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1 | INTRODUCTION

The last few years saw a resurgence of applications of hypercomplex analysis and algebra in neural networks. These new
approaches have been especially successful in using particular examples of hypercomplex numbers such as bicomplex
numbers, quaternions, and Clifford ones to develop different machine learning techniques, see, for example, [18-20, 23,
25], and references therein. The authors have also extended the complex perceptron algorithm to the bicomplex case in [5,
6]. As we have already discussed, the LMS algorithm discovered by Widrow and Hoff was extended to the complex domain
in [37] for the first time and the gradient descent technique was derived with respect to the real and imaginary part. The
theory of gradient descent was further generalized in [11] using Wirtinger (or C — R) calculus such that the gradient is
considered with respect to complex variables instead. We note that Wirtinger calculus provides a framework for obtaining
the gradient with respect to complex-valued functions [35].

In his work, Rosenblatt [28] introduced the perceptron, the first trainable linear classifier. Inspired by his work, a
first implementation of a trainable neural network was the ADALINE machine introduced by Widrow and Hoff in[36].
This application uses the techniques of the least mean square (LMS) and of the stochastic gradient descent for deriv-
ing optimal weights. In [11], Brandwood studied properties of the complex gradient operator using a technique called
“Complex-Real-Calculus” (i.e., C — R-calculus or Wirtinger calculus, see also [21]). In his paper, Brandwood considered
different applications of these mathematical concepts to adaptive array theory including the well-known complex least
mean square (LMS) algorithm. This algorithm was first discovered by Widrow and his student Hoff in the real-valued case
in 1960 (see [36]).

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2023 The Authors. Mathematische Nachrichten published by Wiley-VCH GmbH.
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In Section 2.1, we give an overview of the complex-real (C — R) calculus, starting with Definition 2.1, followed by
examples and relationships with the theory of polyanalytic functions.

As stated in the work of Brandwood [11], mentioned above, if the desired and predicted output of a complex neural
network are given by d € CV and o € CV, respectively, then the error can be defined by e := d — 0 and the complex
mean square loss is a non-negative scalar which has the following expression:

N-1
L) =) lel*
k=0

Although in many types of analysis involving complex numbers the individual components of the complex number
have been treated independently as real numbers, it would not make sense to apply the same concept to complex-valued
neural networks (CVNNs) by assuming that a CVNN is equivalent to a two-dimensional real-valued neural network. In
fact, it has been shown that this is not the case [16], because the operation of complex multiplication limits the degrees
of freedom of the CVNNSs at the synaptic weighting. This suggests that the phase-rotational dynamics strongly underpins
the process of learning.

On the other hand, a fundamental concern is whether the activation function is differentiable everywhere, differentiable
around certain points, or not differentiable at all. Complex functions that are holomorphic at every point are known as
“entire functions.” However, in the complex domain, one cannot have a bounded complex activation function that is
complex-differentiable at the same time. This is a direct consequence of the well-known Liouville’s theorem in complex
analysis stating that every entire functions which is bounded is constant. Hence, it is not possible to have a CVNN that
uses squashing activation functions that are entire.

In this research paper, inspired from the work of Brandwood [11, 37], we propose to develop the bicomplex counter-
part of the C — R-calculus and its application to bicomplex gradient operators. We also apply these new techniques to
derive two bicomplex LMS algorithms extending both the classical real and complex LMS algorithms of Widrow. For a
relevant reference on applications of the C — R-calculus and adaptive array theory to random vibrations control tests, see
[24].

The structure of our paper is as follows. In Section 2, we review different notions of the classical complex case includ-
ing polyanalytic functions, C — R-calculus and briefly discuss the complex gradient operators. We also explain several
connections between polyanalytic functions and C — R-regular functions. Section 3 collects different definitions and nota-
tions which will be useful in the rest of the paper. Here, we review different notions related the bicomplex algebra, the
hyperbolic-valued modulus and bicomplex differential operators. In Section 4, we introduce the bicomplex counterpart
of the complex C — R calculus, namely the newly defined “BC — R calculus” in one bicomplex variable. Here, we also
study the basic properties of classes of functions associated with the BC — R calculus, define different bicomplex gradient
operators with respect to each conjugate, and prove a Leibniz rule for these gradients. In Section 5, we introduce and study
the multivariate bicomplex calculus and related bicomplex gradient operators in the case of several variables. Finally, we
apply the techniques developed in the previous sections in order to derive two different version of bicomplex least mean
square (BLMS) algorithms in Section 6.

2 | THE COMPLEX CASE

This section is an expository reminder of several concepts from complex analysis, including polyanalytic function theory,
C — R calculus (or Wirtinger calculus), concluding with a complex LMS algorithm as an application. We use the regular
setting of a complex-valued function f : Q ¢ C — C, where Q C C is a domain. We consider f to be real analytic with

respect to its real and imaginary parts, therefore the operators ai and ;—_ are well-defined by
zZ z

o _1(0 ;0\ 8 _1(9 0Y. ,_,.i
3z 2\ax 'ay) @z 2\ax Tlay ) EFTXTW

Real differentiable functions in the kernel of ;—_ are called complex analytic, or, equivalently holomorphic on their
z
domains. For easier readability, we would like to recall that Cauchy’s theorem states that these types of functions are
locally convergent power series around any point in their domains.
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2.1 | C —R calculusin the complex case

In the papers [11, 21], an application of C — R calculus to complex neural networks is discussed and we elaborate on some
of the finer points of the theory in this subsection.
We observe that if a function f(z) is real valued, we obtain

d d
<6_zf(z)> = gf(z),

and it is clear that if f belongs to the kernel of ;—E it will be in the kernel of % and vice versa.
We now introduce the following class of functions which can be considered the basis to study the C — R calculus. We
remind the reader that C — R stands for complex-real or Wirtinger calculus in this paper (see [11, 21]).

Definition 2.1. Let Q C C be a complex domain, symmetric with respect to the real axis. We say that a function f :
Q — Cis C — R analytic (or C — R regular) on Q if there exists a complex analytic function of two complex variables

g:QOxQ— C,(z,2,) ~ g(z1,2,) such that

i) f(z)=g(z,z), VzeqQ,

d a

11) _f = (_g ,
0z 0z Z1=2,2)=2

ceey O )

iii) —{ = (—g> .
0z 023/ 7,=2,2,=%

Remark 2.2. If g is entire we have
8(z1,2) = Z Z az)z~, yielding  f(z) = Z Z a2’z
j=0k=0 j

and the following forms for the derivatives follows:

Remark 2.3. In a natural way, any complex analytic function will be C — R regular.

Here are other examples of C — R regular functions which are not complex analytic.

z+

Example 2.4. The function f;(z) = Re(z) = TE is a real-valued C — R analytic function with g,(z;,2,) = . Also,

the function f,(z) = z?z is a complex-valued C — R analytic function with g,(z;,z,) = zfzz. Note that neither f nor f,
are complex analytic.
Other interesting examples include |z|? and In(zZ).

zZ1+2,

Remark 2.5. The following formulas hold in the complex case:

k>o0.

d|z|%k d|z|?+1 2k +1
T M PP
oz oz 2

In classic complex analysis, we see that any function f : C — C can be seen as a function from RXR to
C as f(z) = f(x +iy) = f(x,y). For improved clarity, here we re-formulate some results of Brandwood from his
work [11].
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Theorem 2.6. Let f be C — R regular on C, i.e., as in Definition 2.1, there exists a complex analytic function of two complex
variablesg : CxX C — C,(z1,2,) — g(z1, z,) such that

f(@)=f(x,y) =g(z,2); z=x+iy.

Then, the differential operators follow the expected rules:

g 1/48 .o
3 = 5(3 —la)f(x,y}
og 1/4 .3
= =3z )ran.
wherea—g :=<a—g> % i= <a—g) .
9z dz, Zl:z,zz:;’ 9z 023/ 5 =5 7,=%

Definition 2.7. A real-valued real-differentiable function f : Q — R, defined on an open domain Q C C, has a
stationary point (xy, yy) € Q if

a o)
a—xf(xo,J’o) = @f(xo,yo) =0.

It is easy to see that for such real-valued function we have:

of of  _of _of
ax dy 093 =0°5Ez=0

at the point z, = x, + iy,, which leads to the following result in [11].

Lemma 2.8. Let f : C — R be a C — R regular, real-valued function of a complex variable z (i.e., f(z) = g(z,z) with
g : Cx C — R, analytic with respect to each variable). Then, f has a stationary point if and only if

ﬂ:

— 0’
o0z

at this given point, where this is defined as in Definition 2.1. In a similar way, the condition below is also a necessary and
sufficient condition for f to have a stationary point

of
Frinhe

at this given point.

Remark 2.9. We note that in Theorem 2.6 and Lemma 2.8 we can replace C X C by Q X Q for a domain symmetric with
respect to the real line.

In what follows, we will present an overview of applications of C — R Calculus to the study of polyanalytic functions in
Section 2.2 and to the complex LMS algorithm in Section 2.3.
2.2 | Classical polyanalytic functions

Under the conditions above, we have:
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Definition 2.10. Let Q C C be a complex domain and f be a C*(Q)-function (i.e., smooth in its real components). If f

is in the kernel of a power n > 1 of the classical Cauchy-Riemann operator = that is,
zZ

al’l
6_nf(Z) =0, VzeqQ,
z

then f is called a polyanalytic function of order n on Q. The space of all complex polyanalytic function of order n on Q is
denoted by H,(Q).

An interesting fact regarding these functions is that any polyanalytic function of order n can be decomposed in terms
of n analytic functions so that we have a decomposition of the following form (see [9, 10]):

n—1
f@ =Yz fu@), @)
k=0

for which all f} are complex analytic functions on Q. Again, in the case n = 1 one recovers the classical case of complex
analytic functions via Cauchy’s theorem, namely complex analytic functions are polyanalytic of order 1.

In particular, for any n > 1, expanding each analytic component using the series expansion theorem leads to an
expression of the form

n—1 oo
f@=Y Yz, .2)

k=0 j=0

where (ay ;) are complex coefficients.
In this paper, we are also interested in the case where the expansion (2.2) is of infinite order (this case was also considered
in [4]), we now write a new definition:

Definition 2.11. A function of the form

f@=) Z'zla i (2.3)
=0

k=0j

where the coefficients a; ; are non-zero for an infinite number of indices k, will be called a polyanalytic function of
infinite order.

We note that such functions were discussed in [9, 10] as well, where they were mentioned as conjugate analytic functions.

Proposition 2.12. Any polyanalytic function (of finite or infinite order) on a domain Q symmetric with respect to the x—axis
is C — R analytic. The converse is also true.

Proof. Let f : C — C be a polyanalytic function of order n = 1, 2, .... We know by poly-decomposition that there exists
unique analytic functions fy, ..., f,,—; such that

n—1
fl@)= ZEkfk(z); vz € C.
k=0

Then, we consider the analytic function of two complex variables defined by

n—1

8(z1,2,) = Z Z5fi(z1),  V(z1,2,) € C
k=0
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It is clear that g(z,z) = f(z) and then we can easily check that f is C — R analytic.
The infinite order case is treated similarly and we leave the proof to the reader.
The converse easily follows from the definition. O

Example 2.13. We consider the function f(z) = el?I” Tt is clear that f is C — R analytic with

- z"w"
glz,w) := Z = e*W: Vz,weC.
n=0 :

However, f is not polyanalytic of a finite order.

For n = 1,2, ..., we recall that polyanalytic Fock spaces of order n can be defined as follows:

F(C) := {g € H,(O), %/ |g(z)|2e_|z|2dA(z) < oo}.
C

The reproducing kernel associated with the space 7,(C) is given by

_n—l (_1)k n
Kn<z,w)=ezw1§) ()17 - wl 2.4)

for every z, w € C.
The poly-Bergman space A2(B(0, 1)) of polyanalytic functions of order n in the complex unit disc B(0, 1) is given by

A2(B(0,1)) = {f € H,(BO,1)); / F(@)? dA(z) < oo},
B

0.1

We note that A2(B(0,1)) is a reproducing kernel Hilbert space, whose reproducing kernel is given by

n—1
_ n N TR n+k\ o — o1k, 2k
B,(z,w) = AT kgo( 1) (k + 1)( " >|1 wz| |z — w]|*, (2.5)

for every z,w € B(0,1).

Important examples of polyanalytic functions were introduced by It6 in [17]; these are called complex Hermite polyno-
mials and they are used in the study of stochastic processes. We write about these functions as well as a corresponding
bicomplex function theory in a recent paper which complements this work [7].

2.3 | The complex gradient operator and the complex LMS algorithm

We now move to the case of several complex variables and use all the C — R calculus techniques described above. We
define the complex gradient operators with respect to the variables z and z.

Definition 2.14. Let Q, C C, 1 <k < n be n complex domains, each symmetric with respect to the real axis. We say
that a function f : szlﬂk —> Cis C — R analytic (or C — R regular) on Q = szlﬂk if there exists a complex analytic

function of 2n complex variables g : HZ=1Qi — C, (21, W1, 23, Wy, oo s Zpy, Wy) > (21, W1, 29, Wo, ..., Z,, Wy,) sSUch that

D) f(z1,22,,20) = 8(21,21, 22,22, s Zp, Z0)s - V(21,235 0, 2,) € TT)_ Oy,

..y O 5}

ii) —f=<—g> ,forany1<l<n
9z 921/ g1=z),w=7

ooy O d

iii) —£=<—g ,forany1 << n.
521 51/.)1 z

=z],W=2]
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With this in mind we can now define the multi-variate gradient operators and we have:

Definition 2.15. Letz = (z,,...,z,)] € C", with z; = x; + iy, for any k = 1, ..., n. Then, the complex gradient operator
with respect to z is defined to be

V, = (azl PRI azn)Ta (26)

where d,, are the complex derivatives with respect to the variable z; and [ = 1, ..., n.
In a similar way, the gradient operator with respect to the conjugate is defined by

Vz = (az, s aE)T 2.7)

In the same way as in the single variable case, one defines the notion of stationary points and we have the following
characterization statement:

Lemma2.16. Let f : C" — R beareal-valued C — R analytic function of a complexvectorvariablez = (z,, z,, ... , z,) (i.e.,
f(@z) = g(21,21, 23, 23, - » 2, Z) With g : C*" — R is an entire function of 2n complex vector variables which is analytic
with respect to each component). Then, f has a stationary point if and only if

v,.f=0.

In a similar way, the condition below is also a necessary and sufficient condition for f to have a stationary point
Vzf =0.

Proof. The proof follows the single variable case, Theorem 2.8, and, since z; = x; + iy), we have:

f(Z) = f(x17y17 oo Xy Vi oo ,xn,yn).

Here, we summarize the properties of the gradient operators V, and V3, we leave the proof for the reader.
Proposition 2.17. Leta = (ay,...,a,)’ € C" and R be in C"™" respectively, then the following properties hold true:

(1) Vy(a'z)=V,(z'a)=a
(2) V,Z a)=V,(a"2) =0
(3) V(7 RZ) = RZ

4 V,@2)=0

(5) V,(z'z) =2z

(6) Vz(a'z) =V, (z'a)=0
(7) Vo(Z a) = V5(aT7) = a
(8) V5(Z Rz) = Rz

The complex LMS algorithm is an important application of the complex C — R-calculus as follows. The authors of
[11, 37] extend to the complex case the well-known real least mean square (LMS) algorithm which was originally intro-
duced in the real case by Widrow and Hof,f see [36]. In fact, at discrete integer time ¢, let us consider the output given

by

— T — wl
Si=Z, W, =W, Z,
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withz, = (2,1, ...,2.,)" and w; = (w, 1, ..., w, )" . Thus, we have

n
Sy = Zzt,lwt,l'
=1

We denote by d, the desired response then the complex signal error is given by

e,=d, —s, =d, —w/z,.
Let us consider the complex LMS rule considered in Brandwood
Wi =W — #V\Tt(e[e_[)’ (2.8)

where u > 0 and

VVT, = (am, . am>T

Theorem 2.18. It holds that

Wip1 = W + jeZy. (2.9)

Proof. Asin, [36], we have
Vo ee) = e,V (e) + (Vgree, (2.10)
and the proof follows. O

Remark 2.19. The learning rule given by formula (2.9) is the complex LMS algorithm proposed by Widrow and his
collaborators in [11, 37].

In Section 4, we will use similar arguments of complex gradient operators and apply them to the study of bicomplex
gradient ones. In particular, we write two LMS algorithms in the bicomplex settings.

3 | INTRODUCTION TO BICOMPLEX NUMBERS

The algebra of bicomplex numbers was first introduced by Segre in [30]. During the past decades, a few
isolated works analyzed either the properties of bicomplex numbers, or the properties of holomorphic func-
tions defined on bicomplex numbers, and, without pretense of completeness, we direct the attention of the
reader first to the book of Price [27], where a full foundation of the theory of multicomplex numbers was
given, then to some of the works describing some analytic properties of functions in the field [8, 12, 13, 33].
Applications of bicomplex (and other hypercomplex) numbers can be also found in the works of Alfsmann
etal. [1, 2].

We now introduce, in the same fashion as in [12, 22, 27], the key definitions and results for the case of bicomplex
holomorphic functions of bicomplex variables. The algebra of bicomplex numbers is generated by two commuting imag-
inary units i and j and we will denote the bicomplex space by BC. The product of the two commuting units i and j is
denoted by k := ij and we note that k is a hyperbolic unit, that is, it is a unit which squares to 1. Because of these vari-
ous units in BC, there are several different conjugations that can be defined naturally. We will make use of appropriate
conjugations in this paper, and we refer the reader to [22, 33] for more information on bicomplex and multicomplex
analysis.
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3.1 | Properties of the bicomplex algebra

The bicomplex space, BC, is not a division algebra, and it has two distinguished zero divisors, e; and e,, which are
idempotent, linearly independent over the reals, and mutually annihilating with respect to the bicomplex multiplication:

o ltk o 1-k

1 -— 2 ) 2 2 k]
e e, =0, el =e, el =e,,
e +e, =1, e —e, =k.

Just like {1, j}, these form a basis of the complex algebra BC, which is called the idempotent basis. If we define the following
complex variables in C(i):

,31:=Zl—izz, 62::Z1+iZ2,
the C(i)-idempotent representation for Z = z, + jz, is given by
Z = pe; +pae;.

The C(i)-idempotent is the only representation for which multiplication can be taken component-wise, as shown in
the next lemma.

Remark 3.1. The addition and multiplication of bicomplex numbers can be realized component-wise in the idempo-
tent representation above. Specifically, if Z = a; e, + a, e, and W = b, e; + b, e, are two bicomplex numbers, where

a;, ap, b17 b2 (S C(i), then

Z+W = (al + bl)el +(a2 + bz)ez,
Z-W =(ajby)e; + (azby) ey,

Z" =ale +aje,.
Moreover, the inverse of a bicomplex number Z = a,e; + a,e, is defined when a; - a, # 0 and is given by
Z 7 =ale; +a)le,
where al_1 and a; ! are the complex multiplicative inverses of a; and a,, respectively.
One can see this also by computing directly which product on the bicomplex numbers of the form

X1 +ix, +jxs + kxy, X1,%5, X3, X4 €ER

is component wise, and one finds that the only one with this property is given by the mapping:
X1 +ix; +jxs + kxy = ((x7 + x4) +1(x; — x3), (67 — x4) +i0x; + x3)), (3.11)

which corresponds exactly with the idempotent decomposition

Z =2z1+]jz, = (21 —izy)e; + (21 +izy)e,,

where z; = x; +ix, and z, = x5 + ix,.
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Remark 3.2. These split the bicomplex space in BC = Ce; @ Ce,, as:

Z = zZy +j22 = (Zl — iZZ)el + (Zl + iZz)ez = /11e1 + /12e2. (312)
Simple algebra yields:
Ll
1= ’
2
. (3.13)
7 = i1, —4)
2= 2 .

Because of these various units in BC, there are several different conjugations that can be defined naturally and we will
now define the conjugates in the bicomplex setting, as in [12, 22]

Definition 3.3. For any Z € BC we have the following three conjugates:

Remark 3.4. Moreover, following Definition 3.3, if we write Z = 1,e; + 1,e, in the idempotent representation,we have
Z = Ae; + Ae,,
Z* = 2re; + Ase;,
Z' = Le, + ey,
Z =21e, +1e,.

We refer the reader to [22] for more details.

3.2 | Hyperbolic subalgebra and the hyperbolic-valued modulus

A special subalgebra of BC is the set of hyperbolic numbers, denoted by D. This algebra and the analysis of hyperbolic
numbers have been studied, for example, in [8, 22, 32] and we summarize below only the notions relevant for our results. A
hyperbolic number can be defined independently of BC, by 3 = x + ky, with x,y, € R, k ¢ R, k? = 1, and we denote by D
the algebra of hyperbolic numbers with the usual component-wise addition and multiplication. The hyperbolic conjugate
of 3 is defined by 3° := x — ky, and note that:

5-5°=x2—y2€|R, (3.14)

<

which yields the notion of the square of the modulus of a hyperbolic number 3, defined by |5|n23> =3-3%

Remark 3.5. It is worth noting that both Z and Z reduce to 3° when Z = 3. In particular, e, = el =€ = eI.

Similar to the bicomplex case, hyperbolic numbers have a unique idempotent representation with real coefficients:

3 =se; +te,, (3.15)
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where, just as in the bicomplex case, e; = L 1+k),e,= L (1-k),ands :=x+yandt :=x—y. Note that e] = e, if
2
we consider D as a subset of BC, as briefly explained in the remark above. We also observe that

l3lf, = x> = y* = (x + )(x —y) = st.

The hyperbolic algebra D is a subalgebra of the bicomplex numbers BC (see [22] for details). Actually BC is the algebraic
closure of D, and it can also be seen as the complexification of D by using either of the imaginary unit i or the unit j.

Definition 3.6. Define the set Dt of non-negative hyperbolic numbers by:

Dt ={x+ky|x*—y*>0,x>0} = {x+ky|x>0,|y| <x}

= {se; +te,|s,t > 0}.
Remark 3.7. As studied extensively in [8], one can define a partial order relation defined on D by:
1<% if and only if 32— 3 €D, (3.16)
and we will use this partial order to study the hyperbolic-valued norm, which was first introduced and studied in [8].

The Euclidean norm || Z|| on BC, when it is seen as C(i), C2(j) or R* is:

121l = Vizi P + 1z = \/Re(1Z12) = \/x2 47 +x2 +32.

As studied in detail in [22], in idempotent coordinates Z = 1, e, + 1,e,, the Euclidean norm becomes:

1
121l = 7\/ 14112 + 14,12 (3.17)

2

It is easy to prove that
I1Z - Wi < V231zIl - W), (3.18)

and we note that this inequality is sharp since if Z = W = ey, one has:

1
lle - el = lleill = 7 = V2 el - lleyll,
2
and similarly for e,.
Definition 3.8. One can define a hyperbolic-valued norm for Z = z; + jz, = 1,e; + 1,e, by:
IZllp, :=l4:le; +14;le; € D.

It is shown in [8] that this definition obeys the corresponding properties of a norm, that is, || Z||p, = 0 if and only if
Z =0, it is multiplicative, and it respects the triangle inequality with respect to the order introduced above.
3.3 | Hyperbolic-valued modulus of vectors in BC
The previous norm can be generalized to the space of BC vectors, that is, elements of BC", and we will also define an

inner product on the space of vectors in BC. Let (X, Y') be the usual Hermitian inner product on C", then we have the
following:
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Definition 3.9. For any X,Y € BC", we have the following D-valued inner product

(X, Y)p = (X1, Yy)e; +(Xo, Y3)e,, (3.19)
where X = X;e; + X,e, andY =Y e; + Y,e,, and X}, Y, e C forl =1, 2.
This inner product yields the hyperbolic-valued modulus of a vector X = X;e; + X,e, as:

Xllp, = IX1lle: + [[X>]les.

3.31 | Finsler-type norm

Another real-valued norm that can be useful in this setting is the one found by multiplying all conjugates of a bicomplex
number. This norm has been first considered in [34] and let us recall that it is a fourth-order Finsler-type norm defined

by
4 o _ oo
\Z|}. :=2Z2*Z".
For Z = z; + jz, = ¢ + ip,, with z;, z, € C; and ¢4, ¢, € C;, recall that:

Z =7 +j5 = 1 — gy, Z' 1=z —jz, = 91 — gy,

S0
= e e — . _2 2
\Z|}. = ZZZ*Z" = (21 4 j2,)(@Z1 +§22)(Z1 —§22)(z1 —j22) = (27 + 22)(Z1 +725).
The corresponding (square of the) bicomplex moduli are defined as:
1ZI}:=2-Z" =z} +2z; € G
|Z|j2 =Z-Z=¢>+¢€C;
|ZI} :=Z-Z* =37 + 35 =w; +w; €D.
S0
4 272 22 2)2 22
1215 = 128 - 128 = |12 = 121} = 1ZI);.
In this case, we will obtain a modulus of order 4 as F(Z) is a real number. This number is positive when Z is not a
divisor of 0 and it is equal to O when Z € &, that is, it is a complex multiple of e or ef.
From Remark 3.4, we have:
E = ﬂ._zel + A_lez; Z* = /1_1e1 + /1_2e2; ZT = /12e1 + /1132,
which brings the following form for the three bicomplex moduli of order 2 and the modulus of order 4 to:

Lemma 3.10. In the idempotent representation, we have:

1ZI; =00 12 = Jdoey + i doer;  IZIE = 1 Pes + (Ao F(2) = 1417 1)
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For proofs and more details about these moduli, one can see [29, 34].

4 | BC - R CALCULUS AND BICOMPLEX GRADIENT OPERATORS

In this section, we extend the study of C — R (or Wirtinger) calculus to the bicomplex setting, we define the bicomplex
real (BC — R) calculus, and investigate the notion of bicomplex gradient operators. Applications of BC — R calculus are
found in Section 5.

4.1 | Bicomplex differential operators

We first define the bicomplex differential operators arising from the rich underlying structure of the space.
In the case of the bicomplex variable, Z = z; + jz,, we have

Z+Z' i
n=—5 " = E(ZT -27),
and
— Z+Z¢ _ ... =
1= 5 , Z2=§(Z—Z)

On the other hand, for z; = x; + ix, and z, = x3 + ix, we obtain

Z+Z'+Z'+Z

i —
X, = y , x2=Z(Z*+Z—Z—ZT),

and
— J * T _ 7 _ k % __ 7 T
X3 =32 +2 -Z-2), x,=7Z+Z -Z-Z").

The bicomplex differential operators with respect to the various bicomplex conjugates (see [8, 12]) are

07 :=0, —jd,, =09, —10x, —j0,, +kdx, =39, e, +3,.e,,
07 1= 0z —joz; =9y, +10x, —jo,, —kox, = 6Ze1 + 6Ze2,
07+ 1= 0z +jOz; = 0y, +1i0x; +jo,, + kdxy = aﬂe1 + azez ,
Ozt 1=0, +j0,, =0y —1idx; +jo,, —kdxs =0; e, +3,e,.

We recall the definition of bicomplex analyticity, which is a more recent concept in hypercomplex analysis, therefore
worth re-writing here.

Definition 4.1. Let Q be a domain in BC, we say that a function F : Q — BC is bicomplex holomorphic if and only if
F is in the kernel of the last three differential operators described above, that is, 05,0+, 9+.

We invite the reader to the following references [8, 12, 22, 27] for more details. Following these works, we can see that
a bicomplex holomorphic function will admit a convergent power series representation at each point in Q. We point out
that in Section 7.6 from [22], we can see that a function is bicomplex analytic if and only if it can be split in the idempotent
representation in two functions each depending on a single idempotent variable.

As in [12], the concept of bicomplex holomorphy can be extended to several bicomplex variables and we have:
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Definition 4.2. Let Q be a domain in BC", we say that a function F : Q — BC is a bicomplex holomorphic function
of several bicomplex variables if and only if F is in the kernel of the family of the 3n differential operators (three for each
variable) 62—1, 621*, 0.+, for any 1 < I < n, where the n bicomplex vector variable is denoted by Z = (Z,, ..., Z,)).

5
zZ’

We will use this last definition throughout our paper and for more details on the theory of functions of several bicomplex
variables we refer the reader to [12] .

4.2 | Notions of BC — R calculus

In this subsection, we define the counterpart of C — R-calculus (or Wirtinger) in the bicomplex space. We start by intro-
ducing the notion of BC — R analytic functions and discuss some of their main properties. In what follows, we use the
notion of open bicomplex domains, namely domains of the form Q,e; + Q,e,, where Q;, Q, are complex domains.

Definition 4.3. Let Q C BC be a bicomplex domain, symmetric with respect to all conjugations, that is, if Z € Q then
Z,7Z*,Z" € Q. We say that a function f : Q — BC is BC — R analytic (or BC — R regular) on Q if and only if there exists
a function

g: Q' — BC,(21,25,7Z3,24) = 8(Z1, 25,23, Zy),
which is BC-analytic in each of the four bicomplex variables such that

i) f(2)=g(Z,2,2*,2%), VZeQ,

of og
i) 7= <_az _ o
1/ 7y=2,2,=7,7Zy=2"* Z,=Z1
T
111) — =
) e}

Py _ )
Z 02y ) 7,=22,2,=7,2y=2* Z4=Z"

.\ Of 9
iv) —f* = <—g> _
oz 023/ 7,=7,2,=7, Zy=2* Zy=Z"
é 8
V) _f — (_g> _ .
024/ 7,=7,2,=7, Zy=2* Zy=Z7

YAl
Remark 4.4. Just as the complex-real calculus generalizes notions of analytic complex functions, the bicomplex-real
calculus generalizes notions of bicomplex analyticity and it is easy to see that a bicomplex holomorphic function will be
BC — R analytic. This type of analyticity generalizes this concept of holomorphy.

Here are some examples of BC — R regular functions which are not bicomplex holomorphic.
Example 4.5. The Finsler-type norm defined by
— 74— 7
@) =121} :=222*Z"
is an entire BC — R function on BC, with

g(Zl’ Z2a Z37 Z4) = Z12223Z4.

‘We have
0 _
of =277*7"%, i =z7*7"%,
0z 8z
and
of o+ af

—=— =227", —— =Z77Z*.
0zZ* 0zt
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Proposition 4.6. Let f,h : BC — BC be two BC — R analytic functions and 1 € BC. Then, the sum f + h and
multiplication fA are also BC — R analytic.

Proof. Follows standard arguments. O

Remark 4.7. For Q = BC in Definition 4.3, we call such functions BC — R entire and the set of all BC — R entire functions
is a vector space over BC which is denoted by Hcr(BC).

We note that bicomplex polyanalytic functions of finite order were considered in [14] using finite sums involving
different bicomplex conjugates.

Definition 4.8. A bicomplex-valued function f : BC — BC, f € C*°(BC) (i.e. smooth in each of its real components),
which satisfies

of _ of _ oif

- - - J =0
_1 *)k ’
a7 a(Z*) a(z+)a

where L, k, and q are strictly positive integers, is called a bicomplex polyanalytic function of finite multi-order (I, k, q).

Remark 4.9. In the case | = k = g = 1, one obtains the special case of bicomplex holomorphic functions, which become
bicomplex polyanalytic functions of multi-order (1,1,1).
For example, in [14], Proposition 3.8 shows that a function is as in Definition 4.8 if and only if

I-1 k—1g-1

§2 =Y Y Y gunp@Z @@y,

m=0n=0 p=0

where g, , , are bicomplex holomorphic functions.

We introduce the class of global bicomplex polyanalytic functions of infinite order as follows.
Definition 4.10. A bicomplex-valued function f : BC — BC is called a global bicomplex polyanalytic of infinite order
if it can be represented as a power series with respect to the variables Z,Z,Z*,Z  so that we have

o
—n
f@)= 2 Umnpg Z"Z (ZP(Z1), (4.20)
m,n,p,q=0

where (a0, p,g)mn,p,g=0 are suitable bicomplex coefficients, non-zero for an infinite number of indices n, p, or g.

Theorem 4.11. A bicomplex-valued function f : BC — BC is global polyanalytic of finite or infinite order if and only if it
is a BC — R analytic function.

Proof. From the definition of BC — R analyticity, since g is analytic in the four variables, we have:

o0
8(21,2,,25,24) 1= Z U p a2y 25 23 Z.
m,n,p,q=0
U
These global polyanalytic types of functions can take many forms, depending on whether they are in the kernels of the
q
operators 22 % o their powers, yielding power series in terms of specific conjugates, or exhibiting finite-order

0z’ oz*’ ozt
polyanalytic-type behavior, respectively.

When we consider the extension of the complex Laplacian to the bicomplex setting, there exists more than one form,
depending on the choice of bicomplex conjugate. For example, one can define three of these Laplacians as follows.
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Definition 4.12. We define the Laplacians with respect to i,j and k as follows
2
A= 9 —; (4.21)
0797
52
A = - 4.22
1 8z8zt (422
52
A = ——. 4.2
K" 6z0z* (4-23)

The following example relates to the Laplacian given by Z* and we have a result concerning the logarithm of a bicomplex
function f(Z), denoted by Ln(f(Z)), which extends a complex result proven in Exercise 4.2.23 from [3], also found in [15],

to the bicomplex setting:

Proposition 4.13. Let h be a BC holomorphic function, we consider the function defined by
f@) = 1h2)I.82).
We denote by Ay the bicomplex Lalplacian given by

62
A = Graz

Then, it holds that
AxLnf(Z) = AxLng(Z).
Proof. We observe that for Z = z; + z,j = 1,e; + A,e, we have
h(Z) = h(Z)e; + hy(2)e,, g(Z) = gi1(d1)e; + g2(A2)e,,
and
A =47y e+ 4, e,
Thus, using the hyperbolic norm expression we have
||h(Z)||12( = | (2)%e; + |hy(Z)|%e,.

Hence, applying the bicomplex multiplication rules we get

f@)=11h@)I;82)

= |h(A)1Pg1(A1)er + [hy(A5)1782(A2)e

It follows that

Aglnf(Z) = Ay log(|h1(/11)|2g1(/11))e1 + Ay, log(|h2(/12)|2g2(/12))e2

Hence, applying the complex result we obtain

AxLnf(Z) = Ay, log(gi1(A1))e; + Ay, log(gx(12))e;
= AgLng(2).

(4.24)

(4.25)
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4.3 | A type of bicomplex Fock space
A useful type of polyanalyticity is the one defined by the x-conjugation and we have:
Definition 4.14. If f is in the kernel of aa - and in the kernel of a power n > 1 of the operator , that is,

=0, VZeQCBC,

where Q = Q;e; + Q,e, is a product (or split) domain in BC, then f is called a bicomplex * polyanalytic function of order
non Q. .
The space of all bicomplex # polyanalytic function of order n is denoted by H,” l”(Q).

Just as in the case of complex polyanalytic function of order n can be decomposed in terms of n analytic functions so
that we have a decomposition of the following form:

Theorem 4.15. Let f be a bicomplex * polyanalytic function of order n on Q C BC a split domain, then we have:

n—1
f2)= Z 7' f2), (4.26)

=0

for which all f; are bicomplex analytic functions on Q. In particular, expanding each analytic component using the series
expansion theorem leads to an expression of this form.

We can extend the definition of a polyanalytic Fock space in Section 2, to the bicomplex case as follows.
For n = 1, 2,... we recall that polyanalytic Fock spaces of order n can be defined as follows:

li
Fu(BC) i= {g € HY(BO), glhie, +1:62) = gi(Aey + &(A)es, 1.8 € Fu(O)
and we have:

Proposition 4.16. The reproducing kernel associated to the space F,(BC) is given by

Y
Ka(Z,W) = 27" Y ﬂ(l : 1)|Z w2, (4.27)
0

forevery Z,W € BC.
Proof. We will show that for Z = 1,e; + 1,e, and W = u,e; + u,e, we have
Kn(Z, W) = Kyp(41, 1)ey + Ky (Ao, o)es, (4.28)

where K,,(4;, 4;) and K,,(4,, u,) are given in (2.4). We have:

K, (Z, W) = eZW* Z( Dl( )|Z—W|§‘

I+1
In the idempotent representation

eZW" = plhier+her)(urer+ier) — e/hmel + elzzez
and

1Z-Wl; =(Z-W)Z*-W¥)

9SUDIIT Suowwo)) dAnear) sjqeatjdde ayy Aq pauIdA0S aIe sI[ONIE Y (SN JO SA[NI 10 AIRIQIT AUIUQ AD[IAN UO (SUONIPUOD-PUE-SWLI)/W0d Ad[Im KIeIqi[out[uo//:sdny) suonipuo)) pue sud I, ay) 39S ‘[£702/L0/61] uo Areiqry auruQ Lopip “Ansioarun uewdey) £q §/$007Z0T BUBW,/Z00 ] (0 1/10p/wiod Ka]imAreiqiautfuo,/:sdny wolj papeojumod ‘0 ‘91977TS1



18 MATHEMATISCHE ALPAY ET AL.
NACHRICHTEN

= (A4 — e + (A — up)ex) (A — pp)e; + (A, — up)e;)

which yields:
1Z =Wt = 14 — e + 14, — pl%es,
and, using Equation (2.4), the result follows. O
Another special case follows:

Definition 4.17. The bicomplex *-poly-Bergman space .A,(K) of polyanalytic functions of order »n in the bicomplex
product-type unit ball denoted here by K = B(0, 1)e; + B(0, 1)e, is given by

A1) = {g € HY(K),  gle; + Aoes) = gi()es + ga(o)es, 81,82 € ALBO, D) |,
where

Remark 4.18. We note also that A,(K) is a reproducing kernel Hilbert space whose reproducing kernel is given by

n—1

_ n e NN w210 un2e
Bn(Z,W)—ﬂ(l_W*Z)zn g{)( 1) <€+1)( . >|1 Wzl 1Z - W (4.29)

forevery Z,W € K.

So, as in the case of the bicomplex poly-Fock space we can show thatfor Z = 4,e; + 4,e, and W = p;e; + u,e, we have

B(Z, W) = By(41, 11)ey + By(Ay, 1y)es, (4.30)
where B, (4;, ;) and B, (4,, i) are given in Equation (2.5).

Remark 4.19. In the case n = 1, we recover the Bergman kernel of the bicomplex Bergman space, found in Corollary 6.2
of [26]. In this case, the functions will be bicomplex analytic.

In our work [7], we discuss important families of BC — R analytic functions such as bicomplex Hermite polynomials
and we show that they generate spaces of bicomplex functions with certain properties.

5 | MULTIVARIATE BICOMPLEX-REAL (BC — R) CALCULUS

In this section, we will consider spaces of vectors of bicomplex components and the gradient operators corresponding to
different types of bicomplex conjugations.

5.1 | Bicomplex gradient operators

We first define the notion of multi-variate BC — R analytic functions.

Definition 5.1. Let Q, CBC, 1<k <n be n bicomplex domains, each symmetric with respect to all conjuga-
tions. We say that a function f : IT}_ Qp — BC is BC — R analytic (or BC — R regular) on Q =1II}_ Q; if there

exists a bicomplex analytic function of 4n bicomplex variables g : szlﬂi — BC,(Z,, W, X,Y, s 2y, W, X0, Y ) &
gz, W, X1,Y1, ., Z,, W, X, Y,) such that
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D) fZ1ssZ0) = 821,21, 25, Z, s s 2y Zony Z5 Z1),
V(Zi, .  Zpy) € TI'_ O,

.y 0 3

ii) _f=<—g> _ forany1<1<n,
0z 9/ 7)=2), W=7 X\=2} Y|=Z]

oy D 3

iii) —i:(—g> _ ,forany1 <1l <n,
0z Wi/ z1=2,w\=Z;X,=2} Y|=Z]

. ) 0

iv) _f*:<_g) B forany1<1<n,
0z 0X1/ 7,27, W =2, X|=2% Y =7,
3 3 1 1

V) —fT=<—g) - Lforanyl<l<n.
9z, M/ 7122, W=7, X,=2} \1=Z]

We can now define the four bicomplex gradient operators and prove some of their properties.
Definition 5.2 (Bicomplex gradient operator). Let Z = z, + jz, = Ae; + A,e, € BC",where Z = (Z,, ..., Z,)", with com-
plex vector components z; = (z17, ..., 21,)" » Zo = (Z21, > Z2p)" and A} = (U411, .., 4107, Ay = (Aa1,...,45,) belong to

C". Then, we define the various bicomplex gradient operators with respect to the variables Z, Z, and Z* by:

i) Bicomplex gradient operator:

VZ = Vzl —jV22 = VA1e1 + VA2e2§

ii) Bicomplex gradient-bar operator:

N|

= VE—jVa = VA—2e1 + VEeZ;

iii) Bicomplex gradient-# operator:

Vz* = VH +jV5 = Vxel + VA_zez;

iv) Bicomplex gradient-{ operator:
VzT = Vzl +jVZZ = VAzel + VAlez.

In order to study the LMS algorithm in this setting, we will use the bicomplex gradient operator Vz. and V. In
particular, we prove various interesting properties for these differential operators:

Theorem 5.3 (Bicomplex-gradient Leibniz rules). Let f and g be two bicomplex-valued BC-R analytic functions. Then, it
holds that

V2(fg) = fVz(g) + Vz(fg; (5.31)
V=(fg) = fVz(g) + Vz(f)g; (5.32)
Vz:(f8) = fVz:(8) + Vz:()g; (5.33)

and

Vzi(f8) = fVzi(8) + Vzi(f)g. (5.34)
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Proof. We will prove formula (5.33), with respect to the bicomplex gradient- operator. Indeed, we write Z = A, e; + Ae,,
f=1r1e +fe;and g = g,e; + ge,. Then,

fg=r1g:e1 + f28:€.

So, using the gradient operator representation in terms of the bicomplex variables (A, A,) we have
Vz:(fg) = (Vi1 + V5 e)(fg)

= Vi (fger + Vi (fg)e,

However, we note that
Vi (fge = VA_I(fl&)ef + Vi (f28)e; - €.
Thus, using the fact that ef = e; and e, - e; = 0 we obtain

VA_l(fg)el = VA—l(f1g1)e1-

In a similar way, we have also

Vi (feer = Vi (f 282)€.

Moreover, by the classical complex case we already know that

Vi (f1g0e: = (f1V5(81) + Vi (f1ger,

and

Vi (f282)e: = (f2V(82) + Vi (f2)g2)e,.

In particular, this leads to the following:
Vz:(fg) = V- (f1g1)er + V5 (f28)e;
= (f1Vx (@) + Vi (fgoer + (F2V5(82) + Vi (f2)g)e;
= <f1 Vi (ge + szA—z(gz)%) + (VA_l(fl)glel + V,\_z(fz)gzez>

= (f1e1 + fzez)(VA_l(gl)el + VA_Z(gz)ez) + (Vx(fl)el + VA_z(fZ)eZ)(glel +82€3)

However, using the properties of e; and e, we can easily check the following computations:
Vz:(8) = Vi(g1)er + Vi (g2)ex;

and
Vz(f) = Vi (foer + Vi (fo)es.

Hence, it follows that

Vz:(f8) = fVz:(8) + Vz:(f)g.
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This ends the proof. O

Remark 5.4. The computations for expressions (5.31) and (5.32) in the previous theorem follow similar arguments used in
the proof of Equation (5.33).

We formulate a hypothesis proposal for the bicomplex stationary point conditions:

Lemma 5.5. Let f : BC" — R be a real-valued function of a bicomplex variable Z such that f(Z) = f(Zy,...,Z,) =
[ VARVAVAR ZI, wirZnyZny Z2, Z) ) With g BC" — Ris a function of four variables which is analytic with respect to each
variable (i.e. f isBC — R entireon BC"). Then, f has a stationary point ifand only if one of the following equivalent conditions
is satisfied:

) Vzg=0;
i) Vg =0;
iii) Vz:g =0;
iv) Vz:g=0.

Proof. Wewrite f(Z) = f1(Z) +1f,(Z) +jf3(Z) + kf4(Z). Then, since f = gisreal valued, we have f = f; and itis clear
that the conditions above are all equivalent in this case. Moreover, f has a stationary point if and only one of these condi-
tions hold. In fact, since f is real valued and using the bicomplex gradient operators definition we have V, f = V, f; = 0if
andonlyifV, f, =V, f; = 0and then by the Brandwood complex result this is equivalent to Vz-f; = Vz f; = 0. Hence,
in order to have a stationary point it is enough to have V;g =0or Vzg =0o0r Vz.g =0o0r Vg = 0. O

Now, we mention various properties of the three bicomplex gradient operators. For the sake of brevity, we leave their
proofs to the reader:

Proposition 5.6. Let Z, a be column vectors in BC" and R a matrix in BC'™™", then the following properties hold true:

1) Vz@'z2)=0

@) V5T a) =2

Q) VE(ETRZ) =RZ.
(4) V;.a'z2)=0

(5 V(29 a)=a

(6) V2:((2)*"RZ) = RZ.

6 | BICOMPLEX LMS ALGORITHMS

In this section, we apply the previous results in order to study two bicomplex extensions of the LMS algorithm. For more
details on these algorithms, we refer to [6].

Let Y, be the actual bicomplex output and D, denote the desired output at time ¢. We note that the actual output is
defined by

n
Yo =X, W, = WX, = Z Xe kWe ks
k=1

where the bicomplex vectors X, and W, in BC" are given respectively by X, = Xe 15w s Xep) and We = (We 1, .., We ).
Finally, we introduce the bicomplex-valued error signal at time ¢ which is defined to be

Eg = Df —Yg.

In the next subsections, we will introduce and prove two bicomplex extensions of the well-known LMS algorithm and
some related results.
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6.1 | First bicomplex least mean square (BC — R LMS) algorithm

We propose here the first bicomplex LMS algorithm which can be introduced thanks to the use of the bicomplex * conju-
gate instead of the complex conjugate as in the classical paper of Widrow et al. This allows us to extend the LMS algorithm
from complex to the bicomplex setting. Another extension will be presented in the next section.

Definition 6.1 (The first BC — R LMS learning rule). We define the first bicomplex LMS algorithm (BLMS-I) by the
following learning rule:

Weir = We — Ve (EEY); (6.35)

where E, is the bicomplex signal error, * is the bicomplex conjugate and u > 0 is a real constant.

In the next result, we prove that the first bicomplex LMS algorithm can be derived by applying the bicomplex gradient
operator Vz.:

Theorem 6.2 (First BLMS algorithm). The learning rule at time ¢ of the BLMS-I algorithm has the following explicit
expression:

Wei1 = We + 2UE X5, (6.36)
Proof. We write the first bicomplex LMS algorithm at time ¢ as follows:
Weir = We — uVw: (E¢Ep).
We have also
EcE, =D¢Dy — DY, — YDy + Y, Y5,

Then, starting from Equation (6.35) it is clear that we only have to compute the quantity ij (Ep E;). We apply Theorem 5.3
and get

Vw: (E¢E}) = E¢Vw: (E,) + E; Vi (B).
First, we note that the error E, is given by
n
Er :=D¢ =Yy =D¢ - kz: Xe kWe i
=1

So, using the properties of the operator V7. we have

n

Vw;(EK) = — kZl Xf,ka’t‘)(Wﬁ,k)

=0.

On the other hand, since

n
I R VE N * *
Ey =D, =Y, =D Z X i WVeu
k=1
we have the following computations:

n

Ve (E)) = - kE X Ve (W2 ).
=1
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We observe the following fact:

aW;,k(W;,k) =2, 5w;,S(W’2,k) =0; Vk,s=1,..,n,s #k.

In particular, we note that for every k = 1, ..., n we have

k k
Xf,kaW},l (Wf,k) 0
* * :
Xf’kaW;k(Wf’k) 2X;,k
¢ £ —_ * %k —
Xf,kVW}‘ (Wf,k) = Xf,kaW;kH(Wf,k) = 0
Ed *
Xf,kaW?;,n (Wf,k) 0
So, we obtain
3
Xe1
n X’;
* * _ ¢,k — *
D X: Ve (Ws ) = 2] = 2X’.
k=1 :
X€,n

Thus, it follows that at time £ we have
n
Vw: (E)) = - ,;1 X Vw: (W5 )

_ *
= —2X,.

Hence, to sum up we have
Vw:(E¢) = 0;
and
VW; (Ey) = —2X7.
Finally, we obtain
Vw: (E¢E)) = Ex Vi (E)) = —2E,X;
which yields at time ¢ to the first bicomplex LMS learning rule given by

Wei = We + ZﬂEgX;.

MATHEMATISCHE
NACHRICHTEN

N

(6.37)

O

In the next results, we will express the learning rule for the first BLMS algorithm in terms of two classical complex LMS

algorithms using two bicomplex decompositions:

Theorem 6.3. Let us consider the decomposition of the bicomplex weights, error and input which are given respectively by

We =we € +Wwener, Ep=epi€ +epre,, and X, = Xp1€1 + Xp €.
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Then, at time € the learning rule of the first bicomplex LMS algorithm can be expressed in terms of two complex LMS algorithms
as follows:

Wey1 = (W1 + 2pep 1 Xp )€1 + (W s + 21es 5X¢ )€,
= Wey1,1€1 + Weg2€:.
Proof. We use the expression of the first bicomplex LMS algorithm obtained in Theorem 6.2 and get
Wei1 =Wpe + Z/JEgX;
= (we €1 + Wy €)) + 2ules 181 + ep€5)(Xp 181 + Xp 2€5)"

= (wg,1€1 + wer€;) +2ules 1€1 +ep2€5)(Xp 1€ + X 2€;)

So, applying the product formula and properties of the *-bicomplex conjugate we have
Wey1 = (we €1 + wy2€5) + 2ules 1 X, 11 + ep2Xr 1€5)

= (wg +2uep1Xp )€1 + (W5 + 21er 2 X7 )€

= Wey1,1€1 + Wey12€5.

Finally, the first BLMS algorithm can be represented by the following two complex LMS algorithms given by
We1,1 = We1 + 2ues 1 X 15
and

Wey12 = We g + 2Uep 2Xp 5.

Proposition 6.4. Let us consider the decomposition of the bicomplex weights, error and input at time ¢ given by
We =Wy + W€,2i7 Er=Ep; + Ef,?j, and X, = Xe1 +Xf,7j.

Then, the learning rule of the first bicomplex LMS algorithm can be expressed in terms of two complex LMS algorithms as
follows:

Weyr = <W€,1 +2u(Bp 1 Xo + Ef,2ng)> +j(W€,z +2u(Bp 2 X0 — Emm))- (6.38)
Proof. We apply the first BLMS algorithm obtained in Theorem 6.2 and the bicomplex decomposition to get
Wei1 = We + 2UE, X
= (Wea+Weaj) +2u(Eey +Ee2)) X1 — X 2))
= W1+ Weoj+ 20(Ee 1 Xe 1 — B¢ 1 Xe 2 + Ee 2X¢ 0 + E¢ 02X )

= <W€,1 + 2u(Ey 1 Xpq + E€,2m)> +j<Wf,2 + 2u(Ep 2 Xp 1 — E€,1F¢2))-

This ends the proof. O
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6.2 | The second bicomplex least mean square (BC — R LMS) algorithm

This part is reproduced by analogy with the previous subsection by taking the bar-bicomplex conjugate in the learning
rule rather than the x-conjugate. Some proofs are based on similar arguments used for the first BLMS, so we omit to give
all the details. This allows to obtain a second extension of the complex LMS algorithm invented by Widrow et al. to the
bicomplex setting.

Definition 6.5 (The second BC — R LMS learning rule). We define the second bicomplex LMS algorithm (BLMS-II) by
the following learning rule:

Wi = We = uVi(EEp); (6.39)
where E, is the error, — is the bicomplex bar-conjugate, and u > 0 is a real constant.

In the next result, we prove that the second bicomplex LMS algorithm introduced in Definition 6.5 can be obtained by
applying the bicomplex gradient operator V= as follows:

Theorem 6.6 (The second BLMS algorithm). The learning rule at time € of the BLMS-II algorithm has the following explicit
expression:

Wy =Wy + 2UE X,. (6.40)
Proof. We have
E¢Er = D¢Dy —D¢Y¢ — YDy + Y, Y, (6.41)

Starting from Equation (6.39) it is clear that we only have to compute the quantity Vw—t)(Epr). To this end, we apply
Theorem 5.3 and get

Vg (EcE) = B¢ Vig(Er) + E¢ Ve (Ep).

First, we note that the error E, is given by

n
E¢ :=D¢ =Yy =Dy — 2 Xe ,kWe k
k=1
So, using the properties of the operator V5 we have
n
Vi (Ee) = — kZl Xe g Vg, (We i)

=0.

On the other hand, since

n
Ep =Dy —Yp =D¢ — th’,kwt’,k:
k=1

and
am(Wak) = 2, aw—m(wlg,k) =0 Vk,S = 1, ., n,Ss ;é k,

we will see that the argument follows and the learning algorithm has the required form.
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We follow a similar reasoning as for the first BLMS algorithm (now with respect to the bicomplex bar-gradient operator)
to obtain

n

Vi€ = - X RV ()

= —2X;.

Hence, to sum up we have
Vv (Ee) =0
and
Vg (Ee) = =2X,.
Finally, we obtain
Vi (EcEr) = B¢ Vig-Ep = —2E/Xy;
which yields to the second BLMS learning rule given by
Weit = Wy + 2uE, X,
O

In the next results, we express the learning rule for the second bicomplex LMS algorithm in terms of two complex LMS
algorithms based on the two bicomplex decompositions

Theorem 6.7. Let us consider the decomposition of the bicopmplex weights, error and input which are given respectively by
Wf = LU&lel + Wfizez, Ef = ef’lel + ef’zez, and Xf = Xf’1e1 + Xf,zez.

Then, at time € the learning rule of the second BLMS algorithm can be expressed in terms of two complex LMS algorithms as
follows:

Weir = (Weq + 2uep1X¢5)eq + (We o + 2uep X7 7)€,
= Weqr1€1 + Wey1,2€;.
Proof. We use the expression of the second bicomplex LMS algorithm obtained in Theorem 6.6 and get
Wit = Wy + 2uE X,
= (wg,1€1 + Wy r€;) + 2ues 1€ + ep2€5)(Xp 1€ + X¢ 2€;)

= (wg,1€1 + Wy r€;) + 2ues 1€ + ep2€5)(Xp 1€ + Xp €1)

So, applying the product rule and properties of the bar-bicomplex conjugate, such as e; = e, and e, = e;, we obtain
Wep1 = (we1€1 + we r€5) + 2ulep 1 X0 1€ + ep pXe 1€3)
= (we,1 +2uep 1X¢ )€1 + (Wep + 2ues 5X¢ 1)€)

= Wp41,1€1 + We412€5-
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Finally, the second BLMS algorithm can be represented by the following two complex LMS algorithms given by
We1,1 = We 1 + 2Ues 1X¢ 2

and

Wey12 = Wy + 2Uep 5Xp 1-

Proposition 6.8. Let us consider the decomposition of the bicopmplex weights, error and input at time ¢ given by
W, = Wf,l + Wf’zj, E, = Ef,l + Ef,gj, and Xe = Xf,l +Xf,2j.

Then, the learning rule of the second bicomplex LMS algorithm can be expressed in terms of two complex LMS algorithms as
follows:

Weir = <W€,1 + 2u(Ey 1 Xpq — Ef,2@)> +j(W€,z + 2u(Ey 2 X1 + Emm))- (6.42)

Proof. The computations follow similar arguments as in the first BLMS algorithm using the bicomplex bar-conjugation
instead of the *-conjugation. O
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