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1 Introduction

The new opportunities that gravitational wave observations by the LIGO and Virgo
collaborations [1, 2] present have led to a quest for higher precision theoretical computations.
For example, for the gravitational waves generated by the merging of two compact objects,
theoretical computations allow us to build waveform templates required for detection
and analysing the parameter space. These waveforms can be obtained using the effective
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one-body (EOB) formalism [3, 4] supplemented by numerical relativity [5–7] and self-
force [8, 9] computations in the strong field regime and analytic computations during
the inspiral phase. Since perturbative gravity calculations are valid during the inspiral
phase, one can pursue fully analytic results. One prominent method consists of doing a
Post-Newtonian (PN) expansion which is valid for a virialized system with small velocities
so that Gm/r ∼ v2 � c2. See [10–15] for comprehensive reviews of different techniques
used to perform PN computations. Away from the small velocity limit, one can use a
Post-Minkowskian (PM) expansion which consists of taking the special relativity limit,
Gm/r � c2. Computations in a PM expansion are especially well suited when using
scattering amplitude techniques. Recently, the connection between quantum scattering
amplitudes and classical observables has been investigated in detail, and extensive progress
has been made in the past few years [16–51]. Most of the progress focuses on the case of
the Einstein-Hilbert action describing the gravitational dynamics with a minimal coupling
to matter. However, in order to test gravity, it is important to not only develop techniques
that can give high precision theoretical computations for General Relativity (GR), but
also for well motivated deviations of it. Within this context, interesting results have been
developed for various effective field theories of gravity, [52–56]. Following within this logic,
in this paper we shall be interested in understanding whether these scattering amplitudes
techniques can be applied to complementary types of ‘re-organized’ effective field theories,
and determine the precise scalings and other specific considerations that need to be taken
into account in such cases.

Consistent local and Lorentz-invariant modified gravity theories generically involve
extra degrees of freedom. In some cases, these extra degrees of freedom can give rise to the
accelerated expansion observed today, although in what follows we shall remain agnostic on
the precise role played by the modification of gravity on cosmological scales. Generically,
these extra degrees of freedom can present themselves as new polarizations of the graviton as
is for instance the case in theories that either involve higher dimensions or higher-spin states.
Irrespectively of their precise origin, from a gravitational four-dimensional perspective, these
extra degrees of freedom can most of the time be associated with additional helicity-0, -1 or
-2 modes. The effect of the helicity-1 modes can often be associated with a generalized Proca
model (see for instance [57–67]), although since all such Lorentz-invariant effective field
theories also carry a helicity-0 mode, to start with we shall focus on the effect on a helicity-0
degrees of freedom. Taking an effective field theory point of view, one can construct the
most general theories that involve a helicity-0 mode besides the standard helicity-2 ones
that appear in GR. In a particular scaling limit, the effects of the helicity-0 mode can be
identified to those of a scalar degree of freedom with particular sets of non-linear interactions.
An arbitrary scalar degree of freedom generically mediates a fifth force which is extremely
tightly constrained by existing tests of gravity on Earth and in the Solar system [68, 69].
In considering models beyond GR, the fifth force constraints are typically evaded thanks to
a screening mechanism and in what follows we shall focus on models enjoying a Vainshtein
screening [70, 71]. It is worth noting that when considered from a purely scalar-tensor
theory point of view, screening mechanisms are typically features that have to be added by
hand within the framework so as to ensure consistency with known constraints of gravity,
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however when the scalar degree of freedom originated from a helicity-0 mode of the graviton,
many models of modified gravity like DGP [72], cascading gravity [73–75] and massive
gravity [76, 77] have such screening mechanisms built in [78, 79]. This screening mechanism
relies on classical non-linearities becoming strong, thus the screened region cannot be
accessed via a weak coupling expansion, unless resummation is possible [80]. It is also
worth noting that the validity of the screening mechanism has only been shown for a small
number of cases with large amount of symmetries in the static and weak field regimes [81]
and very few time-dependent cases [82–93].

Related to the question of gravitational radiation, one could expect the presence of a
scalar degree of freedom, or a helicity-0 mode for the graviton, to lead to monopole radiation
which would entirely dominate the radiation process. This question has been investigated
analytically in depth in [82], where it was shown that in the scalar-tensor models we shall
consider, those endowed with a Vainshtein mechanism, monopole and dipole radiation into
the scalar mode are suppressed by energy-momentum conservation, leaving the quadrupole
as the main source of scalar radiation. While technically present, in these models scalar
quadrupole radiation is significantly suppressed as compared to the additional standard
GR tensor quadrupole radiation that is also present. When properly endowed with an
active Vainshtein mechanism, the models we will study here, will hence lead to very limited
observational signatures in standard isolated binary pulsar systems. Such results were
confirmed numerically in [85], while subtleties with higher multipoles may be occurring for
some theories [84].

In this paper, we will focus on the decoupling limit in which the helicity-2 and helicity-0
modes do not interact with each other. This limit is obtained by taking MPl → ∞ and
keeping the scale Λ fixed, where Λ measures the strength of the helicity-0 mode self-
interactions. In the specific case of hard [76, 77] or soft [72–75] massive gravity theories,
Λ = (m2

gMPl)1/3 where mg is the scale of the graviton mass. Since we require a large
hierarchy mg � MPl it is also true that Λ � MPl, and it is because of this hierarchy
that the helicity-0 nonlinearities dominate over those of the helicity-2 mode, justifying the
applicability of the decoupling limit over a wide range of scales mg � E ∼ Λ�MPl. Thus,
we will focus on the new dynamics arising from the helicity-0 mode.

Note that the standard gravitational tensor (helicity-2) mode interactions can be
included straightforwardly in the scattering amplitudes computations, by further accounting
for the 1/MPl suppressed interactions, so all our results presented here are to be understood
as being in addition to the standard GR contributions. To be concrete, we will work with a
specific subclass of the scalar-tensor theories that display screening, the Galileon, but we
point out that these techniques are applicable more generally. Galileon theories [94] have
several special properties such as their invariance under the shift symmetry δπ = c+ bµx

µ

which in turn leads to the enhanced vanishing of the scattering amplitudes in the soft
limit, A ∼ p2. These theories can arise as limits of theories of massive gravity and from
brane constructions in higher dimensions [72, 74, 76, 77, 94–99]. In these theories, a generic
feature in the decoupling limit is that matter has a Planck suppressed conformal coupling
to the Galileon, but since matter fields are treated as external sources in this limit, this
conformal coupling does not break the shift symmetry. When the scalar degree of freedom is
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understood to arise as the helicity-0 mode of a modified or extra-dimensional representations
of gravity, then the infrared corrections that emerge beyond the decoupling limit ensure
a consistent coupling with matter. If on the other hand, the scalar degree of freedom is
considered to be taken a dynamics of its own, then covariant embeddings of this decoupling
limit would involve an explicit breaking of the Galileon shift symmetries. However in some
cases, those breaking can remain soft since Λ�MPl. Here, we will consider spinless matter
conformally coupled to a Galileon which only has cubic self-interactions. While generically
one could expect that in a binary of compact objects, each object is inside each other’s
Vainshtein radius, this is highly dependent on the background on which the binary lives in.
Depending on the background, the couplings of the binary system can get redressed leading
to both objects being outside the other’s redressed Vainshtein radius. In such situations, a
weak coupling expansion is valid and the methods considered in this paper are applicable.
We will discuss this in more detail in the final remarks section.

The aim of this paper is to demonstrate that scattering amplitude techniques can
help us understand theories beyond GR and minimal couplings. The rest of the paper is
organized as follows. In section 2, we review how to extract classical physics from quantum
scattering amplitudes. Then, we explain two equivalent methods to extract the potential for
the binary system from the classical pieces of the scattering amplitudes and briefly review
the GR case in section 3. In section 4, we introduce the Cubic Galileon theory that we will
be focusing on. We compute the potential between two scalar particles conformally coupled
to the Galileon. In this case, we do not have a simple PM expansion, instead there is a
double expansion due to the energy scale measuring the strength of the self-interactions of
the Galileon EFT. We compute the scattering amplitudes up to two loops contributing at
order Gr6

V and G2r3
V , where G is the standard Gravitational Newton constant and rV is the

Vainshtein radius, outside which the Galileon remains weakly coupled. Following a similar
prescription as for GR, we obtain the corresponding potential at those orders. We pay
special attention to the matching procedure for conformally coupled particles and point out
some important subtleties. Furthermore, we show that we can reproduce well-known results
in the probe particle limit. In section 5, we compute important observables, the scattering
angle and the phase shift. We point out that the series expansion is not a simple expansion
in the Vainshtein radius, but it has a rather simple velocity dependence. This velocity
dependence is expected in dynamical systems and its precise scaling could be relevant for
understanding phenomenologies beyond purely static configurations. Finally we conclude
with some final remarks in section 6.

2 Classical scatterings

In this section, we analyze classical scatterings of spinless particles. We will first review
the kinematics of these scatterings and afterwards we will explain how to extract classical
physics from quantum scattering amplitudes. We explain the regions of momenta that can
contribute to the classical scatterings and how to perform the loop integration in these
regimes.
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2.1 Kinematics

We are interested in the elastic scattering of two massive scalars φa and φb through a
massless mediator. The external incoming four-momenta are denoted by p and p′ for the
scalars a and b respectively, the transferred momenta is q, and k denotes a generic loop
momenta. The outgoing momenta of the scalars a and b are thus p+q and p′−q respectively.
We will work in the center of mass (CM) frame in which the incoming momenta are given
by p = (E1(p),p) and p′ = (E2(p),−p) with E2

i (p) = p2 +m2
i . Here, we will consider a

classical scattering so that the momentum transferred, q = (0,q), is much smaller than the
mass of the scalar particles. This guarantees that the particle separation, measured by the
impact parameter |b| ∼ 1/|q|, is larger than the de Broglie wavelength of each particle. In
other words, we work in the limit of large angular momentum

J ∼ |p× b| ∼ |p|
|q|
� 1 . (2.1)

Thus, the hierarchy of the scales involved in the classical limit is q � |p|,m1,m2 . In certain
cases we will further restrict to the non-relativistic limit in which |p| � m1,m2.

2.2 Classical limit of scattering amplitudes

In order to extract classical physics from quantum calculations, we simply restore the
~ factors and take the limit as ~ → 0. Here, we are interested in the classical limit of
scattering amplitudes. It is well known that, when both massless and massive particles are
involved, not only the tree-level, but also the loop graphs will contribute to the classical
limit. The loop graphs that contribute in the classical limit require the interplay of at least
one massive and one massless particle in the loops, so that the textbook counting of ~ is
modified. These loops give rise to non-analyticity in momentum space due to interactions
through a massless particle which contributes to the classical physics. A common feature
when looking at the classical limit of scattering amplitudes is the restoration of ~ in the
transferred momentum as q → ~q, which simply states that we want to write our results in
terms of the wavenumber, which appears in the Fourier transformation to coordinate space.
By using dimensional analysis, one can write the scaling of scattering amplitudes in the
classical limit for a given theory as

Aclas. = Mngn1
1 gn2

2 · · · g
nm
m |q|αn1,...,nm , (2.2)

where gi are the coupling constants of your theory and M represents the mass scale of the
external particles. If the power αn1,...,nm is even, a factor of log(q2) should multiply the
overall expression so that the coordinate space result is not a contact term. This shows
that we can count the powers of q of a given Feynman graph to understand whether or not
it will contribute to the classical limit. This procedure helps to greatly reduce the amount
of computations required. Before proceeding with performing this counting, we should
understand the different scaling of external, transferred, and loop momenta. Appendix A
includes all the details related to the types of graphs that contribute in the classical limit
of the cubic Galileon theory.
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2.3 Hard and soft regions

For a generic momentum, we can consider its scaling to belong to two different regions
commonly called hard and soft. The hard region describes momentum which scales as
k ∼ m. If we have a loop graph where the loop momenta is hard, the loop integral will be
independent of q at leading order. The subleading corrections will be powers of q/M , and
will not give rise to the require non-analyticity to contribute in the classical limit. From
now on, we only focus on soft momenta loops, where k ∼ q. We will use the method of
regions were we restrict the loop momenta to a specific region, perform the appropriate
expansions in that limit, and integrate over the whole momentum domain [100, 101]. This
allows us to consider the following power-counting rules:

p · q ∼ m|q| , q, kloop ∼ |q| , 1
P 2 +m2 ∼

1
m|q|

,
1
K2 ∼

1
|q|2

, (2.3)

where P is a linear combination of external and loop momenta and K is a linear combination
of transferred and loop momenta. Now, we are in position of understanding the scaling
of a given Feynman graph. Unfortunately, this is not enough to obtain only the classical
contributions. It has been shown that box topologies give rise to superclassical scalings, that
is, a graph that scales like 1/~, but this scaling is only the leading order in an expansion in
q/m, so higher orders can, in principle, give classical contributions. Furthermore, bubble
topologies, which are quantum and scale like ~, can combine with boxes to give rise to a
counting that looks like a classical scaling but it does not contribute in the classical limit.

Fortunately, this power counting is improved in the non-relativistic limit (v � 1) where
we can further split the soft region into the so-called quantum soft, k ∼ q(1, 1); potential,
k ∼ q(v, 1); and radiation modes, k ∼ q(v, v). In this paper we shall only be interested
in the conservative dynamics, thus understanding the velocity scaling will help us extract
the relevant contributions that are even in v. Given the scaling of each mode, we can see
that the conservative part arises due to potential gravitons. This is the only source up to
two-loops, but at higher loops the radiation modes can contribute to the conservative part
through, for example, the so-called radiation reaction effects [34, 39, 41, 43]. Looking at
the velocity scaling, helps us identify superclassical contributions, since they will diverge as
v → 0. Similarly, quantum times super-classical contributions will lead to scaleless energy
integrals but those vanish in dimensional regularization since all loops that only include
massless internal propagators vanish within that prescription. Therefore, the momentum
transferred and velocity power countings allow us to identify the only graphs that can
contribute in the classical limit.

2.4 Loop integrals

We now turn to explain our methods for performing the loop integrals. At one loop, one
can easily perform the full relativistic integration in the classical limit. To do so, we extract
the classical scaling of the integrand, and relate the tensor integrals to scalar ones using
the Veltman-Passarino Reduction [102]. The two-loop graphs are more involved and we
will consider instead an expansion in the non-relativistic limit which greatly simplifies
the integrands. Note that the amplitudes for the helicity-0 graviton mode arise from
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higher-derivative operators which lead to large powers of momenta in the numerator of
the integrand. Thus, expanding in the non-relativistic limit can largely simplify these
integrands. We use non-relativistic integration methods as described in [18]. First, we
perform the energy integrals which are simplified by realizing that integrals without matter
poles do not have support in the potential region and thus can be set to zero. For the
spatial momentum integrals, we re-express numerator factors in terms of the denominator
ones so that all our integrals reduce to the form of the following master integral [101]

∫ dD−1`

(2π)D−1
`µ1`µ2 · · · `µn

[`2]α [(`+w)2]β
= (−1)n(4π)

1−D
2

[w2]α+β−D−1
2

bn/2c∑
m=0

A(α, β;n,m)
[
w2

2

]m{
[δ]m[w]n−2m

}µ1µ2···µn
,

with A(α, β;n,m) =
Γ
(
α+β−m− D−1

2

)
Γ
(
n−m−α+ D−1

2

)
Γ
(
m−β+ D−1

2

)
Γ(α)Γ(β)Γ(n−α−β+D− 1) ,

(2.4)
where the curly brackets denote a fully symmetric tensor with n− 2m vector w, each time
with a respective power µi and m appearances of the D − 1 Kronecker delta. For UV
divergent integrals, we use dimensional regularization in D = 4− 2ε and the MS scheme.

3 Potential from amplitudes

There are two different, but equivalent methods that are commonly used to obtain a
potential from scattering amplitudes which we summarize in the following. In both cases
we obtain the potential in momentum space before Fourier transforming back to coordinate
space. All the required transformations follow from these two formulae

∫ d3q

(2π)3 e
−ir·q|q|n =

2nΓ
(

1
2(3 + n)

)
π3/2Γ

(
−1

2n
) r−(n+3) , (3.1)

∫ d3q

(2π)3 e
−iq·r|q|2 log |q|2 = 3

πr5 , (3.2)

where r = |r| is the distance between the two scattered particles.

3.1 Lippmann-Schwinger equation and the born approximation

In this subsection, we briefly review how to relate the classical potential and scattering
amplitudes directly. We want to analyze the 2–2 scattering of scalars with large impact
parameters to extract the classical gravitational potential between them. While the formu-
lation is fully relativistic, here we express the results in terms of the three-momenta and
energies of the particles since we work in the CM frame. For this purpose one can consider
the Lippmann-Schwinger equation which relates the potential and scattering amplitude as

M̃4(p,p + q) = −V (p,p + q) +
∫
k

V (p,k)M̃4(k,p + q)
(Ep − Ek + iε) , (3.3)

where M̃4 is the scattering amplitude in the CM frame with non-relativistic normalization
M̃4 =M/4E1(p)E2(p),M has the standard relativistic normalization, Ep = E1(p)+E2(p),
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and
∫
k =

∫ d3k
(2π)3 . The Fourier space potential and the scattering amplitude are defined with

respect to the relativistic scattering states |p〉 and |p+ q〉 as

V (p, q) ≡
〈
p
∣∣∣V̂ ∣∣∣ p+ q

〉
, (3.4)

M
(
p, p′

)
≡ lim

ε→0

〈
p
∣∣∣T̂ (Ep + iε)

∣∣∣ p+ q
〉
, (3.5)

where T̂ is the transfer-matrix and V is the potential of the binary system. We will see later
on that care should be taken when interpreting the potential given the chosen scattering
states.

The Lippmann-Schwinger equation can be solved recursively. At leading order, we can
find the potential simply from the Fourier transform of the scattering amplitude as

V (p, r) = − 1
4E1(p)E2(p)

∫ d3q
(2π)3 e

−iq·rM4(p,p + q) . (3.6)

If we want to go beyond leading order in the coupling strength, we have to consider a
recursive relation that arises from the non-leading terms in the Born approximation. In
this case, we can write the potential at order gn, with g the coupling strength, as

V (p,p + q)
∣∣
O(gn) = − 1

4E1(p)E2(p)M4(p,p + q)
∣∣∣∣∣
O(gn)

− 1
4E1(p)E2(p)

∫
k

M4(p,k)M4(k,p + q)
4E1(k)E2(k)(Ep − Ek + iε)

∣∣∣∣∣
O(gn)

+ · · · . (3.7)

This is commonly refer to as Born subtraction. In the context of General Relativity
computations, this was first introduced in [103].

3.2 EFT matching

Consider an EFT for the scalar particles φa(p) in the CM frame

LEFT =
∫
p

∑
a=1,2

φ†a(−p)
(
i∂t −

√
p2 +m2

i

)
φa(p)

−
∫
p,p′

φ†1 (p)φ†2 (−p)V
(
p,p′

)
φ1(p′)φ2(−p′) , (3.8)

where V (p,p′) can be thought of as a Wilson coefficient for the contact interaction; since
it is an off-shell coupling, it is not invariant under field redefinitions. The transferred
momentum, whose conjugate variable is r (the distance between the two particles), is given
by q = p′−p. Note that this choice corresponds to the isotropic gauge where terms involving
p · r do not appear. Different gauges can be obtained by a coordinate transformation of the
canonical variables (r,p) which preserves the Poisson brackets. Similarly, field redefinitions
change the gauge.

This EFT can be thought of as arising from a theory where the mediator, via which
the scalars φi interact, has been integrated out. This procedure ought to be understood
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as an integration at the level of the path integral but in practise, we can derive the EFT
by simply matching the amplitudes derived from the full theory with the on-shell EFT
amplitudes, accounting for the non-relativistic normalization. More precisely, the matching
we use is,

MEFT = M
4E1E2

. (3.9)

Given this matching, we obtain V (p,p′) which can be interpreted as the conservative
potential between the massive scalars. Note that starting at next-to-leading order (NLO)
order one has to include loop amplitudes in the EFT. This leads to an expression for the
potential which in fact is given by the Born subtraction in eq. (3.7). This EFT matching
approach has been employed in [16–18, 30–32, 38, 104] for GR computations. Furthermore,
we can construct the Hamiltonian and restrict it to the 2-particle subspace of the massive
scalars. The resulting Hamiltonian is the first-quantized Hamiltonian for 2 classical massive
particles. This fact will be useful to compare to known results in the probe particle limit.
The matching for minimally coupled particles is straightforward, but we will see that the
matching in the presence of a conformal coupling is more delicate.

3.3 Brief review of the gravitational case

In this subsection we briefly review the construction of the conservative potential between
two massive particles interacting gravitationally in the GR case. Let us consider a set of
real scalar fields φi with mass mi which are only gravitationally coupled,

S =
∫

d4x

(
1

16πG
√
−g R− 1

2
∑
i

(
(∂φi)2 +m2

iφ
2
i

))
. (3.10)

Since we are interesting in extracting the classical limit, we will put the factors of ~ back in
our expressions. This can be done by rescaling

G→ G

~
, q → ~q, (3.11)

so that the correct mass and length units are restored. We can analyze the regimes in which
classical non-linearities become relevant and when quantum corrections are relevant. The
parameters that measure these regions are well known and read

αcl non-lin = h

MPl
∼ rSch

r
, αq = ∂2

M2
Pl
∼ 1
M2

Plr
2 . (3.12)

By bringing back the ~ factors, we can indeed see that αcl non-lin ∝ ~0, while αcl non-lin ∝ ~,
where we have assumed r ∼ 1/q. In the current computation, we are assuming that the
classical non-linearities are small so that the perturbative calculation is valid. Nevertheless,
one can hope to be able to resum the results to get access to the regime were the non-
linearities are large, yet the quantum corrections are small. This regime is accessed as we
get closer to the Schwarzschild radius, but still far from the Planck scale.

We now proceed with establishing which loop corrections contribute in the classical
limit. Using dimensional analysis, we can understand the scaling of these corrections which
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we parametrize as

V = Vtree

∞∑
a,b=0

fa(M, q,G)
(
p

M

)b
, (3.13)

where M stands for a mass scale corresponding to the mass mi of the scalars φi or a
combination of those masses. Here, q = |q| is the transferred momentum and p = |p| the
CM momentum. We already know that the tree-level gravitational potential is given by
GM2/q2, but we want to understand the subleading contributions coming from the loop
corrections. By requiring that fa(M, q,G) scales as ~0 and has units (ML)0 we find that
the only possibility is fa(M, q,G) = (MqG)a, so the classical gravitational potential is of
the form

V = GM2

q2

∞∑
a,b=0

ca,b(MqG)a
(
p

M

)b
. (3.14)

Note that this is an expansion in the Schwarzschild radius, rSchw(M) = 2GM . Now, we can
apply the methods of sections 2 and 3 to obtain the classical potential. It is also interesting
to note that one can further match to a point-particle EFT in the probe particle limit. By
considering an ansatz for the metric perturbation that is consistent with the symmetries of
the problem, one can reproduce the Schwarzschild metric from this potential [104].

4 Heliclity-0 mode of the graviton

Having introduced all the relevant methods within the context of GR, we can proceed with
applying them to a specific example of theory beyond GR. As mentioned previously, any
local and Lorentz invariant theory beyond GR will necessarily carry additional degrees
of freedom, often hidden as additional gravitational polarizations. Here, it is understood
that the polarization mode π we shall consider plays the role of an additional gravitational
mediator between the two scalars φi, in addition to the standard helicity-2 gravitational
ones. So even though in the limit we shall be working, there is no sign of the actual tensor
gravitational mode, we are still dealing with a gravitational theory, albeit just focusing for
now on its helicity-0 mode. This is manifest in many models beyond GR by taking a specific
decoupling limit where the standard tensor mode of gravity can be treated separately from
the helicity-0 mode of gravity. Beyond that decoupling limit, both modes will further mix
non-trivially and will lead to further corrections although those are typically extremely
suppressed. For concreteness, we focus on models beyond GR for which the helicity-0 mode
behaves as a cubic Galileon scalar field in the decoupling limit, for which the action takes
the form

S =
∫

d4x

(
−1

2(∂π)2 − 1
Λ3�π(∂π)2 − 1

2
∑
i

(
(∂φi)2 +m2

iφ
2
i

)
+ Lπφφ

)
, (4.1)

where Lπφφ contains the interaction between the Galileons and massive scalars. Here, we
will consider an interaction of the form

Lπφφ = Ω(π)m2
iφ

2
i , Ω(π) =

∑
n

Cng
nπn/Mn

Pl , (4.2)
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which gives rise to the Feynman rules for the matter-Galileon vertices

Vφ2
i π
n = i

2Cngn n!m2
i

Mn
Pl

. (4.3)

Other interactions involving derivatives of the scalars φ will ultimately reduce to the
parametrization above since in the classical limit we neglect all higher order corrections in
q/m since they are of order ~. For example, an interaction term of the form g(∂φi)2π/MPl
will give rise to a vertex i 2g p1·p′1

MPl
where we assume p1 is incoming and p′1 = p1 +k is outgoing.

Here, k stands for either a loop momentum, the transfer momentum or a linear combination
of both. We are interested in scatterings of two scalars φ1 and φ2 with incoming momenta
p1 and p2, and outgoing momenta p1 + q and p2 − q respectively. If k simply corresponds
to the transferred momentum q, it is clear that p1 · p′1 = −m2

i +O((q/mi)2), after using
momentum conservation which tell us that p1 · q = −q2/2. On the other hand, if k involves
a loop momenta one has to realize that every higher order term in k will give rise to an
extra factor of (q/mi)2 after integration. Similarly, if k is a combination of the transferred
and loop momentum we will get p1 · p′1 = −m2

i +O((q/mi)2). So in any case the vertex
reduces to −i 2g m2

i
MPl

in the classical limit, that is, it scales just like the coupling in eq. (4.2).
The same argument applies for other couplings that include derivatives of π, which would
then involve higher powers of the momentum transfer k which will again involve additional
factors of q/mi after integration. Given this, we can relate any other couplings involving
derivatives to the parametrization introduced above.

We use the interaction in eq. (4.2) to compute our results since this can be matched
to more general couplings. At the end, we will be interested in analyzing the case of a
conformal coupling whose interactions can be written in terms of the Wilsonian coefficients
Cn. We proceed to analyze this coupling below.

Conformal coupling: let us consider the conformal coupling g̃µν = A2(π)gµν for the
massive scalars. In such a case, we have

Sφi =
∫

d4x
√
−g

(
−1

2A
2(π)(∂φi)2 − 1

2A
4(π)m2φ2

i

)
, (4.4)

with
A(π) = 1 +

∑
n

Dng
nπn/Mn

Pl . (4.5)

Although we introduced a metric here, we consider the decoupling limit where the con-
tributions from the helicity-2 mode decouple from those of π and end up being precisely
the same as in GR. In practise, we can therefore take gµν = ηµν , the Minkowski metric,
with the understanding that we are focusing on the contributions from the helicity-0 mode
π that come in addition to the standard GR ones. Let us consider the field redefinition
φ̃i = A(π)φi, the action now reads

Sφ̃i =
∫

d4x
√
−g

(
−1

2(∂φ̃i)2 − 1
2 φ̃

2
i

�A(π)
A(π) −

1
2A

2(π)m2φ̃2
i

)
. (4.6)
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This field redefinition is required so that the state φ̃i(x) |0〉 has the standard canonical
normalization of a conformally coupled particle

φ̃i(x) |0〉 =
∫
p

1√
2E(p)

a†p |0〉 e−ix·p , (4.7)

where E(p) =
√
p2 +m2

iA
2(π). Different normalizations (field redefinitions) spoil the

mapping to the conformally coupled point-particle which will be explored in the section 4.4.
One can understand this from the EFT matching point of view by noting that the truncation
of the Hamiltonian to the 2-particle subspace assumes the standard normalization, as in (4.7),
of the states φ̃i(x) |0〉. Similarly, in the Born approximation method, the potential is defined
in eq. (3.4) with respect to scattering states |p〉 = a†p |0〉, so we need to perform the field
redefinition above to match between the first quantized point-particle and the truncated
second-quantized scalar field potentials. In other words, we should consider the correct
scattering states when extracting the classical physics.

Notice that in eq. (4.6) the second term does not contribute in the classical limit since
it is of order (q/m)2, which can be seen by an argument analogous to that under eq. (4.3).
Thus, the derivative couplings can be neglected and we have a simple coupling to the mass
term (4.2) for which Ω(π) = −1

2(A(π)2 − 1). Now, we can write the Wilson coefficients Cn
considered above in terms of the Dn coefficients from the conformal coupling. For example,
the first two are:

C1 = −D1 C2 = −1
2
(
D2

1 + 2D2
)
, (4.8)

which allow us to use the results from the general coupling in eq. (4.2) to obtain those of
conformally coupled matter.

4.1 Scaling of the classical Galileon potential

In this section, we will analyze the scaling of the classical potential from dimensional
analysis. First, we need to understand the factors of ~ that need to be restored in Λ and
MPl. To do so, we can look at the scaling of the action in eq. (4.1) and use the fact that
[S] = ML. From the kinetic term, we see that π has units of

√
M/L. Then, from the

cubic self-interaction and the interaction with the massive scalars we find that restoring ~
corresponds to the replacements

Λ3 → ~5/2Λ3 , G→ G/~ , (4.9)

where we usedMPl = 1/
√

8πG. Like in the gravitational case, we can look at the parameters
that determine when the classical non-linearities and quantum corrections become important;
for the Galileon these are

αcl non-lin = ∂∂π

Λ3 , αq = ∂2

Λ2 . (4.10)

Let us define the Vainshtein radius as

rVi = 1
Λ

( |C1|g mi

MPl

)1/3
, (4.11)
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where mi corresponds to the mass mi of the scalars φi. Note that in this non-static case,
the Vainshtein radius defined above is not exactly the radius that separates screened and
unscreened regions. We will see later on that this separation is expected to depend on the
momentum of the binary system. Restoring the ~ factors in this expression is done via

rV →
rV
~
. (4.12)

Again, by dimensional analysis we see that the classical potential in this case can be
parametrized as

V = V tree

1 +
∑
a,b

fa(M, q,G,Λ)
(
p

M

)b , (4.13)

where we require that fa(M, q, λ,Λ) scales as ~0, has dimensions of (ML)0, and that only
powers of Λ3 appear on the denominator. This together with eq. (3.1) and eq. (3.2) tells us
that the classical potential should be of the form

V =


8πg2GM2

q2

( ∑
a,n,c∈Z+

ca,c,n
(
g2GMq

)n (rV q)3a ( p
M

)c)
n+ 3a odd ,

8πg2GM2

q2

( ∑
a,n,c∈Z+

ca,c,n
(
g2GMq

)n (rV q)3a log q2 ( p
M

)c)
n+ 3a even .

(4.14)

Note that the contributions from terms with n = 0 correspond to a simple series in rV . In
appendix A, we explore in detail the Feynman graphs that can give rise to this classical
potential.

4.2 Scattering amplitudes

Considering the coupling in eq. (4.2) and the insights from the previous sections and the
appendix A, we proceed to compute the scattering amplitudes that will contribute to the
classical potential. Note that we will ignore infrared divergent terms that cancel when
computing the potential. These arise from box and cross-box diagrams. For example, at
1-loop this give rise to non-analytic structures of the form log q2/q2, which have superclas-
sical scaling. Although we do not show them here explicitly, we have checked that the
superclassical terms cancel in the computation of the potential as they should. We also
ignore classical contact term contributions, that is, graphs with the correct scaling in q to
give a classical contribution, but whose Fourier transformation leads to a delta function in
coordinate space.

The resulting scattering amplitudes correspond to a series expansion in both the
Newton’s constant and the Vainshtein radius. Note that higher order contributions in G are
largely suppressed compare to higher contributions in rV . Thus, in following we compute
the order G contributions arising up to 2 loops. We also compute the order G2 at one-loop
since new features in the calculation of the potential will arise at this order. Nevertheless,
we expect this contribution to be highly suppressed with respect to the order Gr6

V .

Tree level: the t-channel is the only classical contribution to the φaφb scattering at tree
level and reads

MO(G) = 32πC2
1g

2Gm2
am

2
b

q2 . (4.15)
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G GGG rV3
2 2

Figure 1. Graphs contributing at order G, G2, and Gr3
V . These correspond to tree and one loop

level graphs. Note that we have checked that the box only has quantum contributions. We also
include in our computation the graphs in which we exchange the external states φa ↔ φb.

1-loop: at 1-loop order we find that the only classical contributions arise from triangle
graphs, see figure 1. In our case, we have two classical contributions from triangle and
inverted triangle graphs that read

M1-loop O(Gr3
V ) = −2πC2

1g
2Gm2

am
2
b

q2

(
(rVaq)3 + (rVbq)

3
)
sign(C1) , (4.16)

M1-loop O(G2) = 32π2C2
1C2g

4G2m2
am

2
b

q
(ma +mb) . (4.17)

2-loops: at order G, we can divide the graphs contributing to the classical limit in 3
types: the H type, the double triangle and the triangle squared, see figure 2. The H and
cross H graphs give

M2-loop O(Gr6
V ) H

cl =− C2
1g

2Gm3
am

3
b

EaEbq2
(rVaq)3(rVbq)3

80 π log(q2)×(
1− 25

42
(3E2

a + 4EaEb + 3E2
b )

E2
aE

2
b

|p|2 +O(|p|4)
)
. (4.18)

For the double triangle type we have

M2-loop O(Gr6
V ) 44

cl = −8C2
1g

2m2
am

2
b

M2
Plq

2
(rVaq)6 + (rVbq)6

210π log(q2) . (4.19)

Meanwhile, the triangle squared type will not contribute to the classical potential. This is
easy to see since the integration splits into two one-loop integrals each giving a q3 term.
The graph then scales like q4 which corresponds to a contact term (as can be seen after
Fourier transform).

4.3 Classical potential from amplitudes

4.3.1 Potential at order Gr6
V

Using eq. (3.6) we can obtain the leading order classical potential in coordinate space up to
order Gr6

V . Note that at order GrnV there’s no need to add Born subtraction terms, the
potential is simply given by the scattering amplitude with non-relativistic normalization.
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a b c d

Figure 2. Graphs contributing at order Gr6
V . Graphs a and b are the double triangle graphs, graph

c is the triangle squared, and graph d is the H type. For each graph we include the inequivalent
permutations of external legs. The number of different labelings of the external legs that are
considered are 4 for graph a, 2 for graph b, 1 for graph c, and 2 for graph d.

From eqs. (4.15), (4.16), (4.18), and (4.19) we find

V O(G)(p, r) = −2C2
1g

2Gm2
am

2
b

EaEbr

(
1 +

(
r3
Va

+ r3
Vb

4πr3

)
sign(C1) (4.20)

+ 2
7π2r6

(
r6
Va + r6

Vb
+ 399mamb

32EaEb
r3
Var

3
Vb

(
1− 25

42
(3E2

a + 4EaEb + 3E2
b )

E2
aE

2
b

|p|2 +O(|p|4)
)))

,

where the energy factors depend on the CM momentum, but we do not show the dependence
explicitly for simplicity. Note that these factors can be expanded in the non-relativistic
limit to explicitly extract the order p2 terms. In order to obtain a fully post-Minkowskian
result, without expanding in the non-relativistic limit, one could try to resum the higher
momentum contributions arising in the H-type graphs. We do not require to construct the
potential to that precision here, so instead we expand eq. (4.20) in the non-relativistic limit
and find the post-Newtonian result

V O(G|p|2)(p, r) = −2C2
1g

2Gνm2

r

((
1−

(1− 2ν
m2ν2

) |p|2
2

)

+
(
r3
Va

+ r3
Vb

4πr3

)
sign(C1)

(
1−

(1− 2ν
m2ν2

) |p|2
2

)

+ 2
7π2r6

(
r6
Va + r6

Vb
+ 399

32 r
3
Var

3
Vb

(
1− 2

21ν

(24
ν
− 23

) |p|2
m2

)))
, (4.21)

where we have defined the symmetric mass ratio ν and the total mass m as

ν ≡ mamb

(ma +mb)2 , m ≡ ma +mb . (4.22)

We can see from the result above that this is not a simple expansion in the rVi , instead it
depends on both rVi and the CM momentum |p|. In fact, this is expected in a dynamical
system. Interestingly we see that in a fully dynamical system, the form of the potential
does not simply follow the same scaling as one would infer from the static expansion [82].
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4.3.2 Potential at order G2

At order G2, we actually have to include the Born subtraction terms in order to obtain the
correct potential. The result is a combination between the contribution from eq. (4.17) and
the Born subtraction term

V O(G2)(p, r) = −2C2
1g

2Gm2
am

2
b

Ea(p)Eb(p)r

(
2C2g

2G(ma +mb)
r

)
+ V

O(G2)
Born subtr.(p, r) , (4.23)

where the Born subtraction is computed using eq. (3.7) with the leading order amplitude
from eq. (4.15) and reads

V
O(G2)
Born subtr.(p, r) = −2C4

1g
4G2m4

am
4
b

(
E2
a(p) + E2

b (p) + Ea(p)Eb(p)
)

E3
a(p)E3

b (p) (Ea(p) + Eb(p)) r2 . (4.24)

4.4 Probe particle limit

In this subsection we look at the probe particle limit: mb � ma. From the amplitudes
calculation for the conformally coupled scalar in eq. (4.6), the potential in this limit is
given by

V (p, r) = −2D2
1g

2Gmamb

r

((
1− |p|

2

2m2
b

)(
1− 1

4π
r3
Va

r3 +
2r6
Va

7π2r6

)

+
(
−D2 − (D2

1 −D2) |p|
2

2m2
b

)
2g2Gma

r
+ . . .

)
. (4.25)

We can see that the result greatly simplifies since we do not have a non-trivial expansion
involving energy factors. Looking at this limit, we expect to be able to reproduce known
results for the Galileon field profile.

By restricting the scalars EFT Hamiltonian to the 2-particle subspace, we obtain the
first quantized Hamiltonian of two classical point-particles. In our case, since the scattering
states correspond to conformally coupled scalar, we would like to further match our results
to an EFT of conformally coupled point-particles. This will be relevant in the probe particle
limit where we can compute exact results with a different method. First, lets consider the
following action S = SGal + Sp.p. where

SGal =
∫

d4x

(
−1

2(∂π)2 − 1
Λ3�π(∂π)2

)
, (4.26)

Sp.p. = −
2∑
i=1

mi

∫
d4x

∫
dτA(π)

√
−gµν

dxµ
dτ

dxν
dτ δ

4(x− xi(τ)) . (4.27)

Here, we have included a conformal coupling of the form Sp.p.[A2(π)g;xµ(τ)] in the point
particle action where A(π) is given by eq. (4.5). This gives rise to a coupling A(π)Tµµ in the
action where Tµµ is the trace of the stress energy tensor defined with respect to the metric
gµν . In the probe particle limit, the field profile is simply generated by the heavy particle.
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Assuming spherical symmetry, we can write the solution for π as a series expansion in rV
when we are in the unscreened region,

π(r) = α1gma

MPlr
+
α2gmar

3
Va

MPlr4 +
α3gmar

6
Va

MPlr7 + · · · (4.28)

Now, we consider a second point particle with mb � ma so that it does not affect the
π dynamics. This point-particle has the same conformal coupling with A(π) as shown
in eq. (4.27). We proceed with computing its Hamiltonian in order to extract the poten-
tial V (p, r) and comparing it with that obtained from the amplitude’s derivation. The
Hamiltonian reads

Hb =
√
|pb|2 +m2

bA
2(π) = mbA(π)+ |pb|2

2mbA(π)+O(|(pb|/mb)4) , pb = mbA(π)√
−gµν dxµ

dt
dxν
dt

dxb
dt ,

(4.29)
where we have taken the non-relativistic limit in the second equality. Defining the poten-
tial by

dpb
dt = −∇V (pb, r) , (4.30)

and using M−1
Pl = 8πG we find

V (pb, r) = 8πα1D1g
2Gmamb

r

((
1− |pb|

2

2m2
b

)(
1 +

α2r
3
Va

α1r3 +
α3r

6
Va

α1r6

)

+
(
D2 + (D2

1 −D2) |pb|
2

2m2
b

)
8πα1g

2Gma

D1r
+ . . .

)
. (4.31)

Note that this potential has been computed in the rest frame of particle a, so to compare it
with the results derived from the amplitudes, we first need to transfer it to the CM frame.
Since we are in the non-relativistic, probe particle limit, this is quite straightforward and
we simply have to change pb to the CM momentum p. With this simple switch in place,
we can now compare the potentials in eq. (4.31) with that derived using the amplitude’s
method in (4.25). Performing the matching procedure we find that the coefficients are

α1 = −D1
4π , α2 = D1

16π2 , α3 = − D1
14π3 . (4.32)

On the other hand, the potential for a conformally coupled point-particle in the non-
relativistic, probe particle limit is easily found by solving the classical equations of motion.
The field profile generated by the heavy mass is (taking the stable ghost-free branch)

π′(r) = Λ3r

8

−1 +

√
1 +

4D1r3
Va

πr3

 , (4.33)

where we neglected the back-reaction from π(0). Expanding eq. (4.33) for small rV /r gives

π(r) = −D1gma

4πMPlr
+
D1gmar

3
Va

16π2MPlr4 −
D1gmar

6
V (ma)

14π3MPlr7 + · · · (4.34)

– 17 –



J
H
E
P
1
1
(
2
0
2
1
)
0
8
7

The effects of higher order terms in the conformal factor A(π) can be computed by solving
the equations of motion perturbatively, and viewing the result above as the leading order
term in a series expansion. At each order, including the backreaction from the Galileon
corresponds to shifting the mass as ma → maA

′(π(0))/(D1g). Since this effect corresponds
to strong coupling contributions from inside the Vainshtein radius, we neglect it for the
current analysis. Comparing to the amplitudes result, we find perfect agreement. This
shows that we are able to reproduce the galileon field profile from the scattering amplitudes
computation, and also serves as a consistency check for our calculations.

4.5 Galileon potential in the screened region in the probe particle limit

The perturbative calculation performed above is valid outside the Vainshtein radius. Inside
rV , we are in the strong coupling regime and the potential is screened. While we cannot
obtain the potential by standard scattering amplitudes calculations, we can obtain it in the
probe particle limit from the exact result for the field profile. Note that in the unscreened
region, the expansion parameters for the potential where

εG = g2 rSch
r

, εV r = rV
r
. (4.35)

On the other hand, in the strong coupling limit the expansion parameters are now

εGV = g2 rSch
rV

, ε−1
V r = r

rV
. (4.36)

As previously, the Hamiltonian is given by eq. (4.29) and the potential is obtained from
eq. (4.30), but in this case we expand the Galileon field profile in the large rV /r limit. In
this limit the Galileon field is

π(r) = −β D1gma

MPlrV
− D1gma

√
r

2
√
πMPlr

3/2
V

− D1gmar
2

16MPlr3
V

+ · · · (4.37)

where β is a constant. From this we can obtain the Hamiltonian H = Ha +Hb, which in
the CM frame reads

Ha = ma + |p|
2

2m2
a

− D
2
1g

2m2
a

M2
PlrVa

(
β

(
1− |p|

2

2m2
a

)
− β

2g2ma

M2
PlrVa

(
3D2−

(
3D2−D2

1

) |p|2
2m2

a

))
+ · · · ,

(4.38)

Hb = mb + |p|
2

2m2
b

− D
2
1g

2mbma

M2
PlrVa

(
β

(
1− |p|

2

2m2
b

)
− β

2g2ma

M2
PlrVa

(
3D2−

(
3D2−D2

1

) |p|2
2m2

b

)

− 1
2
√
π

(
r

rVa

)1/2
(

1− |p|
2

2m2
b

)
+ 1

16

(
r

rVa

)2
(

1− |p|
2

2m2
b

)

+ 2Ag2ma
√
r

√
πM2

Plr
3/2
Va

(
D2−

(
D2−

D2
1

2

)
|p|2

2m2
b

)
+ · · ·

)
+ · · · .

(4.39)
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Note that the mass and kinetic terms have been shifted by a small constant factor of order
εGV . This is just a dressing of the mass which can be absorbed in the definitions of the
masses if desired. From the above, we see that the potential is given by

V (|p|, r) =− D2
1g

2mbma

M2
PlrVa

(
1

2
√
π

(
r

rVa

)1/2
(

1− |p|
2

2m2
b

)
− 1

16

(
r

rVa

)2
(

1− |p|
2

2m2
b

)
+ · · ·

)

+ 2Ag2ma
√
r

√
πM2

Plr
3/2
Va

(
D2 −

(
D2 −

D2
1

2

)
|p|2

2m2
b

)
+ · · ·+ · · · . (4.40)

Note that, when we include terms of order ε2GV or higher, we also include the backreaction
to the equations of motion from the π(0) terms since they start to contribute at this order.
This effect can also be seen as a redressing of the mass, since it only shifts it by a constant
factor of order εGV , and can be absorbed in the definition of ma.

5 Scattering angle and phase shift

Given the results in the previous sections, we are now in a position to compute the scattering
angle in a collision of two massive spinless particles conformally coupled to the Galileon
field. The scattering angle is given as usual by

χ = −2
∫ ∞
rmin

dr
∂pr
∂L
− π , (5.1)

where rmin is the distance of closest approach between the two particles, pr is their radial
momentum, and L the angular momentum. Since the energy E is conserved, we set E = H.
By doing so, we can solve for the CM momentum as

|p|2 = |pr|2 + L2

r2 = |p∞|2 − Veff(E, r) , (5.2)

where

|p∞|2 =
(
E2 −m2

a −m2
b

)2 − 4m2
am

2
b

4E2 (5.3)

is the momentum at r =∞, that is, when the interactions are switched off. Here, |p∞|2

can formally be thought of as an effective non-relativistic Hamiltonian [21, 35, 105] where
Veff represents a small perturbation. Since the integral in eq. (5.1) requires the evaluation
at rmin which is a complicated function which sometimes has no analytic expression, it is
useful to rewrite the expression for the scattering angle in a different way. By performing a
change of variables to u =

√
r2 + r2

min and performing some algebraic manipulations, the
scattering angle can be written as [21, 106, 107]

χ =
∞∑
k=1

χ̃k(b), χ̃k(b) ≡
2b
k!

∫ ∞
0

du
( d

db2

)k V k
eff(E,

√
u2 + b2)(u2 + b2)(k−1)

|p∞|2k
, (5.4)

where b = L/|p∞| is the impact parameter. This expression for the scattering angle is simply
the Eikonal/WKB expansion. For example, the first term of this series corresponds to the
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standard textbook formula for the scattering angle when taking the non-relativistic limit [108].
It is interesting to point out that some of the simplifications that appear in the computation
of the scattering angle in gravity will not occur in our case. For the gravitational potential,
it is known that the leading order term in eq. (5.4) in 4D is surprisingly valid up to second
post-Minkowskian order, that is, up to order G2. A detailed exploration which explains
why this is the case has been performed in [21, 25]. For the Galileon potential, such special
cancellations do not happen and we need to include the NLO in the series in eq. (5.4) to
obtain all the O(G2) terms. This is the case here since we have a double series expansion
in both εGb = g2rSch/b and εV b = rV /b. While there is no contribution from the NLO term
in eq. (5.4) at order ε2Gbε0V b, we should expect contributions for all ε2Gbε3nV b, with n 6= 0.

In the next subsections, we will find the analytic expressions for the scattering angle
when the scattering occurs outside the screened region. Firstly, we want to analyze the
parameter space for which rV < rmin < b. This are the cases when the particles start
outside their Vainshtein radius, but as they evolve they come inside it. Our results are not
a good approximation for those cases. For non-relativistic scatterings, we can solve for the
distance of closest approach by solving

E ' ma +mb + L2

2mar2 + L2

2mbr2 + V (p, r)LO , (5.5)

with V (p, r)LO given by the leading order of eq. (4.20). At leading order we find

rmin '
b
(
−εGb +

√
4εpm + ε2Gb

)
2εpm

, (5.6)

where we have defined εpm ≡ (E −ma −mb) /µ with µ the reduced mass of the binary. One
can notice that for εpm � εGb, the minimum radius is of the order of the impact parameter.
On the other hand, for εpm � εGb we have

rmin '
b2 (E −ma −mb)

C2
1µ rSch

= rV

(
εpm

C2
1 εGb εV b

)
. (5.7)

Thus, we can see that when the parenthesis in the r.h.s. is smaller than one, that is, when
we are in the highly non-relativistic limit and the impact parameter is not too far from
rV , we can have the particle coming inside the Vainshtein radius even if b was outside of
it. This approximation is not valid for rmin � rV which occurs when the Galileon term
dominates over the angular momentum contribution, but is sufficient for our purposes of
understanding when the distance of closest approach will be in the screened region.

5.1 Scattering angle directly from scattering amplitudes for rV < rmin < b

When the particles stay always outside the Vainshtein radius of each other, the conservative
potential is a series in εG and εV r as seen in the subsection 4.3. In this subsection, we would
like to compute the scattering angle arising from such an interaction. For simplicity, we will
take advantage of recently discovered relations between the scattering angle and scattering
amplitudes. In [21, 35, 105], it has been shown that eq. (5.2) can be written in terms of the
classical scattering amplitude in GR as

|p|2 = |p∞|2 −
1

2EMcl.(|p∞|, r) , (5.8)
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where E = Ea +Eb. A straightforward generalization of the proof in [21] using the implicit
function theorem for functions F : R3 → R shows that this formula is valid for potentials
with a double expansion such as ours, see appendix B for details. Note that this relation is
only valid in the conservative sector. At higher orders, radiative corrections become relevant
for the classical dynamics and the relationship above becomes non-linear. We will neglect
those effects here. Similarly, non-linear terms appear in D > 4 [25]. We can systematically
compute the scattering angle by using the results from previous sections together with
eq. (5.4), which after using eq. (5.8), can be written as

χ =
∞∑
k=1

χ̃k(b), χ̃k(b) ≡
2b
k!

∫ ∞
0

du
( d

db2

)k 1
(2E)k

Mk
cl.(|p∞|,

√
u2 + b2)(u2 + b2)(k−1)

|p∞|2k
.

(5.9)
At next-to-leading order we find

χεGb = 4D2
1g

2Gm4ν2

Eb|p∞|2

(
1− 3

16

(
r3
Va

b3 +
r3
Vb

b3

)

+ 32
35

(
r6
Va

b6 +
39r3

Va
r3
Vb

32b6

(
1− 2

21ν

(24
ν
− 23

) |p∞|2
m2 +O(||p∞|4)

)
+
r6
Vb

b6

))
,

(5.10a)

χε2
Gb

= − 16D4
1g

4G2m8ν4

πb2M2
Pl|p∞|4E2

(
r3
Va

b3 +
r3
Vb

b3

)
− 2πD2

1(D2
1 + 2D2)g4G2m3ν2

Eb|p∞|2
, (5.10b)

where m and ν are defined in eq. (4.22). Here we have included the contribution at order
G2r3

V that arises from the next-to-leading order term in eq. (5.9). Note that we have a
non-trivial dependence on the energy of the particles in the series expansion. As in the case
of the conservative potential, we do not have a fully PM expansion for χεGb since it requires
resumation of higher momentum contributions in the H-type graphs. Instead, we have used
the PN expansion for the scattering amplitudes at order r3

Va
r3
Vb

in the result above. Once
we have the scattering angle, it is straightforward to obtain the phase shift, δ, since

χ = − 1
|p∞|

∂δ

∂b
. (5.11)

The phase shift at next-to-leading order reads

δεGb = −4D2
1g

2Gm4ν2

E|p∞|

(
log(b) + 1

16

(
r3
Va

b3 +
r3
Vb

b3

)

− 16
105

(
r6
Va

b6 +
399r3

Va
r3
Vb

32b6

(
1− 2

21ν

(24
ν
− 23

) |p∞|2
m2 +O(||p∞|4)

)
+
r6
Vb

b6

))
(5.12a)

δε2
Gb

= − 4D4
1g

4G2m8ν4

πbM2
Pl|p∞|3E2

(
r3
Va

b3 +
r3
Vb

b3

)
− 2πD2

1(D2
1 + 2D2)g4G2m3ν2

32πEM4
Plb

2|p∞|2
. (5.12b)
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Figure 3. Plot of the effective potential for εGV = 10−11 (which corresponds to Λ = 10−12 eV and
a mass m = 106M�), εV b = 10−2, and mb/ma = 10−2. The blue line correspond to εpmεM = 10−21.
For the other color lines, εpmεM increases by two orders of magnitude from left to right. The thick
black line is εpmεM , thus the intersection of the color lines with the black line gives rmin. Note that
these potentials were computed using the exact solution eq. (4.33), so they are valid both inside and
outside Vainshtein radius.

5.2 Probe particle limit

In this subsection, we will compute the scattering angle analytically in the probe particle
limit. We can analyze the effective potential to understand the expected orbits of the
scattering particles. We define the effective potential as

U eff = H
(
p = L

r

)
−ma −mb , (5.13)

where the Hamiltonian reads

H =
√
|p|2 +m2

a +
√
|p|2 +m2

bA
2(π) , (5.14)

and we use the exact solution for the Galileon field, eq. (4.33). In figure 3, we can see a
plot of the effective potential for different εpm and fixed εGV , εV b, and εM ≡ mb/ma. The
distance of closest approach corresponds to the intersection of U eff/ma and εpmεM (black
line). As expected from eq. (5.7), we see that only in the highly non-relativistic limit does
the particle enter the screened region. For cases where the Galileon potential dominates
over the angular momentum contribution in a large region such as the blue graph in figure 3,
the probe particle will come inside the Vainshtein radius. On the other hand, in cases where
the Galileon term does not heavily dominate such as the red graph in figure 3, we always
stay outside the screened region.

Now, we proceed to find the scattering angle when the particles are always outside each
others Vainshtein radius by using eq. (5.4); this reads

χεGb = εGbεM
εpm

(
1− 3

16 ε3Vb + 32
35π2 ε6Vb + · · ·

)
(5.15a)

χε2
Gb

= −ε
2
Gbε

2
M ε

3
Vb

πε2pm
−
ε2GbεM

(
1 + 2D2/D

2
1
)
π
(
1− 8

3π2 ε
3
Vb

)
4εpm

. (5.15b)
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We have check that these approximations are accurate in the corresponding situations by
performing the integrals in eq. (5.4) numerically. Note that the case when the impact
parameter is inside the Vainshtein radius requires the full series in εV b, while we do not give
an analytic expression which might be possible to obtain via resummation, we note that
the scattering angle can be obtained numerically as long as εGV � 1, which is expected in
physically relevant cases. As a consistency check, the results in eq. (5.10) match those of
eq. (5.15) in the probe particle, non-relativistic limit.

To get more insight into the expression for the scattering angle above, is worth under-
standing the order of magnitude of each different term. For example, for a supermassive
black hole of mass m = 106M� and for Λ = 10−21 eV which is of the order of the largest
value allowed by lunar laser ranging observations [109, 110], we have εGV = 10−11. For
smaller black holes, εGV will be much smaller. Let us further assume a not so large difference
in masses εM = 10−2, an impact parameter not so far from the Vainshtein radius εV b = 10−2,
and εpm = 10−10 so that the distance of closest approach is outside the Vainshtein ra-
dius. Then we have the following orders of magnitude for the different contribution to the
scattering angle

χεGb ' 10−5 , χεGbε3V b
' 10−12 , χεGbε6V b

' 10−18 , χε2
Gb
' 10−18 , χε2

Gb
ε3
V b
' 10−16 .

(5.16)
In this example, the order G2 term is of the order of the Gr6

V contribution. In fact, if
εGV > 10−1ε5V b, then the G2 correction would be larger. Furthermore, we can notice that
the G2r3

V contribution is larger than the Gr6
V and G2 ones. This can be surprising since we

expect higher rV contributions to be suppressed. In fact, that is the case for the last term
of eq. (5.15b), but not for the first one. The first term arises from the next-to-leading order
Eikonal in eq. (5.4) while the last one comes from the leading order Eikonal. This means
that the series expansion for the potential is correct, but when computing the scattering
angle one should be careful and include higher order corrections which depend on lower
order potential terms. Furthermore, this relevant correction can be computed away from the
probe particle limit, as seen in eq. (5.10), since it only requires lower order amplitudes which
we have computed here. On the other hand, the contribution from scattering amplitudes of
order G2r3

V will always be subleading.

6 Final remarks

Starting from the scattering amplitudes, we have computed the conservative potential and
scattering angle (phase shift) for the binary system of compact spinless objects coupled to a
gravitational spin-0 mode given by Galileons with cubic self-interactions. We have checked
that in the point particle limit this reduces to well-known results. This shows that scattering
amplitude methods which have been recently use to compute post-Minkowskian calculations
are applicable beyond General Relativity and minimal couplings. When including non-
minimal couplings, one should be careful in matching the correct scattering states between
different EFTs. While we focused on a conformal coupling, we expect that the treatment of
a disformal coupling should follow in a similar manner.
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Most of the results in this paper are applicable when each object in the binary is outside
the Vainshtein radius of the other. While this will not be the case for generic scenarios for
which solar system tests impose an upper bound on the interaction scale Λ, this can be
valid in more general scenarios or in special situations. Indeed, it is worth pointing out
that the coupling strengths can be redressed on specific backgrounds in which the binary is
embedded. For adequate backgrounds, the redressed Vainshtein radius can end up being
much smaller than the bare one. In these cases, the objects in the binary will always be
outside the redressed Vainshtein radius of each other and perturbation theory will be valid.
A special situation where such interesting dynamics can happen was analyzed in [90], where
a binary of small black holes is considered inside the Vainshtein radius of super-massive
black hole. Our calculations are applicable for the dynamics of the small black hole binary
and thus can help with tests of such three-body systems.

These new results open a window of opportunity for applying these techniques for
more general theories of modified gravity. Here, we focused on the new physics arising in
the decoupling limit, but extending the results to include interactions with the helicity-2
modes is straightforward. Similarly, one can extend these results to more general scalar-
tensor theories and modified gravity theories which generically include extra degrees of
freedom. It would also be interesting to apply these techniques to gravitational theories
involving helicity-1 modes. Another interesting case that could be analyzed with these
methods is the case of quartic and quintic Galileons and other operators that manifest
a screening mechanism. Standard methods to compute radiation from binary systems
considering classical perturbations around a spherical background break down for the
quartic Galileon [84] and it would be interesting to understand if using scattering amplitudes
computations can give rise to any insights on how to correctly tackle these problems.
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A Graphs contributing in the classical limit

In this appendix we analyze the types of graphs that can contribute in the classical limit.
There is one noticeable difference with respect to the standard GR case. Here, not every
graph gives an expansion in rV . In GR, we only have one scale controlling all the interactions,
namely GN , so the result is a series in rSchw. Here, we have two scales: MPl and Λ3. Since
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2PI addition of
Galileon propagator

2PR addition of
Galileon propagator

Addition of
Galileon loop

Addition of
massive loop

Addition of Galileon 
propagator conected to 

the same matter line 

Figure 4. Different possibilities of loop contributions by adding a new propagator or loop to a
graph with classical contributions. The grey blobs represent classical contributions. When we have
two blobs, these were classical without the new insertion between them. The graphs in the top row
can contribute in the classical limit. The ones in the bottom row are always quantum in nature.

the matter couplings scale in a different way than the self-interactions, insertions of loops
scale differently than insertions of propagators connected to external massive scalars. Note
that the classical contributions arise from the non-analytic structure

√
m2/q2, which can

only appear in the presence of propagation of massless particles. We now turn to analyze
each of the operations that can generate graphs with classical contributions. Here, we only
discuss explicitly the case of a cubic an quartic matter couplings, but it is straightforward
to understand interactions with more fields involved. Starting from an already classical
graph, we can add extra interactions to build higher loop corrections. In the following, we
analyze the different kind of extra interactions that can be added and which can contribute
in the classical limit, examples of these graphs can be seen in figure 4. For simplicity, we
take all the external particles to have mass m in this analysis.

2PI addition of π propagator. We consider two possible insertions of a new π propa-
gator. The first one corresponds to adding a propagator connected to an external φ
and an internal π to a graph. To give a classical contribution, it should add a power
of Mλq/Λ3 to an already classical contribution. Adding this propagator to a graph
that gives rise to a classical contribution, the new loop will lead to an amplitude of
the form

M∼
∫ d4k

(2π)4
gm2

Λ3MPl

N(q, p, k)
(−(p+ k)2 −m2 + iε)(−k2 + iε)(P (k, q))Ac(q, p, k) , (A.1)

where Ac(q, p, k) has classical scaling and P (k, q) is the new propagator in the classical
blob generated by the insertion of the π line. The numerator N(q, p, k) has 4 powers
of momenta since it arises from the cubic Galileon vertex. Performing the power
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counting from section 2 and realizing that this is a triangle integral, we see that after
integration a factor of

√
m2/q2 will arise. Since N has 4 factors of momenta from the

3-point vertex in the new loop, the total scaling of the graph at leading order in q
will be

Ac
gm2

Λ3MPl

q4

m2

√
m2

q2 ∼ Ac (rV q)3 , (A.2)

which is a classical correction. Note that this integral will also contain higher orders in
q/m which we have ignore since they are quantum contributions. The second option is
to change a cubic vertex φ2π to a quartic one φ2π2 and attach the other side of the π
propagator to a different matter line. The case when the Galileon propagator has both
ends in the same matter line will be discussed below. In this case, no new Galileon
vertex arises but the power counting in 1/MPl is increased. The new amplitude will
now scale as

M∼
∫ d4k

(2π)4
g2m2

M2
Pl

Ac(q, p, k)
(−(p+ k)2 −m2 + iε)(−k2 + iε) . (A.3)

Following the same procedure as before, we see that this will again gives rise to the
necessary non-analyticity and the overall scaling of the graph will be

Ac
g2m2

M2
Pl

q2

m2

√
m2

q2 ∼ Ac (rSq) , (A.4)

which indeed gives a classical contribution.

2PR addition of π propagator. This corresponds to the addition of a π propagator
connected to two external massive scalars and gives rise to a two massive particle
irreducible graph that is approximated by

M∼
∫ d4k

(2π)4

(
gm2

MPl

)2
Ac(q, p, k)

((p+ k)2 +m2 − iε)((p′ − k)2 +m2 − iε)((q − k)2 − iε) .

(A.5)
This graph gives a classical contribution if it scales like as Acg

2mq/M2
Pl. Note

that Ac(q, p, k) should contain a k2 in the denominator. Thus, the scalar integral
corresponds to a box integral and will not give rise to a classical contribution at
leading order. Since we are performing an expansion in q/M , higher orders in the
expansion could contribute classically and one should check in a case by case basis.
More explicitly, this graphs scale as

Ac
g2m2

M2
Pl

1 +

√
q2

m2 + · · ·

 ∼ Ac(rSm) +Ac(rSq) , (A.6)

where the second term is a classical contribution. These terms can vanish for certain
graphs so it should be checked case by case.
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Addition of a π loop. The addition of a loop can performed in two ways. One is replacing
a three point vertex by a loop and the second way we can add a loop is by inserting
it in a π propagator. In both cases we have

M∼
∫ d4k

(2π)4
1

Λ6
N2(q, p, k)

(k2 − iε)P (k, q)P ′(k, q)Ac(q, p, k) . (A.7)

In order for these integrals to give classical contributions, they need to scale as
AcMq5/Λ6. Since we are adding a loop that does not involve massive particles, the
non-analytic structure

√
m2/q2 that is require to give a classical correction cannot

arise here.

Addition of a massive φ loop. The addition of a φ loop arises from inserting it in a π
propagator. The amplitude is now

M∼
∫ d4k

(2π)4

(
gm2

M2
Pl

)2
Ac(q, p, k)

(k2 +m2 − iε)P (k, q,m)P ′(q,m) . (A.8)

The non-analytic contribution needed for the classical limit cannot arise from a
massive loop, since it does not contribute to the long range propagation where the
non-analyticity is generated.

Addition of π propagator connected to the same matter line. We now consider
the case of a π propagator whose ends are attached to the same matter line. This
occurs when we attach one end of the π line to the matter line and the second
one right after one or several interchanges of other Galileon fields. This is just a
vertex correction or the so-called mushroom graphs. Here, the momentum of the
π propagator does not scale like q, and thus we can not obtain the required power
counting for a classical contribution.

Intuitively, it is clear why the last three cases correspond to quantum processes. They
are graphs that either contribute to renormalizing the wave-function, mass, or coupling
strength; or contribute to the Galileon form factors for the scalars φ.

B Proof of the relation between momentum and scattering amplitude

In this appendix we will show that eq. (5.8) is satisfied for a potential of the form

V (|p|, r) =
∑
n,m

cn,m(|p|)
(
r1
r

)n (r2
r

)m
. (B.1)

In our case r1 and r2 denote the Schwarzschild and Vainshtein radius respectively, but we
keep the discussion general by taking the ratios ri/r to be arbitrary expansion parameters.
The proof is a straightforward generalization of that in [21]. In this case, we use the implicit
function theorem for R3 instead of R2. The implicit function theorem reads
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Theorem 1. Let F be a continuously differentiable function F : Rn+m → Rm, where (x, y)
are coordinates of Rn+m and (x0, y0) ∈ Rn+m such that F (x0, y0) = 0 ∈ Rm. If the Jacobian
matrix is invertible, i.e., if

∂Fi
∂yj
6= 0 , (B.2)

then there is an open set U ⊂ Rn containing x0 such that there is a unique continuously
differentiable function g(x) that satisfies

F (x, g(x)) = 0 , ∀x ∈ U . (B.3)

The derivatives of g can be found by differentiating eq. (B.3). Here we will focus on
the case where n = 2 and m = 1. In such case the first derivatives of the function g at
x0 =

(
x1

0, x
2
0
)
are

∂xig (x0) = − ∂xiF
∂gF

∣∣∣∣∣
x=x0

, (B.4a)

∂xi∂xjg (x0) = −
∂xi∂xjF + (∂xig)∂xj∂gF + (∂xjg)∂xi∂gF + (∂xig)(∂xjg)∂g∂gF

∂gF

∣∣∣∣∣
x=x0

,

(B.4b)

while higher order ones are computed by differentiating eq. (B.3) to higher orders. To
apply this theorem for our purposes, we choose x = {r1, r2}, x0 = {0, 0}, y0 = |p∞|2

g = |p|2(r1, r2), and

F ({r1, r2}, y) =
2∑
i=1

√
|p|2 +m2

i + V (|p|, r)− E . (B.5)

Then the implicit theorem tells us that there exists a unique |p|2 such that

|p|2 = |p∞|2 +
∑
n,m

rn1 r
m
2

n!m!
(
∂nr1∂

m
r2 |p|

2
)∣∣∣∣
{r1,r2}={0,0}

, (B.6)

where

∂ri |p|2
∣∣∣
{r1,r2}={0,0}

=− ∂riV
E

2E1E2
+ ∂|p|2V

∣∣∣∣∣
{r1,r2}={0,0}

, (B.7a)

∂ri∂rj |p|2
∣∣∣
{r1,r2}={0,0}

=−
∂ri∂rjV + (∂ri |p|2)∂rj∂|p|2V + (∂rj |p|2)∂ri∂|p|2V

E
2E1E2

+ ∂|p|2V

∣∣∣∣∣
{r1,r2}={0,0}

−
(∂ri |p|2)(∂rj |p|2)(− 1

E3
a
− 1

E3
b

+ ∂|p|2∂|p|2V )
E

2E1E2
+ ∂|p|2V

∣∣∣∣∣∣
{r1,r2}={0,0}

.

(B.7b)

On the other hand, from the Lippmann-Schwinger equation one can write the classical
amplitude as

Mcl.(p,p + q)
4E1E2

=
∞∑
n=0

∫
k1,k2,...,kn

V (p,k1)V (k1,k2) · · ·V (kn,p + q)
(Ep − Ek1) (Ek1 − Ek2) · · ·

(
Ekn−1 − Ekn

) , (B.8)
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where V (ki,kj) is the Fourier transform of eq. (B.1) and reads

V (ki,kj) =
∑
n,m

rn1 r
m
2

(4π)
3
2

2n+m

Γ
(

3−n−m
2

)
Γ
(
n+m

2
) cn,m (|p|)
|ki − kj |3−n−m

, |p| =
k2
i + k2

j

2 . (B.9)

By setting N = n+m, it is easy to see that the analysis of [21] is applicable for the present
case, and thus we can write the classical amplitude as

Mcl.(|p|, r)
4E1E2

= V (|p|, r)− 2E1E2
E

V (|p|, r)∂|p|2V (|p|, r)− E2
1 − E1E2 + E2

2
2(E2

1E2 + E1E2
2)
V (|p|, r)2 + . . .

(B.10)
Using the explicit expression for the potential in eq. (B.1), and comparing eqs. (B.6), (B.7)
with eq. (B.10) one can see that

|p|2 = |p∞|2 −
1

2EMcl.(|p∞|, r) . (B.11)
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