyB1VKA9rGo1axTgiBNfYQZSDkwjVHYCQlHMSFq2IklCwB6MySCjPnAi7WR6dKofZ8pIdwORla/0qfp3IgEuZcydrJODmshFLxf/8waRcq/shPphpIiPZ4vciOkq0PME9BEVBCsWZwSwoNmtOp6AAKyynOa2KOo9z77IGaOOABEncgIhkWcgRPAk555MHJ6naC5mtky6zYZ53mjeX9Rb10WeJXSIjtAJMtElaqFb1EYdhFGIXtAretPetU/tS/ueta5oxcwBmoP28wuwkKx3</latexit>

L-Delay
Inverse

PARTIAL INVERSION

 k
<latexit sha1_base64="9AKW+ETNpbH52O3mx4s/KJDt2W4=">AAACM3icbVDLSsNAFJ34rPXV1qWbYBFcSEmqoMuiG5cV7APaUG6mk3boTCbMTJQa8hlu9Sv8GHEnbv0HJ20WtvXAhcM593LvPX7EqNKO82GtrW9sbm0Xdoq7e/sHh6Vypa1ELDFpYcGE7PqgCKMhaWmqGelGkgD3Gen4k9vM7zwSqagIH/Q0Ih6HUUgDikEbqdf3edKPFE0Hk0Gp6tScGexV4uakinI0B2Wr0h8KHHMSasxAqZ7rRNpLQGqKGUmL/ViRCPAERqRnaAicKC+Z3Zzap0YZ2oGQpkJtz9S/EwlwpabcN50c9Fgte5n4n9eLdXDtJTSMYk1CPF8UxMzWws4CsIdUEqzZ1BDAkppbbTwGCVibmBa2aDp5nn+RMUZ9CXKaqDFERJ2DlOJJLTyZ+Dw1KbrLma2Sdr3mXtTq95fVxk2eZwEdoxN0hlx0hRroDjVRC2Ek0At6RW/Wu/VpfVnf89Y1K585Qguwfn4BFUKsLQ==</latexit>

xk+1 = Axk + F'k + G k
<latexit sha1_base64="xOEoQFKW3QfGloDtRVIDO0r5T0c="></latexit>

yk = Cxk + M'k + N k
<latexit sha1_base64="unELM++2DUam6NQtVYaBMj5G4gs="></latexit>

SYSTEM �

y[k:k+L] = TLU [k:k+L]
<latexit sha1_base64="+9a0pFXyvLKzTgJdld4XOmc2ijY="></latexit>

Figure 3.9: Partial inversion

Theorem 3.6: System (3.78) is invertible with delay L, if and only if:

rank(TL)− rank(ΨL) = ` (3.85)

Proof. If rank(TL)− rank(ΨL) < `, there exists a U[k:k+L] in the null-space of TL with
ϕk 6= 0, which is indistinguishable from the all zero input.
If rank(TL)− rank(ΨL) = `, the first ` columns of TL are linearly independent of each
other and of the remaining columns. �

If the system is invertible, there exists a K matrix such that:

KTL =
[
I` 0

]
(3.86)

and it is possible to determine the K matrix using Theorem 3.5. Finally, multiplying both
sides of (3.83) by K, it is easily verified that the expression that permits to recover the
unknown input vector is given by:

ϕk = Ky[k:k+L] (3.87)

To clarify this approach of partial inversion, an example applied to an RLC circuit follows.

Example 3.4: Partial inversion approach - RLC circuit

Consider the RLC circuit of Figure E3.4-1 where it is assumed that the state vector
x = [iL vC ]T is measurable and that the load current iload is given by:

iload =





0.2, if 0 ≤ t < 1

0.8, if 1 ≤ t < 2

0.4, if 2 ≤ t < 3

For the sake of simplicity, suffix (t) is omitted here.
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LR

VDC
iL C vC

iload

RL
iC

Figure E3.4-1: RLC circuit schematic

Applying Kirchhoff’s laws, the state-space equations for this circuit can be written
as:

Σ =





d
dt


 iL

vC


 =


−

R
L − 1

L

1
C 0




 iL

vC


+


 0

− 1
C


 iload +




1
L

0


VDC

y =


1 0

0 1


x

.

where x = [iL vC ]T is the state vector, ϕ = iload the unknown input vector and
ψ = VDC is the known input vector. Moreover, as it is obvious, matrix D is
considered to be all zeros.
The discrete-time state-space system of the form xk+1 = Axk + Fϕk +Gψk and
yk = Cxk, can be obtained using Euler’s forward method of discretization, yielding:

Γ =






 iLk+1

vCk+1


 =


1−R

LT − 1
LT

1
CT 1




 iLk

vCk


+


 0

− 1
CT


 iloadk +




1
LT

0


VDCk

yk =


1 0

0 1


xk

.

Here, the objective of inverting partially the system, is to recover the unknown input
which, in this example, is the load current iload.
The first step of this approach is to compute TL matrix until (3.85) is verified. First,
it is necessary to compute matrix T0:

T0 =
[
M N C

]
=

[
0 0 1 0

0 0 0 1

]

As rank(T0)− rank(Ψ0) = 2− 2 = 0, it is necessary to continue the iteration process
and compute T1.

T1 =

[
M N 0 0 C

CF CG M N CA

]

71



CHAPTER 3. INVERSION-BASED FDI

T1 =




0 0 0 0 1 0

0 0 0 0 0 1

0 T
L 0 0 1−RT

L −T
L

−T
C 0 0 0 T

C 1




As rank(T1) − rank(Ψ1) = 4 − 3 = 1 = `, the iteration process stops and one can
continue to the next step, which is to determine the K matrix. From (3.86) it can
be written that:

KT1 =
[

1 0 0 0 0 0
]

The determination of the K matrix can be achieved using Theorem 3.5. One possible
solution is the following:

K =
[

1 C
T 0 −C

T

]

It is now possible to write the equation that permits to recover the unknown load
current of the circuit.

iloadk =
[

1 C
T 0 −C

T

]
.




iLk

vCk

iLk+1

vCk+1




The discrete-time simulation of these equations was made using Matlab/Simulink®

and the results are illustrated in Figure E3.4-2. The red solid line shows the evolution
of the load current and the blue dashed line the recovered signal. As it is clear, the
load current is reconstructed with one step delay, as it was expected.

0 0.5 1 1.5 2 2.5 3
time [s]

0

0.2

0.4

0.6

0.8

cu
rr

en
t [

A
]

iload
iload rec.

1.9998 1.9999 2 2.0001
0.79

0.8

0.81

Figure E3.4-2: Load current and recovered signal
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3.5 Inversion of Switched Linear Systems

In general, switched systems form a particular class of hybrid systems where the occurrence
of a discrete event leads to a change in system’s mode. According to Sun and Ge [166], a
switched system is composed of a family of dynamical subsystems and a rule (switching
law) that orchestrates the switching among them. As a matter of fact, a wide range
of biologic, physical and engineering systems, can be modeled in this framework. Some
examples of real processes that can be modeled as switched systems are, e.g., autonomous
vehicles, flight control systems and power electronics circuits, like converters.

The focus here will be on a particular class of switched systems where all the subsystems
are LTI and the switching signal is governed by a deterministic process. These systems are
known as Switched Linear Systems (SLSs), and an overview of their principle of operation
is illustrated in Figure 3.10. As it is shown, besides the subsystems, this SLS also consists
of a switching device usually called supervisor. The supervisor generates the switching
rule σ(k) which orchestrates the switching between subsystems. Consequently, there is an
active subsystem, enabled by the switching rule, while the other q−1 subsystems are not
active.

As referred by Sun and Ge [166], the SLS’s subsystems represent the “low-level”
dynamics governed by conventional difference equations, while the supervisor corresponds
to the “high-level” entity that manages and controls the switching among subsystems. For
this reason, the dynamics of the SLS depends on both subsystem’s dynamics and switching
law.

According to Sundaram and Hadjicostis [147], Du et al. [167] and Tanwani et al. [145],
the SLS dynamic behavior can be represented by the following generalized discrete-time
switched state-space model Γσ(k) with x0 = x(0) = 0:

Γσ(k) =

{
xk+1 = Aσ(k)xk +Bσ(k)uk + Fσ(k)ϕk

yk = Cσ(k)xk

(3.88a)

(3.88b)

where k ∈ N0 is a time index, x0 is the initial state, xk ∈ Rn is the state vector, uk ∈ Rm

is the known input vector, ϕk ∈ R` is the unknown input vector, yk ∈ Rp is the output
vector, all at time k, σ(k) : N0 7→ Q is a constant switching signal which indicates the
active subsystem at any time k = {0, 1, 2, . . .} and takes values from the finite index set
Q , {1, 2, . . . , q}. Moreover, Aq ∈ Rn×n, Bq ∈ Rn×m, Cq ∈ Rp×n and Fq ∈ Rn×`, with
q ∈ Q, are constant matrices that define the subsystems in (3.88). It is assumed that
σ(·) , {σ(k)} is a piecewise constant function, meaning that it takes a constant value
every interval between two consecutive switchings. It is also important to note that, this
switching signal is an external input which can be freely selected from Q without any
constraint.
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�(k) = 1
<latexit sha1_base64="+cac1IH4vBIh7FAQ8153msmLAD8=">AAACM3icbVDLSgNBEJyNrxhfSTx6WQxCBAm7UdCLEPTiMYJ5wCaE3skkGTKzs8zMKnHJZ3jVr/BjxJt49R+cTfZgEgsaiqpuurv8kFGlHefDyqytb2xuZbdzO7t7+wf5QrGpRCQxaWDBhGz7oAijAWloqhlph5IA9xlp+ePbxG89EqmoCB70JCRdDsOADigGbSSvo+iQQ3l8eu328iWn4sxgrxI3JSWUot4rWMVOX+CIk0BjBkp5rhPqbgxSU8zINNeJFAkBj2FIPEMD4ER149nNU/vEKH17IKSpQNsz9e9EDFypCfdNJwc9UsteIv7neZEeXHVjGoSRJgGeLxpEzNbCTgKw+1QSrNnEEMCSmlttPAIJWJuYFrZoOn6ef5EwRn0JchKrEYREnYGU4kktPBn7fGpSdJczWyXNasU9r1TvL0q1mzTPLDpCx6iMXHSJaugO1VEDYSTQC3pFb9a79Wl9Wd/z1oyVzhyiBVg/v1HGqy8=</latexit>

yk
<latexit sha1_base64="QsEcIRn3erw1JGDzvkR0o/NVNH8=">AAACRXicbVDLSsNAFJ34rPXV6tJNsIgupCRV0GXRjcsK9gFtKDfTSTN0JgkzEyWG/IRb/R+/wY9wJ2510mZhWw9cOJx7L/ee40aMSmVZH8bK6tr6xmZpq7y9s7u3X6kedGQYC0zaOGSh6LkgCaMBaSuqGOlFggB3Gem6k9u8330kQtIweFBJRBwO44B6FIPSUm/g8jTJhpNhpWbVrSnMZWIXpIYKtIZV43QwCnHMSaAwAyn7thUpJwWhKGYkKw9iSSLAExiTvqYBcCKddPpwZp5oZWR6odAVKHOq/t1IgUuZcFdPclC+XOzl4n+9fqy8ayelQRQrEuDZIS9mpgrN3L05ooJgxRJNAAuqfzWxDwKw0hnNXVF08jxzkTNGXQEiSaUPEZHnIET4JOdMppGfSIoXRJdnOlp7Mchl0mnU7Yt64/6y1rwpQi6hI3SMzpCNrlAT3aEWaiOMGHpBr+jNeDc+jS/jeza6YhQ7h2gOxs8vuf2z2A==</latexit>

uk
<latexit sha1_base64="k1M4xncZF0cK5ORn4Y5vPuwYdrA=">AAACRXicbVDLSsNAFJ34rPXV6tJNsIgupCRV0GXRjcsK9gFtKDfTSTN0JgkzEyWG/IRb/R+/wY9wJ2510mZhWw9cOJx7L/ee40aMSmVZH8bK6tr6xmZpq7y9s7u3X6kedGQYC0zaOGSh6LkgCaMBaSuqGOlFggB3Gem6k9u8330kQtIweFBJRBwO44B6FIPSUm/g8jTOhpNhpWbVrSnMZWIXpIYKtIZV43QwCnHMSaAwAyn7thUpJwWhKGYkKw9iSSLAExiTvqYBcCKddPpwZp5oZWR6odAVKHOq/t1IgUuZcFdPclC+XOzl4n+9fqy8ayelQRQrEuDZIS9mpgrN3L05ooJgxRJNAAuqfzWxDwKw0hnNXVF08jxzkTNGXQEiSaUPEZHnIET4JOdMppGfSIoXRJdnOlp7Mchl0mnU7Yt64/6y1rwpQi6hI3SMzpCNrlAT3aEWaiOMGHpBr+jNeDc+jS/jeza6YhQ7h2gOxs8vsomz1A==</latexit>

'k
<latexit sha1_base64="2fVkrDniIehqdtTpG2V2HX71nME="></latexit>

xk+1 = A(1)xk + B(1)uk + F(1)'k

yk = C(1)xk
<latexit sha1_base64="EpjMYCIzpD93zanJ1QYEb7ZLLMg="></latexit>

�(1)
<latexit sha1_base64="m99AYi7FoM/0DZeZ9RaG2Bdmcjw="></latexit>

SYSTEM

xk+1 = A(q)xk + B(q)uk + F(q)'k

yk = C(q)xk
<latexit sha1_base64="hBa1Cv0FHMNDfOigixMRIVjLOro="></latexit>

�(q)
<latexit sha1_base64="q1ms0ck4+qgivIYi3eWICg/mx1U="></latexit>

SYSTEM

�(2)
<latexit sha1_base64="Quv8CQjR8ZYLsaQfOUSlnB4azR4="></latexit>

SYSTEM

xk+1 = A(2)xk + B(2)uk + F(2)'k

yk = C(2)xk
<latexit sha1_base64="nxeT1m5uPwItLho9T/rMc7Gkqx4="></latexit>

�(k) = 2
<latexit sha1_base64="3dpcMBkY9cUmRi82AK9oLTAH6nk=">AAACNHicbVDLSgNBEJyNrxhfSTx6WQxCBAm7UdCLEPTiMYJ5QBJC72Q2GXZmdpmZVeKS3/CqX+G/CN7Eq9/gbJKDSSxoKKq66e7yIkaVdpwPK7O2vrG5ld3O7ezu7R/kC8WmCmOJSQOHLJRtDxRhVJCGppqRdiQJcI+Rlhfcpn7rkUhFQ/GgxxHpcRgK6lMM2kjdrqJDDuXg9Lqa6+dLTsWZwl4l7pyU0Bz1fsEqdgchjjkRGjNQquM6ke4lIDXFjExy3ViRCHAAQ9IxVAAnqpdMj57YJ0YZ2H4oTQltT9W/EwlwpcbcM50c9Egte6n4n9eJtX/VS6iIYk0Eni3yY2br0E4TsAdUEqzZ2BDAkppbbTwCCVibnBa2aBo8z75IGaOeBDlO1Agios5AyvBJLTyZeHxiUnSXM1slzWrFPa9U7y9KtZt5nll0hI5RGbnoEtXQHaqjBsIoQi/oFb1Z79an9WV9z1oz1nzmEC3A+vkFjg6rRA==</latexit>

�(k) = q
<latexit sha1_base64="Xo10xD4eHwQ3ztM1vFwUFdPdasI=">AAACNHicbVDLSgNBEJz1GeMriUcvi0GIIGE3CnoRgl48RjAPSJbQO5kkQ2Z21plZZV3yG171K/wXwZt49RucJHswiQUNRVU33V1+yKjSjvNhrayurW9sZray2zu7e/u5fKGhRCQxqWPBhGz5oAijAalrqhlphZIA9xlp+qObid98JFJREdzrOCQeh0FA+xSDNlKno+iAQ2l0cvWQ7eaKTtmZwl4mbkqKKEWtm7cKnZ7AESeBxgyUartOqL0EpKaYkXG2EykSAh7BgLQNDYAT5SXTo8f2sVF6dl9IU4G2p+rfiQS4UjH3TScHPVSL3kT8z2tHun/pJTQII00CPFvUj5ithT1JwO5RSbBmsSGAJTW32ngIErA2Oc1t0XT0PPtiwhj1Jcg4UUMIiToFKcWTmnsy8fnYpOguZrZMGpWye1au3J0Xq9dpnhl0iI5QCbnoAlXRLaqhOsIoRC/oFb1Z79an9WV9z1pXrHTmAM3B+vkF/cirgw==</latexit>

SWITCHED LINEAR SYSTEM

�(k) = q
<latexit sha1_base64="Xo10xD4eHwQ3ztM1vFwUFdPdasI=">AAACNHicbVDLSgNBEJz1GeMriUcvi0GIIGE3CnoRgl48RjAPSJbQO5kkQ2Z21plZZV3yG171K/wXwZt49RucJHswiQUNRVU33V1+yKjSjvNhrayurW9sZray2zu7e/u5fKGhRCQxqWPBhGz5oAijAalrqhlphZIA9xlp+qObid98JFJREdzrOCQeh0FA+xSDNlKno+iAQ2l0cvWQ7eaKTtmZwl4mbkqKKEWtm7cKnZ7AESeBxgyUartOqL0EpKaYkXG2EykSAh7BgLQNDYAT5SXTo8f2sVF6dl9IU4G2p+rfiQS4UjH3TScHPVSL3kT8z2tHun/pJTQII00CPFvUj5ithT1JwO5RSbBmsSGAJTW32ngIErA2Oc1t0XT0PPtiwhj1Jcg4UUMIiToFKcWTmnsy8fnYpOguZrZMGpWye1au3J0Xq9dpnhl0iI5QCbnoAlXRLaqhOsIoRC/oFb1Z79an9WV9z1pXrHTmAM3B+vkF/cirgw==</latexit>
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Figure 3.10: Switched linear system overview

The concept of inversion applied to SLSs is an approach with few number of publications.
According to Vu and Liberzon [143], Tanwani et al. [145], the problem of inversion of such
systems, is to recover the switching signal and the input, given uniquely the output and
the initial state. However, since it is considered that the switching signal is known, this
problem is reduced to recovering only the input of the system. For that, as it is shown in
[143, 145], it is only necessary to verify if each subsystem of the SLS is invertible. If all
subsystems are invertible, then the SLS is invertible.

Accordingly, first it is necessary to verify the invertibility condition of Theorem 3.4
from section 3.4 for each subsystem. If all subsystems are invertible, it is possible to obtain
an inverse system for each subsystem from the set Q = {1, 2, . . . , q} equal to:

Γ−Lσ(k) =





xk+1 =(A− FKOL)σ(k)xk − (FKHL)σ(k)u[k:k+L]+

+Bσ(k)uk + (FK)σ(k)y[k:k+L]

ϕk =− (KOL)σ(k)xk − (KHL)σ(k)u[k:k+L] +Kσ(k)y[k:k+L]

(3.89a)

(3.89b)

Since the number of inverse systems is q, it is also necessary to construct all matrices in
(3.89) q-times, one for each subsystem. The procedure of constructing such matrices is the
same as the one explained in section 3.4. Consequently, it will not be repeated here.

As a synopsis, an example of the application of the inversion approach in a SLS system
follows. The objective is to obtain the unknown input of a simple double subsystem electric
circuit.

Example 3.5: Inversion of a Switched Linear System

Consider the SLS of Figure E3.5-1 which is composed of two subsystems Q = {1, 2}.
The active subsystem is determined by the position of switch s illustrated in the
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figure. This circuit has two electrical loads in parallel: one that is known, Ro, and
one that is unknown, RL.

L

vi iL C vC

iload
2

1
rL

Ro
i0

s

vo RL
iC

Figure E3.5-1: Switched Linear System schematic

The switching between subsystem (1) and (2) is achieved by an external signal σ =

{1, 2}, switching at frequency fs = 5 kHz with a duty cycle of D = 50%. Applying
Kirchhoff’s laws to both subsystems, one can obtain their dynamic equations, which
are:

Subsystem 1: 



d

dt
iL = −rL

L
iL −

1

L
vC +

1

L
vi

d

dt
vC =

1

C
iL −

1

RoC
vC −

1

C
iload

Subsystem 2: 



d

dt
iL = −rL

L
iL −

1

L
vC

d

dt
vC =

1

C
iL −

1

RoC
vC −

1

C
iload

The interest in inverting this SLS is to reconstruct the signal of the unknown current
passing through RL, iload, which is given by the following piecewise function:

iload(t) =





0, if 0 ≤ t < 1

2t− 2, if 1 ≤ t < 1.5

1, if 1.5 ≤ t < 2.5

0.5, if 2.5 ≤ t < 4

Using the Euler forward method of discretizing, one can obtain the discrete-time
state-space system of equations for each subsystem. Considering xk = [iLk

vCk
]T

the state vector, ϕk = iloadk the unknown input vector and uk = vik the known
input vector, one can write for each subsystem:
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Γ(1) =






 iLk+1

vCk+1


 =


 1− rLT

L −T
L

T
C 1− T

RoC︸ ︷︷ ︸
A(1)




 iLk

vCk


+




T
L

0
︸︷︷︸
B(1)


 vik +


 0

−T
C︸︷︷︸

F(1)


 iloadk

yk =


 1 0

0 1
︸︷︷︸
C(1)


xk

and

Γ(2) =






 iLk+1

vCk+1


 =


 1− rLT

L −T
L

T
C 1− T

RoC︸ ︷︷ ︸
A(2)




 iLk

vCk


+


 0

0
︸︷︷︸
B(2)


 vik +


 0

−T
C︸︷︷︸

F(2)


 iloadk

yk =


 1 0

0 1
︸︷︷︸
C(2)


xk

Now, for each subsystem, one will follow the procedure explained in section 3.4.
First construct matricesM0(1) andM1(1) for subsystem (1):

M0(1) = 0

and

M1(1) =




0 0

C(1)F(1) 0


 =




0

0

0

0

0

−T
C

0

0



.

At this time, rank(M1(1)) − rank(M0(1)) = 1 − 0 = 1 = `. This means that
subsystem (1) is invertible, as the number of unknown inputs ` is also 1. As
C(2) = C(1) and F(2) = F(1), it can be easily verified that subsystem (2) is also
invertible with the same inherent delay L0 = 1.
The next step is to compute the K matrix. This can be achieved using Theorem 3.5.
Consequently, one of the possible solutions is:

K(1) =
[
0 0 0 −C

T

]
.
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Next, one must compute:

O1(1) =

[
C(1)

C(1)A(1)

]
=




1 0

0 1

1− rLT
L −T

L
T
C 1− T

RoC




and

H1(1) =




0 0

C(1)B(1) 0


 =




0

0

0

0

T
L

0

0

0



.

Thus,

A(1) − F(1)K(1)O1(1) =

[
1− rLT

L −T
L

0 0

]
,

F(1)K(1) =

[
0 0 0 0

0 0 0 1

]
,

F(1)K(1)H1(1) =

[
0 0

0 0

]
,

−K(1)O1(1) =
[
1 − 1

Ro
+C
T

]
,

and
K(1)H1(1) =

[
0 0

]
.

With these matrices constructed, it is easy to write the inverse model for subsystem
(1):

Γ−L(1) =





xk+1 =


1− rLT

L −T
L

0 0


xk +




T
L

0


 vik +


0 0 0 0

0 0 0 1


y[k:k+1]

ϕk = iloadk =
[
1 − 1

Ro
+C
T

]
xk +

[
0 0 0 −C

T

]
y[k:k+1]

y[k:k+1] =
[
iLk

vCk
iLk+1

vCk+1

]T

Now it is necessary to follow the same procedure for subsystem (2). As it was verified
before, subsystem (2) is also invertible and one can continue to next step. In the
case of the remaining matrices, it is only necessary to write H1(2) as all the others
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are equal to the ones of subsystem (1). As it easily verified, this will be an all zero
matrix and is given by:

H1(2) =




0 0

C(2)B(2) 0


 =




0

0

0

0

0

0

0

0




Consequently, the inverse model for subsystem (2) is:

Γ−L(2) =





xk+1 =


1− rLT

L −T
L

0 0


xk +


 0

0


 vik +


0 0 0 0

0 0 0 1


y[k:k+1]

ϕk = iloadk =
[
1 − 1

Ro
+C
T

]
xk +

[
0 0 0 −C

T

]
y[k:k+1]

y[k:k+1] =
[
iLk

vCk
iLk+1

vCk+1

]T

Figure E3.5-2 illustrates the evolution of the inductor current iL in blue line, as well
as the recovered load current iload in dashed red line.
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Figure E3.5-2: Inductor current and recovered load current

From Figure E3.5-2 it is clear that the inductor current is pulsating. In fact, as there
are two subsystems and they are switching between them, the current reflects those
changes. Nevertheless, as it is shown in Figure E3.5-3, the load current is recovered
with one step delay as in previous examples.
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“If you can not do great things, do small things in a great way”

— Napoleon Hill

D c-dc converters are electronics circuits that are used to transfer electric power
between a dc source and a load, usually at different voltage levels, often providing
the regulation of the dc output voltage against load variations. As referred in

chapter 3, these types of circuits belong to the class of SLSs where all subsystems are
LTI. Dc-dc converters use power electronics semiconductor switches in on and off states.
Since the power losses in those states are small, these types of converters can achieve
very high energy conversion efficiencies. There are two main types of dc-dc converters:
hard-switching PWM converters, and resonant and soft-switching converters. This chapter
deals with the former ones and their inversion.

Inversion of dc-dc converters can be achieved in the same manner as explained in
section 3.5 for SLSs. As referred there, a SLS is invertible if all its subsystems are invertible.
The number of subsystems in a dc-dc converter depends on the number of states of their
semiconductor switches.

The interest in applying the previously exposed inversion approach to dc-dc converters,
has the objective of detecting and isolating faults occurring in the converter. Therefore,
this chapter starts with describing the most common non-isolated hard-switching topologies
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of PWM dc-dc converters, their models and respective inverse models. Moreover, it
addresses the modeling of faults that can occur in the converter. The remainder covers the
simulation and analysis of the respective results with regard to the inversion approach.

4.1 Introduction to converters modeling

According to Bacha et al. [168], modeling of power converters can be done using mainly
two approaches: one that uses black-box models, based on the observation of the behavior
of process’s response to some input, and other that uses the knowledge about system’s
behavior, e.g., its energy conservation laws.

In the case of the latter, this information is embodied in Kirchhoff’s laws of the circuit,
Ohm’s laws for loads and in the states of the semiconductor devices (switches) present in
the circuit. With this approach it can be obtained the so-called switched model that will
be briefly introduced next, but not before making the necessary assumptions inherent to
every modeling process.

4.1.1 Assumptions

Modeling of physical processes can be obtained with higher level of complexity leading
to very complicated and unusable models. Usually, to overcome this complexity problem,
some simplifying assumptions are made. Nevertheless, these must be sufficiently accurate
not to affect the validity of the model. In the first four sections of this chapter one is
considering the following assumptions:

Switches are ‘ideal’ - zero value resistance when they are closed (on state) and infinite
value resistance when they are open (off state). Also, the switching time is infinitely
short;

Switching losses are infinitely small;

Voltage sources are ‘ideal’ - they provide infinite short-circuit power;

Passive elements are linear, time-invariant and frequency independent;

Continuous inductor current conditions1, unless otherwise stated.

Beyond section 4.5 it is used the simscape library of Simulink® with their predefined
models.

4.1.2 Switched Models

Due to their switches, power electronics converters have different circuit configurations,
that are sequentially active during the switching period. Each configuration represents a

1Also known as CCM, which is used exhaustively throughout this thesis
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(b) Circuit diagram

Figure 4.1: Ideal buck converter

unique circuit that can be mathematically described by a set of differential or difference
equations.

As stated before, switched models use these mathematical equations to describe the
plant’s behavior for all subsystems. For the case of power electronics converters, the
differential equations that describe the inductor current and capacitor voltage are obtained
for all possible switch configurations.

Consider now an example of a Buck converter whose switching signal and circuit
diagram are illustrated in Figure 4.1.

The converter’s switch S1 is driven by the switching function s(t), also called switching
signal, shown in Figure 4.1(a). As shown, D, the duty cycle, represents the average value
of s(t). In other words, it is defined as the time interval during which an individual circuit
configuration is active and is given by:

D =
ton
Ts

=
ton

ton + toff
= fston (4.1)

where ton is the time interval during which the switch is closed (on) and toff is the time
interval during which the switch is open (off). The complement of the duty cycle D′

is defined as (1 − D) and corresponds to the interval during which the switch is open.
Additionally, the switching function s(t) is periodic, i.e., s(t+Ts) = s(t), ∀t, has a switching
period Ts and is given by:

s(t) =





1, 0 ≤ t < DTs

0, DTs ≤ t < Ts.
(4.2)

The values of the switching function are controlled by a supervisor, which defines the
switching rule σ(t). In this case, the values of σ(t) belong to the set Q = {1, 2}, meaning
that one is considering two possible configurations of the circuit.

Accordingly, when σ(t) = 1, s(t) = 1, the switch S1 is on and D1 is an open circuit.
On the other hand, when σ(t) = 2, s(t) = 0, the switch S1 is off and D1 is a closed
circuit. Considering that the ripple in the input voltage is negligible, vi(t) ≈ Vi , it can
be easily understood that, depending on the switch state, the voltage equation for each
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Figure 4.2: Switched model versus averaged model

configuration can be written as follows:



if s(t) = 1, Vi = LdiL(t)

dt + vC1(t)

if s(t) = 0, 0 = LdiL(t)
dt + vC1(t).

(4.3)

It is possible to represent the previous behavior using the switch state s(t) and compress
the previous representation to the following:

s(t) · Vi = L
diL(t)

dt
+ vC1(t). (4.4)

The differential equations are then solved considering the boundary conditions of the
switching periods. The values of current and voltage at the end of each period become
the initial conditions for the next switching period. This method is very accurate and one
obtain a set of equations that require extensive computation. This representation is also
a useful analysis tool which describes the low frequency dynamics given by the energy
accumulation variations and also captures the switching dynamics of the power converters.
Moreover, as stated by Bacha et al. [168], in its bilinear form, this model can be easily
used for simulation and control design purposes.

The switched model constitutes also a good starting point for obtaining other types of
models, namely the averaged model. In fact, in addition to the switched behavior, this
representation can express the averaged behavior of the converter if the input signal u(t)

is changed by its continuous averaged value. Figure 4.2 shows a comparison between the
switched ‘SW’ and the averaged ‘AVG’ time evolution of the two state variables, iL and
vC , obtained in Simulink® using the switched model of the converter.

As stated before, dc-dc power converters are electrical systems where the structure of
the circuit is changed depending on a periodic switching function. Their advantages include:
few components, high efficiency, constant frequency operation, relatively simple control
and ability to achieve high conversion ratios for both step-down and step-up applications.
One disadvantage is that the PWM rectangular voltage waveform cause switching losses
on semiconductor devices, which limit practical operating frequencies and also inherently
generate ElectroMagnetic Interference (EMI) [169, Chapter 10].
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In many cases, the switches present in the circuit are controlled using a PWM technique,
which turn them on and off at a switching frequency fs = 1/Ts and a duty cycle D
adequate to the defined conditions. Despite the topologies and properties of PWM

converters are well understood and extensively described in the literature [170–174], in
this chapter only the simplest and most basic topologies (second-order) will be addressed
to consolidate the modeling approach exposed in the previous chapter. Moreover, the
inverse model for each converter will also be derived, with the purpose of reconstructing the
unknown input vector. The recovering of the unknown input vector is an effective approach
to detect and isolate faults, which can also be used in the case of power converters, as will
be demonstrated later.

4.2 Buck converter modeling

The step-down dc-dc converter, commonly known as buck converter, is composed of a
transistor and a diode that “chops” the input voltage Vi, producing a reduced average
output voltage Vo. A circuit of the PWM buck dc-dc converter is illustrated in Figure 4.1.
It consists of an ideal configuration with a dc input voltage source Vi, a controlled switch
S1, a diode D1, an inductor L, a voltage filtering capacitor C1 and a resistive load Ro at
the output.

The dc-dc buck converter have most of its applications in high performance dc drive
systems, like electric traction, electric vehicles and machine tools [169]. Moreover, the buck
converter is widely used in low power consumption small electronics and can also be found
in battery chargers.

The transistor and the diode form a “single-pole double-throw” switch, which controls
the energy transfer between source and load using the energy storage elements: inductor
and capacitor. Depending on the mode of operation, the converter will behave differently
and the modeling analysis will not be the same. Hence, one will first derive the converter
model for Continuous Conduction Mode (CCM) and then for the case of Discontinuous
Conduction Mode (DCM).

4.2.1 Buck converter model for CCM

Consider now the buck converter operating in CCM. Figures 4.3(a) and 4.3(b) show the
equivalent circuit of the converter for each configuration, i.e., when the switch S1 is on
and diode is not conducting, and when the switch is off and the diode is conducting.

The operation principle of the converter can be explained by the idealized voltage and
current waveforms illustrated in Figures 4.3(c) and 4.3(d), which were drawn ignoring the
switching ripple in the output capacitor voltage, vo(t) ≈ Vo, as explained in Erickson and
Maksimović [170]. When the switch is on, the diode D1 is reverse biased and the voltage
across the inductor L is vL(t) = Vi−Vo. During ton, the inductor current increases linearly
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Figure 4.3: Buck converter configurations and idealized waveforms for CCM

with a slope of (Vi − Vo)/L. While switch S1 is on, the energy is transferred from the
source to the inductor, capacitor and load.

At t = DTs the switch is turned off and the inductor current continues to flow in
the same direction, transferring its energy to the capacitor and load. During this interval,
DTs < t ≤ Ts, the inductor L behaves as a current source and the diode D1 is conducting.
As the voltage across the inductor is −Vo, the inductor current will decrease linearly with
a slope of −Vo/L.

For periodic waveforms, in steady state, the average magnetic flux linkage of the
inductor over one period should be equal to:

λ =

T∫

0

vL(t) dt = 0, (4.5)

which is the principle of inductor flux linkage balance or volt-second balance. Hence,
inspecting the inductor’s flux linkage balance in Figure 4.3(c), one can write the expression
for the average voltage across the inductor 〈vL(t)〉 in steady-state as:

〈vL(t)〉 =
λ

Ts
=

1

Ts

ton∫

0

(Vi − Vo) dt+
1

Ts

Ts∫

ton

−Vo dt (4.6)

Since in steady state the average voltage across the inductor must be zero, one can write:

(Vi − Vo)
ton
Ts

= Vo
(Ts − ton)

Ts
⇔ (Vi − Vo)D = Vo(1−D)⇔

Mv(D) =
Vo
Vi

= D, (4.7)
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which defines the output to input voltage ratio for an ideal buck converter Mv(D). That
is, the buck converter is a step-down converter, where the output voltage Vo ranges from
zero to Vi depending on the value of the duty cycle D.

The differential equations that describe the dynamics of the buck converter are obtained
applying Kirchhoff’s laws for the configurations illustrated in Figures 4.3(a) and 4.3(b).
Moreover, when the switch S1 is on and the diode D1 is off, the switching function is
equal to s(t) = 1. Contrarily, when switch S1 is off and the diode D1 is on, the switching
function assumes the value of s(t) = 0. For the first case, applying Kirchhoff’s laws, one
obtain the following system of differential equations:

L
diL(t)

dt
= −vC1(t) + Vi

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro

(4.8a)

(4.8b)

When the switch S1 is off, the dynamics of the system can be described by the following
differential equations:

L
diL(t)

dt
= −vC1(t)

C1
dvC1(t)

dt
= iL −

vC1(t)

Ro
.

(4.9a)

(4.9b)

As explained above, one can compress this two systems into an unified dynamic system
with the inclusion of the switching signal. This will result in:

L
diL(t)

dt
= −vC1(t) + s(t) · Vi

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro
.

(4.10a)

(4.10b)

Considering the state vector as x(t) = [iL(t) vC1(t)]
T and the switching function s(t) given

by (4.2), the state-space system of equations describing the dynamics of the converter
becomes:

Σσ(t) =





ẋ(t) =

[
0 − 1

L
1
C1
− 1
RoC1

]
x(t) +

[
s(t)
L

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t)

(4.11a)

(4.11b)

Note that in this case, as explained before, σ belongs to the set Q = {1, 2}, as there are
two possible (considered) subsystems.

4.2.2 Buck converter model for DCM

When a dc-dc converter is implemented using unidirectional-voltage or unidirectional-
current switches, it can operate in the so-called DCM. This mode of operation arises when
the inductor current ripple or the capacitor voltage ripple is large enough to cause the
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(f) Diode voltage

Figure 4.4: Buck converter configurations and idealized waveforms for DCM

switch’s polarity of current or voltage to reverse. The DCM of operation typically occurs
with large inductor current ripple and small values of load (high resistance value).

When the converter is operating in CCM, the inductor current flows during the entire
cycle. Contrarily, if it is operating in DCM, the inductor current decreases to zero, remains
there for a period of time, after which it increases again. Figure 4.4 shows the converter’s
equivalent circuits for this case as well as its idealized inductor voltage, inductor current
and diode voltage waveforms.

At time t = 0 the switch is turned on. During the interval 0 ≤ t < DTs the switch is
on and the diode is off. The converter’s equivalent circuit for this interval is depicted
in Figure 4.4(a). The voltage across the diode is vD1(t) = Vi. Looking at Figure 4.4(d)
one can see that the voltage across the inductor is Vi − Vo causing the inductor current to
increase linearly from zero, as shown in Figure 4.4(e).

At time t = DTs the switch is turned off and the inductor current flows through the
diode, which is conducting. During the time interval DTs ≤ t < (D+D′1)Ts the switch is
off and the diode is conducting as shown in the equivalent circuit of Figure 4.4(b). Since
the diode is on, the voltage at its terminals is vD1(t) = 0. On the other hand, the voltage
across the inductor is vL(t) = −Vo, causing its current, and hence the diode’s current, to
decrease linearly.
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4.2. BUCK CONVERTER MODELING

At time t = (D+D′1)Ts, the current flowing through the diode reaches zero and it
switches off too. The equivalent circuit for this configuration is depicted in Figure 4.4(c).
Since it cannot conduct in the reverse direction, the inductor current remains at zero until
the switch is turned on again. Moreover, the inductor voltage and the diode current are
also zero. The voltage across the diode is vD1(t) = Vo.

As referred before, the buck converter operating in DCM switches between three
different circuit configurations. Hence, σ(t) belongs to the set Q = {1, 2, 3}. The switching
signal s(t) is identical to the one used before for CCM, i.e., s(t) = 1 for σ(t) = 1 and
s(t) = 0 for σ(t) = 2 and σ(t) = 3.

Applying Kirchhoff’s laws to the circuits depicted in Figure 4.4 one can derive the
state-space system of differential equations that describe te dynamics of the converter
operating in DCM. For the period 0 ≤ t < DTs, the switch is on and the diode is off,
and the dynamics of the converter are given by:

L
diL(t)

dt
= −vC1(t) + Vi

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro
.

(4.12a)

(4.12b)

For the period DTs ≤ t < (D+D′1)Ts, the switch is off and the diode is on, and the
dynamics of the converter are given by:

L
diL(t)

dt
= −vC1(t)

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro
.

(4.13a)

(4.13b)

Finally, for the period (D+D′1)Ts ≤ t < Ts, the switch is off and the diode is off, and
the dynamics of the converter are given by:

L
diL(t)

dt
= 0

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro
.

(4.14a)

(4.14b)

To distinguish the three configurations from each other, one introduce a new variable,
which represents the flowing of current through the inductor, θ. Thus, if iL(t) > 0 then
θ(t) = 1, if iL(t) ≤ 0 then θ(t) = 0. The values of the variables for all circuit configurations
are summed up in Table 4.1.

The time evolution of variables s and θ is illustrated in Figure 4.5. Consequently,
considering the state vector x(t) = [iL(t) vC1(t)]

T, the state-space system of equations
describing the dynamics of the buck converter operating in DCM is given by:

Σσ(t) =





ẋ(t) =

[
0 − 1

L + (1−s(t))(1−θ(t))
L

1
C1

− 1
RoC1

]
x(t) +

[
s(t)
L

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t).

(4.15a)

(4.15b)
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CHAPTER 4. APPLICATION OF INVERSION APPROACH TO DC-DC CONVERTERS

Table 4.1: Buck converter configurations for DCM

Configuration
σ(t) = 1 σ(t) = 2 σ(t) = 3

s(t) = 1 s(t) = 0 s(t) = 0
θ(t) = 1 θ(t) = 1 θ(t) = 0

s

0 tTs
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(b) Inductor current function

Figure 4.5: Time evolution of variables

4.2.3 Boundary between CCM and DCM for the buck converter

The properties of dc-dc converters change drastically when they switch between CCM

and DCM. The conversion ratio Mv(D) becomes load dependent and the control of the
output may be lost when the load gets smaller. Hence, it is important to know what are
the boundaries between those two modes of operation. Therefore, this section will address
that.

Consider that the buck converter of Figure 4.1(b) is operating at CCM. Inspecting
Figure 4.6(a) one can verify that the inductor current waveform has a dc component Io
and a switching ripple with peak-to-peak amplitude equal to ∆iL.

Suppose now that the load resistance at the output, Ro, is increased by some value so
that the load current decreases. In this case, the inductor current will decrease but the
ripple amplitude will remain unchanged. If the value of the load resistance Ro continues
to increase, the point where Io = ∆iL

2 will eventually be reached. As shown in Figures
4.6(c) and 4.6(d), the inductor and diode currents are both zero at the end of the switching
period, at time Ts. If the load resistance Ro is increased further, the diode becomes reverse
biased before the end of the switching period, as it is shown in Figure 4.6(f). Moreover, it
is easy to verify that the transistor is conducting in the interval DTs, the diode conducts
in the interval D′1Ts and none of them is conducting on the interval D′2Ts. In the latter
case, the converter is operating in DCM.

Inspecting Figure 4.6(c), the boundary between CCM and DCM can be found easily.
As already referred, the inductor current waveform has a dc component Io plus a switching
ripple of peak-to-peak amplitude ∆iL, which is given by:

∆iL = iLpk = iL(DTs) =
(Vi − Vo)DTs

L
=

(Vi − Vo)D
fsL

=
Vo(1−D)

fsL
(4.16)
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(a) Inductor current at CCM
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(f) Diode current at DCM

Figure 4.6: Idealized inductor and diode current waveform

Hence, the dc component of the inductor current at the boundary is equal to:

IOB =
∆iL
2

=
(Vi − Vo)D

2fsL
=
Vo(1−D)

2fsL
. (4.17)

From the above expressions, it is clear that the condition for operation in CCM is that:

Io >
∆iL
2
. (4.18)

One can also see that the value of the load resistance at the boundary between CCM and
DCM can be found from:

ROB =
Vo
Io

=
2fsL

1−D. (4.19)

Thus, if the value of the load resistance becomes smaller than the one defined for the
boundary, Ro < ROB, the converter will operate in the CCM. This value depends on the
inductance, the switching frequency (switching period) and the duty cycle. Moreover, since
(1−D) ≤ 1, the minimum value of ROB is 2fsL. Hence, if Ro < 2fsL, the converter will
operate in the CCM for any duty cycle.
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Figure 4.7: Buck converter: boundary curves function of duty cycle D

Figure 4.7 illustrates the normalized load current Ī = Io/[Vo/(2fsL)] = (1−D) and
load resistance R̄ = Ro/(2fsL) = 1/(1−D) at the boundary between CCM and DCM,
as function of the duty cycle for the buck converter. As it is clear, the current boundary
is a line with slope −1 and the resistance boundary is an hyperbola. Moreover, if the
normalized load current exceeds the 1 − D boundary line, the converter will switch to
the CCM. Contrarily. if the normalized load resistance exceeds the 1/(1−D) curve, the
converter will switch to the DCM.

As referred before, the conversion ratio Mv(D) changes with the duty cycle but also
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when the converter operates in the DCM, which happens when 2fsL/Ro < D′. According
to the principle of inductor volt-second balance, the dc component of vL illustrated in
Figure 4.4(d) must be zero. Thus, one can write:

〈vL(t)〉 =
1

Ts

∫ Ts

0
vL(t)dt = 0 (4.20)

which is equivalent to:

D(Vi − Vo) +D′1(−Vo) +D′2(0) = 0. (4.21)

The solution for the output voltage is:

Vo = Vi
D

D +D′1
. (4.22)

In the same manner, the dc component of the inductor current is:

〈iL(t)〉 = Io =
1

Ts

∫ Ts

0
iL(t)dt (4.23)

Since the area under iL is equal to the one of a triangle, one can write:
∫ Ts

0
iL(t)dt =

1

2
iLpk(D+D′1)Ts. (4.24)

Consequently, the value of the dc component of the load current Io is:

Io =
Vi−Vo

2L
DTs(D+D′1), (4.25)

which can also be written as:

Vo
Ro

=
Vi−Vo

2L
DTs(D+D′1), (4.26)

Eliminating D1 from (4.26) using (4.22) one obtain:

2L

RoTs

Vo
Vi

= D2

(
Vi
Vo
− 1

)
⇔

2L

RoTsD2
=

(
Vi
Vo

)2

− Vi
Vo

which results in: (
Vi
Vo

)2

− Vi
Vo
− 2L

RoTsD2
= 0. (4.27)

Solving this second degree equation for Vi/Vo gives:

Vi
Vo

=
1±

√
1 + 4 2L

RoTsD2

2
. (4.28)
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Figure 4.8: Buck converter: characteristics of Mv(D,K) for different values of K

Consequently, the expression for the conversion ratio Mv(D,K) becomes:

Mv(D,K) =
Vo
Vi

=
2

1 +
√

1 + 4K
D2

, (4.29)

where K = 2L/(RoTs). Consequently, the voltage conversion ratio Mv(D,K) for both
continuous and discontinuous conduction modes as function of D for different values of K
is given by:

Mv(D,K) =





D, if K ≥ 1−D (CCM)
2

1 +
√

1 + 4K
D2

, if K < 1−D (DCM)

(4.30a)

(4.30b)

These characteristics are shown in Figure 4.8 for different values of K. One important
conclusion to retain from this figure is that if the converter is operating in DCM and Ro
increases, the value of K decreases and, consequently, the output voltage of the converter
tends to increase. This shows the non-linearity present in the conversion ratio as K
decreases bellow 1−D.

4.3 Boost Converter modeling

The schematic of a step-up dc-dc converter, also known as boost converter is illustrated
in Figure 4.9. This is an ideal converter configuration, with an inductor L, a switch S1, a
diode D1, a filtering capacitor C1 and a load resistance Ro at the output.
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Figure 4.9: Ideal boost converter schematic

The dc-dc boost converter has a wide range of applications, ranging from consumer
electronics, power factor correction circuits, implementation of MPPT in PV solar systems,
to battery power systems or automotive applications.

As in the dc-dc buck converter, in the boost configuration the transistor acts like a
“single-pole double-through” switch, which controls the energy transfer between the source
and load. For steady-state, the output voltage Vo is always higher than the input voltage
Vi. Moreover, since power must be conserved, the output current will be lower than the
one at the input.

In this section, voltage and current waveforms for inductor and diode are derived.
Moreover, the modeling of the boost converter for CCM and for DCM is described.

4.3.1 Boost converter model for CCM

Consider the boost converter of Figure 4.9 operating in CCM. Figures 4.10(a) and 4.10(b)
show its equivalent circuits for the two considered configurations: when switch S1 is on
and when it is off. As it can be understood, when switch S1 is on the diode D1 is open
and when the switch is off the diode is conducting.

The converter principle of operation can be better understood by analyzing the idealized
current and voltage waveforms depicted in Figures 4.10(c) and 4.10(d). In the time interval
0 ≤ t < DTs, the switch is on and the voltage across the diode is equal to vD1(t) = −Vo,
causing it to be reversed biased and thus not conducting. During this interval, the voltage
across the inductor is vL(t) = Vi, which causes its current to increase linearly with a slope
of Vi/L. Consequently, some energy is accumulated on its magnetic field.

At time t = DTs, the switch is turned off. During the interval DTs ≤ t < Ts, the
voltage across the inductor becomes equal to vL(t) = Vi − Vo < 0 and, consequently,
its current decreases linearly with a slope of (Vi − Vo)/L. When the switch is off, the
current through the diode is equal to the one passing the inductor. During this period, the
inductor’s stored energy is transferred to the capacitor and load.

As referred for the buck converter in steady state, the average voltage across the
inductor must be equal to zero. This is known as the volt-second balance. Accordingly,
one can write:

ViDTs = −(Vi − Vo)(1−D)Ts. (4.31)
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(d) Inductor current

Figure 4.10: Boost converter configurations and idealized waveforms for CCM

Simple manipulation of this expression leads to:

Mv(D) =
Vo
Vi

=
1

1−D (4.32)

which represents the voltage conversion ratio transfer function of the ideal boost converter.
As it is clear from the expression, this transfer function is not linear, contrasting with the
one of the buck converter.

The differential equations describing the dynamics of the boost converter can be
obtained applying Kirchhoff’s laws to the circuit configurations shown in Figures 4.10(a)
and 4.10(b). When the switch S1 is on and the diode D1 is off, the switching function
takes the value s(t) = 1. On the second configuration, for time interval DTs ≤ t < Ts, the
switch S1 is off and the diode D1 is forward biased and conducting. In this case, the
switching function takes the value s(t) = 0.

Consequently, inspecting the first circuit configuration, it is easy to obtain the following
set of differential equations:

L
diL(t)

dt
= Vi

C1
dvC1(t)

dt
= −vC1(t)

Ro

(4.33a)

(4.33b)

When the switch S1 is off, the dynamics of the ideal boost converter can be described by
the following set of differential equations:

L
diL(t)

dt
= −vC1(t) + Vi

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro

(4.34a)

(4.34b)
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Compressing the two systems into one, with the inclusion of the switching signal, one can
write:

L
diL(t)

dt
= −(1− s(t))vC1(t) + Vi

C1
dvC1(t)

dt
= (1− s(t))iL(t)− vC1(t)

Ro

(4.35a)

(4.35b)

Considering the state vector as x(t) = [iL(t) vC1(t)]
T and the switching function given

by (4.2), one can write the state-space generalized system for the ideal boost converter
operating in CCM as follows:

Σσ(t) =





ẋ(t) =

[
0 −1−s(t)

L
1−s(t)
C1

− 1
RoC1

]
x(t) +

[
1
L

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t)

(4.36a)

(4.36b)

4.3.2 Boost converter model for DCM

If the dc-dc boost converter is implemented using an unidirectional-voltage or an
unidirectional-current switch, it can operate in the DCM. If the ripple amplitude of
the inductor current is too high, it may be completely discharged before the switch is
turned on in the next commutation cycle. This usually happens under light loads (high
load resistance), which causes the inductor current to fall to zero during part of the period,
as will be shown.

Figure 4.11 shows the converter’s equivalent circuit for the three possible configurations
in the DCM, as well as the idealized inductor voltage, inductor current and diode voltage
waveforms. Note that for DCM, σ(t) belongs to the set Q = {1, 2, 3}. The operating
principle of the converter is explained next.

At time t = 0 the switch is turned on by the gate control signal. During the interval
DTs, while σ(t) = 1, the switch is on and the diode is off as shown in Figure 4.11(a). The
voltage across the inductor is vL(t) = Vi causing its current to increase linearly with a slope
of Vi/L. For this interval, as the switch is on, the voltage across the diode is vD1(t) = −Vo.

At time t = DTs, σ(t) = 2 and the switch is turned off. During the interval D′1Ts,
while diode D1 is conducting, the voltage across the inductor is Vi − Vo causing its current
to decrease with a slope of (Vi − Vo)/L.

At time t = (D + D′1)Ts, the current through the inductor and diode reaches zero.
During the interval D′2Ts, while σ(t) = 3, the voltage across the inductor is zero and the
voltage across the diode is vD1(t) = (Vi − Vo).

Applying Kirchhoff’s laws to the circuits of Figures 4.11(a), 4.11(b) and 4.11(c), it
is straightforward to obtain the differential equations that describe the dynamics of the
converter when it works in DCM. Hence, for the period 0 ≤ t < DTs, while switch S1 is
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t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

(d) Inductor voltage

Vi�Vo

L<latexit sha1_base64="KnKe/HxQp6P9LgvvUE1yl4B/FZE="></latexit>

Vi

L<latexit sha1_base64="WMYHdnXbpWB2V/MAZc7xcvgisx0=">AAACNXicbVBNT8JAEN3iF+IX4NFLIzHxYEiLJnokevHgARNBEmjIdNnChu227m41tenv8Kq/wt/iwZvx6l9wCz0I+JJJXt6bycw8N2RUKsv6MAorq2vrG8XN0tb2zu5euVLtyCASmLRxwALRdUESRjlpK6oY6YaCgO8ycu9OrjL//pEISQN+p+KQOD6MOPUoBqUlp+8JwElnQNPkJh2Ua1bdmsJcJnZOaihHa1Axqv1hgCOfcIUZSNmzrVA5CQhFMSNpqR9JEgKewIj0NOXgE+kk06tT80grQ9MLhC6uzKn6dyIBX8rYd3WnD2osF71M/M/rRcq7cBLKw0gRjmeLvIiZKjCzCMwhFQQrFmsCWFB9q4nHoINQOqi5LYpOnmdfZIxRV4CIEzmGkMgTECJ4knNPJq6fpWgvZrZMOo26fVpv3J7Vmpd5nkV0gA7RMbLROWqia9RCbYTRA3pBr+jNeDc+jS/je9ZaMPKZfTQH4+cXtu+s/g==</latexit>

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
<latexit sha1_base64="FwJRirgFpitr9+0Ni5z3Ac4j5Ag=">AAACK3icbVBNT8JAEN3FL8QvwKOXRmLiwZAWTfRI9OIRIyAJNGS6LLBh2212t5ra8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf+Lc2vrG5lZ+u7Czu7d/UCyV20pEktAWEVzIjgeKchbQlmaa004oKfgepw/e5CbtPzxSqZgImjoOqevDKGBDRkAb6b7ZV/1ixa7aM1irxMlIBWVo9Eu43BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NepdWKUgTUU0lSgrZn6dyMBX6nY98ykD3qslnup+F+vG+nhlZuwIIw0Dcj80DDilhZWatwaMEmJ5rEhQCQzv1pkDBKINvEsXNFs8jx3kTLOPAkyTtQYQqrOQErxpBZMJp4/NSk6y5mtknat6pxXa3cXlfp1lmceHaFjdIocdInq6BY1UAsRNEIv6BW94Xf8gb/w93w0h7OdQ7QA/PMLwl+obg==</latexit>

0
<latexit sha1_base64="HSVQ1XZujMlCDvg+jvIwVrHGQms=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMgumuiR6MUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtzpXdrvPKKQLPAfVByi48HYZyNGQWmpaQ2KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRjZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSbtWtS+rteZVpX6b5ZknJ+SUnBObXJM6uScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cXw6CnZA==</latexit>

iL
<latexit sha1_base64="i2ROPgkzLicN/kxsfsvdzq0TWe4="></latexit>

t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

Ii
<latexit sha1_base64="zlBWsk6KwHOLtTIBEbLQWKvFv8o=">AAACK3icbVBNT8JAEN3iF+IX4NFLIzHxYEiLJnoketEbRhESaMh0WWDDdrfZ3Wpqw0/wqr/CX+NJ49X/4RZ6EPAlk7y8mcnMe37IqNKO82nlVlbX1jfym4Wt7Z3dvWKp/KBEJDFpYsGEbPugCKOcNDXVjLRDSSDwGWn546u033okUlHB73UcEi+AIacDikEb6e6mR3vFilN1prCXiZuRCsrQ6JWscrcvcBQQrjEDpTquE2ovAakpZmRS6EaKhIDHMCQdQzkERHnJ9NeJfWSUvj0Q0hTX9lT9u5FAoFQc+GYyAD1Si71U/K/XifTgwksoDyNNOJ4dGkTM1sJOjdt9KgnWLDYEsKTmVxuPQALWJp65K5qOn2cuUsaoL0HGiRpBSNQJSCme1JzJxA8mJkV3MbNl8lCruqfV2u1ZpX6Z5ZlHB+gQHSMXnaM6ukYN1EQYDdELekVv1rv1YX1Z37PRnJXt7KM5WD+/nSCoWQ==</latexit>

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

iLpk
<latexit sha1_base64="5wQ1iwNsUXJcQRTCoUXnMe8QMss="></latexit>

(e) Inductor current

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
<latexit sha1_base64="FwJRirgFpitr9+0Ni5z3Ac4j5Ag=">AAACK3icbVBNT8JAEN3FL8QvwKOXRmLiwZAWTfRI9OIRIyAJNGS6LLBh2212t5ra8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf+Lc2vrG5lZ+u7Czu7d/UCyV20pEktAWEVzIjgeKchbQlmaa004oKfgepw/e5CbtPzxSqZgImjoOqevDKGBDRkAb6b7ZV/1ixa7aM1irxMlIBWVo9Eu43BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NepdWKUgTUU0lSgrZn6dyMBX6nY98ykD3qslnup+F+vG+nhlZuwIIw0Dcj80DDilhZWatwaMEmJ5rEhQCQzv1pkDBKINvEsXNFs8jx3kTLOPAkyTtQYQqrOQErxpBZMJp4/NSk6y5mtknat6pxXa3cXlfp1lmceHaFjdIocdInq6BY1UAsRNEIv6BW94Xf8gb/w93w0h7OdQ7QA/PMLwl+obg==</latexit>

Vi�Vo
<latexit sha1_base64="hS2JyJ8qEhU27Nfo7RL+Cel6gEk=">AAACMXicbVDLTsJAFJ36RHwBLt00EhMXSlo00SXRjUtM5GGgaW6HASbMdJqZqQYbvsKtfoVfw8649SecQhcCnuQmJ+fem3vPCSJGlXacqbW2vrG5tZ3bye/u7R8cFoqlphKxxKSBBROyHYAijIakoalmpB1JAjxgpBWM7tJ+65lIRUX4qMcR8TgMQtqnGLSRnpo+TS4mTV/4hbJTcWawV4mbkTLKUPeLVqnbEzjmJNSYgVId14m0l4DUFDMyyXdjRSLAIxiQjqEhcKK8ZPbxxD41Ss/uC2kq1PZM/buRAFdqzAMzyUEP1XIvFf/rdWLdv/ESGkaxJiGeH+rHzNbCTu3bPSoJ1mxsCGBJza82HoIErE1IC1c0Hb3OXaSM0UCCHCdqCBFR5yCleFELJpOAT0yK7nJmq6RZrbiXlerDVbl2m+WZQ8foBJ0hF12jGrpHddRAGHH0ht7Rh/VpTa0v63s+umZlO0doAdbPL6sYqus=</latexit>

0
<latexit sha1_base64="HSVQ1XZujMlCDvg+jvIwVrHGQms=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMgumuiR6MUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtzpXdrvPKKQLPAfVByi48HYZyNGQWmpaQ2KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRjZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSbtWtS+rteZVpX6b5ZknJ+SUnBObXJM6uScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cXw6CnZA==</latexit>

t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

vD1

�Vo
<latexit sha1_base64="Q3Nn3Hup0+yESFtS2NRAkYrOzPI=">AAACLnicbVBNS8NAEN34WetXW49egkXwoCWpgh6LXjxWsGmhDWWy3bRrN9mwu1FqyH/wqr/CXyN4EK/+DDdtDrb1wcDjzQwz73kRo1JZ1qexsrq2vrFZ2Cpu7+zu7ZfKFUfyWGDSwpxx0fFAEkZD0lJUMdKJBIHAY6TtjW+yfvuRCEl5eK8mEXEDGIbUpxiUlpzkLHX6vF+qWjVrCnOZ2DmpohzNftmo9AYcxwEJFWYgZde2IuUmIBTFjKTFXixJBHgMQ9LVNISASDeZvpuax1oZmD4XukJlTtW/GwkEUk4CT08GoEZysZeJ//W6sfKv3ISGUaxIiGeH/JiZipuZd3NABcGKTTQBLKj+1cQjEICVTmjuiqLj55mLjDHqCRCTRI4gIvIUhOBPcs5k4gWpTtFezGyZOPWafV6r311UG9d5ngV0iI7QCbLRJWqgW9RELYTRA3pBr+jNeDc+jC/jeza6YuQ7B2gOxs8vOZKprw==</latexit>

(f) Diode voltage

Vi�Vo

L<latexit sha1_base64="KnKe/HxQp6P9LgvvUE1yl4B/FZE="></latexit>

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
<latexit sha1_base64="FwJRirgFpitr9+0Ni5z3Ac4j5Ag=">AAACK3icbVBNT8JAEN3FL8QvwKOXRmLiwZAWTfRI9OIRIyAJNGS6LLBh2212t5ra8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf+Lc2vrG5lZ+u7Czu7d/UCyV20pEktAWEVzIjgeKchbQlmaa004oKfgepw/e5CbtPzxSqZgImjoOqevDKGBDRkAb6b7ZV/1ixa7aM1irxMlIBWVo9Eu43BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NepdWKUgTUU0lSgrZn6dyMBX6nY98ykD3qslnup+F+vG+nhlZuwIIw0Dcj80DDilhZWatwaMEmJ5rEhQCQzv1pkDBKINvEsXNFs8jx3kTLOPAkyTtQYQqrOQErxpBZMJp4/NSk6y5mtknat6pxXa3cXlfp1lmceHaFjdIocdInq6BY1UAsRNEIv6BW94Xf8gb/w93w0h7OdQ7QA/PMLwl+obg==</latexit>

0
<latexit sha1_base64="HSVQ1XZujMlCDvg+jvIwVrHGQms=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMgumuiR6MUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtzpXdrvPKKQLPAfVByi48HYZyNGQWmpaQ2KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRjZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSbtWtS+rteZVpX6b5ZknJ+SUnBObXJM6uScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cXw6CnZA==</latexit>

t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

iD1
<latexit sha1_base64="EpvBsu1by8s9/x2RbK2D/KM8BIw="></latexit>

Io
<latexit sha1_base64="L6aqdaFyZtjtr0FC6TZc0IHg9TE=">AAACK3icbVDLTsJAFJ36RHwBLt1MJCYuCGnRRJckbnSHUR4JNOR2GGDCtNPMTDW14RPc6lf4Na40bv0Pp9CFgCe5ycm59+bec7yQM6Vt+9NaW9/Y3NrO7eR39/YPDgvFUkuJSBLaJIIL2fFAUc4C2tRMc9oJJQXf47TtTa7TfvuRSsVE8KDjkLo+jAI2ZAS0ke5v+6JfKNtVewa8SpyMlFGGRr9olXoDQSKfBppwUKrr2KF2E5CaEU6n+V6kaAhkAiPaNTQAnyo3mf06xadGGeChkKYCjWfq340EfKVi3zOTPuixWu6l4n+9bqSHV27CgjDSNCDzQ8OIYy1wahwPmKRE89gQIJKZXzEZgwSiTTwLVzSbPM9dpIwzT4KMEzWGkKoKSCme1ILJxPOnJkVnObNV0qpVnfNq7e6iXK9keebQMTpBZ8hBl6iOblADNRFBI/SCXtGb9W59WF/W93x0zcp2jtACrJ9foSCoSQ==</latexit>

iLpk
<latexit sha1_base64="5wQ1iwNsUXJcQRTCoUXnMe8QMss="></latexit>

DTs
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(g) Diode current

Figure 4.11: Boost converter configurations and idealized waveforms for DCM

on, the converter is governed by the following differential equations:

L
diL(t)

dt
= Vi

C1
dvC1(t)

dt
= −vC1(t)

Ro
.

(4.37a)

(4.37b)

During the interval DTs ≤ t < (D+D′1)Ts, while the switch is off and the diode is
conducting, the converter is governed by the following differential equations:

L
diL(t)

dt
= Vi − vC1(t)

C1
dvC1(t)

dt
= iL(t)− vC1(t)

Ro
.

(4.38a)

(4.38b)

When both the switch and the diode are in their off state, during (D+D′1)Ts ≤ t < Ts,
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(b) Diode current

Figure 4.12: Boundary between CCM and DCM for boost converter

the dynamics of the converter are given by the following set of differential equations:

L
diL(t)

dt
= 0

C1
dvC1(t)

dt
= −vC1(t)

Ro
.

(4.39a)

(4.39b)

In the same manner as for the buck converter, considering the state vector x(t) =

[iL(t) vC1(t)]
T, the state-space system of equations describing the dynamics of the boost

converter when operating in the DCM are given by:

Σσ(t) =





ẋ(t) =

[
0 − [1−s(t)]θ(t)

L
[1−s(t)]θ(t)

C1
− 1
RoC1

]
x(t) +

[
θ(t)
L

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t).

(4.40a)

(4.40b)

where s(t) is the switching function and θ(t) is the function that indicates if current is
flowing through the inductor. Both are illustrated in Figure 4.5.

4.3.3 Boundary between CCM and DCM for the boost converter

Consider the boost converter of Figure 4.9 working in CCM. As referred in the previous
section, it will change to the DCM if the inductor’s current switching ripple amplitude
exceeds the double of its dc component Ii.

One can determine the boundary between CCM and DCM inspecting Figure 4.12. As
shown, the inductor current has a dc component Ii and a switching ripple of amplitude
∆iL which is given by:

∆iL = iL(DTs) =
ViDTs
L

=
(1−D)DVo

fsL
(4.41)

Hence, the dc component of the inductor current at the boundary is equal to:

IiB =
∆iL
2

=
(1−D)DVo

2fsL
. (4.42)

As Io = (1−D)Ii, the dc component of the output current Io at the boundary between
CCM and DCM is equal to:

IoB = (1−D)IiB =
(1−D)2VoD

2fsL
=

VoD

2fsLM2
v

. (4.43)
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Consequently, the load resistance at the boundary can be obtained from:

RoB =
Vo
IoB

=
2fsL

D(1−D)2
=

2fsLM
2
v

D
. (4.44)

Figure 4.13 illustrates the normalized load current Ī = Io/Vo/(2fsL) and normalized
load resistance R̄ = Ro/(2fsL)) boundary curves as function of the duty cycle for the
boost converter. The maximum value of the normalized load current for the boundary can
be obtained by the derivative of (4.43) with respect to the duty cycle and then equalizing
it to zero. Thus, one can write:

dIoB
dD

=
Vo

2fsL
(3D2 − 4D + 1) = 0⇔ D =

1

3
∨D = 1 (4.45)

Hence, the maximum value of the normalized current, which occurs for D = 1/3, is
4
27 = 0.148. In the case of the normalized load resistance, one can proceed in the same
manner, getting to the following result:

RoBmin =
27

4
2fsL =

27

2
fsL. (4.46)

With this value of minimum load resistance, one can compute the value of the inductance
which guarantees the operation of the converter in the CCM for all values ofD. Accordingly,
the minimum inductor value is:

Lmin =
2

27

Romax

fs
, (4.47)

where Romax is the maximum value of the load resistance that will be connected to the
converter.

Inspecting the boundary curve of Figure 4.13(a) one can notice that if the value of
the normalized load current becomes lower than the maximum value shown in figure,
the converter will work in the CCM for small values of D, will work in the DCM for
intermediate values of D and will work again in the CCM for high values of D. An
equivalent idea can be inferred for the normalized load resistance boundary plot.

As referred previously, the conversion ratioMv(D) is equal to 1/(1−D) when the converter
operates in the CCM, but it is different when it operates in the DCM. The boost converter
enters in the DCM when:

2fsL

Ro
< D(1−D)2 (4.48)

According to the principle of the inductor volt-second balance one can derive the expression
of the conversion ratio for DCM from:

〈vL(t)〉 =
1

Ts

∫ Ts

0
vL(t)dt. (4.49)

Thus, inspecting Figure 4.11(d) the dc component of vL(t) must be equal to zero, resulting
in:

D(Vi) +D′1(Vi − Vo) = 0⇔ Vo =
D +D′1
D′1

Vi. (4.50)

100



4.3. BOOST CONVERTER MODELING

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
D

0

0.05

0.1

0.15

0.2

CCM

DCM

(0.33(3),0.148)

(a) Normalized load current

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
D

0

5

10

15

20

25

CCM

DCM

(0.33(3),6.75)

(b) Normalized load resistance

Figure 4.13: Boost converter: boundary curves function of duty cycle D

101



CHAPTER 4. APPLICATION OF INVERSION APPROACH TO DC-DC CONVERTERS

On the other hand, applying nodes law to the circuit, one can write the diode current
equation as:

iD1(t) = iC(t) +
vo(t)

Ro
(4.51)

By capacitor charge balance principle, the capacitor current must have zero dc component
in steady-state. Thus, the dc component of the diode current 〈iD1(t)〉 is equal to:

〈iD1(t)〉 =
Vo
Ro
. (4.52)

Consider now the inductor and diode current waveforms illustrated in Figure 4.11. The
peak current value, which is shown on both images, can be written as:

iLpk =
Vi
L
DTs. (4.53)

The dc component of the diode current can be obtained from:

〈iD1(t)〉 = Io =
1

Ts

∫ Ts

0
iD1(t)dt. (4.54)

Since this integral is equal to the area under the triangle of Figure 4.11(g), the following
equation can be written:

〈iD1(t)〉 = Io =
1

Ts

1

2
iLpkD

′
1Ts. (4.55)

Using (4.52), one get to the following equation:

Vo
Ro

=
V 2
i D

2Ts
2L(Vi − Vo)

(4.56)

Now, substituting (4.50) into (4.56) and making some manipulations, one can write:
(
Vo
Vi

)2

− Vo
Vi
− D2TsRo

2L
= 0. (4.57)

Considering K = 2L/(RoTs) and solving this second degree equation, results in:

Vo
Vi

=
1±

√
1 + 4D2

K

2
, (4.58)

which is valid for K < D(1−D)2. Thus, the voltage conversion ratio Mv(D,K) for both
CCM and DCM as function of the duty cycle is the following:

Mv(D,K) =





1

1−D, if K ≥ D(1−D)2 (CCM)

1 +
√

1 + 4D2

K

2
, if K < D(1−D)2 (DCM)

(4.59a)

(4.59b)

These characteristics are shown in Figure 4.14 for different values of K. As it is shown,
if the value of K is greater or equal than 4/27, the characteristic of the voltage conversion
ratio is equal to the one for CCM. On the other hand, if the value of K is such that the
converter operates in DCM, the output voltage increases. Contrarily to the buck converter,
the portions of the DCM characteristics are almost linear.
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Figure 4.14: Boost converter: characteristics of Mv(D,K) for different K values

4.4 Buck-Boost converter modeling

The circuit of a step-down/step-up converter, also named buck-boost dc-dc converter is
illustrated in Figure 4.15. This configuration is the idealized one, with an inductor L, a
switch S1, a diode D1, a filtering capacitor C1 and a load resistance Ro at the output.

The number of applications of the dc-dc buck-boost converter is huge, ranging from
the automotive to the renewable energy ones. They are widely used in power sources
applications to stabilize the output voltage, when the input varies below and above the
output value. Thus, unlike the previous ones, this converter has the possibility to reduce
or increase the input voltage. Despite this advantage over the above exposed converters,
this one has an output voltage polarity opposite to the one at the input. Moreover, as the
switch does not have a terminal at the ground, it can introduce difficulties in the driving
circuitry project. This drawback may not have any effect if the power supply is isolated
from the load, e.g., if it is a battery.

This section addresses the modeling of the buck-boost converter for both CCM and
DCM and derives the current and voltage waveforms of the inductor L and diode D1.
Moreover, the voltage conversion ratio for CCM and DCM is derived.

4.4.1 Buck-boost converter model for CCM

Consider the idealized buck-boost converter of Figure 4.15 operating in CCM. As it is
shown, the output voltage polarity is opposite to that of the input.

Figures 4.16(a) and 4.16(b) show its equivalent circuits for the on and off configurations
respectively, for operation in CCM.
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Figure 4.15: Ideal buck-boost converter schematic
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(d) Inductor current

Figure 4.16: Ideal buck-boost converter configurations and idealized waveforms

The operation principle of the converter can be explained by the idealized voltage and
current waveforms shown in Figures 4.16(c) and 4.16(d). When the switch S1 is on, the
diode D1 is reverse biased and the voltage across the inductor L is vL(t) = Vi. This voltage
across the inductor causes its current to linearly increase with a slope of Vi/L until the
switch is turned off. During this period, the inductor stores energy from the source.

At time t = DTs, the switch S1 is turned off and the diode D1 starts conducting.
When the switch is open, between DTs ≤ t < Ts, the energy stored previously in the
inductor is now transferred to the capacitor and load. During this interval, the voltage
across the inductor is equal to −Vo and, therefore, will cause its current to linearly decrease
with a slope of −Vo/L until the switch S1 is turned on again at t = Ts.

According to the volt-second balance principle, the average voltage across the inductor
in steady-state must be equal to zero, which means that areas A+ = A−. Thus, one can
write:

ViDTs = Vo(1−D)Ts (4.60)

Consequently, the voltage conversion ratio of the buck-boost converter can be written as:

Mv(D) =
Vo
Vi

=
D

1−D (4.61)
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4.4. BUCK-BOOST CONVERTER MODELING

Note that the polarity of the output voltage in the buck-boost converter is opposite to the
one at the input. However, one is considering a positive value for the output voltage Vo.

The differential equations describing the dynamics of the buck-boost converter can
be obtained applying Kirchhoff’s laws to the circuit configurations illustrated in Figures
4.16(a) and 4.16(b). Therefore, when the switch S1 is on and the diode D1 is off, the
dynamics of the converter are given by:

L
diL(t)

dt
= Vi

C1
dvC1(t)

dt
= − 1

Ro
vC1(t)

(4.62a)

(4.62b)

When the switch S1 is off, the dynamics of the ideal buck-boost converter can be described
by the following set of differential equations:

L
diL(t)

dt
= −vC1(t)

C1
dvC1(t)

dt
= iL(t)− 1

Ro
vC1(t)

(4.63a)

(4.63b)

Compressing the two systems into an unified one with the inclusion of the switching signal
s(t), yields:

L
diL(t)

dt
= −[1− s(t)]vC1(t) + s(t)Vi

C1
dvC1(t)

dt
= [1− s(t)]iL(t)− 1

Ro
vC1(t)

(4.64a)

(4.64b)

Considering the state vector as x(t) = [iL(t) vC1(t)]
T, one can write the state-space

generalized system for the ideal buck-boost converter as:

Σσ(t) =





ẋ(t) =

[
0 −1−s(t)

L
1−s(t)
C1

− 1
RoC1

]
x(t) +

[
s(t)
L

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t)

(4.65a)

(4.65b)

4.4.2 Buck-boost converter model for DCM

If the buck-boost is operating in the DCM, it will switch between three different circuit
configurations, as illustrated in Figure 4.17. This means that σ(t) belongs to the set
Q = {1, 2, 3}. The working principle of the converter for the DCM is explained next.

At time t = 0, the switch is turned on by the control signal connected to its gate.
During the interval DTs, while σ(t) = 1, the switch is on and the diode is off, as
shown in Figure 4.17(a). The voltage across the inductor is vL(t) = Vi and its current
increases linearly with a slope equal to Vi/L. The voltage across the diode is equal to
vD1(t) = −(Vi + Vo).
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(c) Switch off and diode off

A+

A-

Vi
<latexit sha1_base64="mcUyLc5YgUiYtyvbvNMUNdk/TUI=">AAACK3icbVDLTsJAFJ3iC/EFuHQzkZi4MKRFE10S3bjEKI8EGnI7DDBhOm1mppra8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOV7ImdK2/Wnl1tY3Nrfy24Wd3b39g2Kp3FJBJAltkoAHsuOBopwJ2tRMc9oJJQXf47TtTW7SfvuRSsUC8aDjkLo+jAQbMgLaSPetPusXK3bVngGvEicjFZSh0S9Z5d4gIJFPhSYclOo6dqjdBKRmhNNpoRcpGgKZwIh2DRXgU+Ums1+n+MQoAzwMpCmh8Uz9u5GAr1Tse2bSBz1Wy71U/K/XjfTwyk2YCCNNBZkfGkYc6wCnxvGASUo0jw0BIpn5FZMxSCDaxLNwRbPJ89xFyjjzJMg4UWMIqToDKYMntWAy8fypSdFZzmyVtGpV57xau7uo1K+zPPPoCB2jU+SgS1RHt6iBmoigEXpBr+jNerc+rC/rez6as7KdQ7QA6+cXtDuoZg==</latexit>

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
<latexit sha1_base64="FwJRirgFpitr9+0Ni5z3Ac4j5Ag=">AAACK3icbVBNT8JAEN3FL8QvwKOXRmLiwZAWTfRI9OIRIyAJNGS6LLBh2212t5ra8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf+Lc2vrG5lZ+u7Czu7d/UCyV20pEktAWEVzIjgeKchbQlmaa004oKfgepw/e5CbtPzxSqZgImjoOqevDKGBDRkAb6b7ZV/1ixa7aM1irxMlIBWVo9Eu43BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NepdWKUgTUU0lSgrZn6dyMBX6nY98ykD3qslnup+F+vG+nhlZuwIIw0Dcj80DDilhZWatwaMEmJ5rEhQCQzv1pkDBKINvEsXNFs8jx3kTLOPAkyTtQYQqrOQErxpBZMJp4/NSk6y5mtknat6pxXa3cXlfp1lmceHaFjdIocdInq6BY1UAsRNEIv6BW94Xf8gb/w93w0h7OdQ7QA/PMLwl+obg==</latexit>

0
<latexit sha1_base64="HSVQ1XZujMlCDvg+jvIwVrHGQms=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMgumuiR6MUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtzpXdrvPKKQLPAfVByi48HYZyNGQWmpaQ2KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRjZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSbtWtS+rteZVpX6b5ZknJ+SUnBObXJM6uScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cXw6CnZA==</latexit>

vL
<latexit sha1_base64="tFvIzsE9+Fo/Ks1VgjZw1kDHIKM="></latexit>

t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

�Vo
<latexit sha1_base64="rklWDtxNtpOJZ4/efbIUwZ4jCmM="></latexit>

(d) Inductor voltage

Vi

L<latexit sha1_base64="WMYHdnXbpWB2V/MAZc7xcvgisx0=">AAACNXicbVBNT8JAEN3iF+IX4NFLIzHxYEiLJnokevHgARNBEmjIdNnChu227m41tenv8Kq/wt/iwZvx6l9wCz0I+JJJXt6bycw8N2RUKsv6MAorq2vrG8XN0tb2zu5euVLtyCASmLRxwALRdUESRjlpK6oY6YaCgO8ycu9OrjL//pEISQN+p+KQOD6MOPUoBqUlp+8JwElnQNPkJh2Ua1bdmsJcJnZOaihHa1Axqv1hgCOfcIUZSNmzrVA5CQhFMSNpqR9JEgKewIj0NOXgE+kk06tT80grQ9MLhC6uzKn6dyIBX8rYd3WnD2osF71M/M/rRcq7cBLKw0gRjmeLvIiZKjCzCMwhFQQrFmsCWFB9q4nHoINQOqi5LYpOnmdfZIxRV4CIEzmGkMgTECJ4knNPJq6fpWgvZrZMOo26fVpv3J7Vmpd5nkV0gA7RMbLROWqia9RCbYTRA3pBr+jNeDc+jS/je9ZaMPKZfTQH4+cXtu+s/g==</latexit>

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
<latexit sha1_base64="FwJRirgFpitr9+0Ni5z3Ac4j5Ag=">AAACK3icbVBNT8JAEN3FL8QvwKOXRmLiwZAWTfRI9OIRIyAJNGS6LLBh2212t5ra8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf+Lc2vrG5lZ+u7Czu7d/UCyV20pEktAWEVzIjgeKchbQlmaa004oKfgepw/e5CbtPzxSqZgImjoOqevDKGBDRkAb6b7ZV/1ixa7aM1irxMlIBWVo9Eu43BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NepdWKUgTUU0lSgrZn6dyMBX6nY98ykD3qslnup+F+vG+nhlZuwIIw0Dcj80DDilhZWatwaMEmJ5rEhQCQzv1pkDBKINvEsXNFs8jx3kTLOPAkyTtQYQqrOQErxpBZMJp4/NSk6y5mtknat6pxXa3cXlfp1lmceHaFjdIocdInq6BY1UAsRNEIv6BW94Xf8gb/w93w0h7OdQ7QA/PMLwl+obg==</latexit>

0
<latexit sha1_base64="HSVQ1XZujMlCDvg+jvIwVrHGQms=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMgumuiR6MUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtzpXdrvPKKQLPAfVByi48HYZyNGQWmpaQ2KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRjZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSbtWtS+rteZVpX6b5ZknJ+SUnBObXJM6uScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cXw6CnZA==</latexit>

iL
<latexit sha1_base64="i2ROPgkzLicN/kxsfsvdzq0TWe4="></latexit>

t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

iLpk
<latexit sha1_base64="5wQ1iwNsUXJcQRTCoUXnMe8QMss="></latexit> �Vo

L<latexit sha1_base64="F9BiL1Rbxx7jmy5R6r3YS66zylE="></latexit> Ii+Io
<latexit sha1_base64="7U32+1LO++9zRExSQTfkppDpvBE=">AAACMXicbVDLTgJBEJz1ifgCPHrZSExMNGQXTfRI9CI3TORhYEN6hwEmzOxsZmY1uNmv8Kpf4ddwM179CWeBg4CVdFKp7k53lR8yqrTjTKy19Y3Nre3MTnZ3b//gMJcvNJSIJCZ1LJiQLR8UYTQgdU01I61QEuA+I01/dJf2m89EKiqCRz0OicdhENA+xaCN9FTt0vg8qXZFN1d0Ss4U9ipx56SI5qh181ah0xM44iTQmIFSbdcJtReD1BQzkmQ7kSIh4BEMSNvQADhRXjz9OLFPjdKz+0KaCrQ9Vf9uxMCVGnPfTHLQQ7XcS8X/eu1I92+8mAZhpEmAZ4f6EbO1sFP7do9KgjUbGwJYUvOrjYcgAWsT0sIVTUevMxcpY9SXIMexGkJI1AVIKV7UgsnY54lJ0V3ObJU0yiX3slR+uCpWbud5ZtAxOkFnyEXXqILuUQ3VEUYcvaF39GF9WhPry/qeja5Z850jtADr5xd5AqrP</latexit>

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

(e) Inductor current

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
<latexit sha1_base64="FwJRirgFpitr9+0Ni5z3Ac4j5Ag=">AAACK3icbVBNT8JAEN3FL8QvwKOXRmLiwZAWTfRI9OIRIyAJNGS6LLBh2212t5ra8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf+Lc2vrG5lZ+u7Czu7d/UCyV20pEktAWEVzIjgeKchbQlmaa004oKfgepw/e5CbtPzxSqZgImjoOqevDKGBDRkAb6b7ZV/1ixa7aM1irxMlIBWVo9Eu43BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NepdWKUgTUU0lSgrZn6dyMBX6nY98ykD3qslnup+F+vG+nhlZuwIIw0Dcj80DDilhZWatwaMEmJ5rEhQCQzv1pkDBKINvEsXNFs8jx3kTLOPAkyTtQYQqrOQErxpBZMJp4/NSk6y5mtknat6pxXa3cXlfp1lmceHaFjdIocdInq6BY1UAsRNEIv6BW94Xf8gb/w93w0h7OdQ7QA/PMLwl+obg==</latexit>

0
<latexit sha1_base64="HSVQ1XZujMlCDvg+jvIwVrHGQms=">AAACKXicbVDLTgJBEJzFF+IL8OhlIzHxYMgumuiR6MUjJPJIYEN6hwYmzD4yM6tZN3yBV/0Kv8abevVHnIU9CFhJJ5Xq7nRXuSFnUlnWl5Hb2Nza3snvFvb2Dw6PiqVyWwaRoNiiAQ9E1wWJnPnYUkxx7IYCwXM5dtzpXdrvPKKQLPAfVByi48HYZyNGQWmpaQ2KFatqzWGuEzsjFZKhMSgZ5f4woJGHvqIcpOzZVqicBIRilOOs0I8khkCnMMaepj54KJ1k/unMPNPK0BwFQpevzLn6dyMBT8rYc/WkB2oiV3up+F+vF6nRjZMwP4wU+nRxaBRxUwVmatscMoFU8VgToILpX006AQFU6XCWrig2fV64SBlnrgARJ3ICIcoLECJ4kksmE9eb6RTt1czWSbtWtS+rteZVpX6b5ZknJ+SUnBObXJM6uScN0iKUIHkhr+TNeDc+jE/jezGaM7KdY7IE4+cXw6CnZA==</latexit>

t
<latexit sha1_base64="bYeFp6oti7BBe/huddmg1NbvivA=">AAACKXicbVDJTgJBEO3BDXEDPHqZSEw8GDKDJnokevEIiSwJEFLTFNChZ0l3jQYnfIFX/Qq/xpt69UdsloOAL6nk5VVVqt7zIik0Oc6XldrY3NreSe9m9vYPDo+yuXxdh7HiWOOhDFXTA41SBFgjQRKbkULwPYkNb3Q37TceUWkRBg80jrDjwyAQfcGBjFSlbrbgFJ0Z7HXiLkiBLVDp5qx8uxfy2MeAuAStW64TUScBRYJLnGTascYI+AgG2DI0AB91J5l9OrHPjNKz+6EyFZA9U/9uJOBrPfY9M+kDDfVqbyr+12vF1L/pJCKIYsKAzw/1Y2lTaE9t2z2hkJMcGwJcCfOrzYeggJMJZ+kKidHz3MWUSeEpUONEDyFCfQFKhU96yWTi+ROTorua2Tqpl4ruZbFUvSqUbxd5ptkJO2XnzGXXrMzuWYXVGGfIXtgre7PerQ/r0/qej6asxc4xW4L18ws8A6eo</latexit>

vD1

�Vo
<latexit sha1_base64="Q3Nn3Hup0+yESFtS2NRAkYrOzPI=">AAACLnicbVBNS8NAEN34WetXW49egkXwoCWpgh6LXjxWsGmhDWWy3bRrN9mwu1FqyH/wqr/CXyN4EK/+DDdtDrb1wcDjzQwz73kRo1JZ1qexsrq2vrFZ2Cpu7+zu7ZfKFUfyWGDSwpxx0fFAEkZD0lJUMdKJBIHAY6TtjW+yfvuRCEl5eK8mEXEDGIbUpxiUlpzkLHX6vF+qWjVrCnOZ2DmpohzNftmo9AYcxwEJFWYgZde2IuUmIBTFjKTFXixJBHgMQ9LVNISASDeZvpuax1oZmD4XukJlTtW/GwkEUk4CT08GoEZysZeJ//W6sfKv3ISGUaxIiGeH/JiZipuZd3NABcGKTTQBLKj+1cQjEICVTmjuiqLj55mLjDHqCRCTRI4gIvIUhOBPcs5k4gWpTtFezGyZOPWafV6r311UG9d5ngV0iI7QCbLRJWqgW9RELYTRA3pBr+jNeDc+jC/jeza6YuQ7B2gOxs8vOZKprw==</latexit>

�(Vi+Vo)
<latexit sha1_base64="s4ZtqBZYDk2CxqsUXKe683YAjbU=">AAACNHicbVDLSgNBEJz1GeMriUcvi0GIqGE3CnoMevEYwWwCyRJ6J5NkyOzOMDOrrEt+w6t+hf8ieBOvfoOTx8EkFjQUVd10dwWCUaUd58NaWV1b39jMbGW3d3b39nP5gqd4LDGpY864bAagCKMRqWuqGWkKSSAMGGkEw9ux33gkUlEePehEED+EfkR7FIM2Uvu85HVoejryOvykkys6ZWcCe5m4M1JEM9Q6eavQ7nIchyTSmIFSLdcR2k9BaooZGWXbsSIC8BD6pGVoBCFRfjo5emQfG6Vr97g0FWl7ov6dSCFUKgkD0xmCHqhFbyz+57Vi3bv2UxqJWJMITxf1YmZrbo8TsLtUEqxZYghgSc2tNh6ABKxNTnNbNB0+T78YM0YDCTJJ1QAEUWcgJX9Sc0+mQTgyKbqLmS0Tr1J2L8qV+8ti9WaWZwYdoiNUQi66QlV0h2qojjAS6AW9ojfr3fq0vqzvaeuKNZs5QHOwfn4B/RSrhQ==</latexit>

(f) Diode voltage

DTs
<latexit sha1_base64="OXg8IF2WBizTUz8lvQjeuOJYLAo=">AAACLHicbVBNS8NAEN3Ur1q/2nr0slgED1KSKuixqAePFdpaaEOZbDfN0t0k7G6UGPoXvOqv8Nd4EfHq7zBpc7CtDwYeb2aYec8JOVPaND+Nwtr6xuZWcbu0s7u3f1CuVLsqiCShHRLwQPYcUJQzn3Y005z2QklBOJw+OJObrP/wSKVigd/WcUhtAWOfuYyAzqTb9lANyzWzbs6AV4mVkxrK0RpWjOpgFJBIUF8TDkr1LTPUdgJSM8LptDSIFA2BTGBM+yn1QVBlJ7Nnp/gkVUbYDWRavsYz9e9GAkKpWDjppADtqeVeJv7X60favbIT5oeRpj6ZH3IjjnWAM+d4xCQlmscpASJZ+ismHkggOs1n4Ypmk+e5i4xx5kiQcaI8CKk6AymDJ7VgMnHENE3RWs5slXQbdeu83ri/qDWv8zyL6Agdo1NkoUvURHeohTqIIA+9oFf0ZrwbH8aX8T0fLRj5ziFagPHzC2C3qLw=</latexit>

Ts
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�Vo

L<latexit sha1_base64="F9BiL1Rbxx7jmy5R6r3YS66zylE="></latexit>

(g) Diode current

Figure 4.17: Buck-boost converter for DCM: configurations and idealized waveforms

At time t = DTs, the switch is turned off, the diode starts conducting and σ(t)

changes to 2. The voltage across the inductor is vL(t) = −Vo and its current decreases
linearly with a slope of −Vo/L. This current also flows through the diode D1.

At time t = (D+D′1)Ts, the current through the inductor and diode reaches zero and
the diode changes to its non-conducting state. During this period, while σ(t) = 3, the
voltage across the inductor is zero and the voltage across the diode is vD1(t) = −Vo.

Once the operating principle of the converter is known, it is straightforward to obtain
the differential equations that describe the dynamics of the converter while in the DCM.
Thus, inspecting Figure 4.17(a), one can write:

L
diL(t)

dt
= Vi

C1
dvC1(t)

dt
= − 1

Ro
vC1(t).

(4.66a)

(4.66b)
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While the switch is off and the diode is on, the converter is governed by the following
differential equations:

L
diL(t)

dt
= −vC1(t)

C1
dvC1(t)

dt
= iL(t)− 1

Ro
vC1(t).

(4.67a)

(4.67b)

During the interval while the switch and diode are in their off state, the converter
mathematical model is given by the following differential equations:

L
diL(t)

dt
= 0

C1
dvC1(t)

dt
= − 1

Ro
vC1(t).

(4.68a)

(4.68b)

Consequently, considering the state vector x(t) = [iL(t) vC1(t)]
T, the state-space system

of equations describing the dynamics of the buck-boost converter operating in DCM is:

Σσ(t) =





ẋ(t) =

[
0 − [1−s(t)]θ(t)

L
[1−s(t)]θ(t)

C1
− 1
RoC1

]
x(t) +

[
s(t)
L

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t)

(4.69a)

(4.69b)

where s(t) is the switching function and θ(t) indicates if current is flowing through the
inductor.

4.4.3 Boundary between CCM and DCM for the buck-boost converter

Consider the buck-boost converter of Figure 4.15 working in CCM. It will change to the
DCM if the inductor’s current switching ripple amplitude exceeds the double of its dc
component Ii+Io.

One can determine the boundary between CCM and DCM inspecting Figure 4.18.
As shown, the inductor current has a dc component Ii+Io and a switching ripple with
maximum value of iLpk, which is given by:

iLpk = iL(DTs) =
ViDTs
L

=
(1−D)Vo
fsL

(4.70)

Hence, the dc component of the inductor current at the boundary ILB is equal to:

ILB =
iLpk

2
=

(1−D)Vo
2fsL

. (4.71)

As the average inductor current IL is equal to the sum of the average switch current IS1
and the average diode current ID1 , one can write:

IL = IS1 + ID1 = Ii + Io =
Io

1−D. (4.72)
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(a) Inductor current
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(c) Diode current

Figure 4.18: Buck-boost converter: boundary between CCM and DCM

Thus, the dc component of the output current at the boundary IoB is equal to:

IoB = ILB(1−D) =
Vo(1−D)2

2fsL
. (4.73)

Consequently, the load resistance at the boundary is given by:

RoB =
Vo
IoB

=
2fsL

(1−D)2
. (4.74)

Figure 4.19 illustrates the normalized load current Ī = Io/Vo/(2fsL) and normalized
load resistance R̄ = Ro/(2fsL)) boundary curves as function of the duty cycle for the
buck-boost converter.

The minimum inductance value required for the buck-boost converter to work in the
CCM can be found from:

Lmin =
Vo(1−Dmin)2

2fsIoB
=
Romax(1−Dmin)2

2fs
, (4.75)

where Romax is the maximum value of the load resistance that will be connected to the
converter and Dmin is the minimum duty cycle that will be applied to the switch.

As stated before, the voltage conversion ratio for CCM is Mv(D) = D/1−D, which is
different from the one for DCM. According to (4.74), the buck-boost converter switches to
the DCM when:

2fsL

Ro
< (1−D)2. (4.76)

To derive the expression that gives the voltage conversion ratio for DCM, one use the
principle of inductor volt-second balance, which states that, in steady-state, the average
value of the inductor voltage over one period must be zero. Thus:

〈vL(t)〉 =
1

Ts

∫ Ts

0
vL(t)dt = 0. (4.77)
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Figure 4.19: Buck-boost converter: boundary curves function of the duty cycle D
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Inspecting Figure 4.17(d), one see that the dc component of the inductor voltage is:

ViD = VoD
′
1 ⇔ Vo =

D

D′1
Vi. (4.78)

On the other hand, by the capacitor’s charge balance principle, its current in steady-state
must have a zero dc component. For this reason, the dc component of the diode current
is given by:

〈iD1(t)〉 = Io =
Vo
Ro
. (4.79)

Inspecting Figure 4.17(g), it is straightforward to see that the dc component of the diode
current can also be given by:

〈iD1(t)〉 = Io =
1

Ts

∫ Ts

0
iD1(t)dt =

1

Ts

1

2
iLpkD

′
1Ts (4.80)

where iLpk = Vi
LDTs. Substituting (4.78) into (4.80) results in the expression of the voltage

conversion ratio for DCM. After some algebra manipulations one get to:

(
Vo
Vi

)2 =
Ro

2fsL
D2, (4.81)

which is equivalent to:

Mv(D,K) =
D√
K
. (4.82)

where K = 2L/RoTs. Considering that the output voltage has the opposite polarity, one
can write:

Mv(D,K) = − D√
K
, (4.83)

Note that this expression is only valid for K < (1 −D)2. Thus, the voltage conversion
ratio expression for both CCM and DCM as function of the duty cycle is given by:

Mv(D,K) =





− D

1−D, if K ≥ (1−D)2 (CCM)

− D√
K
, if K < (1−D)2 (DCM)

(4.84a)

(4.84b)

This expression is plotted for some values of K in Figure 4.20. As shown, if the value
of K is greater or equal than one, the characteristic will be equal to the one for CCM.
Moreover, inspecting (4.82), it can be seen that the buck-boost characteristic for DCM is
a line with slope equal to −1/

√
K . This is illustrated in Figure 4.20, where it is plotted

for different values of K.
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Figure 4.20: Buck-boost converter: characteristics of Mv(D,K) for some K values

4.5 Simulation of dc-dc converters

In the previous sections, there were derived the models for the buck, boost and buck-boost
ideal converters for both CCM and DCM. These models are not prepared to apply the
inversion approach previously addressed in chapter 3. As referred there, the inversion
approach is suitable to recover unknown additive inputs to the system, which can be
faults but can also be parameter or component variations such as resistance, inductance or
capacitance.

Hence, this section will address the derivation of the inverse model for the previously
exposed dc-dc converters and perform simulations in Matlab®/Simulink® to recover
signals added as component variations or perturbations. To synthesize the inversion
methodology, Algorithm 4.1 shows the sequence of necessary computing steps for inverting
the switching system, which will be necessary to obtain the inverse model for the simulations
shown from now on.

With this in mind, the dynamic behavior of the converter with the inclusion of those
additive perturbations can be described by the following state-space model:

Σσ =

{
ẋ = Aσx+Bσu+ Fσϕ

y = Cσx

(4.85a)

(4.85b)

where ϕ is the unknown input vector corresponding to the magnitude of the additive
perturbations, and F is the associated matrix.
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Algorithm 4.1: Computation of inverse system’s matrices

1 begin
2 Require: p ≥ `;
3 L← 0;
4 for each subsystem do
5 GenerateML;
6 while rank(ML)− rank(ML−1) 6= ` or L ≤ n do
7 L← L+ 1;
8 end
9 if L > n then

10 System is not invertible;
11 else
12 System invertible. Compute matrices:;
13 K;
14 OL;
15 HL;
16 A− FKOL;
17 FK;
18 FKHL;
19 KOL;
20 KHL;

21 end

22 end

23 end

24 end

It is worth mentioning that dc-dc converters are somewhat difficult to simulate in
software like Matlab® when their traditional physical circuit equations are considered.
According to Sira-Ramirez and Silva-Ortigoza [175], this happens because of the small values
of inductance and capacitance that multiply the left hand sides of the differential equations.
Consequently, their right hand sides will become quite large leading to numerically stiff
computer simulations. In order to overcome this problem and obtain better numerical
precision, the integration step can be tighten at the cost of longer simulation periods.

In the remainder of this section, after obtaining the state-space model for each converter
with inclusion of additive perturbations, one will discretize that model and use it to
derive its discrete-time inverse model. For that, one will use the approach described in
chapter 3. Lastly, one will perform simulations to reconstruct the unknown additive inputs
(perturbations), to show the effectiveness of the approach.
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Figure 4.21: Buck converter circuit

4.5.1 Simulation of Buck converter

Consider the circuit of the dc-dc buck converter illustrated in Figure 4.21. One is
considering a non-ideal inductor, with the inclusion of copper losses and the MOSFET and
diode as ideal switches. At its output, it has connected a resistive load Ro in parallel with
a controlled current load, absorbing iload. Note that one is considering the input voltage to
be constant, i.e., vi(t) = Vi.

In the buck converter, as in others, the energy is stored in the inductor during the on
state of the switch, the MOSFET in this case. The stored energy at the end of the on
state causes the inductor current to flow through the freewheeling diode. If that energy is
high enough, then the inductor current continues flowing through the diode during all off
state of the active switch. If this is the case, the converter is working in the CCM.

On the other hand, if the stored energy is not enough, the current flowing through the
inductor and diode will stop midway through the off time of the active switch. If this
happens, the converter is working in the DCM.

In order to obtain the model of the converter for the DCM, it is necessary to have
information about the flow of current through the inductor. In previous chapter one defined
the variable θ(t) as the one having that information. Thus, if current is flowing through
the inductor, then θ(t) = 1, if current stops flowing, then θ(t) = 0.

Suppose now that the time evolution of the current iload(t) is unknown and one want
to recover it by inverting the system. First it is necessary to derive the converter’s
mathematical model with all this information. Hence, the state-space system of equations
describing the dynamics of the converter, operating in CCM/DCM, is given by:

Σσ(t) =





ẋ(t) =

[
−rLL θ(t) − 1

Lθ(t)
1
C1

− 1
RoC1

]
x(t) +

[
1
Ls(t)

0

]
Vi +

[
0

− 1
C1

]
iload(t)

y(t) =

[
1 0

0 1

]
x(t).

(4.86a)

(4.86b)

where s(t) is the switching signal applied to the semiconductor switch S1, and θ(t) the
information about the flow of current through the inductor L.

Let ϕ(t) = φ(t) = iload(t) be the input (or perturbation) one want to reconstruct after
inverting the system, which was modeled as an additive unknown input.
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Table 4.2: Buck converter’s values used in simulation

Component Value

Input voltage – Vi 50 V
Inductor inductance – L 10 mH
Inductor resistance – rL 0.5Ω
Capacitor capacitance – C 50 µF
Load resistance – Ro 220Ω
Duty cycle – D 0.4
Switching frequency – fs 5 kHz
Sampling time – T 1× 10−6 s

Hence, to apply the approach described in chapter 3, the model will be discretized
using the forward Euler’s method (xk+1 = (I +AT )xk + TBuk + TFϕk), where T is the
discretization time step. Consequently, the discrete-time state-space system of equations
describing the dynamics of the buck converter is given by:

Γσ(k) =





xk+1 =

[
1−(rLL T )θk −T

Lθk
T
C1

1− T
RoC1

]
xk+

+

[
T
Lsk

0

]
Vik +

[
0

− T
C1

]
ϕk

yk =

[
1 0

0 1

]
xk.

(4.87a)

(4.87b)

The fist step to obtain the inverse system is to verify the condition of invertibility.
After verifying that all subsystems are invertible, the matrices that define the state-space
inverse system in (3.89) can be computed.

Thus, the discrete-time state-space inverse system of equations for the buck converter
operating in both CCM and DCM is given by:

Γ−Lσ(k) =





xk+1 =

[
1−(rLL T )θk (−T

L )θk

0 0

]
xk+

+

[
(TL )sk

0

]
Vik +

[
0 0 0 0

0 0 0 1

]
yk:k+1

ϕk =
[

1 C1
T − 1

Ro

]
xk +

[
0 0 0 −C1

T

]
yk:k+1.

(4.88a)

(4.88b)

where ϕk = φk = iloadk is the output of the inverse system.

Once the models are derived, it is now necessary to validate them. For that, it were
made simulations in Matlab/Simulink®, using the parameter values defined in Table 4.2.
The simulations were made for four seconds and the load current was changed according
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to the following function:

iload(t) =





1, 0 ≤ t < 1

0.4, 1 ≤ t < 1.5

1, 1.5 ≤ t < 2

5− 2t, 2 ≤ t < 2.5

0, 2.5 ≤ t < 4

(4.89)

Figure 4.22 shows the evolution of the inductor current and capacitor voltage, which
is equal to the output voltage, during the simulation time. As it is clear, the inductor
current changes according to the load current iload(t). Moreover, the converter operates in
CCM at the begining of simulation and switches to the DCM at time close to t = 2.5 s,
when the load current is near zero.

As referred in section 4.2, the load resistance value that defines the boundary between
CCM and DCM is given by (for the ideal converter):

RoB =
2fsL

1−D =
2×5000×10×10−3

1− 0.4
= 166.7Ω (4.90)

In the performed simulation, the load resistance value is defined to 220Ω, which is
greater than the boundary value, meaning that the converter should operate in the DCM.
In fact, this is what happens when the load current drops to zero, as it is depicted in
Figure 4.22(a).

In section 4.2 it was also referred that the voltage converter ratio gets higher when
it enters in the DCM. Computing the voltage converter ratio from (4.29) (for the ideal
converter) one obtain the following value:

Mv(D) =
2

1 +
√

1 + 8fsL
D2Ro

=
2

1 +
√

1 + 8×5000×10×10−3

0.42×220

= 0.443 (4.91)

With the value of the voltage converter ratio, one can obtain the value of the output
voltage, which is equal to:

Vo = ViMv(D) = 50× 0.443 = 22.14 V. (4.92)

Inspecting Figure 4.22(b) one can see that the output voltage when the converter is
operating in the DCM (right of figure) is approximately equal to 22 V, which is close to
the previously calculated value.

Figure 4.23 shows (on top) the evolution in time of the output of the inverse system
φ(t) and (bottom plot) the evolution of the load current iload(t) and its reconstructed signal
(dashed line). As it is shown, the unknown load current is reconstructed by the inverse
system with the inherent step delay. Moreover, the load current is reconstructed regardless
of whether the converter is operating in the CCM or in the DCM.
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Figure 4.22: Evolution of state variables of boost converter with variable load
current

116



4.5. SIMULATION OF DC-DC CONVERTERS

Figure 4.23: Buck converter: results from simulation

4.5.2 Simulation of Boost converter

Consider a dc-dc boost converter as the one illustrated in Figure 4.24, with a resistive
load Ro in parallel with a controlled current load absorbing the current iload(t). There are
two energy storage components, inductor and capacitor, and two semiconductor switches.
Moreover, consider a non-ideal inductor, with the inclusion of copper losses in rL, and ideal
switches (MOSFET and diode).

Let the current iload(t) consumed by the controlled current load to be zero, meaning
that all converter’s load current is the one flowing through Ro. Considering the state vector
as x(t) = [iL(t) vC1(t)]

T, the state-space system of equations describing the dynamics of
the converter, operating in both CCM and DCM, can be written as:

Σσ(t) =





ẋ(t) =

[
−rLL θ(t) −1−s(t)

L θ(t)
1−s(t)
C1

θ(t) − 1
RoC1

]
x(t) +

[
1
Lθ(t)

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t).

(4.93a)

(4.93b)

where s(t) is the switching signal applied to the semiconductor and θ(t) the information
about the flow of current through the inductor.

Suppose now that the load resistance is changing and one want to recover the evolution
of those changes applying the inversion approach. Let the changes in the resistance be
denoted by ∆Ro(t) and that Ro(t) = Ro + ∆Ro(t). Looking at (4.93a), one can see that
the load resistance influences the capacitor voltage equation, which is given by:

dvC1(t)

dt
=

1−s(t)
C1

θ(t)iL(t)− 1

RoC1
vC1(t). (4.94)
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Figure 4.24: Boost converter circuit

Including a parcel that represents those load variations, leads to the following equation:

dvC1(t)

dt
=

1−s(t)
C1

θ(t)iL(t)− 1

(Ro + ∆Ro(t))C1
vC1(t). (4.95)

With some algebraic manipulation, the latter parcel can be written as:

− 1

(Ro + ∆Ro(t))C1
vC1(t) = − 1

RoC1
vC1(t) +

∆Ro(t)

RoC1(Ro + ∆Ro(t))
vC1(t). (4.96)

Consequently, one can consider the last parcel as an additive unknown input ϕ(t) = φ(t)

which is going to show up in the model of the converter. Considering the state vector as
the one considered previously, the state-space system of equations describing the dynamics
of the converter with the inclusion of these load changes, is given by:

Σσ(t) =





ẋ(t) =

[
−rLL θ(t) −1−s(t)

L θ(t)
1−s(t)
C1

θ(t) − 1
RoC1

]
x(t) +

[
1
Lθ(t)

0

]
Vi +

[
0

1

]
ϕ(t)

y(t) =

[
1 0

0 1

]
x(t).

(4.97a)

(4.97b)

where ϕ(t) = φ(t) = ∆Ro(t)
RoC1(Ro+∆Ro(t))vC1(t). To obtain the inverse model using the approach

derived in chapter 3, it is necessary to discretize the previous state-space system of equations.
Hence, applying the forward Euler method (xk+1 = (I +AT )xk + TBuk + TFϕk), the
discrete-time state-space system of equations describing the dynamics of the boost converter
can be written as:

Γσ(k) =





xk+1 =

[
1−(rLL T )θk − (1−sk)θk

L T
(1−sk)θk

C1
T 1− T

RoC1

]
xk+

+

[
θk
L T

0

]
Vik +

[
0

T

]
ϕk

yk =

[
1 0

0 1

]
xk.

(4.98a)

(4.98b)

where T is the discretization step, and sk and θk were defined previously.
After determining if all subsystems are invertible, which they are, the matrices that

define the inverse state-space system in (3.89) can be computed. Hence, one can write the
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Table 4.3: Boost converter’s values used in simulation

Parameter Value

Input voltage – Vi 24 V
Inductor inductance – L 4.7 mH
Inductor resistance – rL 0.8Ω
Capacitor capacitance – C 1000 µF
Load resistance – Ro 250Ω
Duty cycle – D 0.51
Switching frequency – fs 5 kHz
Sampling time – T 1× 10−6 s

discrete-time state-space inverse system of equations for the boost converter, operating in
both CCM and DCM, which is given by:

Γ−Lσ(k) =





xk+1 =

[
1−rLθkL T − (1−sk)θk

L T

0 0

]
xk +

[
θk
L T

0

]
Vik

+

[
0 0 0 0

0 0 0 1

]
yk:k+1

ϕk =
[
− (1−sk)θk

C1

1
RoC1

− 1
T

]
xk +

[
0 0 0 1

T

]
yk:k+1

(4.99a)

(4.99b)

where ϕk = φk is the output of this inverse system, which one want to recover. Note that
at the output one will obtain any unknown input present in the voltage equation, as will
be shown later.

The Matlab/Simulink® simulations were made using the parameter values defined in
Table 4.3. Moreover, the load resistance, which one want to recover, changed according to
the following function:

∆Ro(t) =





−200, 0 ≤ t < 1

0, 1 ≤ t < 1.5

200, 1.5 ≤ t < 2

−100, 2 ≤ t < 2.5

800t− 2100, 2.5 ≤ t < 3

300, 3 ≤ t < 4

(4.100)

Figure 4.25 shows the evolution of the inductor current and capacitor voltage for the
simulation time. In the figure, it were highlighted two areas showing their behavior in
both CCM and DCM. As it is clear, when operating in the DCM, the inductor current
reaches zero for a small period of time, as explained before.

Moreover, the operation in the DCM occurs when the load resistance is higher than
the critical value, which is given by (for the ideal converter):

RoB =
2fsL

D(1−D)2
=

2×5000×4.7×10−3

0.51(1−0.51)2
= 448Ω. (4.101)
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Figure 4.25: Boost converter simulation: evolution of state variables

Hence, as the load resistance is higher than this value in two periods of simulation time,
the converter operates in the DCM, as one can see in Figures 4.25(a) and 4.25(b).

The evolution of the load resistance changes ∆Ro(t) and the output of the inverse
system φ(t) are shown in Figure 4.26(a). Note that the initial load resistance is Ro = 250Ω

to which were added the values of the variable ∆Ro(t).

The green dashed line (bottom plot) shows the evolution of the variable φ(t) which
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was defined previously as:

φ(t) =
∆Ro(t)

RoC1(Ro + ∆Ro(t))
vC1(t). (4.102)

As it is clear, this is different from the changes applied to the load resistance ∆Ro(t). In
order to recover those changes ∆Ro(t), one have to manipulate (4.102) to express ∆Ro(t)

(a) Load resistance changes and output of inverse system

(b) Load resistance changes and reconstructed signal

Figure 4.26: Boost converter: evolution of recovered signals from simulation
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Figure 4.27: Boost converter: output of inverse system for changes in load current

as a function of φ(t). It is straightforward to obtain the following result:

∆Ro(t) =
Ro φ(t)

vC1
(t)

RoC1
− φ(t)

. (4.103)

Implementing (4.103) in the Simulink® model, one can reconstruct the variable ∆Ro(t),
as shown in Figure 4.26(b). One can also see that the reconstructed variable is obtained
with one step delay, as expected.

This way of modeling the converter is interesting, because one can reconstruct other
variables easily. Suppose now that it is added a controlled current load in parallel with
the load resistance, as shown in Figure 4.24, and that the load resistance is now fixed to
Ro = 250Ω.

Using the same model one can obtain the variable φ(t) and then reconstruct the variable
iload(t) implementing the following equation in the Simulink® model:

iload(t) = −C1φ(t) (4.104)

Note that this can be done if only one variable is changed at a time. If there are more
variables changing, or faults happening in the converter, one must have some way of
distinguish between them from the output ϕ(t) of the inverse system. When there is more
than one fault or perturbation present, one have to use some identification method.

Figure 4.27 illustrates the evolution of the output from the inverse system φ(t) when
the load current iload(t) is changing. As it is clear, the load current is recovered with one
step delay (green dashed line).

Note that, for the time being, one have only recovered signals from the capacitor
voltage equation. Nevertheless, one can also reconstruct signals from the inductor current
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Figure 4.28: Buck-boost converter circuit

equation, only needing to be considered in the model of (4.98). That will be shown in the
next section.

4.5.3 Simulation of Buck-boost converter

The electric circuit of a dc-dc buck-boost converter is illustrated in Figure 4.28. There
are two energy storage components, inductor and capacitor, and two ideal semiconductor
switches. On the other hand, the inductor is non-ideal, and has its copper losses included
in rL. Consider also that the converter’s load is Ro.

With these assumptions, the state-space system of equations describing the dynamics
of the buck-boost converter, operating in both CCM and DCM, can be written as:

Σσ(t) =





ẋ(t) =

[
−rLL θ(t) −1−s(t)

L θ(t)
1−s(t)
C1

θ(t) − 1
RoC1

]
x(t) +

[
1
Ls(t)

0

]
Vi

y(t) =

[
1 0

0 1

]
x(t).

(4.105a)

(4.105b)

where x(t) = [iL(t) vC1(t)]
T is the state vector, s(t) is the switching signal applied to the

semiconductor and θ(t) the information about the flow of current through the inductor.
Consider now that the inductor’s inductance L and load resistance Ro can change

and that those changes are unknown. This means that, there will be some perturbations
affecting both equations of the converter’s state-space model given by (4.105). However,
these perturbations can be modeled as additive unknown inputs, as already shown previously,
making it easy to add them to the converter’s model.

Hence, the state-space system of equations describing the dynamics of the converter
with the inclusion of those additive unknown perturbations in both equations is given by:

Σσ(t) =





ẋ(t) =

[
−rLL θ(t) −1−s(t)

L θ(t)
1−s(t)
C1

θ(t) − 1
RoC1

]
x(t) +

[
1
Ls(t)

0

]
Vi +

[
1 0

0 1

]
ϕ(t)

y(t) =

[
1 0

0 1

]
x(t).

(4.106a)

(4.106b)

where ϕ(t) = [φ1(t) φ2(t)]T is the unknown input vector.
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To obtain the inverse model using the approach derived in chapter 3, it is necessary to
discretize the previous state-space system of equations. Applying Euler’s forward method
of discretization (xk+1 = (I +AT )xk + TBuk + TFϕk), the discrete-time state-space
system of equations describing the dynamics of the buck-boost converter can be written
as:

Γσ(k) =





xk+1 =

[
1−(rLL θk)T − (1−sk)θk

L T
(1−sk)θk

C1
T 1− T

RoC1

]
xk+

+

[
sk
L T

0

]
Vik +

[
T 0

0 T

]
ϕk

yk =

[
1 0

0 1

]
xk.

(4.107a)

(4.107b)

where T is the discretization time step, and sk and θk are the switching and inductor
current flow functions, respectively, evaluated at time t = kT .

After determining if all subsystems are invertible, which they are, the matrices that
define the inverse state-space system in (3.89) can be computed and, therefore, one can
write the discrete-time state-space inverse system of equations for the buck-boost converter,
operating in both CCM and DCM, which is given by:

Γ−Lσ(k) =





xk+1 =

[
0 0 1 0

0 0 0 1

]
yk:k+1

ϕk =

[ rL
L − 1

T
(1−sk)θk

L

− (1−sk)θk
C1

1
RoC1

− 1
T

]
xk

−
[

sk
L

0

]
Vik +

[
0 0 1

T 0

0 0 0 1
T

]
yk:k+1

(4.108a)

(4.108b)

where ϕk = [φ1k φ2k ]T is the output of the inverse system. Note that φ1k and φ2k are the
unknown additive inputs one want to recover, which include the parametric perturbations
occurring in the converter’s parameters. Moreover, if there are no such perturbations on
the converter, these unknown inputs should ideally be equal to zero. Of course, in real
applications, this is not true.

The Matlab/Simulink® simulations were made using the parameter values defined in
Table 4.3. During simulation of the buck-boost converter, the inductance and resistance
are changed according to Ro(t) = Ro + ∆Ro(t) and L(t) = L+ ∆L(t), where:

∆Ro(t) =





−100, 0 ≤ t < 0.5

0, 0.5 ≤ t < 1

−50, 1 ≤ t < 1.5

200t− 200, 1.5 ≤ t < 2

200, 2 ≤ t < 2.5

250, 2.5 ≤ t < 4

(Ω)

(4.109)
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Table 4.4: Buck-boost converter’s values used in simulation

Parameter Value

Input voltage – Vi 24 V
Inductor inductance – L 5.6 mH
Inductor resistance – rL 0.8Ω
Capacitor capacitance – C 560 µF
Load resistance – Ro 150Ω
Duty cycle – D 0.6
Switching frequency – fs 5 kHz
Sampling time – T 2× 10−6 s

and

∆L(t) =





0, 0 ≤ t < 0.5

5, 0.5 ≤ t < 1

−20t+ 25, 1 ≤ t < 1.5

−5, 1.5 ≤ t < 2

−10t+ 15, 2 ≤ t < 2.5

−10, 2.5 ≤ t < 4

(4.110)
(×10−4 H)

It is important to note that the inductance variation ∆L(t) will manifest itself in the
inductor’s current equation and that the load resistance variation ∆Ro(t) it will manifest
itself in the voltage equation, as will be shown.

Figure 4.29 shows the evolution of the inductor current and capacitor voltage for the
simulation time. It were added detailed plots for each variable for two different time
windows, corresponding to the operation in the CCM and DCM, respectively. As it is
clear, when operating in the DCM, the inductor current reaches zero for a small period of
time, as already referred.

The operation in the DCM occurs when the load resistance is higher than the critical
value, which is given by (for the ideal converter):

RoB =
2fsL

(1−D)2
=

2×5000×4.6×10−3

(1−0.6)2
= 287.5Ω. (4.111)

Hence, since the load resistance is higher than this value at the end of simulation time, the
converter operates in the DCM, as one can see on both Figures 4.29(a) and 4.29(b). Note
that the resistance boundary value was calculated for a inductance value of L = 4.6 mH,
which is the value for the interval 2.5 ≤ t < 4.

According to Kazimierczuk [171], the value of the output voltage of the buck-boost
converter, with the inclusion of rL, operating in CCM can be computed from:

Vo

∣∣∣
CCM

= Vi
D

(1−D)
(

1 + rL
Ro(1−D)2

) (4.112)

125



CHAPTER 4. APPLICATION OF INVERSION APPROACH TO DC-DC CONVERTERS

0 0.5 1 1.5 2 2.5 3 3.5 4
time [s]

-1

0

1

2

3

4

5

6

7

8

3.5 3.5002 3.5004

0
0.2
0.4
0.6

0.7 0.7002 0.7004

0.4

0.6

0.8

(a) Inductor current

0 0.5 1 1.5 2 2.5 3 3.5 4
time [s]

0

5

10

15

20

25

30

35

40

45

3.5 3.5002 3.5004
41.6

41.7

41.8

0.6 0.6002 0.6004
34.7

34.8

34.9

(b) Capacitor voltage

Figure 4.29: Buck-boost converter simulation: evolution of state variables

which, introducing the simulation values for the interval 0.5 ≤ t < 1, gives:

Vo

∣∣∣
CCM

= 24
0.6

(1− 0.6)
(

1 + 0.8
150(1−0.6)2

) = 34.84 V (4.113)

Inspecting Figure 4.29(b) one can see that this is approximately the value of the output
voltage in the considered time interval. On the other hand, as shown in Kazimierczuk
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Figure 4.30: Buck-boost converter simulation: inverse system’s output with changes
in load resistance and inductor’s inductance

[171], the value for the operation in the DCM (2.5 ≤ t < 4) is given by:

Vo

∣∣∣
DCM

= Vi
D
√

Ro
2fsL√

1 + 2DrL
3fsL

(
1 +

√
1 + 2fsL

RoD2

) (4.114)

Inserting the simulation values results in:

Vo

∣∣∣
DCM

= 24
0.6
√

400

2×5000×4.6×10−3√
1 + 2×0.6×0.8

3×5000×4.6×10−3

(
1 +

√
1 + 2×5000×4.6×10−3

400×0.62

) = 42 V (4.115)

which is approximately the value registered at the end of simulation time.
The evolution of the output of the inverse system ϕ(t) = [φ1(t) φ2(t)]T is shown in

Figure 4.30. It is worth mentioning that φ1(t) is related to the inductance variation, while
φ2(t) is related with the variation of the load resistance. As it shown, the output φ1(t) has
a less understandable signal, which is switching between different values. Nevertheless, it
is possible to reconstruct the time evolution of the corresponding unknown input from it,
as shown next.

The evolution of the unknown inputs and corresponding reconstructed signals, i.e.,
inductor’s inductance variation and load resistance variation, is illustrated in Figure 4.31.
As it is possible to understand, both unknown input variables are reconstructed perfectly
with delay of one time step.

As already referred, the inductor’s inductance variation will manifest itself in the
inductor’s current equation. Thus, introducing those changes and manipulating the

127



CHAPTER 4. APPLICATION OF INVERSION APPROACH TO DC-DC CONVERTERS

(a) Inductor’s inductance variation

(b) Load resistance variation

Figure 4.31: Buck-boost converter simulation: reconstructed signals from inverse
system

equation so that they appear as additive inputs, results in:

diL(t)

dt
= −rL

L
θ(t)iL(t)− 1− s(t)

L
θ(t)vC1(t) +

s(t)

L
Vi + φ1(t), (4.116)

where

φ1(t) =
∆L(t)

L(L+ ∆L(t))
[θ(t)iL(t) + [1− s(t)]θ(t)vC1(t)− s(t)Vi] . (4.117)
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Manipulating (4.117) it is straightforward to express ∆L(t) function of φ1(t), resulting in:

∆L(t) =
L2φ1(t)

rLθ(t)iL(t) + (1− s(t))θ(t)vC1(t)− s(t)Vi − Lφ1(t)
. (4.118)

Proceeding in the same manner for the load resistance, one get:

∆Ro(t) =
R2
oφ2(t)

1
C1
vC1(t)−Roφ2(t)

. (4.119)

Note that all the inputs to these equations come from the inverse system, i.e., φ1(t), φ2(t),
iL(t) and vC1(t). Moreover, it is assumed that the values for s(t) and θ(t) are known for
every time instant.

The results from the previous simulations indicate that one can take advantage of this
approach to detect faults in dc-dc converters, since it showed great results in recovering
parametric variations from converter’s components such as the load resistance or inductor’s
inductance. Moreover, such parametric variations can also be considered as faults, since
they modify the nominal operation of the converter.

With this in mind, next section will introduce the process of fault modeling.

4.6 Fault modeling

In the previous sections it were derived the models of the switching power converters under
nominal operation, with parametric variation of some of its components. As referred in
chapter 3, the converter is a SLS that can be modeled by a collection of linear state-space
models, or subsystems, and a switching signal that indicates the active subsystem at
every time instant. The state-space models for each subsystem are obtained by applying
Kirchhoff’s circuit laws considering the states of the circuit switches (e.g. MOSFET,
IGBT or diode).

The dynamics of an arbitrary power converter, modeled as a SLS, can be described by
the following state-space system of equations:

Σσ =

{
ẋ = Aσx+Bσu

y = Cσx

(4.120a)

(4.120b)

where Aσ, Bσ and Cσ belong to the collection of linear state-space models (subsystems),
and σ is the switching signal that orchestrates the switching between subsystems.

As referred in chapter 2, in any physical system’s operation, faults may affect actuators,
sensors or even system’s components. These faults manifest themselves as additive or
multiplicative faults whose causes are due to aging or to some malfunction. Moreover,
model-based FDI methods require a high accuracy mathematical model of the monitored
system. In other words, a better model representation of the dynamic behavior of the
system, will lead to greater performance of the FDI. However, it is very difficult to develop
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a highly accurate model of a complex system and uncertainties have to be considered when
doing that development.

The modeling of uncertainties, component and sensor faults is addressed in next
subsections. Despite fault modeling was already addressed before, the description made
here will function as modeling examples that will be useful in next section. Moreover, the
actuator faults will not be considered, as their modeling is similar to the one exposed for
component faults.

4.6.1 Component faults and model uncertainties

As already shown previously, component faults usually affect passive or switching elements
and manifest as additive deviations of the system parameters, ∆A and ∆B, from the
nominal values Aσ and Bσ. According to Ding [29], since model uncertainties refer to the
difference between the system model and the reality, they can also be modeled as additive
deviations from the nominal behavior.

Thus, the state dynamics of the SLS in the presence of component faults can be
modeled as:

ẋ = Āσx+ B̄σu (4.121)

where Āσ , Aσ + ∆A and B̄σ , Bσ + ∆B. With straightforward algebraic manipulation,
(4.121) can be written as a sum of (4.120a) and a product of the matrix of the component
fault signatures F by the vector of fault magnitude functions ϕ(x,u), which results in:

ẋ = Aσx+Bσu+ Fϕ(x,u). (4.122)

This way of modeling was already shown in the previous section where the converters
were simulated in the presence of parametric variations which were considered as unknown
inputs. Moreover, according to Patton et al. [36], this concept of unknown inputs is a
typical way of model uncertainties in the system. This approach is also valid to model
faults occurring in other components, like switches.

4.6.2 Sensor faults

In the case of sensor faults, they manifest as deviations in the output reading map of
(4.120b). Hence, in the presence of sensor faults, the output equation can be written as:

y = (Cσ + ∆C)x+ ∆E (4.123)

where ∆C and ∆E capture the sensor gain faults and sensor offset faults, respectively.
Similarly to the performed to the state equation, the output equation can be written as a
sum of (4.120b) and a product of a fault signature matrix G by a fault signature vector
ϑ(x), resulting in:

y = Cσx+Gϑ(x). (4.124)
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Table 4.5: Boost converter’s values used in simulation

Description Value

Input voltage – Vi 24 V
Inductor inductance – L 4.7 mH
Inductor resistance – rL 1Ω
Capacitor capacitance – C 1100 µF
Load resistance – Ro 40Ω
Duty cycle – D 0.5
Switching frequency – fs 5 kHz
Sampling time – T 1× 10−6 s

It is important to note that sensor faults are of importance only for close-loop control
systems. If it is an open-loop system, there is no need to measure the output signals.
Moreover, if there are wrong measurements, they will not influence converter’s operation.

Next section covers the modeling of converters in the presence of faults and the
previously exposed approach of inversion. Moreover, it will address the problem of model
uncertainty.

4.7 Simulation of Boost converter with model
uncertainties

It would be interesting to develop a FDI technique which is insensitive to model uncer-
tainties, i.e., a technique which is robust to uncertainties in the model. It is known that
model uncertainties affect the performance of the FDI system and that is not different in
the case of the approach developed in chapter 3.

Consider the example of the dc-dc boost converter simulation exposed in subsec-
tion 4.5.2. The state-space system of equations describing the dynamics of the boost
converter are given by (4.93).

Figure 4.32 shows the boost converter Simulink® model constructed using its simscape
library, with individual components such as the MOSFET, diode, inductor, etc., which
will be called “physical model”.

Table 4.5 shows the parameter’s values used in simulation. The value of the load
resistance changes to one half at time t=0.25 s. Thus, it were made simulations with
the boost converter’s mathematical model running simultaneously with the “physical
model” built using simscape library from Simulink®. The intuit of these simulations is to
reconstruct the evolution of the load variation from the output of the inverse system. The
results from the two models are compared in Figure 4.33, which show slightly differences
in both current and voltage of the converter. These differences can be explained due to
the more idealized mathematical model used, which considered, e.g., ideal switches.
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Figure 4.32: Boost converter Simulink “physical model” built using simscape library

As shown in Figure 4.33, even with a relatively accurate mathematical model, there are
small differences between the results, due to the model uncertainties. These differences will
degrade the performance of the inverse system and will have to be taken into consideration.

Figure 4.34(a) shows the time evolution of the output from the inverse system in the
presence of model uncertainties. At first sight, these signals do not have useful information
regarding the load change.

These results have been studied and the inherent differences due to the uncertainties
were mitigated implementing an average filter which smooths the output from the inverse
system. These results are shown in Figure 4.34(b), which prove to be acceptable to use in
a FDI system.

Using these averaged values it was possible to recover the evolution of the load resistance
variation, which was the intuit of this simulation. In fact, as illustrated in Figure 4.35,
the variation of the load resistance is reconstructed with good accuracy, showing the
effectiveness of the implemented approach. This approach is used in the next section,
where there are shown simulations of the dc-dc boost converter in the presence of different
types of faults (not simultaneous).
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Figure 4.33: Boost converter simulation: results from mathematical and “physical”
model
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(a) Output from inverse system

(b) Averaged output from inverse system

Figure 4.34: Boost converter simulation: time evolution of inverse system’s results
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Figure 4.35: Boost converter simulation: reconstructed load resistance variation
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Figure 4.36: Time injection of faults in sensors and capacitor

4.8 Simulation of Boost converter in the presence of faults

In the previous sections, it were simulated dc-dc converters in the presence of an unknown
variation. These changes could be in a parameter like resistance or inductance, or in the
current required by the load connected to the converter. Since these changes were modeled
as unknown inputs, they could be recovered by the inversion algorithm, as it was shown.

In this section one will increase the complexity of this problem. Firstly, the boost
converter is simulated in closed-loop, implemented to regulate the output voltage of the
converter. Moreover, there is the possibility of occurrence of four different types of faults
in the converter:

Switch open fault,

Current sensor fault,

Voltage sensor fault, and

Capacitor fault.

These faults will be injected in Simulink®, applying step changes to the above mentioned
components and sensors. The faults injected in sensors consist in changing their gain δg and
offset δo values, while the capacitor fault consists in degrading the value of its capacitance
by δC . The time injection and value of changes for each fault are illustrated in Figure 4.36.
Current (full line) and voltage (dashed line) sensor gain faults δg are illustrated at top of
figure, offset sensor faults δo at middle and capacitance degradation δC at bottom of figure.

In the case of the current sensor one will change its gain δgi to 0.8 at t = 3 s and to 1.2

at t = 4 s. Moreover, it is injected a more drastic fault at t = 6 s, where its gain is changed

136



4.8. SIMULATION OF BOOST CONVERTER IN THE PRESENCE OF FAULTS

Controller

PWMvref PIPI
Boost converter

Ro
iC

D1

C1

L

vo
<latexit sha1_base64="0cPdF/cRlJtHEmAjm6oXtBtiMJg=">AAACK3icbVBNT8JAEN3iF+IX4NHLRmLiwZAWTfRI9OIRoyAJNGS6LLBh2212t5ja8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf1q5tfWNza38dmFnd2//oFgqt5SIJKFNIriQbQ8U5SygTc00p+1QUvA9Th+98U3af5xQqZgIHnQcUteHYcAGjIA20v2kJ3rFil21Z8CrxMlIBWVo9EpWudsXJPJpoAkHpTqOHWo3AakZ4XRa6EaKhkDGMKQdQwPwqXKT2a9TfGKUPh4IaSrQeKb+3UjAVyr2PTPpgx6p5V4q/tfrRHpw5SYsCCNNAzI/NIg41gKnxnGfSUo0jw0BIpn5FZMRSCDaxLNwRbPx89xFyjjzJMg4USMIqToDKcWTWjCZeP7UpOgsZ7ZKWrWqc16t3V1U6tdZnnl0hI7RKXLQJaqjW9RATUTQEL2gV/RmvVsf1pf1PR/NWdnOIVqA9fML97mojA==</latexit>

vc1<latexit sha1_base64="a1dWEUjU1iijbN1PM2D9ur1Dt44=">AAACL3icbVDLSsNAFJ2pr1pfbV26CRbBhZSkCrosunFZwT6gDeFmOmmHTh7MTCox9CPc6lf4NeJG3PoXTtosbOuBC4dz7+Xec9yIM6lM8xMXNja3tneKu6W9/YPDo3Kl2pFhLAhtk5CHoueCpJwFtK2Y4rQXCQq+y2nXndxl/e6UCsnC4FElEbV9GAXMYwSUlrpTJyWONXPKNbNuzmGsEysnNZSj5VRwdTAMSezTQBEOUvYtM1J2CkIxwumsNIgljYBMYET7mgbgU2mn839nxplWhoYXCl2BMubq340UfCkT39WTPqixXO1l4n+9fqy8GztlQRQrGpDFIS/mhgqNzLwxZIISxRNNgAimfzXIGAQQpSNauqLY5HnhImOcuQJEksoxRFRegBDhk1wymbp+lqK1mtk66TTq1mW98XBVa97meRbRCTpF58hC16iJ7lELtRFBE/SCXtEbfscf+At/L0YLON85RkvAP780aaow</latexit>

vi
<latexit sha1_base64="gpVk+w6EkNsWvJH6nlIEzt6VGaw=">AAACLXicbVBNS8NAEN3Ur1q/2nr0EiyCBylJFfRY9OKxgmkLbSiT7aZdursJu5tKDP0NXvVX+Gs8COLVv2HS5mBbHww83sww854XMqq0ZX0ahY3Nre2d4m5pb//g8KhcqbZVEElMHBywQHY9UIRRQRxNNSPdUBLgHiMdb3KX9TtTIhUNxKOOQ+JyGAnqUww6lZzpIKGzQblm1a05zHVi56SGcrQGFaPaHwY44kRozECpnm2F2k1AaooZmZX6kSIh4AmMSC+lAjhRbjL/dmaepcrQ9AOZltDmXP27kQBXKuZeOslBj9VqLxP/6/Ui7d+4CRVhpInAi0N+xEwdmJl1c0glwZrFKQEsafqriccgAes0oKUrmk6eFy4yxqgnQcaJGkNI1AVIGTypJZOJx7MU7dXM1km7Ubcv642Hq1rzNs+ziE7QKTpHNrpGTXSPWshBGFH0gl7Rm/FufBhfxvditGDkO8doCcbPL/FuqZI=</latexit>

vD1<latexit sha1_base64="B8o4hbJKEvhOiKF1dCgwLc9gpAE="></latexit>

s S1

iLvL
<latexit sha1_base64="CqQP2Huv2Wkpn584+0vujaqfNOY="></latexit>

rL
io

<latexit sha1_base64="tt5znSqMcdwW3hyfmJD4pWoldPU=">AAACK3icbVDLTsJAFJ3iC/EFuHQzkZi4MKRFE10S3bjEKI8EGnI7DDBh2mlmppra8Alu9Sv8Glcat/6HU+hCwJPc5OTce3PvOV7ImdK2/Wnl1tY3Nrfy24Wd3b39g2Kp3FIikoQ2ieBCdjxQlLOANjXTnHZCScH3OG17k5u0336kUjERPOg4pK4Po4ANGQFtpHvWF/1ixa7aM+BV4mSkgjI0+iWr3BsIEvk00ISDUl3HDrWbgNSMcDot9CJFQyATGNGuoQH4VLnJ7NcpPjHKAA+FNBVoPFP/biTgKxX7npn0QY/Vci8V/+t1Iz28chMWhJGmAZkfGkYca4FT43jAJCWax4YAkcz8iskYJBBt4lm4otnkee4iZZx5EmScqDGEVJ2BlOJJLZhMPH9qUnSWM1slrVrVOa/W7i4q9esszzw6QsfoFDnoEtXRLWqgJiJohF7QK3qz3q0P68v6no/mrGznEC3A+vkF4J6ofw==</latexit>

vo
<latexit sha1_base64="0cPdF/cRlJtHEmAjm6oXtBtiMJg=">AAACK3icbVBNT8JAEN3iF+IX4NHLRmLiwZAWTfRI9OIRoyAJNGS6LLBh2212t5ja8BO86q/w13jSePV/uIUeBHzJJC9vZjLznhdyprRtf1q5tfWNza38dmFnd2//oFgqt5SIJKFNIriQbQ8U5SygTc00p+1QUvA9Th+98U3af5xQqZgIHnQcUteHYcAGjIA20v2kJ3rFil21Z8CrxMlIBWVo9EpWudsXJPJpoAkHpTqOHWo3AakZ4XRa6EaKhkDGMKQdQwPwqXKT2a9TfGKUPh4IaSrQeKb+3UjAVyr2PTPpgx6p5V4q/tfrRHpw5SYsCCNNAzI/NIg41gKnxnGfSUo0jw0BIpn5FZMRSCDaxLNwRbPx89xFyjjzJMg4USMIqToDKcWTWjCZeP7UpOgsZ7ZKWrWqc16t3V1U6tdZnnl0hI7RKXLQJaqjW9RATUTQEL2gV/RmvVsf1pf1PR/NWdnOIVqA9fML97mojA==</latexit>

iL
<latexit sha1_base64="dWZ/X01psoJMHJu6xy2FnkYzATs="></latexit>

d

SMOOTH
FD

�1

�2

G-1

INVERSION
h�1i
h�2i

�1

�2
h�2i
h�1i

FAULT

F

THRESHOLD

FLAG

Figure 4.37: General schematic of implemented model for FD

to 0.4. In the case of the offset faults δoi it is added −1 A at t = 4 s and 1 A at t = 5 s.
For the voltage sensor, its gain δgv changes between −15% at t = 7 s and +15% at

t = 8 s. In the case of the offset faults δov , it is added −7.5 V at t = 9 s and 7.5 V at
t = 10 s. Finally, the value of the capacitor’s capacitance will drop to 40% of its nominal
value at t = 11 s.

At this point, it is important to state that, even with this capacitance loss, the converter
continues to work perfectly with a voltage ripple less than 1%, as will be shown, e.g., in
Figure 4.39(b). As it is shown, each of these faults occur at specific time instant, which
means that one is not considering simultaneous faults. Moreover, the switch open circuit
fault will happen at time t = 1 s.

4.8.1 Detection of faults in the converter

Model-based FDI methods use residuals, generated while evaluating some measured system
variables, to give indications of changes between the real process and the mathematical
model of the system. However, there is always a mismatch between the real process and
its mathematical model even when no faults are present in the system.

In fact, the parameters of the system may vary with time and there may occur
disturbances and noise, which are unknown and can not be modeled accurately. Such
discrepancies cause difficulties to FDI since they are a source of false alarms and missed
alarms. Thus, model-based FDI should be insensitive to modeling uncertainties. As
referred by Simani et al. [32], there are several methods proposed in the literature to tackle
this problem, e.g., the Unknown Input Observer. However, the method proposed here is
based on the inversion approach.

Consequently, it was developed a model which was implemented in Simulink® to detect
the occurrence of faults in the converter. The detection is based on the evaluation of signals
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Table 4.6: Boost converter’s values used in simulation

Description Value

Input voltage – Vi 24 V
Output voltage – Vo 50 V
Inductor inductance – L 4.7 mH
Inductor resistance – rL 1Ω
Capacitor capacitance – C1 1100 µF
Load resistance – Ro 35Ω to 65Ω
Switching frequency – fs 5 kHz
Sampling time – T 1× 10−5 s

generated by the inverse system. It is assumed that these signals change significantly, when
a fault appears, so that it is possible to generate a fault indicator signal which shows that
there is a fault present in the system. Figure 4.37 shows the general schematic of that
model.

As illustrated in the figure, the model consists of a boost converter with components
and sensors where faults may occur, a controller and a FD block. The controller has two
control loops, current and voltage, which ultimately regulates the output voltage of the
converter to the reference value vref . The FD system consists of an inversion block which
generates the signals φ1 and φ2, a δ block, described later on, which generates the signals
δ1 and δ2, a smoothing filter and a threshold checking mechanism with a fault flag that
indicates the presence of a fault in the converter. In the case of the implemented filter, it
is constituted of an average filter to smooth noise and spikes from signals at the output of
inversion and delta blocks.

The developed Simulink® model is illustrated in Figure 4.38 and the simulation values
listed in Table 4.6. It consists of a boost converter constructed using the Simulink’s
simscape library, an inverse model to recover the unknown inputs and the blocks to inject
the faults in the switch, sensors and capacitor. As already referred, the converter is
working in closed-loop to regulate its output voltage to Vo = 50 V. The controller has two
Proportional-Integral (PI) controllers whose gains where calculated using a small-signal
model of the converter, as explained in [171], and fine tuned by trial and error. Moreover,
it were made simulations for different load values, varying between 35Ω to 65Ω.

One of the first results obtained from simulation is illustrated in Figure 4.39 for a load
resistance of Ro = 35Ω. It is easy to spot the time instant when the switch is open, as
the current drops to zero and the output voltage drops to the value of the input. Note
that the measured values (sensor) are different from the real ones and that the controller
and FD block receive information from the sensors, which are prone to faults.

Inspecting Figure 4.39(a), it is visible that when the faults are injected in the current
sensor, they manifest themselves in the measured value but, as would be expected, not in
the real one. Contrarily, in the case of the voltage sensor, since the controller adjusts the
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Figure 4.38: Simulink model

output voltage to the reference, the faults do not show up in the measured values, as it
is illustrated in Figure 4.39(b). However, looking at the real values one can see that the
output voltage changes to accommodate the injected fault in the sensor. At the same time,
as the voltage changes, the current also adapts to the new situation.

As already referred, with model uncertainties and possibility of several faults in the
converter, it is difficult at first place to obtain good output from the inverse system and
also to perform FDI from that data.

Thus, it was opted to filter the output of the inverse system to obtain a cleaner and more
perceptible information. Figure 4.40(a) shows the evolution of the two output variables
from the inverse system after passing through that filter. From the figure, it is clear that
the signal 〈φ1〉 is more sensible to switch and voltage sensor faults and that current sensor
gain and offset faults are more noticeable in signal 〈φ2〉. As it is easy to understand, with
the signals 〈φ1〉 and 〈φ2〉, it is not possible to detect all four types of faults occurring
in the converter, since there is no significant deviation when the value of the capacitor’s
capacitance is decreased. Moreover, it were made several simulations and algebraic analysis
in order to obtain a rational of the sensor faults which, was presumed, would help in the
isolation of those faults. Although that is true, it was verified from simulations that those
rationals (one for each sensor) also permitted to isolate the degradation of the capacitor,
as will be shown. Consequently, in the search for obtaining a mathematical description for
the sensor faults, it was found that a good approximation to each sensor gain fault can be
obtained by the following equations:

δ1(k) ≈
φ1(k)

ĩL(k) − φ1(k)

(4.125)
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Figure 4.39: Boost converter simulation: real and measured states for Ro = 35Ω

and

δ2(k) ≈
φ2(k)

ṽC(k) − φ2(k)
(4.126)

were ĩL(k) and ṽC(k) are the discrete-time derivatives of iL and vC , respectively.
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(a) Filtered output from inverse system

(b) Filtered output from δ block

Figure 4.40: Boost converter simulation: generated signals for Ro = 35Ω

From simulations it was found also that 〈δ2〉 signal can be used to detect the capacitor’s
fault, as will be shown. Thus, in order to detect the four types of faults it was developed a
δ block, which generates these two extra signals: δ1 and δ2. The evolution of these two
signals after passing through the smoothing filter is illustrated in Figure 4.40(b). Inspecting
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it carefully it is clear that the capacitor’s capacitance degradation fault can be detected at
t = 11 s. On the other hand, looking at 〈δ1〉 signal one can infer that it is more sensible to
switch and current gain faults.

As already stated, it were made simulations for different load values to validate the FD
approach. In fact, for the inversion algorithm to be insensitive to the load, its resistance
value is computed during the simulation, which inserts some transients in the results.
Nevertheless, there are advantages from implementing this additional calculation.

Although the simulations show good results for different load values, it will follow the
results obtained for a load resistance of Ro = 65Ω. Consequently, Figure 4.41 shows the
evolution of the current and voltage, for the real and measured values. The evolution of
the output signals from the inverse system after passing through the smoothing filter, 〈φ1〉
and 〈φ2〉, are shown in Figure 4.42(a). The filtered additional signals, 〈δ1〉 and 〈δ2〉, are
illustrated in Figure 4.42(b).

As expected, the results obtained for a load resistance Ro = 65Ω show similarities to
the ones shown previously. With these results it is straightforward to detect all faults,
since the variables have values close to zero when there is no fault injected on the system
and change significantly when there is a fault.

Anyway, our interest is to obtain FDI, adding the functionality of isolating the fault in
the system. In other words, if a fault occurs, one want to know the component or sensor
where that fault occurred. Next section addresses this problem of FDI adding a fuzzy
inference system to the model.

4.8.2 Isolation of faults using a fuzzy inference system

In the previous section it was shown that with the signals obtained from the inversion and
delta blocks it is possible to detect the presence of faults in the converter. However, it is
intended not only to detect but also to know the component or sensor that has a problem.
This is the task of isolation in a FDI system.

The problem of FDI is not easy to achieve, since there are uncertainties inherent to
every modeling process. Moreover, in the presence of faults, the faulty measurements
influence the closed-loop behavior and the state estimation becomes corrupted. Also, since
the measured variables are only two, it is not possible to fully isolate four types of faults,
i.e., the isolation is only possible with some known constraints.

In fact, with only two measured variables one can obtain only two outputs from
the inverse system, as already stated. Thus it is not possible to achieve complete fault
decoupling. To overcome this problem, it was developed a new approach that, with some
restrictions, turns it possible to isolate the four types of faults, achieving an acceptable FDI

performance. The general schematic of that implementation is illustrated in Figure 4.43.
Consequently, it was developed a fuzzy inference system to cope with the problem of

fault isolation. This fuzzy inference system was developed in Matlab®, using its fuzzy
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Figure 4.41: Boost converter simulation: real and measured states for Ro = 65Ω

control toolbox [176]. The use of this toolbox proved to be an easy way to design the
membership functions for the inputs and output of our FDI system.

Contrarily to combinational-logic that uses just True (one) or False (zero) to infer if
a threshold has been reached, fuzzy-logic provides a kind of human-like logic that can
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(a) Filtered output from inverse system

(b) Filtered output from δ block

Figure 4.42: Boost converter simulation: generated signals for Ro = 65Ω

use intermediate values (between zero and one) to decide on how a measured quantity is
evolving.

As fuzzy-logic has similarities with human reasoning, it has been widely used for fault
diagnosis [31]. Given a set of symptom variables, it is first necessary to define membership
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Figure 4.43: General schematic of implemented model for FDI

functions that map this numeric data into linguistic variables. The process where a variable
is represented by a membership function is known as fuzzification. Membership functions
map an universe of objects, say X, onto the unit interval [0, 1], and are denoted by:

µA : X 7→ [0, 1]. (4.127)

In our case, each input is a crisp numerical value limited to the universe of disclosure of
the input variable, that is, the universe X ∈ [−1, 1]. Consequently, it were used linguistic
variables to describe the behavior of the physical variables, which are composed of 5 terms
each, corresponding to membership functions.

According to [44], the uniform triangular membership functions describing negative
high (NH), negative medium (NM), negative small (NS), almost zero (AZ), positive small
(PS), positive medium (PM) and positive high (PH), all in absolute values, are very effective
for describing the behavior of input and output variables.

In our case, it were made small changes in these membership functions, maintaining
the coverage of the range of the input variables to obtain better performance of the FDI

system. In some cases it were introduced the following terms: positive medium/high
(PMH), negative medium/high (NMH) and positive (P). The membership functions for
all variables are illustrated in Figure 4.44(a) and Figure 4.44(b), and were obtained after
some simplifications of the above mentioned set referred by [44].

The proposed fuzzy fault detection and isolation block FDI has four inputs: 〈φ1〉,
〈φ2〉, 〈δ1〉 and 〈δ2〉, which are the outputs of the smoothing block. Each input is then
fuzzified or mapped to a value between 0 and 1 defined by membership functions depicted
in Figure 4.44(a) and Figure 4.44(b), respectively. The number of membership functions
used for each variable is equal to 5.

After the definition of the membership functions for all input variables, it is necessary
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Figure 4.44: Membership functions of input variables

to implement a set of linguistic fuzzy rules, which consists of a collection of IF-THEN rules.
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In this fuzzy inference system it was used a set of 7 fuzzy rules defined in Table 4.7, where
y∗ is the output and (̄·) is equivalent to the logic negation “not”.

Table 4.7: Fuzzy rules used in inference system.

RULE 1: if φ∗1 is AZ∼ and φ∗2 is AZ∼ and δ∗1 is AZ∼ and δ∗2 is AZ∼ then y∗ is NF∼
RULE 2: if φ∗1 is AZ∼ and φ∗2 is AZ∼ and δ∗1 is AZ∼ and δ∗2 is PMH∼ then y∗ is C∼
RULE 3: if φ∗1 is NM∼ and φ∗2 is NM∼ and δ∗1 is AZ∼ and δ∗2 is AZ∼ then y∗ is V S∼
RULE 4: if φ∗1 is PM∼ and φ∗2 is PM∼ and δ∗1 is AZ∼ and δ∗2 is AZ∼ then y∗ is V S∼
RULE 5: if φ∗1 is NH∼ and δ∗1 is NH∼ then y∗ is SW∼
RULE 6: if φ∗1 is NH∼ and φ∗2 is PH∼ and δ∗1 is NH∼ and δ∗2 is NMH∼ then y∗ is SW∼
RULE 7: if φ∗1 is NH∼ and δ∗1 is NH∼ and δ∗2 is AZ∼ then y∗ is SW∼

The method used for fuzzy AND is:

µA∩B = min{µA, µB}. (4.128)

After a rule is evaluated, it is generated a number that is then applied to the output,
which consists of the set of membership functions depicted in Figure 4.45. The terms for
these membership functions are related with the presence of faults and their isolation.
Thus, they are: no fault (NF), switch fault (SW), current sensor fault (CS), voltage sensor
fault (VS) and capacitor fault (C). As referred before, the indication of switch fault means
an open circuit in the switch, and the indication of capacitor fault means a degradation of
its capacitance.

After the evaluation of all rules, their outputs are combined in a process called ag-
gregation which, in this work, was obtained using the ’maximum’ method. Finally, it is
necessary to deffuzify the output to obtain a crisp value. This process of inference can be
viewed in more detail in [176].
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Figure 4.46: Boost simulation: flags for FDI with Ro = 35Ω

It is important to note that the output of the fuzzy block is an integer number indicating
the type of fault present at a certain moment. Consequently, if a fault occurs, a flag will
be set and it will trigger some visual indicators. It is also important to note that, although
one have the knowledge of the direction of sensor fault deviations, one is only interested in
identifying if there is a problem in the sensor.

The generated flags for fault detection and isolation are illustrated in Figure 4.46 for
Ro = 35Ω and Figure 4.47 for Ro = 65Ω. As it can be seen, the FDI system has an
acceptable performance, being able to isolate the four types of faults. Moreover, it proved
to be robust to load variations. It is also important to refer that the system continues
to operate, although with degraded performance, in the presence of sensor and capacitor
faults.
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“I have been impressed with the urgency of doing. Knowing is not enough; we must apply.

Being willing is not enough; we must do.”

— Leonardo da Vinci

This chapter describes the experimental validation of the theoretical approach
developed in chapter 3 and verified by simulation in chapter 4. It will describe
the hardware used in the construction of the setup, like the microcontroller, the

driver, the dc-dc power converter, the sensors and other electronics circuits used for signal
conditioning. Moreover, since the converter control and the inversion algorithm for FDI

is implemented in the microcontroller, the software to compile the developed program,
DAVE™, and to visualize real-time information, µC/Probe™ XMC™, will also be described.
The experimental results obtained during the realization of this work are presented in the
last section of this chapter.

5.1 Overview of the experimental setup

In order to validate the previously exposed and simulated FDI approach, it was developed
an experimental setup whose general overview is illustrated in Figure 5.1.

Similarly to the one shown previously in simulation, this is constituted by a boost
converter, current (CS) and voltage (VS) sensors, a gate driver (d), a microcontroller
and a computer-based dashboard. A 24 V power source vi feeds the boost converter,
which is connected to a load resistance Ro. The control of the converter is made using a
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Figure 5.1: General overview of the implemented solution

microcontroller, which is connected to a computer that has a Graphical User Interface
(GUI) (dashboard) to inject faults and visualize signals. This dashboard also permits to
visualize in real-time the values of variables and measurements, and has some indicators
that are ‘green’ in the case of normal operation and turn ‘red’ in the presence of faults in
the converter.

The microcontroller receives through its Analog to Digital Converters (ADCs) the
measurements from the sensors installed in the boost converter, isens and vsens. After
acquiring those signals, they pass through a software-based filter to reduce inherent noise
and are used in the controller’s current and voltage PI loops and also in the FDI block.
The PWM signal is generated by the controller, based on the acquired current and voltage,
being then sent to the gate driver, which controls the converter’s switch S1 on and off

state. The proportional and integral gains were calculated using the small-signal model of
the converter, as explained in [171], and then fine tuned by making practical tests.

On the other hand, those signals are used in the FDI block to detect and isolate the
faults in the converter. Firstly, the filtered values of the current and voltage are used to
reconstruct the additive unknown inputs using the inverse model of the converter in the
Inversion block. These, together with the discrete derivatives of the voltage and current
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are used to compute δ1 and δ2, which are then passed through another filter to smooth
them. Finally, these four filtered signals are used in the Fuzzy Logic block to perform FDI.
The injection of faults and visualization of the FDI output is made in the dashboard, as
illustrated in Figure 5.1.

Next section describes the main hardware used in this project.

5.2 Hardware description

The physical setup encompasses mainly the following hardware:

The development board;

Switch (IGBT/MOSFET) gate driver;

dc-dc boost converter (includes switches, inductor and capacitor);

Current and voltage sensors;

Other electronics circuits; and

Power source and load resistances.

Each of these components will be described in more detail in the following subsections,
except for the power source and load resistances, which seems unnecessary.

5.2.1 Development board

For this project, the choice of the development platform fell initially for the dSPACE,
mainly because of its availability and functionalities. However, it was found that it would
take more time to develop the project using this unit, because of its availability, and this
idea had to be put aside.

Consequently, the other solution went through searching for a Central Processing Unit
(CPU)-board with fast learning curve, with integrated development system and, finally,
which fit the budget. After some research it was opted for the Infineon’s “XMC4500 Relax
Lite Kit”, which is a powerful low cost evaluation board, based on the ARM® Cortex®-
M4, running at 120 MHz, including a single cycle DSP MAC instructions (Multiply and
Accumulate) and Floating Point Unit (FPU) (math processor).

Moreover, Infineon Technologies AG1 distributes a free integrated development environ-
ment, DAVETM, which has a set of plug-and-play applications (APPs) that speed up the
development of projects. An overview of this evaluation board is illustrated in Figure 5.2.
Furthermore, according to Infineon Technologies [177], the most important features of this
development board are listed in Table 5.1.

1Provider of semiconductor solutions: www.infineon.com
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Pin Header X1 Reset Button
Voltage

Regulator
Power 
LED

Pin Header X2

User
Buttons & LEDs

Cortex Debug

Debug IC

Micro  USB

Evaluation 
Board

Detachable
Debugger

Micro USB

Debug
LED

12 MHz XTAL

XMC 4500
Microcontroller

(10 Pin)

XMC 4500

Figure 5.2: XMC4500 Relax Lite Kit board (adapted from [177])

Table 5.1: XMC4500 Relax Lite Kit features

Feature XMC4500 Relax Lite Kit

XMC4500 Microcontroller
ARM® Cortex®-M4 based

Detachable on-board debugger
Power over USB

2× user button and 2× user LED
Reset button

Power regulation from 5 V to 3.3 V
4×SPI Master, 3×I2C, 3×I2S, 3×UART,2×CAN,

17×ADC (12 bit), 2×Digital to Analog Converter (DAC),
31×PWM mapped on 2 Pin Headers 2× 20

Another key point, which is visible in Figure 5.2, is its integrated detachable on-board
debugger which eases on-site programming and debugging. Moreover, it is possible to
maintain communication with the computer while on service.
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5.2.2 Switch Gate Driver

The IGBT driver chosen for this project is based on the Integrated Circuit (IC) ‘HCPL-
316J’, which is 2.5 A gate driver optocoupler with Integrated (VCE) desaturation, with
detection and fault status feedback, from Avago Technologies2.

According to Avago Technologies [178], its main features are:

2.5 A maximum peak current output;

Drive IGBTs up to IC = 150 A and VCE = 1200 V;

Optically isolated with fault status feedback;

500 ns maximum switching speeds;

“Soft” IGBT turn-off;

Wide operating VCC range: 15 V to 30 V.

The driver board was built at Instituto Superior de Engenharia do Porto (ISEP) and
its image is shown in Figure 5.3. The driver schematic is illustrated in Appendix C.

Figure 5.3: Driver board image

The main reasons for choosing this driver were the availability of the referred IC and
its building simplicity, being within the requirements for this project.

5.2.3 dc-dc Boost converter

The dc-dc boost converter was also built from individual components that were available
at ISEP or Faculdade de Engenharia da Universidade do Porto (FEUP). It consists of
two switches ‘IRG4PH20KD’, which is an IGBT with ultra-fast soft recovery diode, an
air-core inductor and electrolytic capacitors as energy storage elements. The switches were
attached to an aluminum sink, since it is necessary to dissipate better some losses when
they are working for long periods. It should be noted that one of these IGBTs is connected
as a diode, which means only one of them has its gate connected to the driver.

2Broadcom Inc. since 2015: www.broadcom.com
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The inductor has an inductance L = 4.7 mH and a resistance rL = 0.9Ω, which
are adequate for this project. Moreover, the nominal capacitance of the converter is
C = 1160 µF which changes to Cfault = 220 µF when the capacitor fault is injected. An
image of the converter and its components is shown in Figure 5.4.

Figure 5.4: Components of boost converter

5.2.4 Sensors

As referred previously, the developed setup is comprised of a current sensor and a voltage
sensor. The first requirement for the current sensor is the possibility of measuring currents
in the range of 0 A to 10 A. In the case of the voltage sensor, the voltages to be measured
are limited to the range of 0 V to 60 V. Moreover, both sensors must have good accuracy,
be adequate for the frequency of operation and be galvanically isolated. The chosen sensors
are described in the following subsections.

5.2.4.1 Current sensor

In the case of the current sensor the choice fell on the Allegro ‘ACS723T-LLC10AB’ IC,
which is an high-accuracy galvanically isolated sensor. Moreover, it is a precise, low-
cost, low-offset, linear Hall sensor circuit. According to the datashhet3, some of its main
characteristics are:

4.5 V to 5.5 V single supply operation;

3Available at: https://www.allegromicro.com
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Output voltage proportional to ac or dc current;

0.65 mΩ primary conductor resistance for low power loss;

Bandwidth of 80 kHz for high bandwidth applications;

Nearly zero magnetic hysteresis;

Current sensing range of IPR = ±10 A;

Sensitivity equal to 200 mV/A for VCC = 5 V;

Sensitivity error of ε = ±2 %;

Zero current output voltage: Vio = VCC×0.5 V.

An image of the used current sensor4 is shown in Figure 5.5.

Figure 5.5: Current sensor used in experiment

The output voltage of this current sensor, function of the measured current IP , is shown
in Figure 5.6. Since the microcontroller’s 12-bit ADCs (4095 discrete values) have a full
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0.5
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Figure 5.6: Current sensor’s output voltage

scale of 3.3 V, the sensor will be connected to measure in the negative current range, as
highlighted in figure. This means that the output voltage of the sensor will be in the range
of 0 V to 2.5 V, which is in accordance with the microcontroller’s ADCs. Thus, in order to
adjust the zero current value of the inductor to zero, it is made the following numerical

4This is a low-cost current sensor bought from https://www.aliexpress.com
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Figure 5.7: Typical voltage sensing circuit (adapted from [179])

calculation by the microcontroller (in the C code):

iL = −(RADC − 3085)

248.18
(5.1)

where RADC is the reading from the ADC, 3085 was obtained experimentally for zero
current in the sensor and 248.18 is the ADC’s number of discrete steps per ampere.

5.2.4.2 Voltage sensor

The voltage sensor used in this project is the ‘ACPL-C87AT’, which is an automotive high
precision dc voltage isolated sensor. According to the datasheet [179], some of its main
features are:

Unity gain;

1 % gain tolerance @25 °C;

−0.3 mV input offset voltage;

0 V to 2 V nominal input range;

100 kHz Bandwidth.

The typical voltage sensing circuit, which was used in this project, is illustrated in
Figure 5.7. It is important to note that, the values of the resistances R1 and R2, highlighted
in the circuit, must be determined according to the maximum expected voltage value.
Moreover, in order to adjust its output voltage range to the one of the microcontroller, the
values of the highlighted resistances next to the OPAMP must be changed.

As illustrated in Figure 5.7, the output of the voltage sensor is limited to the range of
0 V to 2 V. Thus, since the microcontroller’s ADCs have a full scale of 3.3 V it is necessary
to adjust the voltage sensor output values to the limits of the ADCs.
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To determine the values of those resistances one will use Figure 5.8. Considering the
current through R2 equal to 1 mA and that its maximum voltage drop should be 2 V, it is
straightforward to determine its value. Thus,

Sensor
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Figure 5.8: Voltage sensor circuit

R2 =
2

1×10−3
= 2 kΩ. (5.2)

The value of the resistance R1 can be obtained applying again Ohm’s law, which gives:

R1 =
58

1×10−3
= 58 kΩ. (5.3)

In what refers to the differential amplifier on the right of the figure, one know that the
output voltage is related to the input by:

Vout =
R4

R3
(V2 − V1). (5.4)

Since (V2 − V1) has a maximum range of 2 V and Vout should have maximum range of
3.3 V, one can write:

R4

R3
=

3.3

2
. (5.5)

Thus, one can choose arbitrary values for both resistance, provided that their relation is
equal to the one given by (5.5). If one choose R3 = 20 kΩ, than R4 should be equal to
R4 = 33 kΩ. It is important to refer that, in order to have correct voltage measures, the
precision for these resistances was defined to be 1 %.

5.2.5 Other electronics circuits

As stated before, during the realization of this work, it was constructed an experimental
setup, which includes a circuit board. As illustrated in Figure 5.9, this circuit board
includes power sources, switches (boost converter) and low voltage indicator for battery.
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Figure 5.9: Main board overview

Moreover, it makes the electrical connection between these circuits and the microcontroller
(XMC4500), the sensors, the driver, the relay board and the battery. The power to
the circuit is constituted by two 18650 Li-ion batteries connected in series, performing
7.4 V. Since there are circuits that must be fed with 3.3 V and others with 5 V, it were
implemented different power buses to supply those circuits.

In order to supply the microcontroller, driver and relay board, there are two linear
regulators to lower the battery voltage to 5 V and 3.3 V. The relay board is used to
connect/disconnect load resistances and capacitors, which is done by pressing ‘pressure
buttons’ (on bottom of figure). The microcontroller is also connected to the computer,
through an Universal Serial Bus (USB) cable, to visualize and change values of variables
in real-time. The schematics of the electronics circuits used are illustrated in Appendix C.

The software used in this work is going to be described in the next section.

5.3 Software description

In this project it were used mainly two software programs: DAVE™, to write the algorithm,
compile it and upload it to the microcontroller, and µC/Probe™ XMC™ used to visualize
information in real-time. Both of them were running in the computer during the real-time
experiments undertaken at laboratory.

160



5.3. SOFTWARE DESCRIPTION

F
ig
ur
e
5.
10
:
O
v
er
v
ie
w

o
f
D
A
V
E

™
w
o
r
k
sp
ac

e

161



CHAPTER 5. EXPERIMENTAL PLATFORM AND RESULTS

DAC

DAC_1

INTERRUPT

INTERRUPT_0

GLOBAL_CCU4

GLOBAL_CCU4_1

DIGITAL_IO

BUTTON_C1

GLOBAL_ADC

GLOBAL_ADC_0

DIGITAL_IO

BUTTON_R1

GLOBAL_CCU4

GLOBAL_CCU4_0

DIGITAL_IO

REL_1

ADC_MEASUREMENT_ADV

ADC_MEASUREMENT_ADV_0

DIGITAL_IO

REL_2

PWM_CCU4

PWM_CCU4_1

DIGITAL_IO

REL_3

INTERRUPT

INTERRUPT_1

DIGITAL_IO

REL_4

PWM_CCU4

PWM_CCU4_0

DIGITAL_IO

BUTTON_C2

DAC

DAC_0

DIGITAL_IO

BUTTON_R2

CPU_CTRL_XMC4

CPU_CTRL_XMC4_0

CLOCK_XMC4

CLOCK_XMC4_0

Figure 5.11: DAVE’s APP dependency map

DAVE™ is a free eclipse based Integrated Development Environment (IDE) offering
code repository and graphical system design methods using APPs. It automatically
generates code to XMC microcontrollers using cortex-M processors. DAVE APPs are
application-oriented software components or library components dedicated to a certain
application. Its main workspace window is shown in Figure 5.10.

The main reason for using this IDE was its simplicity and ease of use for non-experienced
users. Furthermore, DAVE™ has a GUI-based development environment that uses APPs,
simplifying the setup of peripherals and accelerating the project development.

Figure 5.11 shows the APP dependency map for the developed project. In this project
it were added about five APPs and, despite being a few, some of them are in greater
number. The IDE with these APPs allowed the rapid development of the project, which is
an advantage for inexperienced users.

In addition to DAVE™ it was also used the µC/Probe™ software, whose working window
is depicted in Figure 5.12. This software works in communication with DAVE™ and has
some interesting functionalities, like visualizing values of variables and changing their
values. It permits to develop, e.g., a dashboard that shows information of the variables
defined in DAVE’s C code. In what refers to this work, it allowed to visualize values of
variables, inject faults in sensors by changing their gain and offset values, and visualizing
boolean variables in a LED-like form, i.e., ‘green’ for no-fault and ‘red’ when a fault occurs.
Moreover, it permits to work as a scope to see the evolution of variables in time, although
with some communication constraints.

Next section shows the experimental results obtained during the realization of this
work, as well as some other practical aspects of its implementation.
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Figure 5.12: Micrium working window

5.4 Experimental results

As referred previously, to validate the simulation results described in chapter 4 that are
related to the FDI in the dc-dc boost converter, it was constructed an experimental setup
whose layout is shown in Figure 5.13. Its main components, which are identified with
labels in the figure, were already described in the previous sections. Nevertheless, here it
is possible to see the global picture of the setup.

Regarding the microcontroller, it was necessary, first of all, to implement the algorithm
which controls the output voltage of the converter. Moreover, equally important, it was
necessary to implement the inversion-based FDI algorithm. This was done in DAVE™
software, using its APPs and, necessarily, writing some lines of code. The C code used in
this project can be consulted in Listing C.1 shown in Appendix C.

Inspecting the APPs dependency map in Figure 5.11 it is shown that there were added
to the project in DAVE™ two ‘PWM_CCU4’5 that generate two PWM signals: one,
‘PWM_CCU4_0’, at frequency of 5 kHz and the other, ‘PWM_CCU4_1’, at 25 kHz. The
first gives instruction to initiate the second, triggered by the interrupt event Period Match.
The second triggers the ADC to perform the acquisition of voltage and current values at
Compare Match (C.M.) and Period Match (P.M.), as illustrated in Figure 5.14. To clarify
the software implementation, Figure 5.15 illustrates its execution flowchart, where it is draw

5Capture Compare Unit 4 (CCU4) - is a multipurpose timer unit for signal monitoring and PWM
signal generation.
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Figure 5.13: Experimental setup at the laboratory

the main loop, ‘main’, and the three interrupt routines: ‘interrupt_0’, ‘interrupt_1’,
and ‘adc meas.’.

COMPARE
MATCH

5 kHz PWM

P.M. C.M.

25 kHz PWM

PWM_0

PWM_1

PERIOD 
MATCH

INTERRUPT_0 INTERRUPT_1 

ADC MEAS.

P.M. C.M. P.M. C.M. P.M. C.M. P.M. C.M.

D=50% STOP PWM_1

INTERRUPT_0 

C.M.

Figure 5.14: PWM interrupts

The ADC makes measurements ten times per period of the first PWM, i.e., every
20 µs, as illustrated in Figure 5.16. When the number of generated interrupts reaches ten,
the ‘PWM_CCU4_1’ APP stops, which happens before the end of the period of the first
PWM.

For each interrupt, the ADC acquires the values of voltage and current two times,
accumulating them, that is, it acquires voltage-current-voltage-current, in this sequence.
In order to obtain the averaged values of the current and voltage, it is necessary, in the ‘C’
code, to divide the value accumulated in the variable by two, as shown in Listing 5.1.
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Figure 5.15: Software execution flowchart

Listing 5.1: Snapshot of main.c - ADC measurements

315 actual_voltage = ADC_MEASUREMENT_ADV_GetResult (&
↪→ ADC_MEASUREMENT_ADV_0_Voltage); // sum of two voltage values

316 actual_current = ADC_MEASUREMENT_ADV_GetResult (&
↪→ ADC_MEASUREMENT_ADV_0_Current); // sum of two current values

317 actual_voltage_avg =( actual_voltage)*0.5F; // average of two values
318 actual_current_avg =( actual_current)*0.5F; // average of two values
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PWM

current

ADC measurements

Figure 5.16: ADC’s measurement time

Thus, the microcontroller performs ten acquisitions per period of 200 µs and all the
necessary computations must be executed between each acquisition. In this case, it was
defined that the control instructions were to be executed and updated for all voltage
and current acquisitions. On the other hand, the instructions for the inversion and FDI

algorithms must be executed after the last acquisition of voltage and current (tenth).

Inspecting Figure 5.17(a), it is clear that the execution time is greater after the tenth
interrupt, where most of the code is processed. Nevertheless, the implemented code is
executed a couple of micro-seconds before the start of a new PWM period, as highlighted
in Figure 5.17(b).

(a) (b)

Figure 5.17: Code execution time

As already stated, sensor faults were injected by software, using the dashboard con-
structed in µC/Probe™, whose working window is shown in Figure 5.12. As illustrated,
the injected fault can be chosen using an ‘option button’. Moreover, it is possible to inject
gain and offset faults for each sensor.
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(a) Gain (b) Offset

Figure 5.18: Experimental detection and isolation of faults in voltage sensor

Figure 5.18 shows the evolution of the real output voltage and the sensor reading
voltage when faults are injected in the voltage sensor. It also shows the value of the flag
that indicates the presence of a fault in the sensor.

At instant 1 , there is a change in the reference voltage vref from 40 V to 50 V. As
shown, both real and sensor voltage (acquired by controller) follow the reference value and
the fault flag keeps its value.

At instant 2 it is injected a −15 % gain fault / −7.5 V offset fault in voltage sensor.
As the sensor information is less than the real value, the voltage at the output increases to
compensate that fault. Then, the algorithm detects the existence of that fault and the
corresponding flag changes to one, indicating the existence of a voltage sensor fault. At
instant 3 the fault is cleared and the system returns to normal operation, without any
faults.

At instant 4 it is injected a 15 % gain fault / 7.5 V offset fault in the sensor. Contrarily
to the occurred before, the output voltage is reduced to compensate for the fault and, at
the same time, the algorithm detects the existence of the fault by changing the value of its
flag. When the fault is cleared at instant 5 , the converter returns to normal operation
and the fault flag changes to zero.

Figure 5.19 shows the FDI of faults in the voltage and current sensors obtained from
reasoning about the variables φ1, φ2, δ1 and δ2. At this point it is worth mentioning that
these variables passed through an average filter implemented by software and that, even
though Figure 5.19 shows only the evolution of φ1 and φ2, the other two variables are also
used to obtain FDI. The time injection of faults was performed like follows: at instant
1 it was injected a −15 % gain fault in voltage sensor and a −20 % gain fault in current
sensor; at instant 2 it was injected a 15 % gain fault in voltage sensor and a 20 % gain
fault in current sensor; at instant 3 it was injected a −7.5 V offset fault in voltage sensor
and a −2 A offset fault in current sensor; at instant 4 it was injected a 7.5 V offset fault
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voltage sensor fault flag

(a) Voltage sensor

current sensor fault flag

(b) Current sensor

Figure 5.19: Experimental FDI in sensors using φ1 and φ2 signals

voltage sensor fault flag

(a) Voltage sensor faults

current sensor fault flag

(b) Current sensor faults

Figure 5.20: Experimental FDI in sensors using δ1 and δ2 signals

in voltage sensor and a 2 A offset fault in current sensor; at instant 5 it was injected a
−90 % gain fault in current sensor.

Inspecting both figures, it is noticeable that variable φ1 is more sensible to voltage
sensor faults whereas φ2 is more sensible to current sensor faults. Moreover, as it is clear
from figures, the FDI algorithm has a good performance and is capable of detecting
and isolating the injected faults. It is also important to realize that these results show
similarities to the ones obtained by simulations and shown in previous chapter.

Figure 5.20 shows the evolution in time of variables δ1 and δ2, when faults are injected
in voltage and current sensors. The time injection of faults is the same described above
for the variables φ1 and φ2. Inspecting both figures, one can see that variables δ1 and
δ2 are more sensible to current sensor faults, as shown by simulations on the previous
chapter. Moreover, as shown in both figures, all injected faults were detected and the
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corresponding flags were triggered. It is important to note that in order to isolate these
faults the algorithm must also have information of the variables φ1 and φ2.

Voltage sensor fault flag

Figure 5.21: Experimental FDI in voltage sensor: time to detection

Despite the implemented algorithm is capable of detecting and isolating the injected
faults, nothing was referred about the time it takes to signal a fault. In fact, our aim
was to obtain FDI using the inverse model and not to develop methods based on the
speed of detection. Moreover, this is not a big issue for a great number of applications.
Nevertheless, Figure 5.21 shows the evolution of the output voltage, the inductor current
and the voltage sensor fault flag when a −15 % gain fault in the voltage sensor is injected.
As it can be seen, the elapsed time between the injection of the fault and its detection
and isolation is about 15 ms. This value depends mainly on the following factors: one is
using averaged values, which introduce some delay, and; the sensor faults are injected via
computer, whose communication with the microcontroller introduces a delay in the code
execution time.

Just to clarify, the output voltage was measured using a differential probe, with an
attenuation of ×20, meaning that the 2.5 V showed in the scope correspond to 2.5×20 = 50 V.
When the fault is injected, the output voltage goes to near 59 V. The inductor current was
measured using a current probe, which delivers 100 mV/A. The voltage sensor fault flag
changes from zero voltage, in the case of no-fault, to 3.3 V, in the presence of the fault.

Regarding switch and capacitor faults, they were injected by activating physical switches
on the main-board. For injecting the IGBT open fault, the signal from its gate was
disconnected for a few seconds. The injection of the capacitor fault was done by pressing a
‘pressure switch’ in the board, which is connected to the microcontroller. The latter send
the information to the ‘relay board’ that disconnects some of the capacitors (in parallel),
which correspond to approximately 80% of its capacitance. It is worth mentioning that the
disconnection of that value of converter’s capacitance doesn’t mean it stops working. In
fact, the converter maintains its normal operation, only with a little more ripple magnitude.

Figure 5.22 shows the detection and isolation of the switch and capacitor faults. Again,
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switch fault flag

Cap. fault flag

(a) φ1 and φ2

switch fault flag

Cap. fault flag

(b) δ1 and δ2

Figure 5.22: Experimental detection and isolation of faults in switch and capacitor

it is necessary to make some reasoning considering the four signals to perform FDI.
Nevertheless, as it is shown, the algorithm can isolate both faults with the considered
signals.

As referred previously, the µC/Probe™ software has the possibility of ‘data-logging’,
i.e., it permits to save the values of variables to a file. Both the logging interval as well as
the logged variables can be defined in the corresponding window of the software. The real
logging interval was between 100 ms to 200 ms. Consequently, it were obtained the values
of the variables through this logger APP, which permitted to plot graphics similar to the
ones obtained in simulation. The values were saved to a ‘.csv’ file, being then imported by
Matlab® to plot their evolution in time.

It is worth mentioning that it were made practical experiences that took several minutes
to be completed. Also, the faults were injected for four different values of load resistance,
in sequence, without stopping the experience. For the sake of simplicity, only the results
for the lower and upper load values are shown here. Thus, Figure 5.23 shows the evolution
of the reconstructed values when the load resistance was equal to 35Ω. On the other hand,
Figure 5.24 shows the evolution of the reconstructed values when the load resistance was
equal to 65Ω.

As it can be seen, each such experience took about 420 s, meaning that the global time
was 4×420 s = 1680 s, which is close to half an hour. As referred previously, all variables
used for isolation of faults are affected by faults. Thus, one can see some variation in all
variables when a fault occurs. Inspecting Figure 5.23 and Figure 5.24, one can see that,
for each fault, each variable has a particular symptom. The knowledge of all symptoms
permits to infer about which fault is occurring at some instant. Consequently, to prove
the effectiveness of the algorithm, Figure 5.25 shows the FDI flags of all injected faults for
the two referred load values. In brief, one can see that all faults are detected and isolated
by the algorithm independently of the load value.
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Figure 5.23: Experimental reconstructed values for load resistance Ro = 35Ω

It must be remembered that although these plots were made using Matlab®, they
correspond to practical experiences and their values were obtained from the microcontroller
through a data-logger in the µC/Probe™ software.

171



0 30 60 90 120 150 180 210 240 270 300 330 360 390 420
-4

-2

0

φ
1(t)

0 30 60 90 120 150 180 210 240 270 300 330 360 390 420
time [s]

-1

0

1

2

3

φ
2(t)

SW fault Current sensor faults Voltage sensor faults Capacitor

OffsetGain

Offset step up

Offset step down

Gain ~0

(a) φ1 and φ2

0 30 60 90 120 150 180 210 240 270 300 330 360 390 420
-1.5

-1

-0.5

0

0.5

δ 1(t)

0 30 60 90 120 150 180 210 240 270 300 330 360 390 420
time [s]

-2

0

2

4

δ 2(t)

SW fault Current sensor faults Voltage sensor faults Capacitor

Gain ~0Offset step down

Offset step up

Gain

(b) δ1 and δ2

Figure 5.24: Experimental reconstructed values for load resistance Ro = 65Ω
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Figure 5.25: Experimental FDI flags
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“Reasoning draws a conclusion, but does not make the conclusion certain, unless the mind

discovers it by the path of experience.”

—Roger Bacon

This thesis investigated the problem of detecting and isolating faults in dc-dc
converters using a non-traditional technique. The proposed approach is based on
the inversion of the mathematical model of the process in order to reconstruct

faults, previously modeled as unknown inputs. The problem was investigated and addressed
in previous chapters, from which some conclusions will be made next. The remaining of
the chapter, suggests some research directions that can be followed in the future.

6.1 Conclusion

The main purpose of the present research was to investigate the applicability of the Sain
and Massey’s [28] inversion method, developed initially from a control perspective, to detect
and isolate faults. As it could be understood from bibliographic research, the application
of the concept of inversion to detect and isolate faults only started to be used in the first
years of this century, with some works related to LTI systems. Only few years later the
concept was used to estimate unknown inputs in SLSs, but not from a perspective of
diagnosis.

An important finding that emerged from this study and should be highlighted is the
small number of works related to the use of inverse approaches for FDI in the area of
power electronics converters. From what could be understood, a possible reason is probably
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related to stability issues of inverse systems. In fact, as it was referred, proper systems
lead to improper inverses.

One of the results from this work was the adaptation of the Sain and Massey’s [28]
inversion-based approach to detect and isolate faults in LTI systems, which was originally
developed from a perspective of control. Moreover, it was developed a new methodology,
based on the previous, applicable to detect and isolate faults in SLSs.

Accordingly, this work has shown that the developed inversion-based approach can be
used for FDI both in the case of LTI systems and SLSs. Moreover, as it was highlighted
in one of our publications, the proposed methodology presented similar results to the
observer-based approach, which has been widely used by the diagnosis community. In fact,
the problem of state estimation is equivalent to that of stable system inversion.

An important contribution of this work is the development, in chapter 3, of an inversion-
based technique to FDI, which can be applied to SLSs. This framework was mathematically
derived and validated using simple examples. As it was shown, the proposed methodology
is capable of reconstructing the time evolution of faults which were previously modeled as
unknown inputs.

Regarding its application to dc-dc converters, it had been shown in chapter 4, that the
developed inversion approach is suitable to detect and isolate faults in converters operating
both in the CCM and DCM. Moreover, the simulation results obtained for different types
of converters, proved some flexibility in the implementation of the proposed approach, and
its effectiveness in what refers the reconstruction of the injected faults. It is important
to mention that in the specialty literature, the number of works related to this topic is
scarce, being only covered by small a number of publications, which use, in most cases, the
inversion algorithm proposed by Silverman [133].

In our work, a lot of attention was given in tackling the problem of detecting and
isolating four types of faults in a dc-dc boost converter, operating in closed-loop in order
to maintain the output voltage constant. For this, it was implemented a PI current control
loop and a PI voltage control loop. Our findings show that the isolation of faults is a
complicated problem to solve, since it is only possible to recover two unknown inputs from
the inverse system. Moreover, since the converter is operating in closed-loop, all faults
appear in both equations, making it difficult to achieve fault decoupling. Nevertheless, it
was implemented a new inversion-based method and a fuzzy-based inference scheme which
demonstrated good results regarding the isolation of all faults.

Searching specialty literature there is a small number of works addressing the problem
of detecting and isolating four types of faults occurring in dc-dc converters. Moreover,
it is difficult to understand from them, if their approaches can detect and isolate the
faults in a single experiment, as it was shown in our work. Hence, the results obtained
from our experiments constitute a novelty to the diagnosis community, as far as we could
understand.

176



6.2. FUTURE WORK

An experimental setup was designed to validate the proposed inversion-based approach
to FDI. The algorithm was implemented in real-time using a low cost microcontroller based
on Infineon’s development board XMC4500, which also executed the control tasks. The
obtained results confirm the effectiveness of the developed approach, which was proved by
isolating all faults successfully in a single experiment. Moreover, the implemented solution
showed robustness to load variations.

Although the proposed approach revealed to have good results, care must be taken in
the presence of noise. In fact, for its implementation it is necessary to apply derivatives
to the measurements and, as a consequence, the presence of noise will introduce high
variability to those inputs, amplifying the problem of the noise. Hence, the implementation
of inversion methods in physical real-time applications must be developed taking into
consideration the presence of noise and how to mitigate its presence.

6.2 Future work

The research done during the realization of this thesis have paved a long way and showed
that considerable progress has been made. However, this research thrown up many questions
that need to be further investigated, which will be described in the following paragraphs.

The obtained results are encouraging, but should be validated by a larger set of
applications. Hence, the proposed methodology of inversion should be implemented in
other types of converters, both for DC as for AC converters, like the interleaved dc-dc
boost converter, or the three-phase VSI. Moreover, future works should target bi-directional
converters, since they are very important in the case of both AC and DC grids.

As referred by several authors, the development of robust FDI frameworks can be
facilitated by the proper integration of different methods. Future studies on the current
topic are therefore required to achieve better robustness of the proposed inversion-based
solution.

In fact, an important issue for future research is the integration of other approaches,
like parameter estimation, since the proposed approach has poor robustness in the presence
of uncertainties, like, e.g., load variation. Consequently, more research is needed to better
understand robustness and stability problems associated with these types of approaches.

The findings obtained from this work had encouraged us to further investigate the
applicability of the inversion technique to the area of electrical machines, since it is an
area of the author’s interest. This research can be made initially for machines without
converters, but evolve to solutions with the presence of converters, since it would be
injudicious to think only of the former setup.

Since many real applications are quite complex and can not be modeled as LTI systems,
it would be also interesting to investigate the applicability of the developed method to
applications modeled using nonlinear techniques.
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Matrices and inverses
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Appendix A

A.1 Some Notation and Terminology, 203 • A.2 Matrix Theory, 204 •

A.3 Matrix inverses, 209 .

As mathematical formulation of state-space systems requires knowledge of linear algebra
and matrix theory, this chapter (appendix) addresses initially basic concepts of matrix ma-
nipulations. After that, the focus is directed to generalized inverses, which are fundamental
in solving linear systems of equations, involving matrices, as it will be shown.

Despite these concepts can be found in specialty books, considering the author’s
connections to teaching and sympathy with the subject, its inclusion in this thesis became
of singular importance.

A.1 Some Notation and Terminology

This section gives some standard notation and terminology used throughout this thesis.
Thus, let N, R and C denote a set of natural, real or complex numbers, respectively. F
denotes an arbitrary field and A ∈ Fm×n denotes an m-by-n matrix over the field F.

When referring to vectors and matrices, it is usual the use of suffixes. Thus, given
a vector v, let vi be its i th component. Given a matrix A, let aij or A(i,j) be its (i, j)th

entry, that is, in i th row and j th column.

Let A ∈ Rm×n represent an m-by-n matrix of real numbers. In this case, A has size
m×n. The set of m-by-n matrices of rank r is denoted by Fm×nr . Consequently, Rn×nn

denotes the set of real non-singular n-by-n matrices. Furthermore, an n-by-n identity
matrix will be denoted by In and a zero matrix of any format will be denoted by 0. Just
to clarify, sets have elements, vectors have components, and matrices have entries.
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Next, there are shown some sets that are of importance for this document. x ∈ Rn

represents an n-by-1 column vector of real numbers. A vector in Rn is a column vector,
which is also a matrix with one column. Thus, x ∈ Rn can be written as:

x ,




x1

x2

...
xn




(A.1)

where xi ∈ R is the i th component of the vector x.
If a group of m vectors x1, ,x2, , . . . , xm ∈ Rn are placed side-by-side, they form a

matrix:
A ,

[
x1 x2 . . . xm

]
(A.2)

which has n rows and m columns. Note that vectors are always column vectors. A row
vector is denoted by xT. Similarly, an m-by-n matrix is a collection of real or complex
numbers, aij , organized in a rectangular array with m rows and n columns:

A , {aij} =




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn



. (A.3)

Since the displayed matrix has m rows and n columns, it is called an m-by-n matrix or a
matrix of order m×n.

A.2 Matrix Theory

The purpose of this section is to make a small review of matrix theory that is useful
to understand many concepts related to linear algebra. Firstly, some basic theory and
definitions follows.

Addition of two matrices is accomplished by adding their entries. The sum of two
matrices of the same order is defined as:

A+B , {aij + bij}

The product of a scalar by a matrix is defined as:

λA = Aλ , {λaij}

In the case of multiplication of two matrices, e.g., C = AB, this is done by combining
the rows of B with the columns of A according to the expression:

cij =

p∑

k=1

aik · bkj , i = 1, 2, . . . , m; j = 1, 2, . . . , n. (A.4)
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Nevertheless, for this to be possible, the number of columns of A has to be equal to
the number of rows of B. Thus, if A ∈ Fm×p and B ∈ Fp×n, the product is a matrix
C ∈ Fm×n.

The determinant is a unique number associated with each square matrix that is related
with some properties of the linear transformation performed by the matrix. Using the
Laplace expansion, also called cofactor expansion, one can express the determinant of a
matrix in terms of its minors.

Definition A.1. (Determinant). LetA ∈ Fn×n. The determinant of matrixA is defined
by:

det (A) = |A| ,
n∑

i=1

(−1)i+jaijMi,j for any (fixed) j = 1 : n (A.5)

where Mi,j , called the (i, j)-minor, is the determinant of the (n 9 1)× (n 9 1) sub-matrix
formed by deleting its i th row and j th column. The expression (−1)i+jMi,j is known as
the (i, j)-cofactor.

For a 3-by-3 matrix A, its determinant is:

|A| =

∣∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣
= a11

∣∣∣∣∣∣∣

2 2 2

2 a22 a23

2 a32 a33

∣∣∣∣∣∣∣
− a12

∣∣∣∣∣∣∣

2 2 2

a21 2 a23

a31 2 a33

∣∣∣∣∣∣∣
+ a13

∣∣∣∣∣∣∣

2 2 2

a21 a22 2

a31 a32 2

∣∣∣∣∣∣∣

= a11

∣∣∣∣∣
a22 a23

a32 a33

∣∣∣∣∣− a12

∣∣∣∣∣
a21 a23

a31 a33

∣∣∣∣∣+ a13

∣∣∣∣∣
a21 a22

a31 a32

∣∣∣∣∣

= a11a22a33 + a12a23a31 + a13a21a32 − a13a22a31 − a12a21a33 − a11a23a32

To perform certain operations on matrices, it is often useful to reshape the matrix.
The most common reshaping operation is the transpose, which is defined next:

Definition A.2. (Transpose Matrix). Let A ∈ Rm×n. The transpose of a matrix A is
denoted by AT ∈ Rn×m and is the matrix whose aij entry is the aji entry of A, that is, its
i th row is the i th column of the original matrix.

The transpose of a matrix satisfies the following properties:

• (A+B)T = AT +BT for all m×n matrices A and B;

• (AT)T = A for all m×n matrices A;

• (AB)T = BTAT whenever the product AB is defined.

Definition A.3. (Adjugate Matrix). The adjugate of a matrix A ∈ Fn×n is the
transposed matrix of the cofactors of A, given by:

adj (A) = QT (A.6)
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Each entry of the cofactor matrix Q is obtained by:

qij
∆
= (−1)i+j det

(
A[i9,j9]

)
(A.7)

where A[i9,j9] denotes the sub-matrix of A obtained by removing the i th row and j th

column of A. Obviously, this det
(
A[i9,j9]

)
is the minor Mi,j referred earlier.

Square matrices are special kinds of matrices that have the same number of rows and
columns. In other words, an n-by-n matrix is known as a square matrix of order n. These
matrices have some interesting properties that are described by the following definitions:

Definition A.4. (Symmetric Matrix). Let A ∈ Rn×n. If for all i and j aij = aji,
matrix A is said to be symmetric, i.e., A = AT.

If the entries of the matrix are from the field of complex numbers, the conjugate
transpose (the complex analogue of a symmetric matrix), also called Hermitian matrix, is
more useful than the transpose.

Definition A.5. (Hermitian Matrix). Let A = {aij} ∈ Cn×n. A Hermitian matrix is
a complex square matrix that is equal to its conjugate transpose, i.e., A = AH.

That means aij = āji, where ā represents the conjugate of the complex number a.
An Hermitian matrix is also called a self-adjoint matrix. Note that A∗ is the complex
conjugate matrix whereas AH is the conjugate transpose.

Next, it follow the definitions of normal, orthogonal, unitary and idempotent matrices.

Definition A.6. (Normal Matrix). The square matrix A ∈ Cn×n (A ∈ Rn×n) is
normal if:

AHA = AAH (ATA = AAT)

Definition A.7. (Orthogonal Matrix). The square matrix A ∈ Rn×n is orthogonal if:

ATA = AAT = In

Definition A.8. (Unitary Matrix). The square matrix A ∈ Cn×n is unitary (the
complex analogue of an orthogonal matrix) if:

AHA = AAH = In

Definition A.9. (Idempotent Matrix). The square matrix A ∈ Cn×n is idempotent if:

An = A, ∀n ∈ Z+

The concepts of range and null space (also known as Kernel) are quite important in
solving systems of linear equations, as it is shown next:

206



A.2. MATRIX THEORY

Definition A.10. (Range). Let A ∈ Fm×n. The range of matrix A is denoted by:

R(A) , {y ∈ Fm : y = Ax, x ∈ Fn}

By definition, R(A) is the set of all possible linear combinations of its column vectors.
It is also known as column space or image. The dimension of the range of a matrix
dim(R(A)) is called the rank of a matrix and is denoted by rank(A).

Definition A.11. (Null Space). Let A ∈ Fm×n. The null space of matrix A is denoted
by:

N (A) , {x ∈ Fn : Ax = 0}

In order to obtain the basis of the subspaces mentioned above, it is convenient to
transform a matrix to its reduced row form or to its reduced row echelon form. These two
are defined as follows:

Definition A.12. (Row echelon form). A matrix R is said to be in its row echelon
form if:

• The nonzero rows of R precede the zero rows;

• The leading coefficient (the first nonzero number from the left, also called the pivot)
of a nonzero row is always strictly to the right of the leading coefficient of the row
above it.

It follows an example of a matrix in row echelon form, with circled pivot entries.

R =




~ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ~ ∗ ∗ ∗ ∗ ∗
0 0 0 ~ ∗ ∗ ∗ ∗
0 0 0 0 0 0 ~ ∗
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0




(A.8)

Definition A.13. (Reduced row echelon form). The matrix R is said to be in reduced
row echelon form if in addition to the above:

• The leading entry in each nonzero row is a 1;

• Each column containing a leading 1 has zeros everywhere else.
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An example of a matrix in reduced row echelon form follows, with circled pivot entries.
Note that pivot entries have zeros elsewhere in that column.

R =




1 ∗ 0 0 ∗ ∗ 0 ∗
0 0 1 0 ∗ ∗ 0 ∗
0 0 0 1 ∗ ∗ 0 ∗
0 0 0 0 0 0 1 ∗
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0




(A.9)

The rank of a matrix is an important concept widely used throughout this document
and is defined as:

Definition A.14. (Rank). The rank ofA is the maximum number of linearly independent
columns or rows it contains. It follows that it is equal to the number of pivot entries in
the reduced row echelon matrix.

Note that the number of linearly independent columns is equal to the number of linearly
independent rows. The rank of a matrix is also defined as the number of nonzero rows of
the reduced row echelon form of the matrix. Similarly, the nullity of a matrix is defined as:

Definition A.15. (Nullity). The nullity of A is the number of columns of the reduced
row echelon form of A that do not contain a leading entry. This number, which is equal to
the dimension of the null space of A, is written as null(A) , dim(N (A)).

Related to the above definitions is the well known theorem:

Theorem A.1. Let A ∈ Rm×n. Then:

rank(A) + null(A) = n (A.10)

The proof can be obtained, e.g., in Shores [180]. For fully understand the singular
value decomposition, explained in next section, it is important to introduce the concept of
eigenvalues of a matrix.

Definition A.16. (Eigenvalue). Let A ∈ Fn×n. A scalar λ is called an eigenvalue of A
if there is a nonzero vector v such that Av = λv. This vector v is called the eigenvector of
A corresponding to λ. Moreover, the scalar λ is an eigenvalue of A if and only if A− λIn
is singular:

det(A− λIn) = 0 (A.11)

Definition A.17. (Eigenvector). Let A ∈ Fn×n with eigenvalue λ. Then, the eigenvec-
tors of A corresponding to λ are the nonzero solutions to (A− λIn)x = 0.
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A.2.1 Partitioned Matrices

Sometimes it is useful to perform matrix arithmetic on submatrices which make up a
matrix. By partitioning a matrix A into submatrices Aij (also called blocks), one obtain:

A =




A11 A12 . . . A1j

A21 A22 . . . A2j

...
...

. . .
...

Ai1 Ai2 . . . Aij




Suppose that A is partitioned as:

A =



a11 a12 a13

a21 a22 a23

a31 a32 a33




Writing A as a matrix whose elements are the submatrices thus formed yields:

A =

[
A11 A12

A21 A22

]

Now, let matrix B be partitioned as matrix A. Then, addition can be performed using
the submatrices as:

A+B , {Aij +Bij} =

[
A11 +B11 A12 +B12

A21 +B21 A22 +B22

]
(A.12)

Consider that matrix C is partitioned as:

C =



c11 c12 c13

c21 c22 c23

c31 c32 c33


 =

[
C11 C12

C21 C22

]

In the same way as before, if the sums and products of the blocks are defined, one can do:

AC ,

{
n∑

k=1

AikCkj

}
=

[
A11C11 +A12C21 A11C12 +A12C22

A21C11 +A22C21 A21C12 +A22C22

]
(A.13)

A.3 Matrix inverses

Matrix inverses are quite important in linear algebra theory. They are fundamental in
obtaining solutions to many equations. Considering that a square matrix A has full rank,
one can state the following definition:

Definition A.18. (Invertible Matrix). A square matrix A ∈ Fn×nn is said to be
invertible or nonsingular if there exists a matrix X of the same size such that:

AX = XA = In (A.14)
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Matrix X is called the inverse of A, and is denoted by X = A−1. Thus, if det (A) 6= 0

the inverse of a matrix can be found by:

A−1 =
adj (A)

det (A)
(A.15)

where adj (A) is the adjugate matrix of A.
The following theorem gives some properties of the inverse matrix:

Theorem A.2. Let A ∈ Fn×n. Then, the following statements are true:

i) (A−1)−1 = A;

ii) (AT)−1 = (A−1)T;

iii) (AH)−1 = (A−1)H;

iv) (AB)−1 = B−1A−1.

A.3.1 Generalized inverses

As stated before, the inverse of a matrix is defined when it is square and nonsingular. In
many situations it is important to generalize this concept of inverses to singular and non
square matrices. According to Ben-Israel and Greville [181], a generalized inverse of a
matrix A is a matrix X that:

• exists for a class of matrices larger than the one of the nonsingular matrices;

• has some of the properties of the inverse matrix;

• reduces to the inverse matrix when A is nonsingular.

One such generalization is the Moore-Penrose inverse, which is defined for any matrix and
play a fundamental role to the study of solutions of systems of linear equations and least
squares problems.

Penrose and Todd [182] showed that for every finite matrix A ∈ Fm×n square or
rectangular (of real or complex entries), there exists a unique matrix X ∈ Fn×m satisfying
the following four equations:

AXA = A (A.16a)

XAX = X (A.16b)

(AX)H = (AX) (A.16c)

(XA)H = (XA) (A.16d)

where (·)H denotes the conjugate transpose (Hermitian) of a matrix. If matrices are of real
entries, this should be substituted by the transpose. The matrix X satisfying the above
four equations is called the Moore-Penrose inverse of matrix A and shall be denoted by
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A+. Occasionally, a more general inverse, usually called generalized inverse, suffices. This
matrix, denoted by A(1) or {1}-inverse, satisfies Equation A.16a and is not unique.

The next theorem states some interesting properties of generalized {1}-inverses [183].

Theorem A.3. Let A ∈ Fm×n and A(1) be a generalized inverse of A. Then:

i) (A(1))T is a generalized inverse of AT;

ii) rank(A(1)A) = rank(A);

iii) (A(1)A) is idempotent;

iv) (In −A(1)A) is idempotent;

v) rank(In −A(1)A) = n− rank(A).

According to Bernstein [184], if a matrix A ∈ Fm×n is right invertible, then X ∈ Fn×m

is a right inverse of A if and only if X is a {1}-inverse of A. Moreover, if A is right
invertible, then:

A+ = AH(AAH)−1. (A.17)

and A+ is a right inverse of A. Likewise, if a matrix A ∈ Fm×n is left invertible, then
X ∈ Fn×m is a left inverse of A if and only if X is a {1}-inverse of A. Furthermore, if A
is left invertible, then:

A+ = (AHA)−1AH. (A.18)

and A+ is a left inverse of A.
The following theorem gives some useful properties of Moore-Penrose inverses [184].

Theorem A.4. Let A ∈ Fm×n. Then, the following statements are true:

i) (A+)+ = A;

ii) (AT)+ = (A+)T;

iii) R(A) = R(AAH) = R(AA+) = N (Im −AA+);

iv) R(AH) = R(AHA) = R(A+A) = R(A+) = N (In −A+A);

v) N (A) = N (A+A) = N (AHA) = R(In −A+A);

vi) N (AH) = N (AA+) = N (AAH) = N (A+) = R(Im −AA+);

vii) rank(In −A+A) = n− rank(A);

viii) rank(Im −AA+) = m− rank(A);

The Moore-Penrose pseudo-inverse matrix A+ can be obtained from the Singular Value
Decomposition (SVD) of the matrix A
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Theorem A.5. Let A ∈ Fm×nr be a matrix with nonzero singular values (σ1, σ2, . . . , σr).
Then, there exists an unitary (orthogonal if field is R) matrix U ∈ Fm×m, an unitary matrix
V ∈ Fn×n and a matrix Σ ,

[
D 0
0 0

]
∈ Fm×n, such that A = UΣV H, where submatrix D

has diagonal entries σ1 ≥ σ2 ≥ . . . ≥ σr > 0, with r < min{m,n}.

Proof. Proof of Theorem A.5 can be found in Shores [180]. �

These matrices can be partitioned in the following form:

U =
[
u1 . . . ur ur+1 . . . um

]

R(A) N (AH)

Σ =




σ1 . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
0 . . . σr 0 . . . 0

0 . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
0 . . . 0 0 . . . 0




r n− r

r

m− r

V =
[
v1 . . . vr vr+1 . . . vn

]

R(AH) N (A)

Consequently, the SVD of matrix A can be written as:

A =
[
u1 . . . ur

]



σ1 . . . 0
...

. . .
...

0 . . . σr







vH1
...
vHr


 (A.19)

Then, a reduced SVD factorization of matrix A can be written as:

A =

r∑

i=1

σiuiv
H
i (A.20)

Consequently, the Moore-Penrose inverse of A can be obtained using the following
theorem:

Theorem A.6. Let A ∈ Fm×nr and let A = UΣV H be the SVD of A. Then, the
Moore-Penrose inverse of matrix A can be obtained by:

A+ , V Σ+UH. (A.21)

where matrix Σ+ ∈ Fn×m has diagonal entries (1/σ1, 1/σ2, . . . , 1/σr, 0, . . . , 0) and
A+ ∈ Fn×m.
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Proof. Proof of Theorem A.6 can be obtained from Ben-Israel and Greville [181]. �

In the same fashion, the Moore-Penrose inverse (reduced form) can be calculated by:

A+ =
r∑

i=1

viu
H
i

σi
(A.22)

Since this is an important concept that is used throughout this document, an example of
how to compute the Moore-Penrose inverse of a matrix follows.

Example 1. Let A ∈ R4×2 be the matrix:

A =




0 0

0 0

0 0

9 1
C 0




First, compute the eigenvalues of the matrix ATA =

[
1
C2 0

0 0

]
:

det(ATA− λIn) = 0

The eigenvalues are λ1 = 1
C2 and λ2 = 0. Thus, the singular values of A are σ1 = 1

C and
σ2 = 0.

Then, compute the normalized eigenvectors that correspond to the nonzero eigenvalues.
Thus, for λ1 = 1

C2 , the corresponding normalized eigenvector is

v1 =

[
1

0

]

.
Finally, compute the vectors of U as: ui = 1

σi
Avi. Thus,

u1 =
1
1
C




0 0

0 0

0 0

9 1
C 0




[
1

0

]
=




0

0

0

91




.
Then, A has the SVD A = UΣV T, where:

U =




0 91 0 0

0 0 91 0

0 0 0 91

91 0 0 0



, Σ =




1
C 0

0 0

0 0

0 0



, and V T =

[
1 0

0 1

]

N (AT)

N (A)
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Note that the shaded vectors in U matrix correspond to a basis for the left null space
of A and the shaded vector in V T correspond to a basis of the null space of A.

Moreover, A has a reduced SVD A = UrΣrV
T
r , where:

Ur =




0

0

0

91



, Σr =

[
1

C

]
, and V T

r =
[

1 0
]
.

The Moore-Penrose inverse can now be computed as:

A+ = V Σ+UT =

[
1 0

0 1

][
C 0 0 0

0 0 0 0

]



0 0 0 91

91 0 0 0

0 91 0 0

0 0 91 0




=

[
0 0 0 9C

0 0 0 0

]

In the same manner, the Moore-Penrose inverse can be obtained using the reduced form,
yielding:

A+ = VrΣ
+
r U

T
r =

[
1

0

] [
C
] [

0 0 0 91
]

=

[
0 0 0 9C

0 0 0 0

]

�

One can distinguish four cases of inverting an m× n matrix A with rank r :

1. r = n ≤ m: A has full column rank (tall matrix ). Then, there exists an n×m matrix
AL of rank n, called left inverse of A, such that:

ALA = In

where the left inverse matrix can be obtained by: AL , (ATA)−1AT;

2. r = m ≤ n: A has full row rank (broad matrix ). Then, there exists an n×m matrix
AR of rank m, called right inverse of A, such that:

AAR = Im

where the right inverse matrix can be obtained by: AR , AT(AAT)−1;

3. r = m = n: A is nonsingular, with full rank. Then, A has both left and right
inverses and:

AL = AR = A−1

4. r < min(m,n): In this case (A.21) has to be used to obtain a Moore-Penrose inverse
of matrix A, denoted by A+.
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A.3.2 Linear equations

Among the most important applications of matrices are the representation and solving
systems of n linear equations with m unknowns of the type:

a11x1 + a12x2 + . . .+ a1nxn = b1

a21x1 + a22x2 + . . .+ a2nxn = b2

... +
... +

. . . +
... =

...

am1x1 + am2x2 + . . .+ amnxn = bm

which in matrix form can be written as:

Ax = b.

A system for which a solution exists is called a consistent system. The following theorem
shows some of the principal concepts related with the solutions of systems of linear equations
[185].

Theorem A.7. Consider the following system of linear equations:

Ax = b. (A.23)

with A ∈ Fm×n and b ∈ Fm. Then:

i) There exists a solution to (A.23) if and only if b ∈ R(A);

ii) There exists a solution to (A.23) if and only if rank([A b]) = rank(A), which is
possible only if m ≤ n, since m = dimR(A) = rank(A) ≤ min{m,n};

iii) There exists an unique solution to (A.23) if and only if N (A) = 0;

iv) There exists an unique solution to (A.23) for all b ∈ Fm if and only if A is nonsin-
gular;

v) There exists at most one solution to (A.23) for all b ∈ Fm if the columns of A are
linearly independent, that is, N (A) = 0. This is possible only if m ≥ n;

vi) There exists a nontrivial solution to Ax = 0 if and only if rank(A) < n.

Lemma A.1. Given b ∈ Fm, the linear equation Ax = b admits a solution x ∈ Fn if and
only if b ∈ R(A). Moreover, the solution is unique if and only if N (A) = 0, i.e., the null
space includes only the zero vector.

Solving and finding solutions of linear systems of equations requires knowledge of
inverses and generalized inverses. Consider the system of linear equations given by (A.23),
where A ∈ Fn×nn and b ∈ Fn. If A is nonsingular, the system is consistent and has a unique
solution:

x = A−1b
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In general, A may be singular or rectangular. In that case, the system may not have a
solution or have multiple ones. For consistent systems with singular or not square matrices,
the generalized inverse is an important concept to find its solutions. The consistent system
where the number of equations is less than the number of variables (m < n) or the
coefficient matrix is not of full rank (rank(A) < n) is said to be underdetermined. For such
systems there is more than one solution. Consider such a consistent system given by:

Ax = b, (A ∈ Fm×n, m < n, b ∈ R(A)).

Consider also that A(1) is a generalized inverse of A, that is, any matrix that satisfies

AA
(1)
A = A. (A.24)

Then
x = A

(1)
b (A.25)

is a solution to the system. In fact, since AA(1)Ax = Ax and Ax = b, it follows that:

AA
(1)
b = b; (A.26)

i.e., A(1)b is a solution. Furthermore, this is not the only solution to the system. As it can
be proven, the set of all solutions to the system is given, for arbitrary z ∈ Fn, by:

x = A
(1)
b+ (In −A(1)

A)z. (A.27)

Moreover, the number of linearly independent solutions that come from (In −A(1)A)z

corresponds to the rank of (In − A(1)A), which is equal to n − rank(A), as shown in
Theorem A.3. Thus, the solutions of a consistent system of the type (A.23), given by
(A.27), correspond to the sum of the solutions to Ax = b and the solutions to Az = 0.
The following theorem generalizes this solutions for the case where the right-hand side is a
matrix.

Theorem A.8. Consider the system AX = B, where A ∈ Fp×n and B ∈ Fp×m. Then,
there exists a matrix X ∈ Fn×m satisfying AX = B if and only if rank(A) = rank([A B]).
The solution is given by: X = A(1)B + (In −A(1)A)Y , where Y ∈ Fn×m is an arbitrary
matrix.

Proof. Proof can be found in Wang et al. [186]. �

On the other hand, in many mathematical applications, the number of equations is
higher than the number of variables (m > n). In this case, if rank([A b]) > rank(A),
the system is said to be overdetermined and there is no x that satisfies such system and
an approximate solution may be computed. Nevertheless, this inconsistent system has a
least-squares solution. If A is full column rank, the solution which minimizes ‖Ax− b‖2
can be obtained using the generalized inverse or the left inverse.
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A.3.2.1 Solution of the matrix equation AXB = D

As referred before, generalized inverses are of particular importance in order to obtain the
solution of linear systems of equations. Furthermore, they permit also to obtain solutions to
matrix equations of the type: AXB = D, which are formulated by the following theorem:

Theorem A.9. Let A ∈ Fm×n, X ∈ Fn×p, B ∈ Fp×q and D ∈ Fm×q. Then the matrix
equation

AXB = D (A.28)

is consistent if and only if for some A(1) and B(1)

AA
(1)
DB

(1)
B = D. (A.29)

In this case, the general solution to (A.28) is given by:

X = A
(1)
DB

(1)
+ Y −A(1)

AY BB
(1) (A.30)

for arbitrary Y ∈ Fn×p.

Proof. Proof of Theorem A.9 can be found in Ben-Israel and Greville [181]. �

One can also generalize this result to the case where the matrix equation is of the type:
XB = D. For this case, one state the following theorem:

Theorem A.10. Let X ∈ Fn×p, B ∈ Fp×q and D ∈ Fn×q. Then the matrix equation

XB = D (A.31)

is consistent if and only if for some and B(1)

DB
(1)
B = D. (A.32)

In this case, the general solution to (A.28) is given by:

X = DB
(1)

+ Y (Ip −BB(1)
) (A.33)

for arbitrary Y ∈ Fn×p.

Proof. Proof is the same from Theorem A.9. �
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response), 229 • B.3 Digital computer evaluation of the time response, 230 .

LTI dynamic systems can be described in one of two domains: frequency domain and time
domain. A frequency domain model (s-domain) does not contain any information about
the internal structure of the system. Instead, it describes the external structure of the
system in the form of a transfer function, i.e., a transfer relation from the input to the
output.

Modern control theory solves many of the limitations from the frequency domain
approach by using a “richer” description of the plant dynamics. In time domain, the system
is represented by a state-space model. This state-space description is a collection of coupled
first-order differential equations with a set of internal variables known as state variables,
together with a set of equations that relate these state variables with physical output
variables. In a strict sense, the set of the state variables at any given time is known as the
state of the system and the set of all values that can be taken on by the state is known as
the state space. Moreover, the state of the system represents complete information about
the system, such that if one knows the state at time t0 one can compute the state for any
future time.

B.1 State-space representation

As stated before, a state-space representation is a mathematical model that describes a
physical system as a set of input, output and state variables related by first-order differential
equations. The commonly used state-space representation of a LTI system with m inputs
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ẋ(t)
<latexit sha1_base64="0douCQxhTNepownLIH5zFm+upVs="></latexit>

x(0)
<latexit sha1_base64="YLodExLaV9Jg+UOG4Wz5O98H6Lc=">AAACMnicbVDLTgJBEJzFF+IL8OhlIzHBxJBdNdEj0YtHTOQRgZDeYYAJM7ObmVl13exfeNWv8Gf0Zrz6EQ6wBwEr6aRS3Z3uKi9gVGnH+bAyK6tr6xvZzdzW9s7uXr5QbCg/lJjUsc982fJAEUYFqWuqGWkFkgD3GGl64+tJv/lApKK+uNNRQLochoIOKAZtpPuOx+OnpOwc53r5klNxprCXiZuSEkpR6xWsYqfv45AToTEDpdquE+huDFJTzEiS64SKBIDHMCRtQwVworrx9OXEPjJK3x740pTQ9lT9uxEDVyrinpnkoEdqsTcR/+u1Qz247MZUBKEmAs8ODUJma9+e+Lf7VBKsWWQIYEnNrzYegQSsTUpzVzQdP89cTBijngQZxWoEAVEnIKX/qOZMxh5PTIruYmbLpHFacc8q7u15qXqV5plFB+gQlZGLLlAV3aAaqiOMBHpBr+jNerc+rS/rezaasdKdfTQH6+cXYRCqsw==</latexit>

Figure B.1: State-space description block diagram

and p outputs is given in the following dynamic equations:

ẋ(t) = Ax(t) +Bu(t) (B.1a)

y(t) = Cx(t) +Du(t) (B.1b)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector and y(t) ∈ Rp is
the output vector, for t ≥ 0. Moreover, A ∈ Rn×n is the state matrix, B ∈ Rn×m is the
input matrix, C ∈ Rp×n is the output matrix and D ∈ Rp×m is the direct transmission
matrix and ẋ(t) = d

dtx(t). The state-space description block diagram associated to this
mathematical model is depicted in Figure B.1.

Applying Laplace transform to both equations one can write:

sX(s)− x(0) = AX(s) +BU(s) (B.2a)

Y (s) = CX(s) +DU(s) (B.2b)

Substituting state equation into the output equation, one obtain:

Y (s) =
[
C(sI −A)−1B +D

]
︸ ︷︷ ︸

G(s)

U(s) + C(sI −A)−1x(0)︸ ︷︷ ︸
response to initial conditions

(B.3)

where G(s) is the transfer function of system described by (B.1).
For a given transfer function G(s), if it is possible to obtain the state-space model

in the form of (B.1) so that G(s) = C(sI − A)−1B + D, one can say that (B.1) is a
realization or representation of G(s).

B.1.1 State-space representation of SISO systems

In the state-space representation, a SISO LTI system can be modeled by a set of first-
order differential equations describing the dynamics of the of the state vector x(t) =

[x1(t) . . . xn(t)]T under the action of the input u. The measurement or output is usually
included in the model formulation.

The state-space model of a continuous-time dynamic system can be derived from
the system model given in time domain by a differential equation. Consider the general
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nth-order model of a dynamic system represented by the following nth-order differential
equation for a SISO system:

dny(t)

dtn
+ a1

dn−1y(t)

dtn−1
+ . . .+ an−1

dy(t)

dt
+ any(t) =

= b0
dnu(t)

dtn
+ b1

dn−1u(t)

dtn−1
+ . . .+ bn−1

du(t)

dt
+ bnu(t)

(B.4)

In order to derive a systematic procedure to transform this nth-order differential equation,
with initial conditions equal to zero, into a state-space form, Ogata [187] shows that it is
necessary to define the state variables in a way such that they eliminate the derivatives of
u in the state equation. First, let us define the following n state variables:

x1(t) = y(t)− β0u(t)

x2(t) =
dy(t)

dt
− β0

du(t)

dt
− β1u(t) =

dx1(t)

dt
− β1u(t) (B.5)

...

xn(t) =
dn−1y(t)

dtn−1
− β0

dnu(t)

dtn
− . . .− βn−2

du(t)

dt
− βn−1u(t) =

dxn−1(t)

dt
− βn−1u(t)

where β0, β1, . . . , βn−1 are determined from

β0 = b0

β1 = b1 − a1β0

β2 = b2 − a1β1 − a2β0 (B.6)
...

βn−1 = bn−1 − a1βn−2 − . . .− an−2β1 − an−1β0

With the present choice of the state variables, which guarantee the existence and uniqueness
of the solution of the state equation, one obtain:

dx1(t)

dt
= ẋ1(t) = x2 + β1u(t)

dx2(t)

dt
= ẋ2(t) = x3 + β2u(t) (B.7)

...
dxn(t)

dt
= ẋn(t) = −anx1(t)− an−1x2(t)− . . .− a1xn(t) + βnu(t)

where βn is given by:

βn = bn − a1βn−1 − . . .− an−1β1 − anβ0.
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The state equations given by (B.7) can be written in the vector-matrix form as:



ẋ1(t)

ẋ2(t)
...

ẋn−1(t)

ẋn(t)




=




0 1 0 . . . 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1

−an −an−1 −an−2 . . . −a1




︸ ︷︷ ︸
A




x1(t)

x2(t)
...

xn−1(t)

xn(t)




+




β1

β2

...
βn−1

βn




︸ ︷︷ ︸
b

u(t)

(B.8a)

y(t) = [1 0 . . . 0]︸ ︷︷ ︸
cT




x1(t)

x2(t)
...

xn−1(t)

xn(t)




+ β0︸︷︷︸
d

u(t) (B.8b)

These equations correspond to the LTI state-space model given by:

ẋ(t) = Ax(t) + bu(t) (B.9a)

y(t) = cTx(t) + du(t) (B.9b)

where x(t) ∈ Rn is the state vector, u(t) is the input and y(t) is the output. Here,
A ∈ Rn×n is the state matrix, b ∈ Rn×1 and c ∈ Rn×1 are the input and output column
vectors, and d is a scalar quantity. All, define system (B.9) for t ≥ 0. Applying Laplace
transform to both equations and considering initial conditions to be zero, one can write:

sX(s)− x(0) = AX(s) + bU(s) (B.10a)

Y (s) = cTX(s) + dU(s) (B.10b)

Substituting state equation into the output equation, one obtain:

Y (s) =
[
cT(sI −A)−1b+ d

]

︸ ︷︷ ︸
G(s)

U(s) + cT(sI −A)−1x(0)︸ ︷︷ ︸
response to initial conditions

(B.11)

where G(s) is the transfer function of system described by (B.9). From Cramer’s rule, the
transfer function G(s) can be written as:

G(s) = cT(sI −A)−1b+ d = cT
1

det(sI −A)
adj(sI −A)b+ d (B.12)

where det(sI −A) is called the characteristic polynomial of matrix A. It is also known
from basic linear algebra that this determinant is equal to a monic polynomial (i.e., the
coefficient of sn is 1) of degree n. Moreover, like referred in Williams and Lawrence [188],
adj(sI −A) is a polynomial having at most an n−1 degree. Consequently, when d = 0,
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(B.12) is a strictly proper transfer function, i.e., a transfer function whose denominator
polynomial degree is strictly greater than that of the numerator. In the case of state-space
systems with nonzero d, the transfer function is proper but not strictly proper.

According to Ogata [187], the corresponding transfer function for (B.12) is:

Y (s)

U(s)
=
b0s

n + b1s
n−1 + . . .+ bn−1s+ bn

sn + a1sn−1 + . . .+ an−1s+ an
(B.13)

which is a proper function. This proper function can be transformed into a strictly proper
one by performing the polynomial long division. Thus, one can write:

G(s) =
ξ1s

n−1 + . . .+ ξn−1s+ ξn
sn + a1sn−1 + . . .+ an−1s+ an

+ ξ0 (B.14)

where

ξ0 = b0

ξ1 = (b1 − a1b0)

...

ξn−1 = (bn−1 − an−1b0)

ξn = (bn − anb0)

Despite the existence of different methods to obtain canonical representations of systems in
state-space [187], the approach used here permitted to obtain the phase-variable canonical
form of the system given by the nth-order differential equation (B.4). Nevertheless, (B.15)
and (B.16) are the Controllable and Observable canonical state-space representations,
where t is omitted for the sake of simplicity.
Controllable Canonical Form:



ẋ1

ẋ2

...
ẋn−1

ẋn




=




0 1 0 . . . 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1

−an −an−1 −an−2 . . . −a1




︸ ︷︷ ︸
A




x1

x2

...
xn−1

xn




+




0

0
...
0

1




︸ ︷︷ ︸
b

u (B.15a)

y =
[
bn−anb0 bn−1−an−1b0 . . . b1−a1b0

]

︸ ︷︷ ︸
cT




x1

x2

...
xn−1

xn




+ b0︸︷︷︸
d

u (B.15b)
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Observable Canonical Form:




ẋ1

ẋ2

...
ẋn




=




0 0 . . . 0 −an
1 0 . . . 0 −an−1

...
...

. . .
...

...
0 0 . . . 1 −a1




︸ ︷︷ ︸
A




x1

x2

...
xn




+




bn−anb0
bn−1−an−1b0

...
b1−a1b0




︸ ︷︷ ︸
b

u (B.16a)

y =
[

0 0 . . . 1
]

︸ ︷︷ ︸
cT




x1

x2

...
xn




+ b0︸︷︷︸
d

u (B.16b)

B.1.2 State-space representation of SIMO systems

Consider now a Single-Input Multiple-Output (SIMO) system whose dynamic equations
are given by:

ẋ(t) = Ax(t) + bu(t) (B.17a)

y(t) = Cx(t) + du(t) (B.17b)

where x(t) ∈ Rn is the state vector, u(t) is the input and y(t) ∈ Rp is the output vector,
for t ≥ 0. Moreover, A ∈ Rn×n is the state matrix, b ∈ Rn×1 is the input vector, C ∈ Rp×n

is the output matrix and d ∈ Rp×1 is the direct transmission vector. Let its transfer matrix
be of the form:

G(s) =
1

∆(s)




N1(s)

N2(s)
...

Np(s)




+ d (B.18)

where

∆(s) = sn + a1s
n−1 + . . .+ an−1s+ an (B.19)

is a polynomial corresponding to the Lowest Common Denominator (LCD) of the column
elements of G(s),

Ni(s) = ξi,1s
n−1 + . . .+ ξi,n−1s+ ξi,n (B.20)

and d =
[
ξ1,0 ξ2,0 . . . ξp,0

]T
.
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The Controllable Canonical representation:




ẋ1

ẋ2

...
ẋn−1

ẋn




=




0 1 0 . . . 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1

−an −an−1 −an−2 . . . −a1




︸ ︷︷ ︸
A




x1

x2

...
xn−1

xn




+




0

0
...
0

1




︸ ︷︷ ︸
b

u (B.21a)

y =




ξ1,n ξ1,n−1 . . . ξ1,1

...
...

. . .
...

ξp,n ξp,n−1 . . . ξp,1




︸ ︷︷ ︸
C




x1

x2

...
xn−1

xn




+




ξ1,0

...
ξp,0




︸ ︷︷ ︸
d

u (B.21b)

is a realization of (B.18).

B.1.3 State-space representation of MISO systems

Consider now a Multiple-Input Single-Output (MISO) system whose dynamic equations
are given by:

ẋ(t) = Ax(t) +Bu(t) (B.22a)

y(t) = cTx(t) + dTu(t) (B.22b)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector and y(t) is the output,
for t ≥ 0. Moreover, A ∈ Rn×n is the state matrix, B ∈ Rn×m is the input vector, c ∈ Rn×1

is the output vector and d ∈ Rm×1 is the direct transmission vector. Let its transfer matrix
be of the form:

G(s) =
1

∆(s)

[
N1(s) N2(s) . . . Nm(s)

]
+ dT (B.23)

where

∆(s) = sn + a1s
n−1 + . . .+ an−1s+ an (B.24)

is a polynomial corresponding to the LCD of the column elements of G(s),

Ni(s) = ξi,1s
n−1 + . . .+ ξi,n−1s+ ξi,n (B.25)

and dT =
[
ξ1,0 ξ2,0 . . . ξm,0

]
.
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The Observable Canonical representation:



ẋ1

ẋ2

...
ẋn




=




0 0 . . . 0 −an
1 0 . . . 0 −an−1

...
...

. . .
...

...
0 0 . . . 1 −a1




︸ ︷︷ ︸
A




x1

x2

...
xn




+




ξ1,n . . . ξm,n

ξ1,n−1 . . . ξm,n−1

...
. . .

...
ξ1,1 . . . ξm,1




︸ ︷︷ ︸
B

u (B.26a)

y =
[

0 0 . . . 1
]

︸ ︷︷ ︸
cT




x1

x2

...
xn




+
[
ξ1,0 . . . ξm,0

]

︸ ︷︷ ︸
dT

u (B.26b)

is a realization of (B.23).

B.1.4 State-space representation of MIMO systems

As referred before, physical systems are complex and may have many inputs and outputs
interrelated in a complicated manner. Such systems are called MIMO systems. These
systems have many possible representations, as showed, e.g., in [189, 190], but here are
only a few. In this case, the dynamic equations that describe this kind of systems are given
by:

ẋ(t) = Ax(t) +Bu(t) (B.27a)

y(t) = Cx(t) +Du(t) (B.27b)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector and y(t) ∈ Rp is the
output vector, for t ≥ 0. Moreover, A ∈ Rn×n is the state matrix, B ∈ Rn×m is the input
matrix, C ∈ Rp×n is the output matrix and D ∈ Rp×m is the direct transmission matrix.

Applying the Laplace transform as before, with zero initial conditions, one can write
the transfer function of the system as:

Y (s) =
[
C(sIn −A)−1B +D

]
U(s) = G(s)U(s) (B.28)

where In denotes an n× n identity matrix. As referred by Hespanha [191], in general, a
proper p×m transfer function matrix G(s) can be represented as:

G(s) = Gsp(s) +D, (B.29)

where Gsp(s) is strictly proper and:

D
∆
= lim

s→∞
G(s) (B.30)

is a constant p×m matrix. On the other hand, Gsp(s) is given by:

Gsp(s) = C(sIn −A)−1B =
N(s)

∆(s)
(B.31)
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where
∆(s) = s` + a1s

`−1 + . . .+ a`−1s+ a` (B.32)

is a monic polynomial corresponding to the LCD of all elements of G(s) and

N(s) = N1s
`−1 +N2s

`−2 + . . .+N`−1s+N` (B.33)

is a p×m matrix of polynomials, where N1, N2, . . . N` are p×m matrices.
The Controllable Canonical representation:



ẋ1

ẋ2

...
ẋ`−1

ẋ`




=




0 Im 0 . . . 0

0 0 Im . . . 0
...

...
...

. . .
...

0 0 0 . . . Im

−a`Im −a`−1Im −a`−2Im . . . −a1Im




︸ ︷︷ ︸
A(m`×m`)




x1

x2

...
x`−1

x`




+




0

0
...
0

Im




︸ ︷︷ ︸
B(m`×m)

u

(B.34a)

y =
[
N` N`−1 . . . N1

]

︸ ︷︷ ︸
C(p×m`)




x1

x2

...
x`−1

x`




+




ξ1,0 . . . ξ1,m

...
. . .

...
ξp,0 . . . ξp,m




︸ ︷︷ ︸
D(p×m)

u (B.34b)

is a realization of (B.31).
On the other hand, considering (B.28), it is possible to expand B = [B1 . . . Bm],

Bi ∈ Rn×1 into its columns, and CT = [CT
1 . . .CT

p ], Ci ∈ R1×n into its rows, such that:

G(s) =




C1

...
Cp


 (sIn −A)−1 [B1 . . . Bm] +D (B.35)

Consequently, the (i, j)th entry of G(s) is given by:

Gij(s) = Ci(sIn −A)−1Bj +Dij (B.36)

where Dij is the (i, j)th entry of D. Thus, one can write:




Y1(s)

Y2(s)
...

Yp(s)




=




G11(s) G12(s) . . . G1m(s)

G21(s) G22(s) . . . G2m(s)
...

...
. . .

...
Gp1(s) Gp2(s) . . . Gpm(s)




︸ ︷︷ ︸
G(s)




U1(s)

U2(s)
...

Um(s)




(B.37)
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where G(s) is the transfer function matrix and Gij(s) (i = 1 : p; j = 1 : m) is a rational
transfer function which relates the j th input to the i th output. In this case, the transfer
function matrix will have (p ×m) individual scalar transfer functions in the s-domain.
As stated before, each element Gij(s) of this transfer matrix is an s-domain ratio of
polynomials as defined in (B.13) for a SISO system.

To systematize this procedure, let’s consider the following example:

Example B.1: Transfer function to realization

Consider the following transfer function matrix for a two input two output system:

G(s) =

[
4s+10
s+1

2
s+2

1
(s+1)(s+2)

s+1
(s+2)2

]

which can be written as:

G(s) =

[
6
s+1

2
s+2

1
(s+1)(s+2)

s+1
(s+2)2

]

︸ ︷︷ ︸
Gsp(s)

+

[
4 0

0 0

]

︸ ︷︷ ︸
D

The monic LCD of all entries of Gsp(s) is:

∆(s) = s3 + 5s2 + 8s+ 4

and the numerator N(s) can be written as:

N(s) = s2

[
6 2

0 1

]
+ s

[
24 6

1 2

]
+

[
24 4

2 1

]
.

Consequently, one can write the following controllable realization:

A =




0 Im 0

0 0 Im

−a3Im −a2Im −a1Im


 =




0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−5 0 −8 0 −4 0

0 −5 0 −8 0 −4




;

B =




0

0

Im


 =




0 0

0 0

0 0

0 0

1 0

0 1




;

C =
[
N3 N2 N1

]
=

[
24 4 24 6 6 2

2 1 1 2 0 1

]
; D =

[
4 0

0 0

]
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B.2 Solutions to LTI systems (time response)

This section addresses the time response of LTI systems whose dynamics are modeled by
the following state-space equations:

{
ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

(B.38a)

(B.38b)

with initial state x(t0) = x(0), x ∈ Rn, y ∈ Rp and u ∈ Rm. Multiplying both sides of
(B.38a) by e−At one obtain:

e−Atẋ(t) = e−AtAx(t) + e−AtBu(t)⇔
e−Atẋ(t)− e−AtAx(t) = e−AtBu(t).

Using the differentiation property of the exponential matrix:

d

dt

(
eAt
)

= AeAt = e−AtA, (B.39)

one can rewrite the previous equation as:

d

dt

(
e−Atx(t)

)
= e−Atẋ(t)− e−AtAx(t) = e−AtBu(t). (B.40)

Integrating this equation from 0 to t, yields:

t∫

0

d

dτ

(
e−Aτx(τ)

)
dτ =

t∫

0

e−AτBu(τ)dτ (B.41)

Thus,

e−Aτx(τ)

∣∣∣∣
t

τ=0

=

t∫

0

e−AτBu(τ)dτ

e−Atx(t)− Ix(0) =

t∫

0

e−AτBu(τ)dτ.

Left multiplying by eAt gives:

x(t) = eAtx(0) +

t∫

0

e−A(t−τ)Bu(τ)dτ, (B.42)

which is the solution of (B.38a). Note that the inverse of e−At is eAt, e0 = I and
eAte−Aτ = eA(t−τ).
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Using (B.42) and (B.38b), one can obtain the expression for the output response, which
results in the following equation:

y(t) = Cx(t) +Du(t) = CeAtx(0)

︸ ︷︷ ︸
Zero-input response

+ C

t∫

0

eA(t−τ)Bu(τ)dτ +Du(t)

︸ ︷︷ ︸
Zero-state response

(B.43)

The matrix Φ(t, τ) = eA(t−τ) which appears in the zero-state response is called the state-
transition matrix of the system. This matrix is a linear operator that takes a vector
x(τ) and produces a vector x(t), i.e., a solution at time t. Thus, in order to determine
the output or state-response of the system, it is necessary to compute eAt and perform
integration [192].

B.3 Digital computer evaluation of the time response

In almost every modern control system, there is the need to approximate the dynamics
of continuous-time systems using discrete-time systems. Thus, changing the differential
equations of LTI continuous-time system models to difference equations is essential in
digital simulations. The process of mapping continuous time equations and systems into
discrete counterparts is called discretization. In other words, this process can be thought
as the transformation of continuous differential equations into discrete difference equations.

As shown in previous section, the LTI continuous-time system given by (B.38a) has a
solution (B.42). If the input u(t) is generated by a digital computer using a DAC, then
u(t) will be piecewise constant. Thus:

u(t) = u(kT ) for kT ≤ t ≤ (k + 1)T, (B.44)

for k = 0, 1, 2, . . .. Note that this input changes values only at discrete-time instants. For
this input, the solution of (B.38a) still equals (B.42). Computing (B.42) at time instants
t = kT and t = (k + 1)T yields:

x(kT ) = eAkTx(0) + eAkT
kT∫

0

e−AτBu(τ)dτ (B.45)

x((k + 1)T ) = eA(k+1)Tx(0) + eA(k+1)T

(k+1)T∫

0

e−AτBu(τ)dτ (B.46)

Multiplying all terms of (B.45) by eAT and solving for eA(k+1)Tx(0) yields:

eA(k+1)Tx(0) = eATx(kT )− eA(k+1)T

kT∫

0

e−AτBu(τ)dτ. (B.47)
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Substituting for eA(k+1)Tx(0) in (B.46) results in:

x((k + 1)T ) = eATx(kT ) + eA(k+1)T




(k+1)T∫

0

e−AτBu(τ)dτ −
kT∫

0

e−AτBu(τ)dτ


 (B.48)

Since within the interval kT to (k + 1)T the input u(t) = u(kT ) is constant, as is matrix
B, one can rearrange (B.48) and obtain:

x((k + 1)T ) = eATx(kT ) + eA(k+1)T +

(k+1)T∫

kT

e−Aτdτ Bu(kT ) (B.49)

where τ ∈ [kT, (k + 1)T ]. Moving eA(k+1)T inside the integral yields:

x((k + 1)T ) = eATx(kT ) +

(k+1)T∫

kT

eA[(k+1)T−τ ]dτ Bu(kT ). (B.50)

As referred above, τ ranges from kT to (k+ 1)T . Defining a new variable ζ = (k+ 1)T − τ
it is easy to verify that dζ = −dτ and ζ ranges from T to 0 as τ ranges from kT to (k+1)T .
Introducing this new variable in (B.50) results in the following equation:

x((k + 1)T ) = eATx(kT ) +

T∫

0

eAζdζ Bu(kT ), ζ ∈ [0, kT ]. (B.51)

Consequently, if an input changes value only at discrete-time instants t = kT , computing
the responses at the same time instants results on the following discrete-time state-space
equation:

{
x(k + 1) = Adx(k) +Bdu(k)

y(k) = Cdx(k) +Ddu(k).

(B.52a)

(B.52b)

which is the transformation of the LTI continuous-time system given by (B.38) into it’s
discrete counterpart. The relation of these matrices with their continuous-time counterpart
are the following:

Ad = eAT Bd =

T∫

0

eAζdζ B Cd = C Dd = D. (B.53)

Note that this derivation does not imply any approximation and (B.52a) gives the exact
solution of (B.38a) at t = kT , if the input is piecewise constant. In the case of matrix Ad

it can be computed from the following infinite series:

Ad = eAT = I +AT +
A2T 2

2!
+
A3T 3

3!
+ . . . =

∞∑

i=0

AiT i

i!
(B.54)
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The computation of Bd can be performed expanding its integrand into a power series:

eAζ = I +
Aζ

1!
+
A2ζ2

2!
+ . . .+

Aiζi

i!
+ . . . , (B.55)

and integrating term by term, which results in [192]:

Bd =





T∫

0

[
I +

Aζ

1!
+
A2ζ2

2!
+ . . .+

Aiζi

i!
+ . . .

]
dζ



B

=

[
IT +

AT 2

2!
+
A2T 3

3!
+ . . .+

AiT i+1

(i+ 1)!
+ . . .

]
B

Rearranging into a summation yields:

Bd =

[
T

∞∑

i=0

(AT )i

(i+ 1)!

]
B (B.56)

If A is nonsingular, then this series can be written as:

Bd = A−1

[
TA+

T 2

2!
A2 +

T 3

3!
A3 + . . .+ I − I

]
B = A−1(eAT − I)B (B.57)

Hence,
Bd = A−1(Ad − I)B if A is invertible. (B.58)

B.3.1 Approximation methods

As shown in previous section, the solution of a differential equation can be difficult to
implement in a digital computer. To overcome this difficulty, different simplifications can be
made to obtain the solution of the differential equation. There are two main basic methods
to numerically approximate the solution of a differential equation: a) numerical integration;
and b) numerical differentiation. Numerical integration is an algorithm for calculating
the numerical value of a definite integral. This term is sometimes used to describe the
numerical solution of differential equations. Numerical differentiation methods are a way of
transforming a continuous-time system into its discrete-time counterpart by approximating
the derivatives in the differential equation representation of the continuous-time system by
finite differences. In this section approximate discretization methods like the forward Euler,
backward Euler and one based on the trapezoidal rule are addressed. These methods can
be applied to state-space differential equations and transfer functions.

First, consider the following first order differential equation:

dx

dt
= u(t) (B.59)

The analytical solution to this differential equation can be obtained numerically by inte-
gration or finite differences. The discrete-time solution with numerical integration can be
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expressed as [193]:

x((k + 1)T ) = x(kT ) +

(k+1)T∫

kT

u(τ)dτ (B.60)

Thus, the basic problem of numerical integration is inherent to the computation of an
approximate solution to the definite integral. Another particularly simple way of approxi-
mate the real time solution of a differential equation is to use Euler’s method. First, note
that the derivative of a continuous-time function can be approximated by the difference
between consecutive samples of the signal to be differentiated, as expressed by the following
equation:

ẋ =
d

dt
x(t) = lim

ε→0

x(t+ ε)− x(t)

ε
. (B.61)

B.3.2 Forward Euler

The forward Euler method is a simple and straightforward way of obtaining the discrete-
time equivalent of a continuous-time model, where the derivatives are approximated by
using the present sampling instant (kT ) and the next (forward) sampling instant ((k+1)T ).
Consider a dynamical system described by the state-space model of (B.38). Approximating
the derivative at time t = kT using Euler’s forward difference, one can write:

ẋ

∣∣∣∣
t=kT

≈ 1

T
[x((k + 1)T )− x(kT )]⇔

1

T
[x((k + 1)T )− x(kT )] ≈ Ax(kT ) +Bu(kT )

Rearranging the previous equation, one get:

x((k + 1)T ) ≈ (I + TA)x(kT ) + TBu(kT ) (B.62)

The output equation is not affected, remaining the same as before:

y(kT ) = Cx(kT ) +Du(kT ) (B.63)

B.3.3 Backward Euler

In the backward Euler, the derivative is approximated using the present sampling instant
(kT ) and the previous (backward) one ((k − 1)T ). Thus, approximating the derivative at
time t = kT using Euler’s backward difference method, yields:

ẋ

∣∣∣∣
t=kT

≈ 1

T
[x(kT )− x((k − 1)T )]⇔

x(kT )− x((k − 1)T ) ≈ TAx(kT ) + TBu(kT ).

Introducing the variable x̄(kT ) = x((k + 1)T ) permits to write the following:

x̄((k − 1)T )− TAx̄((k − 1)T ) = x̄(kT ) + TBu(kT ).
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(a) Forward Euler (b) Backward Euler (c) Trapezoidal rule

Figure B.2: Comparison of basic numerical integration approximation methods

Rearranging, yields:

x̄((k − 1)T ) = (I −AT )−1x̄(kT ) + (I −AT )−1TBu(kT ). (B.64)

The output equation becomes:

y(kT ) = C(I −AT )−1x̄(kT ) + [C(I −AT )−1BT +D]u(kT ). (B.65)

B.3.4 Trapezoidal rule

The third method is based on the trapezoidal rule. In this case, as in the previous, the
solution to the differential equation can be easily understood by solving the integral of
(B.60), which represents the area shown in Figure B.2 for the trapezoidal rule.

It is straightforward to conclude that, the area between the present sampling instant
(kT ) and the next one ((k + 1)T ), is equal to:

T

2
[Ax(kT ) +Bu(kT ) +Ax((k + 1)T ) +Bu((k + 1)T )]. (B.66)

which was obtained by the bilinear or trapezoidal transformation and gives a trapezoidal
approximation to the area of one slice under the function. Hence, the solution to the
differential equation is given by:

x((k + 1)T ) = x(kT ) +
T

2
[Ax(kT ) +Bu(kT ) +Ax((k + 1)T ) +Bu((k + 1)T )]. (B.67)

Introducing the variable x̄(kT ) = x((k + 1)T ) and substituting in (B.67), gives:

x̄((k−1)T ) = x̄(kT )+
T

2
Ax̄(kT )+

T

2
Bu((k−1)T )+

T

2
Ax̄((k+1)T )+

T

2
Bu(kT ). (B.68)

After simple algebraic manipulation one obtain:

x̄((k − 1)T ) =

(
I − AT

2

)−1(
I +

AT

2

)
x̄(kT )+

+
T

2

(
I − AT

2

)−1

Bu((k − 1)T )+

+
T

2

(
I − AT

2

)−1

Bu(kT ).

(B.69)
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The output equation results in the following:

y(kT ) = C

(
I − AT

2

)−1(
I +

AT

2

)
x̄(kT )+

+
T

2
C

(
I − AT

2

)−1

Bu((k − 1)T )+

+

[
T

2
C

(
I − AT

2

)−1

B +D

]
u(kT ).

(B.70)
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C.1 Electronic circuits, 237 • C.2 C code, 243 .

This chapter includes electronic schematics of implemented circuits and code used in
real-time implementation.

C.1 Electronic circuits
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Figure C.1: Buttons interface board
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Figure C.2: Current sensor board

LM1117T-3V3
VREG

IN3

GND

1

OUT 2

100µF 10µF 150nF

Vin+

Vin-

VOUT

(a) 3.3 V

Vin+

Vin-

LM7805CT
LINE VREG

COMMON

VOLTAGE

100µF 10µF 2.2µF 680nF

VOUT

(b) 5 V

Figure C.3: Voltage regulators

238



C.1. ELECTRONIC CIRCUITS

V
o
l
t
a
g
e
_
S
e
n
s
o
r

V
i
n
+

V
i
n
-

V
O
U
T

P
o
w
e
r
+

P
o
w
e
r
-+
V
i
n
_
3
v
3

x
m

c
4

5
0

0

uController

P
1
.
0

P
1
4
.
1
3

P
1
4
.
1
5

P
0
.
2

P
0
.
4

P
0
.
6

P
0
.
8

P
1
4
.
0

V
D
D
5

G
N
D

R
S
T

G
N
D
@
1

V
D
D
3
.
3

P
1
4
.
6

P
1
4
.
4

P
1
4
.
2

C
u
r
r
e
n
t
_
S
e
n
s
o
r

Vin+

Vin- IP+

IP-

VOUT

V
o
l
t
a
g
e
R
e
g
u
l
a
t
o
r
_
1

V
o
l
t
a
g
e
 
R
e
g
u
l
a
t
o
r
 
5
V

V
i
n
+

V
i
n
-

V
O
U
T

V
o
l
t
a
g
e
R
e
g
u
l
a
t
o
r
_
2

V
o
l
t
a
g
e
 
R
e
g
u
l
a
t
o
r
 
5
V

V
i
n
+

V
i
n
-

V
O
U
T

4
7

0
Ω L
E

D
1

R
e
l
a
y
_
B
o
a
r
d

I
N
1

I
N
2

I
N
3

I
N
4

K
1
_
C

K
1
_
N
O

K
2
_
C

K
2
_
N
O

K
3
_
C

K
3
_
N
O

K
4
_
C

K
4
_
N
C

V
i
n
+

V
i
n
-

2
0
Ω

R
1'

1
9
Ω

R
2'

1
8
Ω

R
3'

9
Ω

R
4'

V
i

2
4

V
 

C
fi

lt
er

L
1

Q
5

C
1

C
2

b
u
t
t
o
n
s

V
i
n
+

V
i
n
-

S
W
1

S
W
2

S
W
3

S
W
4

D
r
i
v
e
r

C
o
l
l
e
c
t
o
r

E
m
i
t
t
e
r

G
a
t
e

V
i
n
+

V
i
n
-

P
W
M

F
a
u
l
t
s

R
e
s
e
t

L
o

w
 v

o
lta

g
e

in
d

ic
at

o
r

B
a

tt
er

y

V
i
n
+

V
i
n
-

V
o
u
t
+

V
o
u
t
-

+
5

.0
V

V
D

D
#

1

+
5

.0
V

V
D

D
#

1

+
5

.0
V

V
D

D
#

1

+
5

.0
V

V
D

D
#

2

+
5

.0
V

V
D

D
#

2

+
5

.0
V

V
D

D
#

2

+
5

.0
V

V
D

D
#

2

V
o
l
t
a
g
e
 
R
e
g
u
l
a
t
o
r
 
3
v
3

V
i
n
+

V
i
n
-

V
O
U
T

+
3

v3

+
3

v3

+
3

v3

F
ig
ur
e
C
.4
:
M
a
in

B
o
a
r
d

239



APPENDIX C. SCHEMATICS AND C CODE OF EXPERIMENTAL IMPLEMENTATION

Collector

Emitter

Gate

MUR180EG
D2

100Ω
R4

100pF
C2

100nF
C3

50Ω
R6 - 2W47kΩ

R5
HCPL-316J-000E

IN+1

IN-2

VCC13

GND4

RESET5

FAULT6

VLED1+7

VLED1-8

VEE 9,10

OUT 11

VC 12

VCC2 13

DESAT 14

VLED2+ 15

VE 16

100nF
C1

4k7Ω
R7

PWM

RST
Fault

+5.0V

+15.0V

+15.0V

(a) Main board

4k7Ω
R1

10kΩ
R2

1kΩ
R3

LED8

FaultFaults

SW_Push

Reset

RS

+5.0V

(b) Fault control

100nF
C4

1µF
C5

10µF
C6

MEV1S0515SC

+Vin

-vin

+Vout

-Vout

100nF
C7

1µF
C8

10µF
C9

1kΩ
R8 LED7

+5.0V +15.0V

(c) Power supply

Figure C.5: Driver board
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C.2 C code

The C code developed during the implementation of this work is listed below:

1 /∗ main . c
2 ∗ INVERSION FI_C AND FI_L
3 ∗ Created on : 2016 May 12 16 : 30 : 00
4 ∗ Changed on : 2019 July 18 11 : 00 : 00
5 ∗ Author : Alexandre
6 ∗
7 ∗ PWM_0 s t a r t s at f requency 5kHz .
8 ∗ In Period Match o f PWM_0, an INTERRUPT_0 i s t r i g g e r e d and PWM_1 i s

s t a r t ed at 20kHz .
9 ∗ In Compare Match o f PWM_0 an INTERRUPT_1 i s t r i g g e r e d to s t a r t r ou t ine

’pwm_0_flag ’ to s e t pwm0_level=1. This f l a g i s to t e l l i f the switch
i s on or o f f .

10 ∗
11 ∗ In Compare Match and Period Match o f PWM_1 ADC_MEASUREMENT_ADV_0 i s

c a l l e d . After 10 times , PWM_1 i s Stop .
12 ∗
13 ∗ In main i t i s nece s sa ry to c r e a t e 2 f unc t i on s :
14 ∗ − Start_pwm_1 ( from INTERRUPT_0)
15 ∗ − adc_meas_pwm_1 ( from ADC_MEASUREMENT_ADV_0)
16 ∗
17 ∗ For the scope , i t i s nece s sa ry to in c lude two code l i n e s .
18 ∗ − F i r s t : ProbeScope_Init ( SystemCoreClock / TICKS_PER_SECOND)
19 ∗ − Second : ProbeScope_Sampling ( )
20 ∗
21 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ BOOST DC DC CONVERTER 24−50V ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
22 ∗∗∗∗∗∗∗ Change vo l tage r e f e r e n c e to 50 and Vin to 24 ∗∗∗∗∗∗∗
23 ∗∗∗∗∗ Change vo l tage vo l t c a l c . f a c t o r to 1/60 (2 p l a c e s ) ∗∗∗∗∗
24 ∗
25 /∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
26 ∗ HEADER FILES
27 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
28 #inc lude <DAVE. h>
29 #inc lude <xmc_gpio . h>
30 #inc lude "probe_scope . h"
31 #inc lude <math . h>
32 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
33 ∗ MACROS
34 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
35 /∗ Timer f requency (Hz) ∗/
36 #de f i n e TICKS_PER_SECOND (10000U) // needed f o r probescope i n i t
37 //#de f i n e SECONDS_PER_TICK (1 . 0F / ( f l o a t )TICKS_PER_SECOND)
38 #de f i n e LED1 P1_1
39 #de f i n e LED2 P1_3
40 #de f i n e LED3 P1_5
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41 #de f i n e Fc 5000
42 #de f i n e FI_VEC 3000U
43 #de f i n e VEC_ONE 3000U
44

45 // ∗∗∗∗∗∗∗∗∗ 10 MEASURES IN 200us=20us ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
46 #de f i n e Fm 25000 // change T and MAX_MEAS_NUM and frequency on PWM_CCU4_1

APP
47 #de f i n e MAX_MEAS_NUM (10U)
48 #de f i n e T 0.000020F // change with Fm and MAX_MEAS_NUM
49 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
50 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ PIs cons tant s ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
51 #de f i n e KP_I 0 .025F
52 #de f i n e TI_I 0 .05F
53 #de f i n e KP_V 0.9F
54 #de f i n e TI_V 0.01F
55 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Parameters ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
56 #de f i n e MIU 6000 .F
57 #de f i n e RL 0 .8F
58 #de f i n e L 0.0047F
59 #de f i n e CAP 0.00106F
60 #de f i n e R0 50 .F
61 #de f i n e Vin 24 .F
62 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
63 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
64 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ V A R I A B L E S ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
65 ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
66 uint16_t V_REF=50U; // Voltage r e f e r e n c e
67 uint8_t int_count=0U; // counter f o r 10 measures
68 uint8_t pwm0_level=0U; // Switch s t a t e
69 uint16_t cur rent [MAX_MEAS_NUM] ; // cu r r en t s vec to r
70 uint16_t vo l tage [MAX_MEAS_NUM] ; // vo l t ag e s vec to r
71 uint8_t meas_num=0U; // counter to i n i t i a l i z e v e c t o r s
72 uint16_t i_sum=0U; // r o l l i n g sum of 10 cu r r en t s
73 uint16_t v_sum=0U; // r o l l i n g sum of 10 vo l t ag e s
74 uint16_t actua l_current=0U; // measured value from ADC (sum of 2 va lue s

)
75 uint16_t actua l_vol tage=0U; // measured value from ADC (sum of 2 va lue s

)
76 f l o a t actual_current_amp=0.0F ; // ac tu l cur rent converted to Ampere
77 f l o a t actua l_voltage_volt =0.0F ; // ac tua l vo l tage converted to Voltage
78 uint16_t avg_current=0U; // cur rent average value
79 uint16_t avg_voltage=0U; // vo l tage average value
80 f l o a t avg_current_amp=0.0F ; // cur rent average value converted to

Ampere
81 f l o a t avg_voltage_volt =0.0F ; // vo l tage average value converted to

Volt
82 f l o a t D_out=0.2F ; // duty cy c l e from PIs (0 .2 −0.85)
83 uint16_t D=200U; // duty cy c l e to PWM APP (200−850)
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84 uint16_t actual_voltage_avg=0; // mean value o f 2 vo l t ag e s from ADC
85 uint16_t actual_current_avg=0; // mean value o f 2 cu r r en t s from ADC
86 f l o a t i_re f =2.0F ; // r e f e r e n c e cur rent
87 uint16_t max_volt=0; // max vo l tage value
88 // f l o a t max_volt_volt=0.0F ; // max vo l tage in Volt
89 f l o a t volt_const =60.0F/4095.0F ; // f a c t o r to convert vo l t age from ADC

to vo l t
90 f l o a t amp_const=1.0F/248.1818F ; // f a c t o r to convert cur rent from ADC

to ampere
91 f l o a t vo l t_o f f =0.0F ; // o f f s e t vo l tage e r r o r
92 f l o a t amp_off=0.0F ; // o f f s e t cur rent e r r o r
93 f l o a t d i a c t =0.0F ;
94 f l o a t d iprev =0.0F ;
95 f l o a t dvact=0.0F ;
96 f l o a t dvprev=0.0F ;
97 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ PIs VARIABLES ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
98 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Current ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
99 f l o a t k_aux_i=KP_I/TI_I/Fc /2 .0F ; // aux i l i a r y constant

100 f l o a t i_er ro r =0.0F ; // cur rent e r r o r
101 f l o a t prev_i_error =0.0F ; // prev ious cur rent e r r o r
102 f l o a t i_out=0.0F ; // cur rent output from PI c o n t r o l l e r
103 f l o a t prev_i_out=0.0F ; // prev ious cur rent output
104 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Voltage ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
105 f l o a t k_aux_v=KP_V/TI_V/Fc /2 .0F ; // aux i l i a r y constant
106 f l o a t v_error=0.0F ; // vo l tage e r r o r
107 f l o a t prev_v_error=0.0F ; // prev ious vo l t age e r r o r
108 f l o a t v_out=0.0F ; // vo l tage output from PI vo l tage c o n t r o l l e r ( cur rent

r e f e r e n c e )
109 f l o a t prev_v_out=0.0F ; // prev ious vo l tage output
110 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ INVERSION VARIABLES ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
111 uint16_t f i_count =0; // counter f o r f i c a l c s
112 f l o a t fi_C_vec [FI_VEC ] ; // fi_C vector
113 f l o a t fi_L_vec [FI_VEC ] ; // fi_L vector
114 f l o a t fi_C_sum=0.0F ; // sum of fi_C
115 f l o a t fi_L_sum=0.0F ; // sum of fi_L
116 f l o a t fi_C_avg=0.0F ; // average o f fi_C
117 f l o a t fi_L_avg=0.0F ; // average o f fi_L
118 f l o a t i g a i n e r r o r =0.0F ;
119 f l o a t i ga ine r ro r_vec [FI_VEC ] ;
120 f l o a t igainerror_sum =0.0F ;
121 f l o a t iga iner ror_avg =0.0F ;
122 uint16_t aux_count=0U;
123 f l o a t vga in e r r o r =0.0F ;
124 f l o a t vgainerror_vec [FI_VEC ] ;
125 f l o a t vgainerror_sum=0.0F ;
126 f l o a t vgainerror_avg =0.0F ;
127 f l o a t i sw f =0.0F ;
128 f l o a t iswf_sum=0.0F ;
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129 f l o a t iswf_avg=0.0F ;
130 f l o a t vswf=0.0F ;
131 f l o a t vswf_sum=0.0F ;
132 f l o a t vswf_avg=0.0F ;
133 f l o a t Cap_inv=1.0F/CAP; // i nv e r s e o f capac i tance
134 f l o a t CapRo_1=1.0F/(CAP∗75 .0F) ; // 1/(RoC)
135 f l o a t T_1=1.0F/T; // 1/T
136 f l o a t rl_L=RL/L ; // r l /L
137 f l o a t L_1=1.0F/L ; // 1/L
138 f l o a t Vin_L=Vin/L ; // Vin/L
139 f l o a t actual_fi_C=0.0F ; // ac tua l output o f i n v e r s i o n fi_C
140 f l o a t actual_fi_L=0.0F ; // ac tua l output o f i n v e r s i o n fi_L
141 uint8_t prev_pwm0_level=0U;
142 f l o a t prev_current_amp=0.0F ; // prev ious cur rent va lue in Ampere
143 f l o a t prev_voltage_volt =0.0F ; // prev ious vo l tage value in Volt
144 f l o a t next_current_amp=0.0F ; // d e r i v a t i v e o f cur rent va lue in Ampere
145 f l o a t next_voltage_volt =0.0F ; // d e r i v a t i v e o f vo l t age value in Volt
146

147 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Ro CALCULATION ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
148 uint16_t Ro=50U; // Ro i n i t i a l va lue
149 f l o a t Ro_1=1.F/50 .0F ; // i nv e r s e o f Ro i n i t i a l va lue
150 uint16_t Ro_count=0U; // counter to compute Ro with step 1000? samples
151 uint16_t prev_Ro=50U; // prev ious c a l c u l a t ed value o f Ro
152 f l o a t Ro_dabs=0.0F ; // abs value o f d i f f e r e n c e (Ro_calc−prev_Ro)
153 uint16_t Ro_calc=50U; // Calcu lated value o f Ro = vC/( iL∗(1−D) )
154 uint16_t Ro1=50U; // value 1 to compute average o f two
155 uint16_t Ro2=50U; // value 2 to compute average o f two
156 uint16_t Ro_avg=50U; // average value o f two
157 uint8_t Ro_counter=0U; // counter to compute average o f two
158 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ FAULT DETECTION ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
159 uint16_t fault_count=0U; // counter f o r f a u l t d e t e c t i on
160 uint16_t f_fault_C=0U;
161 uint16_t f_fault_vsens_p=0U;
162 uint16_t f_fault_vsens_n=0U;
163 uint16_t f_fault_isens_p=0U;
164 uint16_t f_fault_isens_n=0U;
165 uint16_t f_fault_sw=0U;
166 bool i s en s_ f au l t =0;
167 bool vsens_fau l t =0;
168 bool cap_fault =0;
169 bool sw_fault=0;
170 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
171 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Buttons & Relays ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
172 bool r e l 1 =0; // i nd i c a t i o n i f r e l a y i s on or o f f
173 bool Rel2=0;
174 bool r e l 3 =0;
175 bool r e l 4 =0;
176 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Sequence o f r e l a y swi t ch ing ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
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177 uint16_t calc_counter=0U; // counter to make rms c a l c s only in 9
i n t e r r up t s

178 f l o a t aux1=0.0F ;
179 f l o a t aux2=0.0F ;
180 f l o a t aux3=0.0F ;
181 f l o a t Rscale =1.0F ;
182 /∗ ∗∗∗∗∗∗∗∗∗ Function to compute square root f a s t ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
183 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ I t i s as f a s t as s q r t f ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

∗/
184 f l o a t sq r t1 ( const f l o a t x )
185 {
186 union
187 {
188 i n t i ;
189 f l o a t x ;
190 } u ;
191 u . x = x ;
192 u . i = (1<<29) + (u . i >> 1) − (1<<22) ;
193 u . x = u . x + x/u . x ;
194 u . x = 0.25 f ∗u . x + x/u . x ;
195 re turn u . x ;
196 }
197 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
198 /∗∗
199 ∗ @brie f main ( ) − Appl i ca t ion entry po int
200 ∗
201 ∗ <b>Deta i l s o f funct ion </b><br>
202 ∗ This rou t ine i s the app l i c a t i o n entry po int . I t i s invoked by the

dev i c e s ta r tup code . I t i s r e s p on s i b l e f o r
203 ∗ invok ing the APP i n i t i a l i z a t i o n d i spa t che r rou t in e − DAVE_Init ( ) and

hos t ing the place−ho lder f o r user app l i c a t i o n
204 ∗ code .
205 ∗/
206 i n t main ( void )
207 {
208 DAVE_STATUS_t s t a tu s ;
209 s t a tu s = DAVE_Init ( ) ; /∗ I n i t i a l i z a t i o n o f DAVE APPs ∗/
210 XMC_GPIO_SetMode(LED1, XMC_GPIO_MODE_OUTPUT_PUSH_PULL) ;
211 XMC_GPIO_SetMode(LED2, XMC_GPIO_MODE_OUTPUT_PUSH_PULL) ;
212 XMC_GPIO_SetMode(LED3, XMC_GPIO_MODE_OUTPUT_PUSH_PULL) ;
213 // ∗∗∗∗∗∗∗∗∗ INICIALIZE VOLTAGE AND CURRENT ARRAYs ∗∗∗∗∗∗∗∗∗∗∗∗
214 f o r (meas_num=0; meas_num<MAX_MEAS_NUM; meas_num++)
215 {
216 cur rent [meas_num]=0U;
217 vo l tage [meas_num]=0U;
218 }
219 meas_num=0U;
220 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ INICIALIZE fi_C ARRAYs ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
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221 f o r ( f i_count=0U; fi_count<FI_VEC; f i_count++)
222 {
223 fi_C_vec [ f i_count ]=0.0F ;
224 fi_L_vec [ f i_count ]=0.0F ;
225 }
226 f i_count=0U;
227 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ INICIALIZE ERROR ARRAYs FI_C ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
228 f o r ( aux_count=0U; aux_count<VEC_ONE; aux_count++)
229 {
230 i ga ine r ro r_vec [ aux_count ]=0.0F ;
231 vgainerror_vec [ aux_count ]=0.0F ;
232 }
233 aux_count=0U;
234 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ I n i t i a l i z e ProbeScope ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
235 ProbeScope_Init ( SystemCoreClock / TICKS_PER_SECOND) ;
236 i f ( s t a tu s == DAVE_STATUS_FAILURE)
237 {
238 /∗ Placeho lder f o r e r r o r handler code . The whi le loop below can be

rep laced with an user e r r o r handler . ∗/
239 XMC_DEBUG("DAVE APPs i n i t i a l i z a t i o n f a i l e d \n" ) ;
240 whi le (1U)
241 {
242 }
243 }
244 /∗ Placeho lder f o r user app l i c a t i o n code . The whi l e loop below can be

rep laced with user app l i c a t i o n code . ∗/
245 whi le (1U)
246 {
247 i f (DIGITAL_IO_GetInput(&BUTTON_C1) && Rel2==0)
248 {
249 whi le (DIGITAL_IO_GetInput(&BUTTON_C1) ) ;
250 DIGITAL_IO_SetOutputLow(&REL_2) ;
251 Rel2=1;
252 }
253 i f (DIGITAL_IO_GetInput(&BUTTON_C1) && Rel2==1)
254 {
255 whi le (DIGITAL_IO_GetInput(&BUTTON_C1) ) ;
256 DIGITAL_IO_SetOutputHigh(&REL_2) ;
257 Rel2=0;
258 }
259 i f (DIGITAL_IO_GetInput(&BUTTON_C2) && r e l 3==0)
260 {
261 whi le (DIGITAL_IO_GetInput(&BUTTON_C2) ) ;
262 DIGITAL_IO_SetOutputLow(&REL_3) ;
263 r e l 3 =1;
264 }
265 i f (DIGITAL_IO_GetInput(&BUTTON_C2) && r e l 3==1)
266 {
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267 whi le (DIGITAL_IO_GetInput(&BUTTON_C2) ) ;
268 DIGITAL_IO_SetOutputHigh(&REL_3) ;
269 r e l 3 =0;
270 }
271 i f (DIGITAL_IO_GetInput(&BUTTON_R1) && r e l 1==0)
272 {
273 whi le (DIGITAL_IO_GetInput(&BUTTON_R1) ) ;
274 DIGITAL_IO_SetOutputLow(&REL_1) ;
275 r e l 1 =1;
276 }
277 i f (DIGITAL_IO_GetInput(&BUTTON_R1) && r e l 1==1)
278 {
279 whi le (DIGITAL_IO_GetInput(&BUTTON_R1) ) ;
280 DIGITAL_IO_SetOutputHigh(&REL_1) ;
281 r e l 1 =0;
282 }
283 i f (DIGITAL_IO_GetInput(&BUTTON_R2) && r e l 4==0)
284 {
285 whi le (DIGITAL_IO_GetInput(&BUTTON_R2) ) ;
286 DIGITAL_IO_SetOutputLow(&REL_4) ;
287 r e l 4 =1;
288 }
289 i f (DIGITAL_IO_GetInput(&BUTTON_R2) && r e l 4==1)
290 {
291 whi le (DIGITAL_IO_GetInput(&BUTTON_R2) ) ;
292 DIGITAL_IO_SetOutputHigh(&REL_4) ;
293 r e l 4 =0;
294 }
295 }
296 }
297

298 void pwm_0_flag( void )
299 {
300 pwm0_level=0; // f l a g to see i f pwm_0 l e v e l i s 1 or 0 ( i n t e r r up t from

Compare Match )
301 }
302

303 void Start_pwm_1( void )
304 {
305 pwm0_level=1;
306 ADC_MEASUREMENT_ADV_SoftwareTrigger(&ADC_MEASUREMENT_ADV_0) ;
307 PWM_CCU4_Start(&PWM_CCU4_1) ;
308 }
309

310 void adc_meas_pwm_1( void )
311 {
312 XMC_GPIO_SetOutputHigh(LED1) ;
313
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314 // ∗∗∗∗∗∗∗∗∗∗∗∗ ADC MEASURES VOLTAGE AND CURRENT ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
315 actua l_vo l tage = ADC_MEASUREMENT_ADV_GetResult(&

ADC_MEASUREMENT_ADV_0_Voltage) ; // sum of two vo l tage va lue s
316 actua l_current = ADC_MEASUREMENT_ADV_GetResult(&

ADC_MEASUREMENT_ADV_0_Current) ; // sum of two cur rent va lue s
317 actual_voltage_avg=(actua l_vol tage ) ∗0 .5F ; // average o f two vo l tage

va lue s
318 actual_current_avg=(actua l_current ) ∗0 .5F ; // average o f two cur rent

va lue s
319

320 i f ( actual_voltage>max_volt )
321 {
322 max_volt=actua l_vo l tage ; // maximum vo l tage value
323 }
324 /∗ ∗∗∗∗∗∗∗∗∗∗∗ ac tua l va lue s to compute e r r o r in obse rver ∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
325 actual_current_amp=−(actual_current_avg −3085.0F) ∗amp_const+amp_off ; //

cur rent va lue in Ampere
326 actua l_voltage_volt=( f l o a t ) actual_voltage_avg ∗ volt_const+vo l t_o f f ; //

f o r 58k r e s i s t o r (60V max input ) volt_const =60/4095
327 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
328

329 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ROLLING SUM OF 10 VALUES ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
330 v_sum=v_sum−vo l tage [meas_num]+actual_voltage_avg ; // r o l l i n g sum of 10

vo l tage va lue s
331 i_sum=i_sum−cur rent [meas_num]+actual_current_avg ; // r o l l i n g sum of 10

cur rent va lue s
332 vo l tage [meas_num]=actual_voltage_avg ;
333 cur rent [meas_num]=actual_current_avg ;
334 meas_num++;
335 i f (MAX_MEAS_NUM == meas_num) // a f t e r 10 counts , r e turn to po s i t i o n 0
336 {
337 meas_num = 0U;
338 }
339 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
340 //∗∗∗ AFTER 10 MEASURED VALUES, STOP PWM_1 AND CALCULATE AVERAGE VALUES

∗∗∗
341 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
342 int_count++;
343 i f ( int_count>MAX_MEAS_NUM−1)
344 {
345 PWM_CCU4_Stop(&PWM_CCU4_1) ;
346 int_count=0;
347 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ AVERAGE VALUES FROM 10 MEASURES ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
348 avg_current=i_sum/MAX_MEAS_NUM;
349 avg_current_amp=−(avg_current −3085.0F) ∗amp_const+amp_off ;
350 avg_voltage=v_sum/MAX_MEAS_NUM;
351 avg_voltage_volt=avg_voltage∗ volt_const+vo l t_o f f ; // volt_const =60.0F

/4095.0F
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352 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ VOLTAGE PI CONTROLLER ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
353 v_error=V_REF−avg_voltage_volt ;
354 v_out = prev_v_out + KP_V∗( v_error−prev_v_error ) + k_aux_v∗( v_error+

prev_v_error ) ;
355 prev_v_error=v_error ;
356 i f ( v_out<−5.0F)
357 v_out=−5.0F ;
358 i f ( v_out>5.0F)
359 v_out=5.0F ;
360 prev_v_out=v_out ;
361 i f ( v_out<0.0F)
362 v_out=0.0F ;
363 i_re f=v_out ; // r e f e r e n c e cur rent i s the vo l tage output from PI

vo l tage c o n t r o l l e r
364 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ CURRENT PI CONTROLLER ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
365 i_er ro r=i_ref−avg_current_amp ;
366 i_out = prev_i_out + KP_I∗( i_error−prev_i_error ) + k_aux_i∗( i_er ro r+

prev_i_error ) ;
367 prev_i_error=i_er ro r ;
368 i f ( i_out <−1.0F)
369 i_out=−1.0F ;
370 i f ( i_out >1.0F)
371 i_out=1.0F ;
372 D_out=(i_out+prev_i_out ) /2 .0F ;
373 prev_i_out=i_out ;
374 i f (D_out<0.2F)
375 D_out=0.2F ;
376 i f (D_out>0.85F)
377 D_out=0.85F ;
378 D=r i n t (D_out∗10000) ;
379 PWM_CCU4_SetDutyCycle(&PWM_CCU4_0, D) ; // Duty Cycle 100% i s 10000
380 }
381 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ Ro CALC ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
382 Ro_count++;
383 i f (Ro_count>9)
384 {
385 Ro_calc=r i n t ( Rsca le ∗avg_voltage_volt /( avg_current_amp∗(1− ( f l o a t ) D

/10000) ) −(((avg_current_amp −0.8F) ∗( avg_current_amp −0.8F) ) /
avg_current_amp ) ) ;

386 i f ( Ro_calc<10)
387 {
388 Ro_calc=10;
389 }
390 i f ( Ro_calc >280)
391 {
392 Ro_calc=280;
393 }
394 Ro=Ro_calc ;
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395 Ro_counter++;
396 i f ( Ro_counter==1)
397 {
398 Ro1=Ro ;
399 }
400 i f ( Ro_counter>1)
401 {
402 Ro2=Ro ;
403 Ro_counter=0;
404 }
405 Ro_avg=(Ro1+Ro2) /2 ;
406 Ro_1=( f l o a t ) 1 . 0F/Ro_avg ;
407 CapRo_1=Cap_inv∗Ro_1 ;
408 Ro_count=0;
409 }
410 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ INVERSION ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
411 /∗ ∗∗∗∗∗∗∗ Implementation based on Forward D i f f e r e n c e Method ∗∗∗∗∗∗∗∗∗ ∗/
412 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
413 next_voltage_volt=T_1∗( actual_voltage_volt−prev_voltage_volt ) ;
414 next_current_amp=T_1∗( actual_current_amp−prev_current_amp ) ;
415 actual_fi_C=−1.F∗prev_pwm0_level∗Cap_inv∗prev_current_amp+CapRo_1∗

prev_voltage_volt+next_voltage_volt ;
416 actual_fi_L=rl_L∗prev_current_amp+prev_pwm0_level∗L_1∗prev_voltage_volt

+next_current_amp−Vin_L ;
417 /∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
418 i g a i n e r r o r=actual_fi_L /( next_current_amp−actual_fi_L ) ;
419 vga in e r r o r=actual_fi_C /( next_voltage_volt−actual_fi_C ) ;
420 i f ( next_voltage_volt−actual_fi_C==0)
421 vga in e r r o r=actual_fi_C /0.0001F ;
422 i f ( next_current_amp−actual_fi_L==0)
423 i g a i n e r r o r=actual_fi_L /0.0001F ;
424 i f ( vga iner ror >80.0F)
425 vga in e r r o r =80.0F ;
426 i f ( vga iner ror <−80.0F)
427 vga in e r r o r =−80.0F ;
428 /∗∗
429 prev_current_amp=actual_current_amp ;
430 prev_voltage_volt=actua l_voltage_volt ;
431 prev_pwm0_level=pwm0_level ;
432 //∗∗∗∗∗∗∗∗∗∗∗∗∗ RMS OF VOLTAGE SIGNAL (FI_C and FI_L) ∗∗∗∗∗∗∗∗∗∗∗∗∗∗
433 fi_C_sum=fi_C_sum−fi_C_vec [ f i_count ]+actual_fi_C ;
434 fi_L_sum=fi_L_sum−fi_L_vec [ f i_count ]+actual_fi_L ;
435 igainerror_sum=igainerror_sum−i ga ine r ro r_vec [ f i_count ]+ i g a i n e r r o r ;
436 vgainerror_sum=vgainerror_sum−vgainerror_vec [ f i_count ]+ vga in e r r o r ;
437 fi_C_vec [ f i_count ]=actual_fi_C ;
438 fi_L_vec [ f i_count ]=actual_fi_L ;
439 i ga ine r ro r_vec [ f i_count ]= i g a i n e r r o r ;
440 vgainerror_vec [ f i_count ]= vga in e r r o r ;
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441 fi_C_avg=fi_C_sum/FI_VEC;
442 fi_L_avg=fi_L_sum/FI_VEC;
443 i ga iner ror_avg=igainerror_sum/FI_VEC;
444 vgainerror_avg=vgainerror_sum/FI_VEC;
445 //
446 f i_count++;
447 i f ( f i_count==FI_VEC)
448 {
449 f i_count =0;
450 }
451 /∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ FAULT DETECTION ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
452 ca lc_counter++;
453 i f ( calc_counter <10)
454 {
455 i f ( fi_L_avg<−3000.F && iga inerror_avg <−1.F)
456 {
457 f_fault_sw++;
458 }
459 e l s e
460 {
461 f_fault_sw=0U;
462 }
463 i f ( f_fault_sw >10U)
464 {
465 //XMC_GPIO_SetOutputHigh(LED2) ;
466 sw_fault=1;
467 }
468 e l s e
469 {
470 //XMC_GPIO_SetOutputLow(LED2) ;
471 sw_fault=0;
472 }
473

474 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ vo l tage s enso r f a u l t d e t e c t i on ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
475 //up
476 i f ( fi_L_avg >0.0F && fi_C_avg<500.F && iga inerror_avg <0.1F &&

f_fault_sw==0)
477 {
478 f_fault_vsens_p++;
479 }
480 e l s e
481 {
482 f_fault_vsens_p=0U;
483 }
484 //down
485 i f ( fi_L_avg<−1000.0F && vgainerror_avg <1.F && iga inerror_avg >−0.2F &&

f_fault_sw==0)
486 {
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487 f_fault_vsens_n++;
488 }
489 e l s e
490 {
491 f_fault_vsens_n=0U;
492 }
493 i f ( f_fault_vsens_n >10U | | f_fault_vsens_p >10U)
494 {
495 XMC_GPIO_SetOutputHigh(LED2) ;
496 vsens_fau l t =1;
497 }
498 e l s e
499 {
500 XMC_GPIO_SetOutputLow(LED2) ;
501 vsens_fau l t =0;
502 }
503 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ cur rent s enso r f a u l t d e t e c t i on ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
504 //up
505 i f ( f_fault_vsens_n==0 && ( iga inerror_avg >0.0F | | fi_C_avg>80.F) &&

f_fault_sw==0)
506 {
507 f_fault_isens_p++;
508 }
509 e l s e
510 {
511 f_fault_isens_p=0U;
512 }
513 //down
514 i f ( ( iga inerror_avg <−0.2F && fi_C_avg<20.F && f_fault_vsens_p==0U &&

f_fault_sw==0) | | ( vgainerror_avg >2.F) )
515 {
516 f_fault_isens_n++;
517 }
518 e l s e
519 {
520 f_fault_isens_n=0U;
521 }
522 i f ( f_fault_isens_n >10U | | f_fault_isens_p >10U)
523 {
524 //XMC_GPIO_SetOutputHigh(LED3) ;
525 i s e n s_ fau l t =1;
526 }
527 e l s e
528 {
529 //XMC_GPIO_SetOutputLow(LED3) ;
530 i s e n s_ fau l t =0;
531 }
532 // ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ capac i t o r f a u l t d e t e c t i on ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
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533 i f ( vgainerror_avg >1.2F && f_fault_isens_n==0)
534 {
535 f_fault_C++;
536 }
537 e l s e
538 {
539 f_fault_C=0U;
540 }
541 i f ( f_fault_C>10U)
542 {
543 XMC_GPIO_SetOutputHigh(LED3) ;
544 cap_fault =1;
545 }
546 e l s e
547 {
548 XMC_GPIO_SetOutputLow(LED3) ;
549 cap_fault =0;
550 }
551 }
552 e l s e
553 {
554 ca lc_counter =0;
555 }
556 //DAC_SingleValue_SetValue_u16(&DAC_0, fi_C_rms ∗0 .4F) ;
557 //DAC_SingleValue_SetValue_u16(&DAC_1, fi_L_rms ) ;
558 //DAC_SingleValue_SetValue_u16(&DAC_1, Ro_avg∗50 . f ) ;
559 //DAC_SingleValue_SetValue_s16(&DAC_0, fi_L_avg ∗3 . f ) ; // blue
560 //DAC_SingleValue_SetValue_s16(&DAC_1, fi_C_avg ∗10 . f ) ; // pink
561 //DAC_SingleValue_SetValue_s16(&DAC_0, iga iner ror_avg ∗5000 . f ) ; // blue (

l im i t t h i s va lue to between −2049 and +2048)
562 //DAC_SingleValue_SetValue_s16(&DAC_1, vgainerror_avg ∗1000 . f ) ; // pink (

l im i t t h i s va lue to between −2049 and +2048)
563 //DAC_SingleValue_SetValue_u16(&DAC_1, avg_voltage_volt ∗60 . f ) ; // vo l tage

s enso r va lue
564 //ProbeScope_Sampling ( ) ;
565 XMC_GPIO_SetOutputLow(LED1) ;
566 }

Listing C.1: Implemented C code
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