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Abstract In this article, I show how the Aharonov—Vaidman identity A [¢) = (A) [{) + AA |1ﬂj{) can be used to
prove relations between the standard deviations of observables in quantum mechanics. In particular, I review how it
leads to a more direct and less abstract proof of the Robertson uncertainty relation AAAB > % [{[A, B])| than the
textbook proof. I discuss the relationship between these two proofs and show how the Cauchy—Schwarz inequality
can be derived from the Aharonov—Vaidman identity. I give Aharonov—Vaidman based proofs of the Maccone—
Pati uncertainty relations and show how the Aharonov—Vaidman identity can be used to handle propagation of
uncertainty in quantum mechanics. Finally, I show how the Aharonov—Vaidman identity can be extended to mixed
states and discuss how to generalize the results to the mixed case.

Keywords Quantum mechanics - Uncertainty relations - Error propagation - Aharonov—Vaidman identity

1 Introduction

Let A be a Hermitian operator on a Hilbert space . Then, for any (not necessarily normalized) vector |) € H,

Al) = (A) 1)+ Aa fvi), (M

where (A) = (y|A|y)/ (¥|v) is the expectation value of A, AA = ,/(A2) — (A)? is its standard deviation, and
|1ﬂf\-> is a vector that is orthogonal to |v/), has equal norm (Wﬁ( | 1///{() = (Ip|1//>, and depends on the operator A.
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M. S. Leifer

Equation (1) is the Aharonov—Vaidman identity, which first appeared in [1]. Yakir Aharonov has stated that he
“[does not] understand why it doesn’t appear in every quantum book” [2]. The main purpose of this article is to
explain why it should appear in undergraduate quantum mechanics textbooks. '

The uncertainty relation that is proved most often in quantum mechanics classes and textbooks is the Robertson
relation [4]:

AAAB > %|([A, B, ()

where [A, B] = AB — BA is the commutator.
As pointed out by Schrodinger [5], the Robertson relation can be extended to

2 2

(AA)’ (AB)* = |5 ({A, B}) — (A) (B) ; 3)

1
2

1
+ ‘5 (A, B])

where {A, B} = AB + BA is the anti-commutator.

Although not often emphasized in quantum mechanics classes, the Schrédinger relation is not harder to prove
than the Robertson relation. In fact, the standard textbook proof of the Robertson relation effectively proves the
Schrodinger relation and then throws away the anti-commutator term.

The proof almost universally adopted in textbooks is based on the Cauchy—Schwarz inequality. While this proof
is elementary for those familiar with the mathematics of Hilbert spaces, it can be daunting for undergraduate physics
students, who are likely encountering Hilbert spaces for the first time along with quantum mechanics.

In this article, I will review more direct proofs of (2) and (3) from the Aharonov—Vaidman identity that only make
use of basic properties of complex numbers and inner products. These proofs previously appeared in [6] and the
proof of the Robertson relation is also problem 3.10 in Aharonov and Rohrlich’s book “Quantum Paradoxes” [7].
The proof of the Aharonov—Vaidman identity itself uses similar ideas to one of the standard proofs of the Cauchy—
Schwarz identity, but is perhaps more memorable to undergraduate physics students because it uses concepts
that have a physical meaning, i.e. expectation values and standard deviations. The proof of the Robertson and
Schrodinger relations so obtained is not independent of the standard Cauchy—Schwarz based proof. I shall discuss
their relationship and show that the Cauchy—Schwarz inequality can itself be derived from (1). The main virtue of
using the Aharonov—Vaidman based proof of the uncertainty relation is that it is more direct and involves fewer
abstractions.

To be clear, I am not against using or teaching the Cauchy—Schwarz inequality. It has been called “one of the most
widely used and important inequalities in all of mathematics” [8]. In fact, the Aharonov—Vaidman based proof still
uses one instance of the Cauchy—Schwarz inequality, namely that if [1) and |¢) are unit vectors then |<¢|w)| <1
But this is easily motivated by the idea that (¢|1//> is a generalization of the cosine of an angle, and it is used in a
more direct way than in the standard proof. Students of quantum mechanics also need to know the Cauchy—Schwarz
inequality to prove that the Born rule always yields well-defined probabilities. Physics students should learn the
Cauchy—Schwarz inequality. I just think it should be used in a less abstract way where possible.

Besides the Robertson and Schrodinger relations, many other uncertainty relations are known. Indeed, since
uncertainty relations have found applications in quantum information science [9-15] and quantum foundations
[16,17], proving new ones has become something of a sport. The two most common classes of uncertainty relations
are those based on entropy [18] and those based on standard deviations [4,5, 19]. Many of the standard deviation based
relations can be derived from the Aharonov—Vaidman relation. I include a proof of the Maccone-Pati uncertainty
relations [20] to illustrate this. While these are not the most recent or tightest known uncertainty relations, I include

' Other demonstrations of the usefulness of the Aharonov—Vaidman identity include its use in the proof that, for any state [y/) and any
observable A, |/)®" is an approximate eigenstate of the observable A = % Z?:I A for large n, where A; refers to A acting on the
jth subsystem [1], and its use in deriving the minimum time required for evolution to an orthogonal quantum state [3].
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Uncertainty from the Aharonov—Vaidman identity

them because they have a simple and elegant Aharonov—Vaidman based proof. For more recent work on standard
deviation uncertainty relations, see [21-41].

Another place where relationships between standard deviations are important is in the propagation of uncertainty.
In classical statistics, if random variables X, X», ..., X, have standard deviations AX, AX>,...AX,, then a
function of them f (X1, X3, ..., X,) has standard deviation A f thatis a function of AX|, AX», ... AX, (and their
correlations if the variables are not independent). Formulas for the propagation of uncertainty tell us how to compute
this function and are commonly used to estimate experimental errors. In quantum mechanics, similar formulas can
be derived relating the standard deviations of observables. They differ from their classical counterparts due to the
fact that quantum observables do not commute, but provided this is taken care of they can be derived by the same
methods as in the classical case. However, they can alternatively be derived from the Aharonov-Vaidman identity,
as I shall explain.

Although the Aharonov—Vaidman identity is usually discussed for pure quantum states, it can be extended to
mixed states, either by use of purification or an equivalent concept called an amplitude operator. Relations between
standard deviations can be extended to mixed states, but obtaining tight bounds is sometimes more difficult than in
the pure case due to the need to optimize over all purifications or amplitude operators that can represent a given
mixed state.

The remainder of this article is structured as follows. Section 2 gives the proof of the Aharonov—Vaidman identity
and a corollary that is useful for understanding the equality conditions in uncertainty relations. Section 3 presents
the proof of the Robertson and Schrodinger relations based on the Aharonov—Vaidman identity. Section4 explains
the relationship with the standard textbook proof of the Robertson relation and explains how the Cauchy—Schwarz
inequality can be derived from the Aharonov—Vaidman identity. Section 5 comments on the effective teaching of the
Robertson uncertainty relations via the Aharonov—Vaidman identity. Section 6 presents Aharonov—Vaidman based
proofs of the Maccone—Pati uncertainty relations. Section 7 describes how to use the Aharonov—Vaidman identity
to derive formulas for the propagation of quantum uncertainty. Section 8 explains how to generalize the Aharonov—
Vaidman relation to mixed states using amplitude operators. (The relationship between amplitude operators and
purifications is discussed in Appendix A.) Finally, Sect.9 presents the summary and conclusions.

I intend this article to be pedagogical and self-contained, so as to be accessible to undergraduate students and
anyone teaching introductory quantum mechanics.

2 Proof of the Aharonov Vaidman identity

Sometimes, it is useful to generalize the Aharonov—Vaidman identity to non-Hermitian operators, so we prove the
more general version here.

Proposition 2.1 (The Aharonov—Vaidman Identity) Let A be a linear operator on a Hilbert space H and let |{r)
be a (not necessarily normalized) vector in 'H. Then,

Al = (A) 1) + AAwi). )

where (A) = (1//‘A’1ﬂ)/<w’1ﬂ>, AA = (A'I'A) — |(A)|2, and ’1//j(> is a vector orthogonal to |\r) that depends on
both | ) and A and satisfies <Wj|¢j) = <W|w).

Note that, if A is Hermitian, then this reduces to (1), where (A) and A A are the expectation value and standard
deviation. In general, (A) is a complex number, but A A is always real and non-negative.

For most of what we need to do, it is sufficient to consider the case where |y/) is a unit vector, in which case
|1p j‘) is also a unit vector. The exception is the proof of the Cauchy—Schwarz inequality (Proposition 4.1 in Sect. 4),
which uses the identity with an unnormalized vector.

@ Springer



M. S. Leifer

Proof Given a vector |) € H, any other vector |¢) € H can be written as |¢p) = « |¥) + B |1/fl>, where o and
are complex coefficients and |1//J-) is some vector that is orthogonal to |¢). By an appropriate rescaling of 8, we

can ensure that <1//J-|1//J-) = <1p|1ﬁ). Applying this to |¢) = A |) gives

Al =)+ B |vr). )
To determine «, take the inner product of (5) with |¢), which gives

(v]aly)=a(vlv). 6)

Rearranging this gives o = (A).
To determine S, substitute « = (A) into (5) and take the inner product of A |y) with itself to obtain

W ATA ) = (A v |v) + 181 (v v )
= (AP (v |v) + 1817 (v |v).

where we have used (¥4 |yt) = (v |v).
Rearranging and using <A"'A) = (lﬁ}ATA}I//> / <1// ’1/1) gives

B =(a7a) = 1) = (an)?. )

This means that 8 = (AA)e'” for some phase angle 6. If we define |/1) = ¢/ |+), then |y 1) is still orthogonal
to |¥), its norm is unchanged, and we have (4). |

The following corollary is useful for finding the conditions for equality in uncertainty relations.

Corollary 2.2 In general, for two operators A and B, and for a unit vector | ),

(ATB) — (A)* (B)

Lyl
= 8
WA WB) AAAB ®
Proof From Proposition 2.1, we have
Al) = (A1) + AA fyi), ©)
BIY) = (B) 1) + AB|vj). (10)
Taking the inner product of these gives
(WIATBIY) = (A (B) + AAAB (v [v). an
Rearranging gives the desired result. O
Note that if A and B are Hermitian, then we have
11,1\ _ (AB) —(A)(B)
= " 12
<wA |¢B> AAAB (12
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Uncertainty from the Aharonov—Vaidman identity

If it is also the case that [A, B] = 0, then (12) is the correlation, denoted corr p, that would be obtained from a
joint measurement of A and B. The correlation is a well-known statistical measure of how two random variables are
related to one another. (12) is a formal generalization of the correlation, so we will also denote it corr4 . However,
if A and B do not commute, then corr4 p is generally a complex number, there is no joint measurement of A and
B of which corrg p could be the correlation, and A B is not an observable.

The real and imaginary parts of corry p are

Re(eoma) = 5 ({vlvi) + (valw]) = g,
im(eoman) = o ([vilvs ) - (vi1vi) = e a9

The real part is also a formal generalization of the correlation, in that it reduces to the classical formula when A
and B commute. We denote it Rcorry p.

3 The Robertson and Schrodinger uncertainty relations

We are now in a position to prove the Robertson and Schrodinger uncertainty relations.

Proposition 3.1 (The Robertson uncertainty relation) Let A and B be two Hermitian operators on a Hilbert space
‘H. Then, for any unit vector |{) € H

1
AAAB > §|([A,B])|. (15)
Proof From the Aharonov—Vaidman identity, we have

Al = (A) 1) + Ad|wt). (16)
BIY) = (B) 1) + AB|vj). (17)
Taking the inner product of these two equations and its complex conjugate gives

(v[ABlw) = (A) (B) + AaaB (vit|v3). (18)
(v|BA|w) = (4) (B) + AAAB(@W@}. (19)

Subtracting these two equations gives

(w]aB = BAYy) = aaas ((vilvi) - (valvi). 0)
or
(A, BY) = AAsB ((vixlvg) - (vilvi)- @

Since <1ﬂ§- |1ﬁj‘-> is the complex conjugate of (Wj‘ |1ﬂ§-), we can rewrite this as
([A, B]) = 2i AAA BIm (<1/fj|;/fg)) . 22)

@ Springer
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Taking the absolute value of both sides and rearranging it gives
Ll L 1
aang |im ((vilu))| = 5 KA. B (23)

Because |1ﬁj) and |W§> are unit vectors, 0 < \(Wﬂlﬁé)\z < 1, and hence the absolute value of the imaginary part
of (¥ |1 ) is also bounded between 0 and 1. Hence, we have

1
AAAB = S |{[A, B])I. (24)
O
The condition for equality in the Robertson relation is [Im (1 |¥5))| = 1 or, equivalently, corry p = =i.

States that saturate the inequality are called (Robertson) intelligent states. The condition corr4 p = =i can be used
to find intelligent states, although this is not easier than solving for equality in the Robertson relation directly.

Proposition 3.2 (The Schrodinger uncertainty relation) Let A and B be two Hermitian operators on a Hilbert
space H. Then, for any unit vector |) € 'H,

2 2

(AR (ABY = |(14, B — (4) (B)| + ‘% (A, B) )
Proof Taking the sum of (18) and (19) gives

(4. BY) =24 (B) + aanB ([vi|vs) + (vilvi)). 26)
or

(A, BY) —2(4) (B) = AAAB ((wilvi) + (vilvi))- @7
Adding this to (21) gives

(A, B)) =2 (A} (B) + (A, B)) = 2AAAB (vx|v5), (28)
or

AAAB (i |uh) = % ({A, BY) — (A) (B) + % ((A, B)). (29)

Now, because A and B are Hermitian, {A, B} is Hermitian and [A, B] is anti-Hermitian. Therefore, ({A, B}) is real
and ([A, B]) is imaginary. Further, (A), (B), AA and A B are real. Therefore, taking the modulus squared of (29)
gives

2 2

2|1
@AP@aB? |(vilvs)| = '5 (A, BY) - (4) (B) : (30)

1
+ ‘5 ([A, B])

Finally, because |1ﬁj) and |1ﬁ§> are unit vectors, we have 0 < |<¢j|¢§>|2 < 1, from which the result follows. O
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Uncertainty from the Aharonov—Vaidman identity

.. . . Lo 2 2
The condition for equality in the Schrodinger relation is |(1/fj | v §)| = |corr A, B| = 1. States that saturate the

inequality are called (Schrodinger) intelligent states. The condition |corrA‘3 ‘2 = 1 can be used to find intelligent
states, although this is not easier than solving for equality in the Schrddinger relation directly.

4 The textbook proof and the Cauchy—-Schwarz inequality

The textbook proofs of the Robertson and Schrédinger uncertainty relations are based on the Cauchy—Schwarz
inequality

(718" = (]} sls)- 31

Note that the proofs given in Sect. 3 also make use of a special case of this inequality: that for unit vectors
|<f|g>|2 < L. This is applied to | f) = |¢3). Ig) = |¥5). My aim is not to eliminate any use of the Cauchy—
Schwarz inequality, but just to argue that the proof is more memorable if the inequality is applied in a different way
than in the standard proof.

In the standard proof, the Cauchy—Schwarz inequality is applied to the two vectors | f) = (A — (A)) |¥) and
lg) = (B — (B)) |¥) to obtain

A = N — BN < (v]a - @2 v ){w]B - B)v). (32)

A few lines of messy algebra and cancellations, which I will spare you the details of, yield

2

1 1
(AA)* (AB)* = 3 ({A, B}) — (A) (B) + 5 (LA, BD| (33)

from which we can derive the Schrédinger and Robertson relations by recognizing the real and imaginary parts of
the right hand side.

As physics students do not often see the Cauchy—Schwarz inequality prior to their first course on quantum
mechanics, most textbooks include a proof of this as well. One of the common proofs uses reasoning similar to that
which we used to establish the Aharonov—Vaidman identity. It starts by recognizing that |g) can be written as

g =alf)+B 1), (34)

where | f J‘) is a unit vector that is orthogonal to | ). To find «, take the inner product of this with | /), which yields
a = (f|g)/(f|f)- Substituting this back into (34) and then taking the inner product of |g) with itself give

(g|g) _ |<f|g)|2

+|B1. 35
<f‘f) |81 (35)

The Cauchy—Schwarz inequality follows from this by recognizing that | 8|2 is real and non-negative.
Summarizing, the standard proof of the Robertson inequality consists of: proving the Cauchy—Schwarz inequality
and then finding convenient vectors to insert into the inequality that will yield terms involving AA and A B after
some algebra. From the Aharonov—Vaidman identity, we can see that the reason the choice | f) = (A — (A)) |¥)
and |g) = (B — (B)) |y) is guaranteed to work is that | ) = AA |¥1{) and [g) = AB |y7).
After inserting these choices, one has to multiply out and simplify the expressions in the Cauchy—Schwarz
inequality. This involves recognizing things like (A) <W|A|¢> — (A)? and then canceling several terms. It is
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M. S. Leifer

difficult for students to follow the full details of this in a lecture. In the approach using the Aharonov—Vaidman
relation, we already have expressions involving A A and A B, so it is easier to see how to get an expression involving
AAAB. This expression has fewer terms and there is less cancellation to do.

Although the approach using the Aharonov—Vaidman identity uses the Cauchy—Schwarz inequality in a less
convoluted way, it uses similar mathematical ideas. For vectors | f) and |g), we can write |g) in terms of | f) and an
orthogonal vector, as in the proof of Cauchy—Schwarz, or we can write both vectors in terms of a third vector |/) as

£y = 1) + B ). (36)

18) =z lh) + Ba |7, 37

where ‘hj;> and ‘hé> are (generally different) vectors orthogonal to |i) and a1, B1, a2, B2 are complex coefficients.
This is what we do in the proof of the Aharonov—Vaidman identity with the choices | f) = A ), |g) = B |¢¥) and
|h) = |¢). The advantage of this approach is that it immediately yields expressions involving the expectation values
and standard deviations of the observables, with which it is easy to see what to do to get the uncertainty relations.
From this point of view, the standard proof looks like shoehorning something into the Cauchy—Schwarz inequality
that will yield standard deviations, and then backtracking to a point more easily obtained from the Aharonov—
Vaidman identity. At the end of the day, both approaches use the same mathematics, but the Aharonov—Vaidman
approach does so in a simpler and more direct way.

I would go so far as to say that whenever you are tempted to use the Cauchy—Schwarz inequality to prove a
relationship between standard deviations of observables in quantum mechanics, you will have an easier time working
from the Aharonov—Vaidman identity (and the special case |( f | g)|2 < 1 of the Cauchy—Schwarz inequality for unit
vectors) instead. Sections 6 and 7 give more examples of this.

I end this section by showing that you can prove the Cauchy—Schwarz inequality from the Aharonov—Vaidman
identity. I include this not because I think it is the best way to prove the Cauchy—Schwarz inequality, but because
finding alternative proofs of the Cauchy—Schwarz inequality is the mathematician’s equivalent of the sport of finding
new uncertainty relations in quantum mechanics. It also shows that, in principle, there is nothing that can be proved
using the Cauchy—Schwarz inequality that could not be proved using the Aharonov—Vaidman identity. Of course,
outside the context of standard deviations in quantum mechanics, using the Aharonov—Vaidman identity instead of
the Cauchy—Schwarz inequality is unlikely to yield a better proof.

Proposition 4.1 (Cauchy—Schwarz Inequality) Let | f) and |g) be two vectors in a Hilbert space H. Then

(1) =< {r17)sls)- (38)
Proof First, note that the inequality trivially holds whenever < f |g> = 0 and that ( f | f ) = 0 implies < f |g> = 0.
Therefore, we can assume that both (f|g) # 0 and (f| f) > 0.

Let P = |g)(g] Note this is not necessarily a projector because |g) does not have to be normalized, but it is a
Hermitian operator. Applying the Aharonov—Vaidman identity to P and | ) gives

PIf) = (PYIS)+ AP /7). (39)
or equivalently,

9 (g )= % £y +AP|£). (40)
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Taking the inner product with | f f;) gives

(r#1s) (sl ) = AP (r]). (4D

where we used the fact that (5| f-) = (f| f). Rearranging and taking the complex conjugate give

1\ _ AP(ff)
<g|fp>— (f|g) . (42)

Now, taking the inner product of (40) with |g) gives

f f n
elblelr) = LEE L a el ) @)

Multiplying both sides by (f|f) / (g| f) gives

AP (el 3 )irls)

= 44
(£17)(ele) = (£lg)el £) + el (@4)
Substituting (42) into this gives

AP (7]

= s 45
(f11)glg) = (fle)(g] )+ (712)(s]7) (45)
or

AP)? :
7111 lele) = il + 2L 4o
[(f]e)]
Now, the terms AP, ( f | f ) and |( f |g)| are all real and non-negative. Hence,
(£17)sls) = {r1g)l*- 7
O

5 Pedagogical notes

To teach the Robertson uncertainty relation via the Aharonov—Vaidman identity, you first have to establish the
Aharonov—Vaidman identity. For the purposes of proving the Robertson uncertainty relation, it is sufficient to
restrict the operator in the identity to be Hermitian and the vector |i) to be a unit vector, as I shall in this section.

In my experience, not all students immediately understand why, given a unit vector |v), any other unit vector
|¢p) can be written as

) =aly) +But), (48)
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Fig. 1 Diagram showing ‘¢>

that there exists a unit

vector |wl> such that |¢)

and |¢+) form an

orthogonal basis for the two i |,¢)>
dimensional subspace of H |¢ >

spanned by |¥) and |¢)

where |1ﬂJ-) is a unit vector orthogonal to |v). They will probably have seen Gram—Schmidt orthogonalization in
a linear algebra class, but may have difficulty using that knowledge here due to the jump to abstract Hilbert spaces
and Dirac notation. To aid intuition, I remark that |¢) and |¢) span a two-dimensional subspace of H and show
them Fig. 1.

By the process of Gram—Schmidt orthogonalization, we can construct an orthornormal basis for this subspace
consisting of |¢) and

) = ———— (0~ o) (49)
L= lelv

from which we have (48) with @ = (y|¢) and 8 = /1 — |(¢|v)|".

In my quantum mechanics classes, I set students in-class activities that involve things like deriving important
equations or making order of magnitude estimates. These take about 5-10min each and are done in pairs. I usually
do two or three such activities per class. I believe this increases active engagement and retention of the main
principles. I try to reduce the number of long derivations that I do myself on the board, because I think they cause
confusion about what the most important equations are and the derivations are rarely remembered by the students.
However, I also do not want to set the students a long and complicated derivation to do themselves in class, so |
try to find shorter derivations that they can do with guidance instead. The proof of the Robertson relation from the
Aharonov—Vaidman relation is better suited to this approach than the standard proof.

After establishing (48), I set students the following activity.

In class activity

Given that A|Y) = o |Y) + B |1ﬂJ‘), find a and B in terms of the expectation value (A) and standard deviation
AA of Ain the state ).

Although some students can do this straight away, most need some help. During the course of the activity, I walk
around the class to get an idea of how they are doing. When it seems like many students are stuck, I reveal the
following three hints in sequence.

Hints

1. Try taking the inner product of A |Y) =« |Y¥) + B |¢L> with other states.
2. Try taking the inner product of A |y) with [{/).
3. Try taking the inner product of A |r) with itself.

Although most students can get « = (A) either straight away or after the first hint, || = A A is more challenging.
After taking the inner product with |y), the obvious instinct is to take the inner product with yl/fl>, which does not
help, so the third hint is usually needed. After this, it is a short hop to the Robertson relation via the proof given in
Sect. 3.

I think it would be more difficult to teach the standard proof in this way. One would either have to ask the students
to derive the Cauchy—Schwarz inequality for themselves or derive the Robertson relation from Cauchy—Schwarz.
The former is a bit abstract for a quantum mechanics class and the latter involves a lot of algebra and cancellations
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with a high potential for making mistakes. Both would require a large number of hints. In contrast, the proof of the
Aharonov—Vaidman identity is relatively short, and I think that students who retain the identity are more likely to
be able to reconstruct the proof of the Robertson relation for themselves.

6 Other uncertainty relations for standard deviations

Despite the ubiquity of the Schrodinger—Robertson uncertainty relations in quantum mechanics classes, there are
good reasons to go beyond them. For example, consider a spin-1/2 particle with spin operators Sy, S, and S;. For
this case, the Robertson uncertainty is AS, ASy > 7 [(S;)|. Let |x+) be the spin-up state in the x direction. For this
state we have (S;) = 0, which is perfectly valid because |x+) is an eigenstate of Sy and hence AS, = 0. However,
because [Sy, Sy] # O there is necessarily some uncertainty in S\ and in fact AS, = 7/2. The Schrédinger relation
also yields ASyAS, > 0. So the Schridinger—Robertson relations do not capture all uncertainty trade-offs that
necessarily exist in quantum mechanics.

More generally, for bounded operators A and B, any uncertainty relation of the form AAAB > f (A, B, |{¥))
for some function f must necessarily have f (A, B, |¢)) = 0 whenever |¢) is an eigenstate of A or B. For this
reason, it makes sense to seek uncertainty relations that bound the sum of standard deviations AA + A B, the sum
of variances (AA)? + (A B)2, or more exotic combinations. We shall discuss the Maccone—Pati relations, and some
simple generalizations, in this section.

Uncertainty relations are classified as either state dependent or state independent, depending on whether the right
hand side of the inequality depends on the state |y). For two observables A and B, a state dependent uncertainty
relation is of the form f(AA, AB) > g(A, B, |¥)), where f and g are specified functions, whereas a state
independent uncertainty relation would be of the form f(AA, AB) > g(A, B), noting that g is no longer allowed
to depend on |¥/).

On the face of it, a state-dependent uncertainty relation is a strange idea, since, for any given normalized state
[1), we can always just calculate the uncertainties AA and A B and get the exact value of f(AA, AB). Therefore,
bounds on uncertainty that apply to all states seem more useful.

However, a state-dependent uncertainty relation can be a useful step in deriving a state independent one. This
can happen in two ways. First, it may happen that, for a particular choice of the observables A and B, the function
(A, B, |¥)) turns out not to depend on |y). For example, the Robertson relation AAAB > L |(y|[A, B|y)| is
state dependent, but if we choose A = x, B = p, then |<w}[A, B] ]1//)| = 1 and so we get the Heisenberg relation
AxAp > %, which is state independent. Since the main point of proving the Robertson uncertainty relation in a
quantum mechanics class is to give a rigorous derivation of the Heisenberg relation, its state dependence does no
harm. However, the utility of the Robertson relation for other classes of observable, such as spin components, is
more questionable. Despite the fact that I have asked students to compute it for states of a spin-1/2 particle as a
homework problem, I do not think there is ever a need to do this in practice, as it is just as easy to calculate the
exact uncertainties.

The second way of obtaining a state independent uncertainty relation from a state dependent one is to optimize,
ie. if f(AA, AB) > g(A, B, |)) then?

f(AA, AB) > rﬁlpi?g(A, B, [¥)). (50)

Of course, if f(AA, AB) = AAAB and A and B are bounded operators, then this leads to the trivial relation
AAAB > 0 because we can choose |/) to be an eigenstate of either A or B. However, for sums and more general
combinations of observables, optimization can lead to a nontrivial relation.

Further, if we are considering a set of experiments that can only prepare a subset of the possible states, then
we can get an uncertainty relation that applies to those states by optimizing over the subset. An example might

2 The minimum in (50) may have to be replaced by an infimum, depending on the Hilbert space that the observables are defined on.
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be experiments in which we can only prepare the system in a Gaussian state. Although this does not yield a state
independent uncertainty relation, it is more useful than a completely state dependent one, as it allows us to bound
the possible uncertainties for a class of relevant states.

To summarize, state-dependent uncertainty relations are a strange idea, and I am not sure whether they would
ever have been considered had not Robertson introduced one as a way-point in proving the Heisenberg relation.
However, they can be useful in proving more generally applicable uncertainty relations. The relations that we discuss
here are state dependent.

The remainder of this section is structured as follows. In Sect. 6.1 we prove two propositions called the sum rela-
tions that will be used repeatedly using the Aharonov—Vaidman identity. In Sect. 6.2, we give an Aharonov—Vaidman
based proof of the Maccone-Pati uncertainty relations, and in in Sect. 6.3 we give some simple generalizations.

6.1 The sum relations

Proposition 6.1 Let A and B be linear operators acting on 'H. Then, for any |{) € H,
A(A+ B) ‘wjﬂ;) = AA ‘wj) +AB ‘w,ﬁ).

Proof Apply the Aharonov—Vaidman identity to A 4+ B in two different ways. The first way is

(A+B)|Y) = (A+B) 1)+ AA+ B |yh,p)

= (A)+ (B ¥} + A4 + B) [ 5) (5
and the second is

(A+B)|y)=AY)+ Bly)
_ ((A)+(B))|W)+AA’W“>+AB ’w;). (52)

Subtracting (52) from (51) and rearranging give the desired result. O

The next proposition comes from [19]. Here, the proof relies on Poposition 6.1 and so is based on the Aharonov—
Vaidman relation. The original proof uses a different method and is a little more complicated.

Proposition 6.2 (The sum relation) Let A and B be two linear operators acting on a Hilbert space H. Then,
A(A+ B) < AA+ AB.

Proof Let |/) in Proposition 6.1 be a unit vector. Then, starting from A(A + B) |5, 5} = AA [y1) + AB |y5)
and taking the inner product with |1// f‘- fl B> gives

AA+B) = A (v, plwd) + AB (o [ug).

The left hand side of this equation is a real number, so the right hand side must be too. Therefore, we can take the
real part of each term to give

A(A + B) = AARe (<wj+3 |¢j>) + ABRe (<¢lA+B |1//§>> ,
but the real part of an inner product between two unit vectors is < 1, so we have

A(A+ B) < AA + AB.
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From the proof, we see that the equality condition for the sum relation is

Rcorr(A + B, A) = Rcorr(A + B, B) = 1.

Remark 6.3 For a set of linear operators Ay, Az, ..., A, on a Hilbert space H, Proposition 6.1 is easily generalized
to
n
S (S gl = S anbvi) 5
J:

by applying the Aharonov—Vaidman identity to Z'}Zl A . Similarly, Proposition 6.2 is easily generalized to
n n
DA | =204 (54)
j=1 j=1

by taking the inner product of (53) with

Ilfzn > We will also refer to the generalization in (54) as the sum

relation.

6.2 The Maccone—Pati uncertainty relations

Between the time of Robertson’s uncertainty relation and now, there has always been some literature on uncertainty
relations for variances and standard deviations. However, the field was reinvigorated in 2014, when Maccone and
Pati [20] proved a pair of uncertainty relations for sums of variances, which always give a nontrivial bound, even
in the case of an eigenstate of an observable.

Here, we give Aharonov—Vaidman based proofs of the Maccone—Pati relations.>

Theorem 6.4 (The first Maccone—Pati uncertainty relation) Let A and B be Hermitian operators on a Hilbert space
‘H and let |\) € 'H be a unit vector. Then,

2
(AAP +(AB) = i (14, B) + (v FiB)y)|

(55)

where |¢l> is any unit vector orthogonal to |r).

Proof We will prove (AA)? + (AB)* > —i ([A, B]) + |(y](A + use)|1p)|2 by applying the Aharonov—Vaidman
identity to (A + i B). The proof of the other inequality follows by replacing A + i B with A — i B. Note that, even
though A and B are Hermitian, A 4 i B is not, so it is crucial that we previously generalized the Aharonov—Vaidman
identity to arbitrary linear operators.

Applying the Aharonov—Vaidman identity to A 4 i B gives

(A+iB) 1) = (A)+i (B) 1) + A +1B) |, ).

Taking the inner product with any unit vector WL) orthogonal to |) gives

(sl +iBv) = aca+iB) (vt |vis).

mhe Aharonov—Vaidman identity is used in [20], it is not used in the proofs of the uncertainty relations.
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and taking the modulus squared of this gives
2 2
WH(A n iB)|1p>‘ — (A(A +iB))> (<¢l|¢j+i5>‘ .

(wL|wj+iB>| =1,s0

Now,
(AA+iB)? > KI//LKA +iB)|I/f>‘2.

The result now follows by expanding (A(A + i B))2 as follows.

(A(A+iB))> = ((A—iB)(A+iB))— (A —iB)(A+iB)
- <A2> n <32> +i([A. B]) — (A)2 — (B)?
= (AA) + (AB)* +i ([A, B]).
|

Theorem 6.5 (The second Maccone—Pati uncertainty relation) Let A and B be linear operators on a Hilbert space
‘H and let |\) € 'H be a unit vector. Then,

B2+ B2 = 2 [viala+ Bly)[ (56)

Proof Applying the Aharonov—Vaidman identity to A + B gives
(A+B) 1) = (4) + (B 1) + AA + B) [k ).

Taking the inner product with |1// j( fl B) gives

(vislA+Bly)=am+5
< AA+ AB,

where the second line follows from the sum relation.

We could stop here and regard AA + AB > (Wj B |(A + B) ]1//) as an uncertainty relation, but Maccone and
Pati wanted a relation in terms of variances to compare to their first result. To do this, we take the modulus squared
of both sides to obtain

2
(AA+ AB)? > Kl//;ﬂm n B)|1p>‘ .
The result now follows from the real number inequality x> + y* > %(x + y)? with x = AA and y = AB. For
completeness, this inequality is proved as follows.

05(x—y)2=x2+y2—2xy
=>x2+y222xy
=>2x2+2y22x2+y2+2xy
=22 +2y* = (x + y)°

1
=>x2+y2 > §(x+y)2.
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6.3 Generalizations

Generalizations of the Maccone—Pati uncertainty relations can be obtained by applying the Aharonov—Vaidman
identity to more general linear combinations « A + 8B, where «, f € C. This gives

(@A +BB)[Y) = (@ (A) + B (B)) [Y) + A(aA + BB)

Varrps)- (57)

Applying the strategy we used to prove Theorem 6.4, we can take the inner product of this with an arbitrary unit
vector |1pJ-) that is orthogonal to |y/), which gives

(v @A+ BB)|v) = A@A+BB) (v [Wkspn)-

2
We can now take the modulus squared of this and recognize that 0 < KI/IJ‘ |¢OJ;A +B B>’ < 1 to obtain

2
(<¢i|(aA + ,BB)|1p>‘ < A(aA + BB).
Next, we can expand A(¢A + B B) and rearrange to obtain
le|* (AA)? + B> (AB)* = —Re(a*B) (({A, B}) — 2(A) (B)) — ilm (a*B) ([A, B])
2
n )<¢i|(aA + ,BB)|I//>‘ .

Substitutingx = 1, § =i and ¢ = 1, B = —i immediately yields the first Maccone—Pati uncertainty relation.
Alternatively, we can apply the strategy used to prove Theorem 6.5. Starting from (57), we can take the inner

(58)

product with ’W(XLA +pB and rearrange to obtain

A(@A + BB) = (¢;A+53|(aA + ﬂB)|w>.
Using the sum relation, together with A(¢A) = |w|AA gives

@IAA+ 1BIAB = (Viapp| @A + BB)|¥).
Finally, squaring and using the inequality x> + y* > %(x + y)? gives

1 2

@l (A4 + 18P (ABY = 5 (Wil @A+ B[ (59)

The inequalities (58) and (59) are related to some of the generalizations of the Maccone—Pati uncertainty relations
that have previously appeared in the literature [21,28]. For example, (58) can be used to derive an uncertainty relation
that has appeared in the literature under the name “weighted uncertainty relation” [28]. To do so, we set @ = /A,
B = +i/+/A in (58), where A > 0. This yields

2, ] 2 . 1 1 : 2
MAAY +— (AB = i (A BY) + 5 (oA xiB)|v)[ .
This is an uncertainty relation in its own right, but the relation in [28] comes from adding this to (55), which yields
1 2

(1+1) (AA)? + (1 + X) (AB)? = £2i (4, BY) (it |4 FiB)|v)

2
; (60)

+%‘<W2L|(AA:FiB)|1/f>

where |1/11J-) and |1p2J-) are (possibly different) unit vectors that are orthogonal to [¢/).

This is intended as a simple example of a generalization that is easily obtained from the Aharonov—Vaidman
identity, but I expect many other uncertainty relations that are usually proved using the Cauchy—Schwarz inequality
or the parallelogram law would also have simple Aharonov—Vaidman based proofs.
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7 Quantum propagation of uncertainty

In this section, we develop generalizations of the classical formulas for the propagation of uncertainty. We start
with the case of linear functions in Sect. 7.1, for which exact formulas are easy to obtain, before moving on to the
general, possibly nonlinear, case in Sect. 7.2, for which we have to employ a Taylor series approximation.

7.1 Linear functions
We start with the simplest case: a sum of two observables. Classically, if A and B are random variables, then
[A(A + B))? = (AA)? + (AB)?> + 2AAAB corry_p. (61)

Consider an experiment consisting of multiple runs. On each run, the quantities A and B are measured. These
quantities are formalized as random variables because we assume that our experiments are subject to random
statistical fluctuations, and that the “true” values that we are seeking are the means (A) and (B) of these random
processes. We then use the average values calculated from the data as estimates of (A) and (B), and the standard
deviations as a measure of the error in our experiment. If we are actually interested in the quantity A + B, then
we would sum the averages to form our estimate of (A 4+ B), and we would use (61) to determine the error in our
estimate of (A 4+ B). Using (61) in this way is called the propagation of uncertainty or propagation of error.

If the random variables, A and B, are independent, which would be the case if the randomness were due to
independent statistical errors, then corr4, g = 0 and we would have

[A(A + B)I* = (AA)> + (AB)?,

which is the formula for propagation of uncertainty that is most commonly used in practice.
We now want to generalize these formulas by replacing classical random variables with quantum observables.
The generalization of (61) is as follows.

Theorem 7.1 Let A and B be Hermitian operators on a Hilbert space 'H. Then,

[A(A+ B))? = (AA)?> 4+ (AB)? + 2AAABRcorry 3 (62)
= (AA)?> 4+ (AB)> + ({A, B}) —2(A) (B). (63)

Proof Proposition 6.1 implies that, for any unit vector |¢) € H,
AA+B) Vi) = Aa|wi)+ aB|ug).
Taking the inner product of this with itself gives
(A A+ B)P = (AP + (8B + AAAB (v vz) + (whlvi))
— (AA)? + (AB)> +2AAABRe ((wﬂw;)) .
Applying (13) completes the proof. O

Remark 7.2 For operators Ay, A, --- , A, and real numbers o1, a2, - - - , &,, Theorem 7.1 is easily generalized to

2
n n
A Zo{jAj 2205]2- (AAj)z+ZajakAAjAAkRC0rrAijk
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=" a2 (A4 + D ajon (A7, ArY) = 2(A;)(AR) .
j=1 J#k

Although Theorem 7.1 is a true theorem about quantum observables, it cannot be used to propagate uncertainty
in the same way as its classical counterpart. Classically, we can measure A and B together in the same run of the
experiment. We can then estimate A + B by summing the average values of A and B that we found in the experiment.
We also have all the information we need to calculate the uncertainty A(A + B),i.e., AA, AB, (A), (B) and (AB),
so we can determine the uncertainty without doing any more experiments.

In quantum mechanics, this is not the case. When A and B do not commute, they cannot both be accurately
measured on the same run of an experiment. We can still estimate their expectation values by measuring A on half of
the runs of the experiment and B on the other half and taking averages. Since (A + B) = (A) + (B), summing these
averages is still a way of estimating (A + B). However, we do not have enough information to calculate A(A + B).
The reason is that A(A + B) is the uncertainty in a direct measurement of A + B. Since A and B do not commute,
this requires a different experimental setup from a measurement of A and B alone.

If we wanted to use (62) to calculate A(A-+ B), we would also have to estimate ({ A, B}). The most straightforward
way of doing this would be to measure the observable {A, B} = AB + BA, but this requires yet another different
experimental setup, and one that is likely to be at least as complicated as measuring A + B directly.

An exception to this are cases where {A, B} = cI for some constant ¢, in which case ({A, B}) = c regardless of
the state. In particular, this is true of the Pauli observables oy, oy, o, of a qubit for which {0}, ox} = 81, where j
and k run over x, y, z. Therefore, if we measure o, on many qubits prepared in the same way and o, on another set
of such qubits, we can estimate (ax + oy) and A(oy + oy) without doing any further experiments using the formula

[A (O’X + oy)]2 = (AO’X)Z + (Acry)2 — 2 (oy) <Gy>.

When {A, B} # cl, 1 do not know of any situations in which (62) would be useful in practice, but from a
theoretical point of view it is the appropriate generalization of (61) to quantum mechanics, and this bolsters the
case that Rcorr4 p is the appropriate quantum generalization of the classical correlation.

7.2 Nonlinear functions

For nonlinear functions f (A, B) of tworandom variables A and B, it is common to use a first-order Taylor expansion
of f(A, B) about the point f({A), (B)) to derive an approximation for the variance [Af (A, B)]? to second order
in AA and AB. This yields the formula

2 2
0 9
ara.Bp~ 2L aay+ (2L (AB)?
IA | A=(a).B=(B) OB | o—(a). B—(B)
3 3
+ a o AAAB corry p.
OA | s=(a).B=(B) 9B la=(a).B=(5)

To avoid cluttering notation, I will write A for A = (A), so that we can more compactly write

2
af
AB)? + L
@B+

2 of

2, Of af
@A+ o

[Af(A, B ~ gl AAABcoms . (64)
AB

af
JdA A,B

A, A,

When A and B are independent, this reduces to

af | 9
TN (anpy
AB 0B

2
[Af(A, B ~
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which is the most commonly used form.
The quantum generalization of (64) is as follows.

Theorem 7.3 Let A and B be Hermitian operators on a Hilbert space 'H and consider a function f : H(H) x
H(H) — H(H), where H(H) is the space of Hermitian operators on H. Then,

af |? af |?
[Af(A, B ~ A (AA)? + 5 (AB)?
0A AB 0B AB
— AAABR 65
94|75 9B|; COTTA, B, (65)

where & means equality to second order in AA and AB.

Proof Consider the first-order Taylor expansion of f(A, B) about the point fo = f((A), (B)),

af af
A, B — A+ — B.
f(A, B) ~ fo+aAAB +aBAB
Applying Proposition 6.1 to this gives
[Af(A, B)] f —f AB
i ‘ﬁf(A B) 8A WA B WB

Taking the inner product of this w1th itself gives

2
[Af(A, B)* ~ 5

2,
54 (AA)” +

AB 0B

S—J; iy g—j; AAABRe ((wi|vz))

AB

(AA)? + L

af
AB 0B

XV
of

34 AAABRcorry p.

A,B

O

Remark 7.4 For operators Ay, As, ..., A, and a function f(Aq, Az, ---, A,), Theorem 7.3 is easily generalized
to

2
[Af (A1, Ag, - ,An>]zwzf ]
A

aAk

AAjAAgReorra; 4y (66)

where A is shorthand for A} = (A1), Ay = (A2), - A, = (Ay).

As a formula for propagating uncertainty, (65) inherits all of the problems of (62), but the problems are com-
pounded further by use of the first-order Taylor approximation. This approximation is valid when AA and A B are
suitably small compared to (A), (B), f({A), (B)) and the derivatives of f(A, B) at A = (A), B = (B). This is
often the case in classical experiments where everything can be measured with a small statistical error. However,
in quantum mechanics, when A and B do not commute, the (various) uncertainty relations tell us that there is nec-
essarily a trade-off between the size of AA and AB. If one of them is small, then the other might necessarily have
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to be large. For example, for the Pauli observables o, and oy, at least one of the uncertainties must be comparable
in size to 1, which is the largest possible value of (o) or <ay>.

A case where the formula will work well is for a continuous variable system where Ax ~ Ap ~ /7, and (x), (p)
are large compared to /7. But this is a case where you would expect classical physics to be a good approximation
anyway.

I do not know whether there is a practical use of (65), but it is nonetheless a correct formal generalization of
(64).

8 Dealing with mixed states

So far, we have dealt exclusively with the case of pure state vectors |y). However, all of our results can be extended
to more general density operators p, which can represent mixed states. The most familiar way to do this is to make
use of the concept of a purification of a density operator. Given a density operator on a Hilbert space Hg, where
S stands for “system”, we can always find a pure state vector |{)gp € Hs ® Hg, where E is the “environment”,
such that

ps =Tre ([V){v]sg)

and Trg is the partial trace over Hg. You can then apply the Aharonov—Vaidman identity to operators of the form
As ® I acting on a purification to obtain results about the density operator ps.

However, to make the parallels to the pure state case as close as possible, I prefer to use an equivalent con-
cept, called an amplitude operator. The equivalence between amplitude operators and purifications is discussed in
Appendix A.

Definition 8.1 Given a density operator pg on a Hilbert space Hs, an amplitude operator for pg is a linear operator
Ls : Hg — Hg, where Hg is any Hilbert space, such that

ps = Lng.

The reason for the name amplitude operator is that, in pure-state quantum mechanics, an amplitude is a complex
number « such that |«|? is a probability. A density operator is a non-commutative generalization of a probability
distribution [42,43], and hence an amplitude operator ought to be an operator that “squares” to a density operator.

Given a density operator pg, one obvious way of constructing an amplitude operator is to set Hg = Hg and
Ls = /p . but there are an infinite number of alternatives, as the following proposition shows

Proposition 8.2 An operator Ls : Hg — Hs is an amplitude operator for ps if and only if
Ls = /psUs|E,
where Us|g : Hg — Hs is a semi-unitary operator, i.e. it satisfies Ug|g U;lE =g

Proof An operator of the form Ls = ,/p JUsie obviously satisfies Definition 8.1. For the other direction, assume
L is an amplitude operator. Like any operator, it may be decomposed in its polar decomposition Lg = PsUg|f
where Py is a positive semi-definite operator on Hg, and Ug|g : Hg — Hs is s.emi—unitary.4 The definition of an
amplitude operator then implies that ps = PsUs|gU ;‘ gPs = P_g, so we must have Ps = ,/p 5 O

Going back to the analogy between amplitudes and amplitude operators, multiplying an amplitude « by a phase
factor ¢/? does not change the probability it represents. Similarly, multiplying an amplitude operator L by a semi-
unitary Vg g, i.e., an operator Vg|gr : Hg — HE satisfying Vg g Vgl g = IE, on the right does not change the

4 The polar decomposition is often only defined for square matrices, in which case Hr = Hg and Us| is unitary. Here, we use the
generalization to non-square matrices (see e.g., [44]).
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density operator it represents. Although one might think it desirable to work directly with probabilities or density
operators to eliminate these ambiguities, the mathematical manipulations we need to do in quantum mechanics are
often linear in the amplitudes or amplitude operators, but would be nonlinear if you used probabilities or density
operators. Therefore, it is often more convenient to live with the ambiguity.

Since every operator has a polar decomposition, the only requirement for Lg to be an amplitude operator for

some density operator is that Trg (L SLE) = 1. If we want to work with unnormalized density operators, i.e., any

positive operator, then any operator Lg : Hg — Hg is the amplitude operator for some (possibly unnormalized)
density operator. This is analogous to the fact that any vector in H g represents a (possibly unnormalized) pure state.

The strategy for generalizing the Aharonov—Vaidman identity, and everything that follows from it, is to replace
the state vector |y)¢ with an amplitude operator Lg. The reason this works is that the space of linear operators

mapping H g to Hg, which we denote £g)£, is itself a Hilbert space with inner product (Lg, Mg) = Trg (L;MS),
known as the Hilbert—Schmidt inner product.’ Since the Aharonov—Vaidman identity is valid for any Hilbert space,
it must be valid on £ as well.

Proposition 8.3 (The Aharonov—Vaidman Identity for operators) Let As be a linear operator on a Hilbert space
‘Hs andlet Ls : Hg — Hs. Then,

AsLs = (As) Ls + (AAg) Ly . (67)

where (Ag) = Trs (ASLSLE) /Trs (LSLg), AA = \/<A§AS> — (As) and L : Hp — Hs is an amplitude

T

operator that is orthogonal to Lg, i.e., Trg (LSLkS> = 0, satisfies Trg (LkSLjD = Trg (LSLE), and depends
on both Lg and Ag.

The proof of this proposition is essentially the same as the proof of the vector Aharonov—Vaidman identity
(Proposition 2.1) with the standard inner product replaced by the Hilbert—Schmidt inner product. The only difference
is that the cyclic property of the trace also needs to be used to write things in the exact form given in Proposition 8.3.
I leave this as an exercise for the reader.

Since ps = L SLg is always a (possibly unnormalized) density operator, we can write

+
Trs (ASLSLS) _ Trg (Asps)
Trg (L§L5> Tre (ps)

(As) =

We can also introduce the density operator pjs = LjSL ﬂ, which will be normalized in the same way as pg, i.e.,
Trs (o4, ) = Trs (ps).

When Ly is normalized so that pg = L SLIw is a normalized density operator, i.e., Trg (LSLE) =1, then ,ojs is
also normalized, i.e., Trg (,ojs> =1.

As defined, pj{s = Ljs Lﬂ looks like it depends on the choice of the amplitude operator L. In fact, it does not.
It only depends on pg and Ag. To see this, rewrite the operator Aharonov—Vaidman identity as
LY = —— (A5 — (As) I5) Ls,

5 AAg
and then we have

Lt
SLAS

1 _ 51
Pxg =1Ly
3 By the cyclic property of the trace, we can also write (Ls, Ms) = Trg (M5L§).
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1 ; 5
= g (s = (As) I5) LsLi (A% = (4s)" Is)

1

= (aao s = {As) Is) ps (A5 = (45)7 Is)

which is clearly independent of the choice of Lg. Note that, although Lg and Li‘s are Hilbert—Schmidt orthogonal,
ps and pjs are generally not.

To generalize the results of this paper from state vectors to density operators, we replace the vector Aharonov—
Vaidman identity with its operator counterpart applied to amplitude operators, and we replace the usual inner product
with the Hilbert—Schmidt inner product. In many cases, the final result is independent of the amplitude operator
used to represent the state. Although we use it in the proof, it drops out in the final result by only appearing in the
combination LSLE, as in the expression we derived for pj{s. In fact, the final formulas are usually the same as in
the pure state case, except that we have to interpret (Ag) as Trg (Agps) rather than (w ]A S ‘ 1//).

However, this is not true for the Maccone—Pati uncertainty relations and their generalizations, which do depend
on the choice of amplitude operator Lg.

Theorem 8.4 (The first Maccone—Pati uncertainty relation for amplitude operators) Let As and Bs be Hermitian

operators on a Hilbert space Hs and let pg be a normalized density operator on Hg. Then,

(AAY + (ABY? = i ([A, BY) + [Tr (L5 (A5 iB)Ls) § (68)

where Ls : Hg — Hs is any amplitude operator for ps, and L§ : Hg — Hs is any normalized amplitude
operator orthogonal to Lg that has the same input space HE.

Note that, to obtain the tightest possible bound on (AA)2 + (AB)2, the right hand side of (68) should be
maximized over all possible choices of Lg and Lé‘. To do this in practice, a bound on the largest dimension dg
required to obtain the maximum is needed. I conjecture that dg = 2dy is sufficient because this allows Lg and L§-
to have orthogonal kernels on H g, but I do not have a proof of this.

Theorem 8.5 (The second Maccone—Pati uncertainty relation for amplitude operators) Let As and Bg be linear
operators on a Hilbert space Hg and let ps be a normalized density operator on 'Hs. Then,

1
(845)? + (ABs)? = 3 [Trg (L4] 54+ B)Ls)[

; (69)

where Lg is any amplitude operator for ps and

1
Ly i p, = ———(As+ Bs — (As + Bs) Is) Ls.
As+Bg A(As—i—Bs)( s+ Bs —(As+ Bs) Is) Ls
In this case, to obtain the tightest bound, we have to maximize the right hand side over Lg. We do not have to
separately optimize over L/{;S +Bs because it is a function of Lg, Ags and Bg. However, its dependence on L g makes

the problem into a complicated nonlinear optimization.

9 Summary and conclusions

In this paper, I discussed how the standard textbook uncertainty relations of Robertson and Schrddinger can be
derived from the Aharonov—Vaidman identity in a more direct way than the standard proof. I also demonstrated the
identity’s usefulness in proving other uncertainty relations, such as the Maccone—Pati relations, and the quantum
formulas for propagation of uncertainty. Finally, I gave a mixed-state generalization of the Aharonov—Vaidman
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identity in terms of amplitude operators. I hope that this has persuaded you that the Aharonov—Vaidman identity
belongs in undergraduate textbooks and that it ought to be a first-line tool in proving relationships between standard
deviations in quantum mechanics. I am sure there are other uncertainty relations that have an elegant Aharonov—
Vaidman based proofs, and I hope to find new and useful uncertainty relations that have not been discovered before
via this method.

The Aharonov—Vaidman identity naturally gives rise to two quantum generalizations of the correlation, corr4 g
and Rcorr 4 g. It would be interesting to determine whether these quantities have an operational meaning in the case
where A and B do not commute. On the more formal side, perhaps there is a pseudo-probability representation of
quantum mechanics, such as the Wigner function [45-47] or the Kirkwood-Dirac distribution [48—50], for which
these are the correlations for observables as defined on the appropriate phase space. This might help to find uses
for the propagation of error formulas in cases where the observables do not commute.
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Appendix A: Amplitude operators and purifications

Proposition A.1 Given a density operator ps on a Hilbert space Hsg, let Hg be another copy of the same Hilbert
space and let {|j)} be an orthonormal basis for Hs and Hg. Define the vector

J

Let Ls : Hg — Hs be an amplitude operator for ps and let {|k) g} be an orthonormal basis for Hg. Then
Is ® Lg, qﬁ)ss’ is a purification of ps, where T denotes transpose in the |j)(k|SE basis. Similarly, if |¥)sg €
Hs ® HE is a purification of ps, then Ls = (Y*|g'g |®+)SS, is an amplitude operator for ps, where * denotes
complex conjugation in the | jk) ¢ g basis.

Proof If Lg is an amplitude operator for pg, then ps = LSLE. We have to show that this implies that

Trg (IS QLY |dF) g Is ® (Lg,)f) = ps. Note that (Lg,)T = L%, where * denotes complex conjugate
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in the | j )<k| s basis. Therefore, we have
Tor (15 © L [0+ g 15 @ L) = 3 i)kl Tre (L5 L)kl 23 ) (an
J.k
= DLkl (kl25L51S) (A2)
ok

where we have changed the index S’ to § because they refer to the same Hilbert space and (k | Lg L% } j) ¢ is ascalar.
Rearranging this, we have

Trg (15 QLY [0+ 0T | o Is ® L’g,) =" li)s <k|L§L§|j>S kls (A3)
j.k
T
= > il (£525) " KKl (Ad)
J.k
T .
- (L’;Lg) = LsL} = ps. (A5)

For the other direction, we have to prove that LSLE = ps, where Ls = (Y *|¢f |CD+>SS, and |[Y)gg is any

purification of ps, i.e., Trg (|¥)(¥/]sz) = ps-
First, let [y)sp = 3~ @)k |j) s ® |k) g be the decomposition of [/) g in the | jk) g basis. We have [{*) gp =

>k @i /) s ® k) g and the condition Tr (|w)(1//|SE) = psisequivalentto Y= | ; o, ]j)(l|s = ps. Note also

that (j'S’ q)+>ss/ = |])S
Hence, we have
§

LsLT = ((‘/’* S'E ’¢+)ss’) ((Vf*|s’E |q)+)ss’) (A6)
= <W* S'E |q>+>ss' <¢+|SS’ W*)s'E (A7)
= Z ajk (jlg (klp | DTN T gg oy 1D s Im) g (A8)

Jjkim
= Z Oy, <k|m>E ((j|S’ q)+)ss’) (<q)+|SS’ |1)S’) (A9)
Jjkim
=D ajeay il (A10)
Jjki
= ps- (A1)
O
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