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Abstract. Proca-Nuevo is a non-linear theory of a massive spin-1 field which enjoys a non-
linearly realized constraint that distinguishes it among other generalized vector models. We
show that the theory may be extended by the addition of operators of the Generalized Proca
class without spoiling the primary constraint that is necessary for consistency, allowing to
interpolate between Generalized Proca operators and Proca-Nuevo ones. The constraint is
maintained on flat spacetime and on any fixed curved background. Upon mixing extended
Proca-Nuevo dynamically with gravity, we show that the constraint gets broken in a Planck
scale suppressed way. We further prove that the theory may be covariantized in models
that allow for consistent and ghost-free cosmological solutions. We study the models in the
presence of perfect fluid matter, and show that they describe the correct number of dynamical
variables and derive their dispersion relations and stability criteria. We also exhibit, in a
specific set-up, explicit hot Big Bang solutions featuring a late-time self-accelerating epoch,
and which are such that all the stability and subluminality conditions are satisfied and where
gravitational waves behave precisely as in General Relativity.
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1 Introduction

Within the realm of charting consistent interacting effective field theories involving fields
of different spins, the search for the most general theory of a self-interacting massive spin-
1 is an interesting question that has enjoyed much progress over the past decade. With
astrophysical and cosmological applications in mind, the embedding of these effective field
theories in a fully gravitational framework is an exciting problem connecting with the ongoing
program of classifying viable extensions of general relativity (GR). Similarly to their scalar-
tensor counterparts, generalized vector-tensor theories have been shown to exhibit intriguing
phenomenological properties in astrophysical systems [1-13] and cosmology [14-25]. In the
latter case, of particular interest is the fact that a time-dependent vector condensate could
behave as a dark energy fluid, driving the observed accelerated cosmic expansion in the
present-day universe, with a technically natural vector mass and dark energy scale [26, 27].

An important milestone in this program was the discovery of the so-called Generalized
Proca (GP) theory [28, 29] (see [30-35] for related works). GP is an extension of the standard
Proca theory of a spin-1 particle that includes self-interactions, with the virtue of maintaining
the same constraint that renders the component Ay of the field (in some frame) non-dynamical,
thus ensuring the correct number of degrees of freedom at the non-linear level and, as a
consequence, the absence of Ostrogradsky-type ghosts. It is worth emphasizing that the
interactions of GP theory are non-trivial in that they are not simply constructed out of the
field strength and the undifferentiated field, but includes derivative interactions that give rise
to some unique properties, e.g. in relation to the screening mechanisms and the coupling to
alternative theories of gravity [36-38].

While GP encompasses a broad class of models, there is no reason to expect it to be the
unique non-linear completion of the free Proca theory. Indeed, vector-tensor theories that do
not fall into the GP class have been found in [39, 40]. There are two ways to see why GP is not
necessarily the end of the story. The first is that the condition of having the desired number
of degrees of freedom (i.e. three in four dimensions and ignoring gravity for the moment) only
requires the existence of a constraint, which need not simply translate into the fact that a
particular component of the field—A( in the case of GP — be non-dynamical. For instance,
this constraint may be a non-linear functional of the vector field. The second insight into the
question is provided by the decoupling limit of GP theory, in which the massive vector boson
decomposes into massless spin-0 and spin-1 particles. A virtue of GP is that, in this limit,
the equations of motion are second order, making the absence of extra unwanted degrees
of freedom manifest. However, this feature of the equations of motion is sufficient but not
necessary, since it is known that multi-field systems may in principle evade the Ostrogradsky
theorem if the equations happen to be degenerate [41, 42].

Recently, an alternative extension of Proca theory, dubbed “Proca-Nuevo” (PN), was
proposed in [43]. PN theory successfully exploits the above loopholes through a non-trivial
realization of the primary constraint, motivated by the decoupling limit of massive gravity [44,
45]. More in detail, if we denote by V# the vector spanning the null space of the Hessian
matrix of time derivatives, then GP theory is characterized by having V# = 6}, just like the
linear theory, while in PN this vector is a non-linear function of the field itself. Crucially, this
Hessian null eigenvector cannot be trivialized by performing a field redefinition and the two
theories, GP and PN, are indeed dynamically inequivalent.

Given this inequivalence, it is natural to ask whether a still more general theory exists
from which both GP and PN could arise as particular “corners” in the space of models, i.e.
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Figure 1. Charting the space of massive spin-1 self-interacting theories that exhibit a constraint.

through particular choices (possibly in a limiting sense) of coupling constants. Exploring this
question is the first aim of this paper. We shall show that such extension does exist, in a
model that we imaginatively call “Extended Proca-Nuevo”. While this proposal succeeds in
furnishing a link between GP and PN, we should warn the reader of two caveats. First, in the
“GP limit” of extended PN not all of the operators belonging to the GP class are obtained,
although the whole PN class is included; this is represented artistically in figure 1. Second, as
it stands, extended PN is only complete when considered on a fixed background. While a
full covariantization of the theory that maintains its constrained structure is still currently
missing, as we shall see, since the breaking of the constraint is connected to the non-linear
mixing between the gravitational degrees of freedom and the vector field, the ghost it implies
always enters at a Planck-suppressed scale.

This last point regarding the coupling to gravity takes us to our second objective, namely
to explore the cosmological implications of extended PN theory. Although not consistent in full
generality, we will exhibit two alternative, partial covariantization schemes that successfully
describe a massive spin-1 field coupled to Einstein gravity, with no additional degrees of
freedom, for cosmological solutions at the levels of both the homogeneous and isotropic
background and of general linear perturbations. Our main result is that, in each set-up, there
exists a window of parameter values for which cosmological perturbations are free of ghost-
and gradient-like instabilities and of superluminal propagation speeds. In particular, each
scenario accommodates exactly luminal gravitational waves.

The first covariantization is particularly neat in that the coupling with gravity is minimal,
unlike what occurs in GP theory. On the other hand, this model requires a technically-natural
tuning of coefficients which has the advantage of providing a simple and tractable model with
relatively few arbitrary functions. A particularly interesting property of this set-up is that,
without any further tuning or special choices of coefficients, tensor fluctuations propagate
exactly as in GR. As a consequence, observational bounds on the production and propagation
of gravitational waves do not impose any extra constraints on the theory. After deriving the
stability conditions for all types of perturbations — tensor, vector and scalar — for the model
coupled to perfect fluid matter, we then analyze the resulting cosmological solutions. We
will see that the model exhibits hot Big Bang solutions with epochs of radiation, matter and
dark energy domination, with the latter corresponding to a “self-accelerating” phase, being
driven by the vector field condensate and not a cosmological constant. We further show that
perturbations within this model are fully under control, stable and causal.



The second covariantization is more general but requires non-minimal couplings between
the vector field and the curvature. These non-minimal terms are precisely those of GP, so this
model has the virtue of accommodating the covariant GP theory as a particular case, which
is known to be free of pathologies for various choices of parameters. We will show however
that this general set-up extends the cosmology of GP in interesting ways. For instance, we
will prove that the dispersion relation of the Proca vector mode is non-linear, both in vacuum
and when coupled to a perfect fluid. Similarly, the mixing of the perfect fluid with the
extended PN sector results in a modification of the speed of propagation of the longitudinal
fluctuation of the fluid, i.e. the phonon. As this effect is absent both in GR and in GP, it gives
in principle a clean signature to test the theory and distinguish it from other vector-tensor
models, although providing precise set-ups in which this signature would be detectable is
beyond the scope of this work.

The rest of this paper is organized as follows, we begin in section 2 with a brief review
of the previously proposed PN theory before proceeding with its extension in flat spacetime,
which includes most GP interactions as a subclass. The coupling to gravity is considered in
section 3, where specific examples of covariantization are proposed, followed by the analysis
of its constraint structure in the cases where the background spacetime is curved but non-
dynamical and then when the metric is fully dynamical. We then present our analysis of
cosmological solutions and perturbations for each of the covariantization schemes mentioned
previously, first for the special case without non-minimal couplings in section 4 followed by
the general case in section 5. We summarize our main results in section 6 and provide some
final remarks. In order to ease the reading of the paper, we have omitted in the main text
some technical derivations, which may be found in the appendices.

2 Extended Proca-Nuevo

2.1 Review of Proca-Nuevo theory

We start with a vector field A, living on flat spacetime with Minkowski metric 7,,. The
construction of PN theory follows the intuition drawn from the helicity decomposition of
massive gravity [46] (see also [44, 45]), beginning with the definition

O(MAZ,) + OuAPO, Ay

f;w[A] = Nuv +2 A2 A4 )

(2.1)

where A is an energy scale that will ultimately control the strength of the vector self-

interactions. Although reminiscent of the Stiickelberg metric of massive gravity, we emphasize

that we are ignoring gravity for the moment and therefore f,, here is simply a Lorentz tensor.
For later convenience we introduce

1

¢“=$“+A2

A (2.2)

so that f,, may be written as
f;w = au¢aau¢bnab . (2'3)

The dependence of ¢® on the coordinates x® might naively suggest a breaking of Poincaré
invariance. However, the quantity we shall use as a building block in the Lagrangian is f.,
and this is manifestly a Poincaré-covariant object as is clear from (2.1).



Next we introduce the tensor K, defined as [44, 47]

KF, =Xk, =6, (2.4)
o
with X% [A] = ( - f[A}) e XM XO — o (2.5)
In four dimensions, the PN theory for the vector field A, is then expressed as [43]
4
Lon[A] = A Y an(X)L,[K], (2.6)
n=0
where the nth order PN term is defined by
1 v 1%
En[]q P (4 - n>'6#1 Hnfn4-1 “451/1 Vnling1 #n]C 1‘u1 I n“n’ (2.7)
or more explicitly
Lo[K] =1, (2.8)
L1[K] = K], (2.9)
£20K] = [K]? — [k, (2.10)
L5[K] = [K]” = 3[K][KC?] + 2[K7], (2.11)
L4[K] = [K]" = 6[KJ*[K?] + 3[K°]” + 8[K][K?] - 6[K7] (2.12)

and we use the notation [K] = tr(K) for the trace. In (2.6) the PN terms are multiplied by a
set of coefficients ay,(X) which are arbitrary functions of

1
In our conventions, X, o, and L, are all dimensionless quantities. Note that Ly is just a
constant, so that the product og(X )Ly = V(A*A,) contains the standard potential of the
vector field. In order for the trivial vacuum (A,) = 0 to be a consistent state one should

demand that aq have a non-zero quadratic contribution, i.e. ag O —3(m?/A*)AFA,,.

Null eigenvector. PN and GP are two inequivalent theories of a ghost-free massive vector
field. It is natural to ask whether an extension of PN could be implemented in such a way
that it would encompass both PN and GP. The two models realize the Proca constraint
in very different ways, as can be seen at the level of the null eigenvector (NEV) of their
respective Hessian matrices. As reviewed in the introduction, in GP theory the interactions
are constructed in such a way that their NEV corresponds to the direction (1, 6), meaning that
(in some frame) the component Ay of the vector field is non-dynamical, just like in the linear
theory. On the other hand, in PN theory the constraint is realized through a field-dependent
NEV. Indeed, it was shown in [43] that the vector

VIN(A) = (X H%8,6, = (X 1)K (77“” + A128,,A,L) , (2.14)
is the non-perturbative normalized time-like NEV of the PN Lagrangian (2.7), i.e. VaPN satisfies
HWPVEN =0, (2.15)
and n“bVaPNVbPN = —1, with H* denoting the Hessian matrix of time derivatives,
HW® = 8?57”? . (2.16)
0A,0A,



2.2 Extended Proca-Nuevo theory

The PN model defined previously is special due to its link to massive gravity, but it is actually
straightforward to include additional interactions within the same class. The main observation
is that any operator that leaves the Hessian (2.16) fully invariant can be added to the theory
without affecting the form of the NEV. In 4D there exist precisely five operators built out
of the tensor 0 A, that respect that condition, namely the operators d, (X)L, [0A], defined
according to the rule in eq. (2.7).

Although the £,[0A] operators are total derivatives and thus trivial in isolation, when
added to the Lagrangian with a field-dependent coefficient, they produce non-trivial phe-
nomenological effects, while being trivial at the level of the Hessian. These operators are
precisely those that define the novel derivative interactions of GP theory (with the exception
of L4, on which we will comment later). What we have uncovered here is that they may be
added to the complete PN Lagrangian without thwarting the constraint structure. It is worth
pointing out that the other members of the GP class, namely those that are not constructed
solely in terms of elementary symmetric polynomials of 9*A,,, do in general contribute to the
Hessian matrix and can therefore not trivially be added within this set-up.

We note that some redundancies are introduced through the construction we have just
outlined: (i) L£o[0A] is a constant, therefore its coefficient will contribute to the non-derivative
potential and hence can be absorbed into «y; (ii) because of the identity

it follows that only three among the four remaining terms are linearly independent from the

PN operators; (iii) moreover, it has been proved [42] that f(X)L4[0A] is a total derivative

for any function f, therefore this term is always redundant. However, properties (ii) and

(iii) hold only in flat spacetime, and are no longer true in a generic curved background upon

replacing 0A — V A. Since our aim is to use this set-up as a starting point for building a

covariant theory, we are thus led to consider all four GP terms £;[0A] through £4[0A].
With these considerations in mind, we now introduce the following Lagrangian,

n' , (2.17)

L£.]04]
A2n ’

4
Lepx = A (X)L, [K[A]] + A* Z d( (2.18)

n=0

which we refer to as “Extended Proca-Nuevo” (EPN) theory. In four dimensions, it includes
four additional arbitrary functions, d,,(X), besides the original «,,. Note that we have allowed
for the possibility for the two families of operators to enter at different scales, namely at
the scale A and A, and denote as K and X the same quantities as defined previously but
suppressed with the scale A.

Obviously, the difference in scaling could be absorbed into the functions «,, (and we
will do so later), but for now, we keep treating both scales independently as the relation
between them can be used as a “dialing” parameter to interpolate between the respective PN
and GP Lagrangians. In this sense, PN provides a perhaps unexpected link between the two
previously known models.

This interpolation between PN and GP is seen most explicitly at the level of the NEV.
Given that the additional d,,£,,[0A] operators do not affect the Hessian matrix, the NEV of
EPN coincides with that of PN defined above in (2.14). Denoting as VEPN(A, A) the NEV of



EPN, it is straightforward to check that
VaEPN(Aa A) = VaPN(A) ) (219)

where the NEV for PN is defined in (2.14). In the limit where A — 00, keeping the vector
mass and the scale A fixed, we have x*,(A) — 6., so it is clear that we recover the respective

GP and PN null eigenvectors by taking the following limits for A

N A—o0 2.20
VaEPN(A, ) —— VaPN(A) , (PN case) ( )
A—A

VEPN(A A) —— (1,0), (GP case)
A

that is, the NEVs of GP and PN are obtained from the NEV of EPN in particular limits.

Let us emphasize that the GP limit is however non-trivial. Even though the limit A= oo
is well-defined and unambiguous at the level of the NEV, taking that limit at the level of the
Lagrangian is on the other less trivial. Nevertheless, it is straightforward to see that one can
indeed isolate all the £, (0A) GP operators via this procedure so long as the scale A and the
vector mass are both kept fixed in that limit. See appendix A for details.

Having understood the relation with GP, we will focus on the full EPN theory for the
remainder of the paper and without further loss of generality, we may set A = A.

3 Coupling Extended Proca-Nuevo with gravity

As the theory of a Lorentz massive spin-1 field, the previous section naturally constructed
the EPN theory on Minkowski, where the symmetries of the Lorentz and Poincaré groups
make sense. However, in order to make contact with astrophysics and cosmology, we can also
attempt to first extend the theory on arbitrary curved spacetime-dependent backgrounds and
then further include the coupling with the gravitational dynamical degrees of freedom in the
constraint analysis. We will address this by studying the existence of an NEV associated with
the Hessian matrix of the covariantized version of the theory.

We will first prove that the suggested covariantized version of EPN does possess an NEV
on any arbitrary curved background metric no matter its spacetime dependence. However,
this vector fails to be an eigenvector as soon as the metric is taken as a dynamical variable.
By itself this simply indicates that the vector ought to be modified to include the non-trivial
mixing with gravity, however, any modification of this vector would necessarily result in a
non-vanishing eigenvalue and hence a breaking of the constraint. The presence of an additional
degree of freedom is then inexorably linked to this loss of constraint, and standard analysis
shows that when such additional degrees of freedom enter, they are always of ghostly nature.
However since this loss of constraint is related to the mixing between the gravitational degrees
of freedom and the Proca field, the resulting effects are Planck scale-suppressed. Moreover, we
will see that the case of FLRW (Friedmann-Lemaitre-Robertson-Walker) spacetime is special
in that the additional degree of freedom is absent due to the isometries of the background so
that the issue can be evaded at that level. This statement is strengthened by the fact that
linear perturbations on cosmological backgrounds are free from any additional ghost degrees
of freedom as will be shown explicitly.



3.1 Covariant EPN theory
We define the covariant EPN theory by the action

M2
S = /d4m\/—g (; R+ LgpN + ﬁM) , (3.1)

where R is the curvature scalar, £y is the matter Lagrangian and

Lipn = _i FW Fy+ A (Lo + L1+ Lo + L) | (3.2)
with the definitions
Lo = ao(X), (33)
£ = n (X)L + (X)L (3.4
£2 = (02(X) + do(X)) 5 + 0 x (X) £2[K] + do x (%) 24 (35)
£ = (a0 + () Y0 ) G~ Saux(LlK] - g COENAL (0

Here the subscript X on the coefficient functions denotes differentiation w.r.t. X. While the
Einstein-Hilbert term could be absorbed into the definition of as or do, we have chosen to
write it independently in order to distinguish the Planck scale from the scale controlling the
EPN interactions.

Some comments are in order regarding our definition of Lgpn. First, the Lagrangian
includes non-minimal coupling terms, proportional to R in £o and to the Einstein tensor G,
in £3. These are motivated by the known non-minimal couplings of GP theory [29]. Second,
and also related to the question regarding non-minimal couplings, our Lagrangian omits the
L4 term that was present in flat spacetime. As remarked before, this term does not belong
to the GP class and neglecting this term has the advantage of simplifying the analysis of
cosmological perturbations, which is our main scope.

3.2 EPN on an arbitrary background

Before proceeding with the constraint analysis of the covariant EPN action defined in (3.1),
we make a brief digression here to point out that EPN admits a simpler covariantization in the
case when the metric is non-dynamical (in the sense that we do not include the gravitational
degrees of freedom in the counting of degrees of freedom), yet with a background spacetime
that is arbitrarily curved. Indeed, in this situation, the minimal coupling prescription applied
to the full flat-space Lagrangian, eq. (2.18), is already enough to furnish a fully consistent
theory. The proof is similar to that used in [43] to establish the consistency of PN theory
in flat spacetime, i.e. through the explicit construction of the NEV of the Hessian matrix
associated to the Lagrangian.

Unsurprisingly, this NEV is nothing but the minimal covariantization of the flat-space
NEV. Starting with the vector field we define the auxiliary metric

VA | 9°VudaVo Ay
A2 Ad ’

f;u/ =g + 2 (37)



where the covariant derivatives are taken with respect to the arbitrary metric g,, and
the tensor

w
xr, = ( g‘1f> : (3.8)
The claim is that the vector
—1,0 a gaﬂ
V’u — (X ) o (5 o + F VBAH 3 (39)

is the desired NEV. We will prove this here for the EPN term L;; the proof for the other
terms can be found in appendix B.1.

As explained previously, the “extended” terms £, [V A] do not contribute to the Hessian
matrix (again, in the absence of dynamical gravity), so it suffices to focus on £;[K]. Actually,
it is more convenient for the proof to consider instead £1[X], which entails no loss of generality
given that the set £,,[K] is linearly related to the set £, [X]. Note that this statement is only
true for the complete sets of operators L, with n going from 1 to 4. However, we prove in
appendix B.1 that the vector V# is the common NEV to each £, [X], including £4[X], and
hence it is also the desired NEV for each £,[K].

We then define, for each £,,[X], the associated canonical momentum conjugate to the
vector field as

oL, |X
p{ = A48A[a L (3.10)
and the corresponding Hessian matrix
(n)
(n) _ Opa

Hoy = 515 (3.11)

For £1][X] we find p((ll) = A%V, and therefore

2 [’

(o _ 2oy A0V, 3.12
Fas 0AP 2 0AP ’ (3.12)

which follows because V, V¢ = g% is independent of the vector field velocity. A similar proof
applies to the other £, [X] terms, see appendix B.1 for details.

3.3 Coupling with gravitational degrees of freedom

We now extend the previous analysis to accommodate a dynamical metric, in the sense where
the dynamical degrees of freedom of the metric are included in the constraint analysis. While
the degeneracy of the full Hessian matrix is preserved by the £; EPN term upon minimal
coupling to gravity, this property will be shown to fail for the other covariant EPN terms,
Lo and L3, with or without the GP-inspired non-minimal couplings. Once again, because
the GP-like contributions £, [V A] (with the appropriate non-minimal coupling terms) are
known to be ghost-free, it suffices to focus on the PN terms, and without loss of generality we
consider the set £,[X] instead of the set £, [K].
To proceed, we start by decomposing the metric in ADM variables,



where N is the lapse, N? is the shift (defined with an upper index) and 7;; is the three-
dimensional spatial metric, used to raise and lower indices on any spatial tensor. The vector
field is parametrized by the time and spatial components of Ay, related to the original field via

A, = Mu”A;, (3.14)
with '
, [N N*

Mu = <0 6;) . (3.15)

Even though A, and A; are not linearly related (because M," is time-dependent), the
corresponding conjugate momenta do satisfy a linear relation,

0L, [X]
*(n) _ A4 n o v n
and similarly for the Hessian submatrix
(n) ap/*‘(n) (n)
Hu' =570 = M?, M, H . (3.17)

The full Hessian matrix of field velocities is now a 10 x 10 matrix spanning the four
components of the vector field A} and the six components of the spatial metric. In this

analysis, we ignore the lapse and shift since it can be shown that no instance of N and N*
appears in the Lagrangian after performing the redefinition A, — A}, [48].
We claim that a natural candidate for the Hessian NEV of the covariant EPN theory is

v=(v,0). (3.15)
where the null entry runs over the metric components and
V= (M_l)# v,. (3.19)

The vector V indeed annihilates both the pure vector and pure metric subsectors. The latter
property is trivial, while the former holds because

WV = MPHIV =0, (3.20)

where the last equality follows from the results of the previous subsection. Thus the outstanding
question is whether V annihilates the mixed vector-metric components of the Hessian.
It is easy to verify this for the £1[X] term. Defining

*(n) _ Opu
= 321
we have )
n
*(n)y e _ OPu oo
’Hu’ij V= 9377 VH, (3.22)
and in particular for n =1
2 (o
*(1) * :A2 OVa o Aia(vav ) — 2
HWJV —ij 5 78&” 0. (3.23)



Therefore £;[X] defines a consistent ghost-free theory when coupled to dynamical gravity.
Since V is proven to be the null eigenvector for £;[X], we can directly infer that if V fails to
also be a null eigenvector for any other £,,[X], then irrespectively of what the appropriate
eigenvectors would then be, it cannot be a null eigenvector for all £,,[K] and thus the constraint
will always be necessarily lost for generic theories given by (3.2). And indeed, as it turns
out, when considering £2[X] and £3][X], we can show that in the absence of any non-minimal
couplings then ”H:(Z V* £ 0 for n = 2,3 (see appendix B.2 for the explicit expressions).

At this stage, this means that the covariant theory must necessarily include non-minimal
couplings between the vector field and the curvature, unsurprisingly since we know this to be
the case in the simpler GP theory. Our proposed covariant version of EPN theory, eq. (3.1),
contains the non-minimally coupled term

Eénon_mm) = ag x La2]X] + % R. (3.24)
As is shown in appendix B.2, while the vector V fails to be a precise null eigenvector for
the resulting Hessian matrix, our claim is that the addition of the curvature scalar operator
allows us to consistently apply our model to cosmology.

The first virtue of the above choice (3.24) of non-minimal coupling is that Egnon_mm) is
indeed degenerate whenever the tensor VA, is symmetric. For instance, this is the case for

the cosmological backgrounds that we are interested in, namely the FLRW metric
gudrtdz” = —dt? + a®(t)d;;da'da’ (3.25)

and the vector field profile
Aydat = —¢(t)de. (3.26)

In fact, for this background, the absence of additional degrees of freedom can be seen very
directly by noting that!
K, = % VFA,, on FLRW. (3.27)
It follows that L,[K] = L,[VA]/A?" for this background, implying that the EPN theory
actually reduces to a subclass of GP theory when restricted to FLRW, however the per-
turbations themselves differ quite significantly. Yet, we will confirm in section 5 that the
Lagrangian (3.24) propagates the correct number of degrees of freedom also at the level of
general linear perturbations about this background, where the equivalence between EPN and
GP no longer holds. Although reassuring as an explicit check, let us emphasize that the
presence of a constraint and absence of additional Ostrogradsky ghost was indeed expected
given our proof that the NEV V indeed annihilates the Hessian on the FLRW background.
We can also extend the derivations beyond cosmological backgrounds, and another virtue
of the above choice of non-minimal coupling is( t)hat when expanded perturbatively in higher-
2

dimensional operators, the matrix product ’H(

nonfmm)v correctly vanishes at leading order,

but does not vanish when the two operators in (3.24) are taken separately (see appendix B.2).
Since the constraint is present at leading order in an operator expansion and only gets broken
at higher order, it is in principle possible that the addition of new higher-order curvature terms
could cancel the leftover, and so on in a perturbative fashion. Such precise constructions are
however beyond the scope of this work and are kept for a future work. Note however that the

'With some abuse of terminology, we will refer to the background defined by egs. (3.25) and (3.26)
as “FLRW™.
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scale at which the vector V ceases to be a null eigenvector is crucial. The loss of constraints
is related to the presence of operators that mix between the gravitational and vector degrees
of freedom. Following the result presented in eq. (B.25), and using the fact that at leading
order the momentum is given by py, = A(’;ég, we can infer that at the level of the Lagrangian,
the loss of constraints is associated with an operator which behaves symbolically as

1 ...
Leghost ~ Pﬁ” A Fo; Aj + higher-dimensional operators . (3.28)

This term would be irrelevant if the gravitational degrees of freedom were not considered as
dynamical, so including the gravitational tensor modes hy and the vector fluctuation JAg,
this corresponds to a ghostly operator of the form

1 . .- -
Lehost ~ —5——h10 A Fo; A; + higher-dimensional operators. (3.29)
A2Mp
Remaining on the conservative side, this implies that a background configuration with vector
vev A and field strength vev F' would excite an additional ghost degree of freedom Yy, entering
as A§ ~ X/m at the symbolic cutoff scale
A2Mp1ﬁ’b

ost ™ = = 3.30
Mghost AT ( )

where m is the mass of the vector field on the background in question, and A | is the dynamical
part of the vector field. In particular on any background where the field strength tensor
vanishes (i.e. where BMA,, is symmetric), we recover the absence of ghosts, as is the case
on the cosmological background we shall have in mind. Note that these considerations are
meaningless on backgrounds where the vector field mass happens to vanish, m = 0, since
the helicity-0 mode is then infinitely strongly coupled. On a background where A ~ A
and F' ~ 9A| ~ mA, the mass of the would-be ghost would be of order Mp;. We refer
the reader to [49] for further details on the question of ghosts and matter couplings in
gravitational theories.

All the previous considerations also apply to the EPN term L3 and its associated non-
minimal curvature coupling as given in (3.1); details can be found in appendix B.2. The
upshot of this analysis is that our proposal for a covariantization of EPN theory, while not
successful in complete generality, does indeed define a consistent cosmological model insofar
as the number of degrees of freedom is concerned and as long as one is interested in linear
perturbations about cosmological solutions defined by egs. (3.25) and (3.26).

4 Special model without non-minimal couplings

We introduced in eq. (3.1) what we have argued to be a natural first step in the covariantization
of the flat-space EPN theory derived in section 2. We will refer to this Lagrangian as the
“general” model, because it reproduces all the operators in (2.18) in the flat space limit (with
the exception of £4[K], which we omit as previously explained). We will study this general
model in the next section.

In the present section we focus instead on an alternative covariantization in which
all non-minimal coupling terms are omitted. We recall that in our analysis of the Hessian
matrix we found that the non-minimal couplings were in fact necessary for the NEV ansatz
to succeed at leading order in a standard EFT operator expansion. While this statement is
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true generically, there remains the possibility that other covariantization schemes may exist
when the theory is restricted by a specific choice of the coefficient functions «,, and d,. In
this section we show that this is indeed the case.

The “special” model we consider is defined by the action

N M2 R
S = /d4:m/fg <2m R+ Lrpn + EM> , (4.1)

where we use a hat to distinguish it from the general model in eq. (3.1). Here again R is the
curvature scalar, L, is the matter Lagrangian, and the special EPN Lagrangian reads

L= —i PP B+ N (Lo + L1+ Lo + £3) | (4.2)
where
Lo = ap(X), (4.3)
£y = (D) [K] + (0P (4.4)
£y = azx(X) (cg[zq - 525‘4]) , (4.5)
Fy = —éagyx(X) (cg[zq - 'CS[AZA]> (4.6)

We remark that this Lagrangian can be formally obtained from that of the general model
by setting do = —an, do x = —an x, d3 x = —a3 x and a3z = 0 = d3. But we emphasize that
this is only a formal procedure, since the latter two conditions are obviously inconsistent
as functional relations (except in the trivial case az(X) =0 = d3(X)). With this choice of
coefficients, the model has the advantage of being particularly simple, having no non-minimal
couplings between the vector field and the metric and with comparatively few free coefficient
functions. The precise constraint analysis for this special model is performed in details in
appendix B.3. It follows the precise same pattern as that discussed previously in the more
general case in section 3, and in particular the exact same conclusions as those of subsection 3.3
hold here upon accounting for the dynamical mixing between the gravitational and vector
degrees of freedom in this special example. Note in particular that this special model is free
of ghost on cosmological backgrounds.

In the following subsections we derive the equations governing the dynamics of the
FLRW background (defined by egs. (3.25) and (3.26)) and of its linear perturbations. The
matter sector is assumed to be a perfect fluid, although at this stage we do not specify its
equation of state. As expected, our analysis recovers the correct number of propagating
degrees of freedom on this cosmological background. In the last subsection we consider an
admixture of pressureless matter and radiation, and then solve the background equations
for a particular choice of the EPN coefficients. We further show that, for this particular
choice, all the stability and subluminality conditions for the perturbations are satisfied. The
proposed example thus provides a proof of principle that a heathy candidate for the Big Bang
history of our Universe can be accommodated within EPN. This model does not rely on the
presence of any cosmological constant, but rather with the presence of non-trivial Proca field
self-interactions that enter at a technically natural scale [27].
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4.1 Background

We proceed by deriving the background cosmological equations of motion. We focus on the
FLRW metric

ds® = —~N2(t)dt? + a?(t)8;;da’da? | (4.7)

with the vector field profile
Aydat = —(t)dt. (4.8)

The equation obtained from varying the action with respect to the lapse yields the modified
Friedmann equation

H? = —— (par + pEPN) (4.9)
3M1;2)1

where from now on we may set N = 1 and where

. 2 H 3
pEpN = A* [—Oéo + ao,x% + 3 (a1,x +di.x) A(i] ;

(4.10)
is the effective energy density of the vector field. The Friedmann equation may be combined
with the equation that follows from varying the action with respect to the scale factor a(t) to
produce the modified Raychaudhuri equation

a . 1 .
S =H+H?’=- —— b 3Py + 3P, 4.11
a + 6M1§1 (PM + PEPN + 3P0 + EPN) ; ( )
where )
Y %9
Pepn =A% fao — (a1,x +dix) S| (4.12)

is interpreted as the effective pressure of the vector condensate. Finally, variation with respect
to ¢(t) gives

Hg
A2
which is however not independent of the other two as a consequence of the Bianchi identity.
The fact that eq. (4.13) is a constraint, enforcing an algebraic relation between H and ¢, is
no accident but follows from the precise form of the Lagrangian of the special model.

@o,x +3(a1,x +di x) =0, (4.13)

4.2 Perturbations
4.2.1 Definitions

Next, we introduce perturbations about the FLRW background, following [15, 16]. Metric
perturbations in the flat gauge are composed of two scalar modes « and Yy, one vector mode
V; and one tensor mode h;;. The line element reads

Oix
Mpy

Q 2 . hi; S
detde” = — (1 42— ) dt? ( V)dtdz 2t<6-- ”)d’dﬂ.
Iy L (+MP1> +Mpl Fab 7 (i) Z]+MP1 e
(4.14)
The vector mode is transverse and the tensor mode is traceless and transverse, so that they
each have two degrees of freedom. In here and what follows, spatial indices ¢, j, - - - are raised

and lowered with respect to the spatial Euclidean metric ;.
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The vector field A, is parametrized by two scalar perturbations ¢ and xy, together
with a (transverse) vector mode Z;. The perturbed vector field is then defined as

A® = ¢(t) + 69,
i L o
A :a25]<azj—

a oV + anV> ‘ (4.15)
Mpy A
The appearance of V; in the vector field perturbation may appear as unnecessary at this stage
but will prove convenient later and prevent the need of additional field redefinitions.

For the perfect fluid matter we use the Schutz-Sorkin action [50],

Sm = — /d4x [\/TQPM(”) + J* (8#1 + A"a“Bi)} : (4.16)
Here
n— J’"‘gJu , (4.17)

is the fluid number density, whose background value is given by 7 = ANy/a®, with Ny a
constant. The current J* is decomposed as

JY = No+ MEsT,
_ Mp

Jt= ?5% (Ok6j + MpiWy) | (4.18)
where 0J and dj are scalars and Wy, is a transverse vector.

The scalar [ in (4.16) is such that on the background,

- 0

B0l = —prtm = _%, (4.19)

and we define its scalar perturbation v by

¢

PMnV
l:_/ parndt — MY (4.20)
8 Mg,
and note that on FLRW we have
P P,

:PM-L- M_a3PM+ M (4.21)

pM,?’L 0 - NO
Finally, the vectors A; and B; are also transverse. The canonical choice for their associated

perturbations d.4; and 6B; reads

0A; oB;
B; = Mpx; .
Mpy’ i PIT; + Mo,

For later use we note that the normalized 4-velocity of the fluid can be found by varying
the action (4.16) with respect to the current J#, with the result

A=

(4.22)

_ Ju _ 1 . i
and wu; can be further split as
o;v v;
= — — 4.24
YT TR T My (4.24)

where v; is transverse.

In the rest of this subsection we compute the quadratic part of the action for all
perturbations, respectively for tensor, vector and scalar modes, and determine the conditions
for every dynamical mode to be stable.
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4.2.2 Tensor perturbations

The quadratic action for the tensor perturbations is given by
&2 LT, 1 2
S = /d4:v a3§ { y— -2 (Okhig)™| (4.25)

We see that, in the special model, the EPN dynamics does not affect the quadratic action for
the tensors, which are therefore entirely determined by the Einstein-Hilbert term. Thus not
only is the tensor sector of (4.1) free of instabilities, the speed of propagation of gravitational
waves in this set-up is also exactly luminal. This is an interesting property considering the
fact that the vector field, even though minimally coupled, still interacts non-trivially with the
metric.? Having the same dispersion relation as that of GR is of course also a phenomenological
virtue given the recent experimental measurements on the speed of gravitational waves [51].

4.2.3 Vector perturbations

For the vector sector it is convenient to consider first the matter action (4.16). Expanding to
quadratic order in perturbations we find

@ _ [qa, L | PMn (ys0s N2l o o Mp\ s o
Sily = / Atz Wz l 20PN (Mp1Wz+aJ\/o‘/z) 50 PV <N053z+ 2 Wi| 04|
(4.26)

in agreement with [16]. We now proceed to eliminate the non-dynamical variables so as to
identify the dynamical degrees of freedom. Varying (4.26) with respect to W; we have

_ N() (5./41 - vana]\}[/;)

i 4.27
pvn My ( )
Plugging the definitions of §.4; and 658; in eq. (4.22) into eq. (4.24) we find
PM Vi
0A; = ———, 4.28
Mo (4.28)
and hence IV
0

Varying (4.26) with respect to §.A° we get

0B;
v=al|lV;—a . 4.30
(vi-eip) (4.30)

Combining these results we may integrate out W; and d.A; to obtain

3 5\ 2
@ _ g4, % 1 Py (Vi 2B} — o002 4.31
SMv / T3 M (or + Pur) | Vi Mo pmVi| - (4.31)

2Indeed, it can be checked that the speed of GWs will differ from unity if one were to “detune” the relative
coefficients between the operators in the L2 or L3 terms in the Lagrangian (4.1). It is also worth remarking
that the property of luminal GWs is not an accident stemming from the symmetries of the FLRW background;
in particular, we have checked that it also holds for a static spherically symmetric background.
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Collecting eq. (4.31) with the expansion of the vector part of the EPN Lagrangian we arrive at

3
S‘(/Q) = /d4x%

N
o 1 A ~ 1 +P oB;
QVZE—Cﬂcl(az‘zj)z—HZCﬂer2@2(31“/})2+(pM ) (Vra )

(4.32)

Note that to obtain this expression we made use of the background equations of motion. The
coefficients appearing in (4.32) are given by

. 1 H¢ H¢ H¢

qul_.{a 2(1 2) X2 (2_)“}, (4.33)
2 (14 252) A2 ) OBX TN A2 )7

; 1 Ho+¢ He¢ (. Ho\ ¢

61—1—2(1+ d’) 041—2<1— A2 >a27X+<A2 —|—<1 A2)A2>a3,xl , (434)

R o(gvH) ¢

C2:2<fv+t(2/2)+52 (a1,x +dix) . (4.35)

The action (4.32) describes two dynamical vector modes, since it is clear that V; is non-
dynamical and may be integrated out (although the solution of its equation of motion involve
non-linear instances of the 3-momentum). This integration could be performed formally but
for what interests us here, namely the Proca vector mode Z;, this degree of freedom is fully
decoupled from V; and dB;, which are moreover independent of the parameters of the EPN
model and thus evolve exactly as in GR.3

Focusing then on the Z; mode, from (4.32) we immediately infer the dispersion relation,
with sound speed and effective mass being given by

¢ C
e =1 md = H>Z2 . (4.36)
qv’ av
Stability under ghosts and gradient modes then imposes the conditions
qv >0, G >0. (4.37)

One may in addition ask for tachyon modes to be absent, which would then also require Cy > 0.

4.2.4 Scalar perturbations

Turning next to the scalar sector, we start again by expanding the matter action (4.16) to
quadratic order. It proves useful to introduce

pMn pm + Py

noa’

0J =

Spar = 57, (4.38)

in terms of which the scalar part of the action takes the form

_ 2
MS_/d4 [ 1%15M5ﬁ <8i5j+a3n8ix> + 'OMn 85]8 v+a vépM 3MH’U(;,0M
Mmn

angélpM nn a’py (6')()2
—— T PIPIR 552 a3 Mpiad 2_t 4.39
2p%\/17n Py —a PIQOOM + 2]\4%)1 a a2Mf2’1 ) ( )

3The resulting action for dB;, after integrating out V;, is given by

3 3 2
@ _ &’k a k?/a?
KE _/dt(zw)3 1 K2ja? + M2 M§1|“56|

where M? = 2(pa + Pur)/Mz,.
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where o
C?\/[ _ NPMnn ’ (440)
PMn
is the squared sound speed of the fluid in pure GR. It also corresponds to the sound speed in
GP theory and, as we will see, in the EPN special model, but not in the general model.
We may already integrate out at this stage the scalar mode dj. From its equation of

motion we get
5j = —a® T (v %) | (4.41)

and substituting into (4.39) furnishes

_ 2 — 2
@) _ /d4a:a3 l_an,n (Oiv) N <an,n8 X 5pnr — SH(1 +C?\4)5,0M> v

2Mf§1 a? Mf%l a?
2 a4 2
e Mp, S 2 _ Moad PM 2 (O0ix)
- == — — 4.42
Dripag, M) T MP0pa Gy | O e (4.42)

This result is to be combined with the expansion of the EPN Lagrangian. We eventually
obtain (using again the background equations of motion)

- 2 - 2
2) = /d4:c a? {—an’n (8”2)) + [an’n 8a2X —0pyp —3H(1 + c?w)épM] v

2Mf1)l a Mél
2 4 2 2
_ _M""P1 — M, —
2nppn (91r) PLOOPM = s a? Mg, e Mg,
5o 22(0¢) . 8% %y «

_ 27 4.43
[(3]‘](&}1 204) # w3 2o — W3 PEFY +w 6a2A Mo, ( )
@3 (Bi09)* . (99> L. >(9¢)

U 2e T T [(w2 + @6p) 1 — 31#} A
b3 (00) @7 (0 5o\ 02

_w32(21/1)2 +w(21/1)2+< @ 2¢> x|
4¢?% a?A 2 a?A ' M) ¢ ) a® Mg,

for the complete quadratic action of scalar perturbations in the special model. Here we
introduced

A
Y=xv+ M—l%lqu, (4.44)

and the (time-dependent) coefficients &7 are given in appendix C.1.

We observe that the action (4.43) has the same structure as the quadratic scalar action
derived in GP theory [16], only with different &y coefficients. We emphasize that this is a
non-trivial result since the special model (4.1) is manifestly not of the GP class. Indeed, if
one were to “detune” the operators in Lo and L3 in (4.1) then additional operators would
appear in (4.43). These extra operators modify the degree of degeneracy of the equations of
motion and, as a consequence, additional degrees of freedom become active.

To see that the action (4.43) propagates two dynamical modes one can simply analyse
the resulting equations of motion,

2 R A2

J
(3Hw; — 2w4)—¢ — 24—+ MR 0pns + e Y+ wlmx —weAyY| =0, (4.45)
Pl

0] M
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(par + Par) d¢

v+ a4+ Mpioo— =0, 4.46
Mo, 1 PIC2 (4.46)
a s¢  K* 1. . A? A Y
(3Hw1—2w4)M—Pl—2 o T an §y+w2M—%x—§(w2+we¢)$ =0, (447

R WA G N T (22 150}~

H+<1 H¢>y+ { ¢+2w7A + g 2MP +0¢ (4.48)
k2 P

Spn +3H( +)dpar + 7M(v +x) =0, (4.49)
a? M,
4

aMpy + 2 3HU—|—75 —0=0, 4.50

Pl M( v+ Por) PM) (4.50)

respectively for «, x, do, ¥, v and dppr, and we defined

A:Ai ap Y
V= <5¢+2MP1 A). (4.51)

It is straightforward to show that these equations can be solved algebraically for «, d¢, x and
v in order to be left with a system of two second-order differential equations for ¢ and dpp;.
This completes the proof that the special EPN model exhibits the correct number of degrees
of freedom in the tensor, vector and scalar sectors.

To study the stability of the propagating scalar modes we integrate out all the non-
dynamical variables. The resulting action is formidably lengthy, but for the purpose of
deciding whether the fields exhibit ghost- or gradient-type instabilities it suffices to focus on
the short wavelength limit £ — oco. In this regime, the action can be recast in the form

N R N S " W
SP) — / d'za’® [QtKQ — <M - 2G’> Q- QtBQ] , (4.52)
a
where Q! = (¥, 6ppr/k) (note that 6py; has mass dimension 2, hence the rescaling by k). For
brevity we omit the explicit expressions for the matrices K M G and B but let us remark
that they are independent of k (again in the limit k£ — o0).

Absence of ghosts requires the kinetic matrix K to be positive definite. Thanks to the
special form of the Schutz-Sorkin action it turns out that K is diagonal [52, 53], and we find

Oy — MZ,H? 302 + AME04 Osar = a® Mg
VT A2 (wy — 2wp)? ’ 2 (pm + Py)’

(4.53)

for the eigenvalues associated to v and dpps, respectively. Positivity of Q&M requires
pyv + Py > 0, ie. the (strict) null energy condition, while the condition Qs,zp > 0 is
equivalent to

30F + 4MBE G, > 0. (4.54)

Absence of gradient-unstable modes requires the sound speeds square to be positive.
From the dispersion relation,

2
det [L:Pf( — (M - ZG)] =0, (4.55)
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we obtain that the fluid propagates with speed c%/[, as previously claimed, while the Proca
scalar mode v has

A

&, = ! a (4.56)
Y MR H2¢2 8Gy (303 + 4M20g)
where
[ = 20203 (par + Par) — ©3(61 — 2009 ) (6102 + (01 — 206 ) (i — ) — 03(20301 — &%)

+ (1 — 209) 2 (306 + P(203007 +D32)) + D109 (al@ + (&1 — 209) <2¢a6 —a@,z)) .
(4.57)

Note that gy > 0 is already required by the stability of vector perturbations (cf. eq. (4.33)),
while 307 + 4M3,&4 > 0 from the above no-ghost condition. It therefore suffices to impose
' > 0 for Laplacian instabilities to be absent.

While tachyonic instabilities are less concerning — on the contrary, they are potentially
interesting — later we will also examine the effective masses of the scalar modes. The
expressions are somewhat lengthy and so we leave them for section C.2 in the appendix.

Having derived the stability conditions for all the dynamical modes, the outstanding
question is whether there exist choices of parameters of the special model Lagrangian such
that all the criteria are satisfied while providing a consistent cosmological history. In the next
subsection we show that this is the case.

4.3 Cosmology of the special model
4.3.1 Background

Having established that the simple model we analysed could be stable on FLRW, we can push
analysis to whether it could be relevant for the cosmological evolution of our Universe. For
this, we specify the matter perfect fluid to be a mixture of pressureless matter and radiation,
respectively denoted by subscripts “m” and “r”, i.e. ppr = pm + pr and Py = P, + P, with

Pn=0 = pm+3Hpn =0,
1
Fr=gpr = pr+4Hp, =0. (4.58)

The effective energy density and pressure of the EPN field were defined previosuly in (4.10)
and (4.12).

We wish to recast the background equations as a dynamical system, again following
the analysis of [15, 16]. As a first step solve for ¢ in terms of H by using the constraint
equation (4.13). Next it is convenient to introduce the density parameters

Pr Pm A PEPN
Q= —— Q= —5——= Q = — 4.59
" T 3MZH?' T 3MEH? PPN M2 H? (4.59)
so that the Friedmann equation reads
QT + Qm + QEPN =1 5 (460)
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which we use to solve for H as a function of Qppx (or equivalently €, + Q,,). At this stage
the scalar field ¢ and the Hubble parameter H are now fully determined by the Lagrangian
parameters, the Planck mass Mpj, the mass scale A and the density parameters.

We are interested in the time evolution of the density parameters Qrpn and Q, (Q,
being trivially determined from these). We employ the e-folding number N = log(a) as the
time variable, with derivatives with respect to N being denoted by a prime. In order to
express QEPN and €2, solely in terms of QEPN and Q, we first use the Raychaudhuri equation
to write the EPN pressure as

. Q,
Popy = 3ME 12 (weﬁ - 3) , (4.61)
where .
. 2H
Weff = -1 - W s (462)

is the effective equation of state parameter of the universe. For later use let us also introduce
the effective equation of state parameter for the vector condensate,

P Weff — =&
WEpN = N — T 3 (4.63)
PEPN QEPN

The only other ingredients we need are the time derivatives pppn and p, which are easily
obtained from the respective continuity equations.
Collecting these preliminary results we get

Q?E]PN = 3weH(QEPN - 1) +Q, = .Fl(QEpN, Qr) ,

e o (4.64)
QT = (3weff 1)Qr = J:Q(QEPNy Qr) .

The precise form of the functions /7 and F2 can only be determined once weg is known in
terms of the density parameters, and for this we need to specify the model.

Before doing so let us comment on the size of the scales involved in the problem. For
consistency we require the cutoff scale A of the EPN sector to be parametrically smaller than
the Planck scale, i.e. A < Mpy. In line with our aim of using the Proca field as the dark
energy fluid responsible for the late-time cosmic acceleration, we take

A~ Ml?’ngS ) (4.65)

where Hgg is the Hubble parameter of the late-time de Sitter fixed point, roughly of the order
of the present-day Hubble constant. Note that this implies Hqs/A ~ A/Mp; < 1. Finally,
we assume the bare mass of the vector field to be of order m? ~ H2y, and for convenience
we introduce

_ m?Mg, -~

Cm =~

1. (4.66)

Although not necessary, we will eventually set ¢, = 1 for the sake of simplicity.
We now specify the parameters of the model by making the following choice:

m2 A4 A2 A4 A2
Qg = —7X, o] = —7b1X2 — 761X, d1 = —7€1X2 + 761X (4.67)
A? MI%I Mlgl Mfl’l MP2’1
A4 A? A4 A?
o x MT%leXz + M—%CQX, and azx = @ngz + M—%C3X. (4.68)
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We leave the constants by, ¢y and e; unspecified for the time being. It is convenient to introduce

Cm
’ 4.69
Y= 30t en) (4.69)

where just like ¢, y is a dimensionless parameter which sets relations between the various
scales in our system. With the benefit of hindsight we set

y= 4\/?. (4.70)

The reason behind this choice is that the effective squared mass of the Proca scalar mode, in
this particular model, generically goes as o< —Hig(y — 41/6/¢m)?/(Qrpn — 1)? near the de
Sitter attractor Qgpn — 1. The tuning in (4.70) then has the purpose of eliminating this
pathological behavior.

From the background equation (4.13) we obtain

o yPAMp

= o
From (4.10) we can also evaluate the dark energy density in the Proca field and its associated
density parameter,

1/3 4/3
prpn = A o ( : ) Qppn = i i ( ; > ’ (4.72)
2\ M3 H? 6 \ MZH?

H (4.71)

Observe that pppy ~ A% when approaching the de Sitter point H — Hyg, justifying the choice
of scales made in (4.67).

From these results we obtain the following expressions for the effective equation of state
parameters:

—40) Q,
e = PN (4.73)
3+ OQppn
R 124 Q, 474)
w B — .
N T 30N

so that the autonomous system determining the evolution of QEPN and €, reads

Ar AQrpn(3(1 — Qrpx) + Q)
EPN = 3+ Ooon ;
) (4.75)
g % (31~ QTA) +130mpN) |
" 3+ QpN

A straightforward analysis shows that this system admits three fixed points corresponding to
radiation domination, matter domination and dark energy domination (de Sitter fixed point).
The results are summarized in table 1. In the last column we show the eigenvalues of the
Jacobian matrix of the system evaluated at the respective fixed points, from which we can
infer their stability. We conclude in particular that the de Sitter fixed point is an attractor.

In figure 2 we show the phase portrait of the dynamical system (4.75), with the radiation,
matter and dark energy fixed points shown as colored dots. The red trajectory is a particular
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Q- Qi QEpN | Wes @EPN‘ eigenvalues

radiation | 1 0 0 3 —L {38,1}: unstable
matter | 0 1 0 0 —% | {4,—-1}: saddle point
de Sitter | 0 0 1 -1 -1 {—4, —3}: stable

Table 1. Fixed points of the autonomous system (4.75), describing the cosmic density parameters
carried respectively in radiation, matter and in the Proca field.
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Figure 2. Phase portrait associated to the autonomous system (4.75). The radiation, matter and dark
energy fixed points are respectively indicated by the orange, green and blue dots. The red trajectory
is a particular solution resembling the hot Big Bang phase of our universe with epochs of radiation,
matter and dark energy domination.

solution that qualitatively mimics our universe’s hot Big Bang phase, starting very close to
the radiation point, flowing toward the matter point, and then asymptotically approaching
the de Sitter point.

The dynamical system (4.75) can also be solved numerically to obtain the time evolution
of the density parameters. Rather than cosmic time we will show the results as functions of
redshift z, setting QEPN =0.68and Q, =10"%at 2 =0 (the present time), approximately
the experimentally measured values. The solution for the three density parameters is shown
in figure 3, along with the effective equation of state parameter of the universe.

4.3.2 Perturbations

Finally we examine the stability conditions for the perturbations as well as their speed. Even
though all the stability conditions are time-dependent, we will evaluate them in the early-
and late-time limits as way to derive a reduced set of algebraic constraints, and then verify
numerically that there exists a choice of coefficients such that the constraints are satisfied at
all times.
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Figure 3. Evolution of the density parameters and effective equation of state parameter weg as
functions of redshift, with initial conditions chosen such that Qpx = 0.68 and Q, = 10~* at z = 0,
indicated by the vertical dashed line.

We already remarked that tensor perturbations propagate exactly as in GR. Starting
then with the vector modes, we evaluate the kinetic term coefficient )y, and squared sound
speed é%/ at both the radiation and dark energy fixed points:

Qv = 1 ;[y:zliéil—i(;biS(bi);?ﬁ?o}lE?fs) 3)] A radiation (4.76)
- 20(1—QEPCN) 40 (Q’”’ (1- QEPN)O) ds,
gl ol i, | dn
0+ %%[(y(lbirfotﬁgggg)ii(;+21gczi)a]a(:3)] (1 - QEPN) +0 (Qr, 1- QEPN) ds. -
4.77

Notice that QV actually diverges while ¢y asymptotes zero when one approaches the de Sitter
point. Such a behaviour can be indicative of reaching strong coupling, however we analyze
carefully the scale at which perturbative unitarity breaks down in appendix D and show that
the model becomes weakly coupled in the asymptotically de Sitter fixed point.

Recalling that we will later set y as in (4.70), the conditions that QV > (0and 0 < é%/ <1
at early times* imposes the constraint c3 < 0, while positivity of Qv at late times is clearly
easy to achieve, for instance by taking all the coefficients b;’s and ¢;’s negative in (4.67). We
will present a specific choice of values below. Note that this choice also ensures that é%/ tends
to 0 from above about the dS point.

The Hubble-normalized effective mass of the vector mode is given, in our example, by

w2 [0+ (2 k) 1 -2)+ 0 (1-9,Ofpy)  radiation

_ y 4.78
H? 5+(’)(QT,1—QEPN) ds. (4.78)

4Note that since the tensor modes behave as in GR in this example and can be trivially decoupled, the
relation between causality and subluminality of the other fields is more straightforward (see ref. [54]).
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Interestingly, the normalized mass of the vector mode approaches zero at early times and
it acquires a Hubble-scale value at late times. Moreover, we will see below that it remains
positive for all finite times, at least for this model and for a certain choice of coupling constants.

Continuing with the scalar sector, we focus on the Proca scalar mode v as its stability
has been shown to be independent of that of the matter fluid. The kinetic coefficient actually
takes a very compact form with no need to evaluate at specific times,

A 48(3 + Q A2
Qs = ( = eN) ( ) ; (4.79)
y2(1 — QEPN)2 MP]
while the expressions for the sound speed at early and late times read
2 %4—(’) (I—QT,Q%/;N) radiation
S ™ 5 y?[y(b1+10ba+8b3)+4(c14+10c2+8c3)]—32 A A
0+ 34y =y b 100+ 8b5)-A(er T 1062+ 5e5) (1 _QEPN) +0 (Qm 1 —QEPN) ds.
(4.80)

We see that Qs,w is always positive, although again we have a divergence about the de Sitter
point. Similarly, ééw is manifestly positive and subluminal at early times, but tends to zero
(while keeping positive values) at late times. As with the vector mode, it can be shown that
this poses no problem, see appendix D.

Finally, the effective mass of the scalar mode is given by

. 200 A3/4 A3/4 s s
m%,w 0— MQEPN +O 1— QT‘) QEPN radiation
2 ) 10 [3v3(b1+10by+8bs)+12y>(c1+10co+8c5)+64]° —96% 4 Lo (Q -6 ) as
e [y(b1+10ba+8b3)+4(c1+10ca+8c3)]2 M2 H2g T EPN :

(4.81)

Having mfw > 0 is clearly easy to achieve at late times, while at early times the Hubble-
normalized effective mass approaches zero. It turns out that fn?g’w actually tends to zero at
early times from below, but being strongly suppressed relative to the time-dependent Hubble
scale shows that the associated tachyonic instability is harmless.

We have argued that all the stability conditions for the dynamical modes can be met,
at least in the epochs of radiation and dark energy domination and the fields are then all
also subluminal. We can further show numerically that there exist coefficients such that no
pathologies arise at any times. One simple explicit choice is

em=1, c=b=-1, forI=1,2,3. (4.82)

The results for the time evolution (plotted as functions of redshift) of the kinetic coefficients,
squared sound speeds and effective squared masses are shown respectively in figures 4, 5 and 6.
The cosmological history is the same as that of the previous subsection, with QEPN =0.68
and Q, = 107% at z = 0.

To summarize, we have demonstrated that the EPN special model, with the particular
choice of coefficient functions given in (4.67), admits a window of parameters such that all
perturbations are free of ghost- and gradient-type instabilities and propagate subluminally.
Although the velocities é%/ and éfw approach zero in the late-time de Sitter limit, we have
given an argument in appendix D which shows that this is not a pathology. Furthermore,
é%/ and 62571# are finite and positive for all z > 0, so all the degrees of freedom behave in a
smooth, stable and subluminal way throughout the cosmological history. While gravitational
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Figure 4. Left panel: kinetic coeflicients of the tensor, vector and scalar perturbations for 1 < z4+1 <
10%. Right panel: the same kinetic coefficients rescaled by an appropriate power of the scale factor a(t)
in order to exhibit their scaling about the dS point. We observe they follow a power law scaling for
small z + 1.
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Figure 5. Left panel: squared sound speeds of the tensor, vector and scalar perturbations. Right
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which we have kept generic in our analysis but have set to 1 in this particular plot.
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waves behave identically as in GR, the presence of the vector and scalar modes could have
intriguing signatures for instance at the level of structure formation. The study of those is
beyond the scope of this work, and saved for future considerations.

5 General model

Having focused on a specific model for sake of concreteness, we now return to the more generic
covariant EPN theory given by eq. (3.1), what we refer to as the general model. Since the
procedure follows a very similar pattern to what was given in the previous section, in what
follows, we will omit intermediate steps in most cases and highlight only the final results. We
also refer the reader to the previous section for our parametrization of perturbations and
other conventions.

5.1 Background

The Friedmann and Raychaudhuri equations take the same form as before,

H? (pm + pEPN) H+H? = (pm + pEPN + 3Py +3PgpN) ,  (5.1)

T 3ME, T 6M2,
with effective density and pressure for the dark energy fluid given by

¢2 H¢3
F+3 (al,X+d1,X) AL

¢2 (Z54 H2
—(ag+d2)+2(az x +do x) ﬁ+(o‘27XX+d27XX) /&4] A2

prpN = A? {—0404-040,)(

+6 (5.2)

2 H3 3
— [5(043,X+d37x)+(043,XX+d3,XX)7;2] Af }:

24 3H2+2H
Pgpy = A* {ao—(a1,x+d1,x) %—M (ag+do) 7
6 (3H2¢+2Hé+2H0)
—2(ag x+d2,x) Al —4 (g, xx+d2 xx) “AG

2H2¢+3H¢+2H¢+ H¢2ﬂ H? }

He9 (5.3)

+

(a3,x +d3 x) A3 (a3, xx+d3 xx) 5| as

Finally, from the variation of the action with respect to ¢ one infers

H
agx +3 (o1, x +dix) Tf +6 |(ag,x +da x) + (a2, xx +d2.xx)

¢2 H2
AQ] A

| =0 (5.4)

¢2‘| H3¢) B
A4

- [3 (3,x +d3 x)+ (a3 xx +ds3 xx)
after discarding the trivial solution ¢ = 0. We observe that (5.4) is again a “constraint”
equation, relating H and ¢ algebraically. While for the simple model this property was a
consequence of the specific tuning of coefficients, in the general model this follows from the
particular form of the non-minimal couplings and their coefficients.

We also note that this set of background equations is equivalent to those of GP theory [16].

As mentioned previously, this is simply because PN and GP coincide at the level of the FLRW
background, and therefore so does the general EPN model.
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5.2 Perturbations
5.2.1 Tensor perturbations

Interestingly, in the presence of tensor perturbations the relation

1
K = e VA, (tensor modes, quadratic order), (5.5)
remains true up to quadratic order in the tensor modes. As for the background, it follows as
an immediate result that the quadratic action for tensor perturbations in the general model

will match that of GP:

S _ [ qtp 3 |2 _ é(a.h )2 (5.6)
T = Lo | = g \ilik) :
with
A2 d)Q 3
=14+2— do) — — d —_— d .
qr + M, (g +da) A2 (oo, x + 2,X)‘| + A2 (azx +d3x) , (5.7)

2 2 ]
1+ 2]\’}—31(@ +do) + ﬁ (asx +dsx)

= (5.8)

ar

These results imply that the general model describes the expected two degrees of freedom in
the tensor sector. Stability of tensor perturbations then dictates gp, 02T > 0. Subluminality
of the tensor modes would also require c% < 1 but we refer to refs. [54-56] for a word of
caution on applying generic subluminality criteria to gravitational waves propagation without
other further considerations. Imposing the speed of gravitational waves to be exactly luminal
requires setting ag x + do x = a3 x +d3 x = 0 at all times, meaning for all values of the
argument X of those functions (unless b is constant). Such a choice would correspond to
the example explored in details in the previous section. We point out however that there
may exist some subtleties related to the frequency at which the existing constraints on
the speed of gravitational waves are satisfied [57], and in principle one would only require
a x +dy x = a3 x +d3 x =0 for a given range of arguments.

5.2.2 Vector perturbations

Continuing with the vector perturbations, combining the expansion of (3.1) with the matter
action derived before in (4.31), we find

3
2 a - 1 1 1 .
S = / d'z < [quf — 5CU0:2))F ~ HCZ} + —C30iVi0iZ; + —CadV;0:Z;

q pyv + P 8B \?
+252(aivj)2+w<%—a ) , (5.9)

where the coefficients entering in this result are given in appendix C.3. The structure
of (5.9) matches that of GP [16] except for the presence of the operator proportional to Cy.
Nevertheless, we see that this extra term does not spoil the counting of degrees of freedom,
since the mode Vj; is still non-dynamical. This establishes that the general EPN model
propagates the correct number of vector modes, namely one.
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The extra operator proportional to Cy is interesting in that it modifies the dispersion
relation of the dynamical field Z; in a way that is qualitatively different from GP. In order to
highlight this effect we will ignore matter for the moment and return to the general case at the
end. Taking pys, Pyy = 0 in (5.9) and integrating out V; we obtain, after Fourier transforming
and performing a partial integration,

3 3 2 2
(2 _ &’k a” [_’f 04}-, 2
7= [ G {W ' 2y [

- lc2H2 + :z (cl L8y, <ac3c4>>] |Zi(k)|2} . (5.10)

2qr 2qr
For a localized sub-Hubble perturbation we then infer the dispersion relation
2, K2 c3 -1 CsC
CH? + 5 (Cr+ 52 — 0710, (a§2))
K2 Cj
v (1 T a2 QQT4qv>

We see that the presence of the new coefficient C4 makes the dispersion relation non-linear.
Expanding at small momenta (more precisely for k?/a? < |qrqyv|/C3) we have the linear
approximation

wi = (no matter) . (5.11)

k‘2
2 2 2
~ — 5.12
wy ~my +cy 2 (5.12)
with effective mass and speed of sound
C 1 C? CsC CoC2?
2 _ L2 0 2 _ 3 -1 304 201 9
miy, = — H”, cv=—|Ci+=—=2—-a 8(& )+ H-| . 5.13
i i < 2qr "\ 2gr 2q9rqv (5:13)

In this approximation and remembering that we are neglecting matter, absence of gradient
instabilities requires qv,c%/ > (0. Similarly one may also wish to demand the absence of
tachyonic modes, which is achieved if m%/ > 0. Note that while the coefficient of the kinetic
term is also modified by the C4 coupling, at low energies we still have the simple no-ghost
condition gy > 0.

Returning to the general set-up with matter present, we proceed again to integrate out
V; from its equation of motion. The resulting action is non-diagonal in the fields Z; and d5;,

Bk ad k2 L, 1 B2
s = [at 5555 dav [1- e Zi?+ 5 -8 o2
Y (2m)* 2 2av (S ar+M?) | 2 Gt M2 M T
k k2 kL CsC
— GBS e a0, ) |z (5.14)
> 2 (5 gr+ M2) 2 (5 gr+M2)

o =l M (a0B; Z;+ )+1 als M (a0B; Zi+c.c.)
2 %qT+M2 ]\4131 a 7“1 c.C. 2 ];éqT_{_MQ MPI a i 44 C.C. y

and we introduced
pm + Py

M? =2 5
Mg,

(5.15)
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Observe that the scale M acts as a sort of infrared regulator modifying the long wavelength
behavior of the coefficients in the action. Fourier transforming with respect to time in the
sub-Hubble limit we find the following dispersion relation for the Proca vector mode:

4
2, K CEY _1,-3 3_q1CaCa
, CoH* + oZ (Cl + 2(1T> 50 O <a %qT-i-MQ
wV = ) 12 Ci . (516)
v ( T a2 211Tqv)

Expanding at small momenta, assuming k%/a? < |grqy|/C3 and k?/a? < M?/qr, we find
the same effective mass as before (cf. eq. (5.13)) and a speed of sound

1 C3 CoCh
2 3 244 g2
c C1+ + H ), 5.17
v av ( ' 29 2qrqv ) ( )

which curiously is a simpler expression than in the case without matter, as a consequence of
the modified infrared behavior mentioned before.

The dispersion relation for the matter perturbation §5; is w? = 0. We emphasize that
this result only assumes that the fluctuation is localized on sub-Hubble scales but is otherwise
exact. This degenerate dispersion relation may seem pathological but was in fact expected.
The variable §B; corresponds physically to the vorticity field of the fluid, which is indeed
gapless and has no gradient energy (see [58] for a discussion of this aspect in an EFT context).

The condition for the vector mode not to be ghostly is less immediate because of the
non-trivial derivative couplings appearing in (5.14). To determine the norm of the propagating
field we compute the residue matrix (see for instance [10] for a review of this method),

lim (w? — wi)P(w, k), (5.18)

2 2
w —>wv

where P is the matrix of propagators that we read off from (5.14). By construction the residue
matrix has a single non-zero eigenvalue, which we find to be

CQ CQ
1 1 1+ ‘7WF2’1(T51 M}2>1 ng
Qv qv e > c2 k2 C5Cy
a2 2q7qv 24 k _ 1.3 3_ad "
_ a? 2qrqy CoH? + P (Cl + 2(173T> 50 Ot (CL iquJrMQ) (5.19)
1| Cc?  Ciqv
o | M (q% Cag} H?

where in the second line we have neglected k-dependent corrections. Absence of ghosts in the
vector sector then implies the condition @y > 0. Note that this does not necessarily imply
qv > 0 as one might have naively inferred from the action in the form (5.9).
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5.2.3 Scalar perturbations

The analysis of scalar perturbations in the general model proceeds very analogously to that
of the special model. Expanding the full action including matter we find

@ _ [ 4. 3] Tpma (00)*  (Tpua 0Px .. )
S /d zTa {— ML a? ML @ —0pyp —3H(1+cip)dpam | v

B 2 M, (0;)? a?

gy ) MO0 s =2 ) g iy
(81 ~200 %2 — =3 ) T ) T e T ) 1
(o DO O L (i) (o ) 002 G0
o i () iy oo

The coefficients w; are given in appendix C.4. We have defined them in a way that highlights
the differences with the result of GP theory [16], in which case the coefficients wg and wy
vanish. Although these parameters do not introduce any new operators (as it occurred in the
vector sector), they do have the effect of “detuning” the relative coefficients among some of
the terms. In (5.20) we introduced

&y = "PMnn (5.21)

PMn

which we recall is the GR value of the matter fluid speed of sound. As anticipated previously,
the actual speed of sound in EPN will turn out to be different.

The counting of degrees of freedom is again most easily performed by examining the
equations of motion. Varying the action with respect to «, x, d¢, 01, v and dpys, respectively,
we derive

(3Hw —2w)5—¢—2wi+M25 —i—LQ W+ A—Q —weAY| =0 (5.22)
1 4 ) 4MP1 PI9PM 2A2 |1 w1 MI%IX we =Y, .
(pm + Pur) 5
—— v+ wia+ Mpws— =0, 5.23
Mo 1 pIw2 = (5.23)
a 5o K2 [1 A2 A "

Huwp —2wy)— — 2ws— 4+ ———= | = —X — = —| = .24
(3Hwr 6«14)MP1 5% T 2A2 2)/2 +w2MF2,1X 2(w2 +w6¢)¢ 0, (5.24)
Vs ¢ A? { 0¢ Y < o )}

(12 S PN Wasad 2= = 2
H+< H¢>y3+H LUQ¢+ W7A + weg MP1+(5¢ 0, (5 5)
. k2 P
Soas + 3H(1+ Ao + = M TPV (g (5.26)
a M,
aMp + 3, | 3Hv + Miél(SpM —0=0 (5.27)
M (pn + Par) ’
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where

A2 ] '

V) = ry _(wg — 3wg + wy) ¢ + 2 (w3 — 2ws + 2wg) ]\CZ: + (w3 — ws + wy) jd , (5.28)
A2 ] '

Vo = s _(w3 —4wg) 0¢ + 2 (w3 — 3ws + wy) ]\Of; + (w3 — 2wsg) ﬂ ; (5.29)
A2 '

Vs = ry _(W3 —2wsg) 69 + 2 (w3 — ws +wy) ]\Cﬁl + w3ﬂ : (5.30)

Note that Vi = Vs = Y3 when wg = wg = 0. The equations for the variables a, §¢, x and v
can be solved algebraically in terms of i) and dpp;. These expressions can be plugged back
into (5.25) and (5.27) leading to a system of two second-order differential equations for
and dppr. This concludes the proof that the covariant EPN theory is completely free from
unwanted degrees of freedom at the level of linear perturbations about the FLRW background.

To determine the dispersion relations and stability conditions we proceed as in sec-
tion 4.2.4. After integrating out the non-dynamical modes, and focusing from the outset on
the long wavelength approximation, we may recast the resulting action in the same form
as in eq. (4.52) for the propagating fields ¢ and dpps. Recall that K, M, G and B are all
independent of k in this approximation. Moreover, we find that the kinetic matrix K is still
diagonal. The no-ghost conditions are therefore immediately inferred from its entries, which
we denote by Qg and Qg . We find

1
Qs = 27262 [(wy —2w2) 2w — (w1 — 2w ) (w1 — w2 )ws +wawe) —2(pas + Par) (ws+wo)?]?
X { — (w1 —wa) (BHwWT —2(w1 —wa)ws) (w1 (w3 — 2ws) — 2w (w3 —w8+w9))2
—|—4(pM—|—PM)(3Hw%—2(w1—(,u2)w4) (wl (w3—2w8)—2w2(w3—wg+W9))2(w8—|—wg)w9
+4(pM+PM)2(w8 +w9)2 {2w4w§+3H(w8—wg) (wl(wg +w9) — w9 (wg—wg))} } ,
(5.31)
_a® My 1
Qsm= 2 (o Pap) =B (5.32)
where )
A = 2(pas + Par) (s + ) (5.33)

(w1 — 20)2) [w1 (w;), — 4w8) — 2(4)2(&13 — 2wsg + 2&)9)] '

We observe that the “new” coefficients wg and wg have the interesting effect of inducing a
modification of the kinetic term of the Proca scalar mode 1 that depends on the matter
density and pressure. These coefficients similarly affect the matter fluid’s kinetic term through
the parameter A. In particular, we see that Qg s now depends on the EPN Lagrangian
parameters, whereas in GP the result would coincide with that of pure GR.

From the long-wavelength expansion of the dispersion relations we obtain the sound
speeds céw and c%y s respectively for the Proca scalar and the fluid. The fluid speed of sound
can be written as

ch =(1-A)3,, (5.34)
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showing that the parameter A has the interesting effect of modifying the GR (and also GP)
value of the sound speed. On the other hand, the precise expression for C%ﬂ# is not particularly
illuminating, so we choose to omit it. However, one can get insight on the difference between
the GP and the EPN predictions by going to a minimal example where we set some of the
coefficients to 0 for simplicity’s sake. A particularly simple example that is consistent with
the GP constraints [15, 16] is reached when taking wy = wy = wg = 0. As a result, w;
and w4 are written solely in terms of gr, and hence the problem is fully described by the
variables {qr, qv,w7,ws,wg}. Furthermore, we will redefine the variables wg and wg into the
dimensionless Wy = wg/(qv¢?) and Wy = wo/(qv¢?). With these definitions, we can write

2
apP)2 qv ¢ pu+ Pu _
Sy = C(s,d,) 1+ 2Ws + @MT%W(WS + W9)2‘| T, (5.35)
where

2

(GP)2 w7
¢ == v e 5.36
59 6ME, H2qr (5.36)

2
+P
T HWquVQJ\?? W(Wﬁ%)ﬂ (5.37)
T Pl Pl
2 P
|1+ — Ay O put M(Wg—wg)l .

Agh Mg, ME H?
One can see that the positivity of céﬁf )2 necessarily implies wy < 0, whereas this condition is
relaxed to be wy/T < 0 in the EPN case.

One can now turn to the masses and derive their expressions in all generality, however
once again their expressions are not particularly illuminating. However under the same
limiting choice of coefficients as we did previously, one can check explicitly that the scale of
the mass of the fluid is set by the Hubble parameter H. In principle, we would require the
fluid’s mass to be positive to avoid tachyonic instabilities but as we have already discussed
in the cosmological context, a negative square mass of order H? is not worrisome. As for
the mass of the 1)-mode (or vector helicity-0 mode), it happens to vanish for that particular
choice of parameters, however relaxing this choice (for instance choosing a non-zero wg), one
can check that the mass of this mode is also of order H, and there is therefore no risk of a
faster than H? tachyonic instability in the scalar sector.

The stability of the matter fluid is easy to analyze. The condition 0257 v > 0 s equivalent
to A < 1, which in turn implies the null energy condition, pa; + Py > 0, in order to
have Qg > 0. For the Proca mode 1 to be stable we similarly require Qg > 0 and
c%w > 0. While these conditions are difficult to dissect given the long expressions, it is worth
remembering that they include the results of GP theory as a particular case, in which context
it has been shown that stability can be achieved for a wide range of parameters [16].

6 Discussion

Our aim in this paper was to explore further generalizations of the standard Einstein-Proca
theory of a massive spin-1 field coupled to gravity, beyond those given by the GP class
of models, motivated by the recent discovery of PN theory. In spite of being qualitatively
different in their constraint structure, we have shown that PN can be extended simply by
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adding a subset of the GP operators, at least in flat spacetime. The full result for the flat-space
Lagrangian is given in eq. (2.18). This “extended PN” model is interesting already from a
formal point of view in that it provides a link between GP and PN, both of which may be
recovered by a particular choice (in a limiting sense in the case of GP) of the coefficients that
define the theory.

Aside from generalized massive gravity [59, 60], the existence of another complete
covariantization of EPN (and of PN) remains an open question. Here we have taken a first
step toward its solution by proposing a covariant model (eq. (3.1)). With this covariantization
in mind, one can find a null eigenvector (given in (3.18)) for the full Hessian of the first
family of operators (namely £1(X)) proving that it enjoys a constraint at all orders. For
the other family of operators (namely £,,>2(X)), we showed that the same ansatz for the
null eigenvector correctly annihilates the Hessian matrix at leading order in an expansion
in the strong coupling scale A but the process fails when pushing it to higher order. The
result is nevertheless non-trivial and provides a hint that a full covariantization is in principle
feasible. We note also that the failure of the constraint only occurs from mixing with the
gravitational degrees of freedom and is thus Planck scale-suppressed. Moreover, we show that
our proposed eigenvector remains a null one for the Hessian of the full theory (including the
gravitational degrees of freedom), on any background where the tensor V,A, is symmetric.
This directly implies the presence of a constraint that would remove the unwanted ghostly
additional degree of freedom at linear order in perturbations about any such backgrounds,
including on FLRW.

These results for the covariant EPN theory are by themselves sufficient to motivate the
study of the predictions of the model in the context of cosmology. This is so because the theory
describes the correct number of degrees of freedom at the level of cosmological backgrounds,
defined by eqs. (4.7) and (4.8), as well as at the level of linear perturbations about these
solutions. In addition to establishing this result, in section 5 we also derived the dispersion
relations for the propagating variables in the presence of perfect fluid matter. Interestingly,
EPN has some qualitative differences relative to GP in the dynamics of perturbations. Two
particular results to highlight are that the Proca vector mode exhibits a non-linear dispersion
relation (cf. eq. (5.16)) and that the sound speed of the longitudinal matter perturbation
(the phonon) is modified in the EPN set-up relative to its GR value (cf. eq. (5.34)). We also
found that the kinetic coefficient of the phonon differs in EPN from its GR and GP values, an
effect which may in principle percolate to higher-point interactions and hence be potentially
observable. While we did not explore explicit solutions in this general model, we remark again
that EPN contains GP as a particular case, in which set-up consistent cosmological solutions
do exist. It would be interesting to perform a dedicated study of solutions and comparison
with data within the complete theory.

In addition to investigating the possibility of covariantizing the full EPN theory, we have
also considered the option that a subclass of the theory may admit a simpler covariantization,
even if only a partial one in the sense we have described. Our so-called special model of
section 4 shows that this is the case, providing a particularly neat set-up with few unspecified
functions and which has the virtue that the Proca field interacts with gravity only through
minimal coupling terms. To our knowledge, this is the first instance of a generalized Einstein-
Proca theory (i.e. models with non-trivial derivative self-interactions beyond those given by
contractions of the Maxwell field strength and/or the undifferentiated field) with this property.
As with the general model, the caveat is that the covariantization scheme is only a partial
one, but it is again sufficient for cosmological applications as long as one is interested in
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linear perturbations about homogeneous and isotropic backgrounds. Our results of section 4
show that the special model indeed describes the expected dynamical degrees of freedom.
Moreover, we have shown that explicit solutions exist such that all the dynamical variables
are ghost-free, gradient-stable and subluminal. We believe that these results motivate further
scrutiny of the set-up.
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A Recovering GP from EPN

In this appendix, we will show how one can recover most of the GP from the Extended
Proca-Nuevo Lagrangian given in (2.18), in the limit where A — oo while keeping the scale A
finite and the vector field mass finite.

We start with the extended PN Lagrangian (2.18) written in the form

Lrpx = Lpx + Lap (A.1)
with A
Lpn =AY an(X)LA[K[A]], (A.2)

n=0

and where Lgp includes all the GP interactions aside from the generic function f(F., Fj., X),

Ln[04]

4

n=1

(A.3)

Assuming analyticity of the functions «,, and d,,, the mass term of the vector field is given by
m? = A2 (0). (A.4)

Keeping the mass of the vector field finite in the A — 0o limit therefore requires scaling the
coefficient ay(0) as afy(0) — m?/A2. Since L, (K) ~ O ((BA)”/AQ"), we see that in the limit
A — o0, keeping the scale m fixed, the only relevant terms of PN origin are, up to irrelevant
constant and total derivatives

~ 1 1 1 1

Lpny —— —=m?A? + a(0)A* — 20/ (0)A%0A + a1 (0)F2, — —as(0)F2,. (A.5)

AA 2 2 4 ® 2 ®

These are all of GP nature, so added to Lgp, we directly deduce that in the limit A— 0,
keeping the scales m and A fixed, the extended PN Lagrangian given in (A.1) includes all the
GP interactions aside from the generic function f(F),,, Fj,, X).
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B Null eigenvector

B.1 Null eigenvector on a fixed background

In this section, we shall prove that the EPN theory defined in (3.2) admits a constraint about
any fixed background (no matter how curved and spacetime-dependent). To prove this, we
simply need to show that the vector V), defined in (3.9) is indeed a null eigenvector for this

EPN theory on any background. To be more precise, we have defined ’Hgg in eq. (3.11) to

be the Hessian matrix corresponding to the Lagrangian £, [X] for n = 1,...,4, as expressed
in (3.3)-(3.6). In what follows, we shall show that V¢ is a null eigenvector for each H((jﬁ)
for n =0,...,3. The case n = 0 is trivial since it is purely a potential term. For the other
non-trivial Lagrangians, it turns out to be easier to consider them as functions of X’ rather
than K. This change of variable is always possible since the set {£,[X]} is linearly related
the set {£,[K]} as long as one considers all interactions, i.e. including £4. In what follows we

shall thus simply prove that
MWve=0, forn=1,...,4. (B.1)

The case n = 1 was proven in the main text (3.12). Let us now turn to the proof that
V' is indeed the NEV for £,[X], with n = 2,3,4. To begin with, we make use of the
following identity
a[x"
0 A«

— A2 (XH)OM (52 +A2vm4,) . (B.2)

. LQ[X]

One can start by showing that the momentum associated with this Lagrangian reads
p? =202 {[A]V, — (3% + A2V04,) | (B.3)

it is then easy to prove that V is indeed the correct null eigenvector,

2)y,a _ 2 8[2{] for avﬂé oz_i 00 a}
apV" =20 {aAﬁV"‘V TG4V T R eV (B.4)
— 972400 <6[.X]_V6):O
0AB A2 '

. ﬁg[X]

The momentum associated with £3[X] is given by
A2 = 3 ([X]? = [42)) Va—6[X] (85 + A72V0 4, ) +6X7, (3 + A2VHA,) . (B.5)

We will make use of the following identities

Ve (3 4+ ATV A, ) = X0, (B.6)
aXO# 0 —2 00 0 —20
S =A% (6B+A VAg), (B.7)
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so as to derive the following matrix product between the Hessian and the vector V/,

HOVe = 6 {15 — (6 + A29045) vave + 2a2 () 202D (gj.l‘;a)
— 6V (82 + A2V 4, ) VO = 6[X]g™Vj + 6A ‘Z‘ZO (94 + A2VHA, ) Ve

+ 6V
00 0 —20 00 28XOM Op 00
=0. (B.8)
o La[X]

The canonical momentum coming from the Lagrangian at order 4 reads
AP = AL5[ XV, — 12(Ls[X]00) — 2([X] X0, — £°,)) (5g + A—QWAQ) . (BY)

and the eigenvalue equation follows directly

@)1,a ~2(3) 00 2 WVa
HogVe = 4A AN2L5[X] =2V,
Py g + ey
—12 [A7 %80 — 2072V A0, — 24X ]MO 00( +A2V A)
B 0AB b p

+ 265 (5 + A‘2V0A5)] x0n
— 12(La[X]8, — 2([X) X, — £%,))9° V5
= 49°° [3L,[X]V5 — 6[X] (0% + A2V A5) + 649, (8 + A72v"4p)|
— 24 [{[)V5 — (0§ + A2V°A5) } % — fO0V; — g2[x] (8% + A2V 4p)
+9°0X% (85 + A2V, Ag ) + X (55 + A72V04))]
—12 (90%2[2{] —2[X]X0 4 2 fUO) Vs

=0. (B.10)
This concludes the proof that V is the common null eigenvector to L1, Lo, L3 and Ly,
= HJVe =0, for n=1234. (B.11)

B.2 Null eigenvector on a dynamical background

In this section, we will consider the background to be dynamical, and hence extend the
dynamical phase space including those contained in the gravitational sector. The NEV V//
defined in (3.19) is now embedded in a higher-dimensional vector V = (V};,0) where the null

entries run through the metric components. We have proven that ’H( )V‘" =0forn=1,...,3
on a non-dynamical background. When coupling EPN to grav1tat10na1 degrees of freedom,
the vector V}; is related to V), by the linear transformation V; = (M ) x Vv and thus it is

immediate to see that H;’/g”)v*va =0forn=1,...,3,ie. V annihilates the pure vector sector.
This is trivially true for the pure metric sector. In order to prove that the higher-dimensional
vector V is the correct NEV on a dynamical background, one has to check that it also
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annihilates the mixed vector-metric sector. The Hessian matrix for the mixed vector-metric
sector is defined to be
oy _ " 4 9Ll
2% afyl_y aA*uafyzy ’

(B.12)

We have previously shown that V' is indeed a NEV for the Hessian ’HZ%) and hence V is
a NEV of the full Hessian associated with £1[X]. We will now prove that even though V
fails to remain a NEV for £y (and L3), it is possible to add non-minimal couplings to Lo
such that symbolically HV vanishes in all sectors at leading order in (VA)/A2. This seems
to indicate that one could possibly add further non-minimal couplings to push the constraint
to the next order and so on in an infinite series. However, this is only postulated at this stage
and proving such a statement in generality is beyond the scope of this work. Nevertheless,
our results are interesting in their own right and we will further show that it immediately
follows that V is the NEV of Egnon_mm) on any background such that V,A, is symmetric, e.g.
FLRW. Even though the covariantization fails on a generic dynamical background, this is a
proof that EPN can be considered for cosmology. An estimation for the mass of the resulting
ghost on background where the field strength tensor acquired a non-vanishing vev is given in
the main text.

Lo without non-minimal couplings. We start by computing the Hessian matrix asso-
ciated with Lo in the mixed vector-metric sector. First note that with the covariantization
introduced in (3.1), the time-derivatives of the spatial metric do not only enter through the
curvature, but also through the covariant derivative of the vector field. To include their
contributions, we first consider the following derivatives

ors 1
pa L B (60 skl 0cksl  <Ockgl
P 19 <6u5>\6a+5a5/\5,u 6A6H6a)+{k:<—>l}. (B.13)

Throughout the rest of this appendix, we will consider A* (with upper index) to be constant
with respect to v/ and as a result d,A, will also contribute when differentiating with respect
to 4%. The derivative of VA" is hence given by

O(V,AY) 1 v L
W = — g ((500% — R0y A" + 8583 A°) + {i > )
1 14 14 14 v v . .
= (0007 — 9uig™)A; + g0y A° — 20557 N; A + 656" NiN;A°| + {i 5 j}

(B.14)

while that of V, A, follows trivially. Now, in order to compute the derivative of the momentum
p?) with respect to Yij, we need

x| lafﬁw (X—1>W _ la(vuAa) +A—28(V;U'AV)V&AV‘| (X—l)’w‘

0 2051 oy 0y
— A—Qa(Z“fl”) (27" (0 + A2VaAY) = A2V e)
yid Oyl
_ %A*Q (4 (V,° = V) + 4% (Ui, = Vi - NiNVO) - (i 0 g}, (BUI5)
where we have introduced
Vi — (X—1>“a ((52 + A_QVQAV) 7 (B.16)
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such that

Vi =y, (B.17)
On the hand, we have
0(VPA,) ... 1 o

Putting everything together we find that the contraction of the Hessian of ap x L2 with the
null eigenvector for £; is now

(2)
2@ o _ OPa” o
a,ijv - 87” 4
O[X] oV, _ a(vOAa)
— 2 a a 2 «@
= 20[27XA { 8’}/” Vo Ve + [X] 8713‘/ A 73’)/” V
olx]  _,0(V°4,)

_ 2) 00 A2 @
— 205 xA {g Gen AT

1
= Jonxg™ (V4 +V; A = Vi A® — ;')

1
00 0 00 O 2 /74
= —azxg 7Vij A + JAZ02.XY9 F, Aj+O((VA)*/AY), (B.19)
which does not generically vanish. Considering this result in an operator expansion, or power
expansion in VA/A? we see that to leading order in that expansion, we get

F. 1
242 A4
and it is clear that (B.19) does not vanish at leading order in the operator expansion. The
previous result is surprising in itself and indeed the same occurs for GP at precisely the same
level. The resolution in that case is the introduction of non-minimal couplings to gravity as
already provided in [29].

V,uzz = Guv + (FMOCFVa - 4VaA[,uvu]Aa) + O((VA)3/A6) s (BQO)

Addition of non-minimal couplings. In the context of EPN, the generalization of those
non-minimal couplings is however much more challenging to find, particularly due to the fact
that the constraint has to be satisfied non-linearly through mixing of orders. At this stage,
there is no candidate for a straightforward and natural non-minimal coupling, however for
lack of a better insight, we consider the inclusion of the following non-minimal coupling:

V=N as[X]R = V=gA2as[X]g" (0T, — 0,06, + 10, T, — Th.T5s)
= V=gA2as[X]g" (VaTy, = VTS, + O(1%))
= V=M 0s[X] (Va (915, ) - VT, + O(1?))
= V=gA? (T8, V¥ as[X] = g5, Vaas[X] + O(1?))
= V=gao x[X] 4 (g"T5,Vad® — T4, V447 + O(?)) . (B.21)

Now defining p(>%) as the momentum conjugate to A with respect to the non-minimal coupling
part of the Lagrangian at order 2,

(2,R) _ 9 (A2a2.[X]R)

=
P 9 Ax

= 0627XAa (g”yl—‘gy — gﬂofzy) s (B22)
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(2,R)

and Hej  as the contribution to the second-order Hamiltonian purely coming from the
second-order non-minimal coupling to gravity,
ope oro, orv,
wem o o (g2 O
Q,ij i Vik V102, X Aa | 9 EIm g EIm
1
= _Z’Vik’leCVQ,XAa ((490k901 - QQOOQM> - 29009kl)

= YikVji02,x Aa (googkl - QOkQOZ)

= as.x A (6% (7 + 0" NilV; ) = (=N (—g™N;))
= g"yi02, x Ao, (B.23)

then, we get the following eigenstate equation

ot 272
Separately, neither (B.19) nor (B.24) vanish at leading order in (VA)/A%. However, when
adding these two contributions, we get a cancellation at leading order,

1
= HEPVE = g0y, 00 x AV = az x g (AO + 5 FY A + O((VA)? /A4)> . (B.24)

1
= (H((fzj + H((:VQ,:L']R)) Ve = 5900042,)( (2%'jAaVa +V;%4; + V; 04, - VijA® — VjiAO)

1
=0+ WQZXQOO (F(iOAj) + %’jFOO‘Aa) + O((VA)Q/A4) . (B.25)

Now, this equation is vanishing at leading order in (VA)/A? but not to higher order. From
this we conclude that by itself the minimal coupling as[X]R does help with the pushing the
breaking of the constraint to a higher order but is not sufficient to ensure that the constraint
will be satisfied to all orders. Other more general non-minimal couplings are currently under
investigations but those are kept to another study since for what interests us in the context
of cosmology is to ensure the absence of ghosts on cosmological backgrounds. In this context,
the tensor V,A, is symmetric and the right hand side of (B.25) then vanishes. Indeed, if
V A is symmetric then f is nothing other than (1 4+ VA/A%)2, meaning that x reduces to the
simple form 1+ VA/A2. Finally, we have

v = [(1 + VA/AQ)lra 1+ VA/AQLV = g (B.26)

which is simply the zeroth-order of the general formula, proving that the right hand side
of (B.25) vanishes for any configurations where the field strength tensor F),, vanishes.
B.3 Special model with no non-minimal coupling

We now establish whether the special model considered in section 4 enjoys a constraint when
coupled to gravity. We start by defining the momenta associated with the GP operators as

(nap) _ OLn[VA]

Pl T (B.27)
so that we have
pLCP) = 50 (B.28)
p2GP) — 9 ((52VMA“ _ VQAO) : (B.29)
) =308 (T T, AT 6 (T AT AT AT, ) (0
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From there we can immediately check that by themselves, the GP type of terms constructed
out of symmetric polynomials of (VA) do not contribute to the Hessian matrix, namely

,H(n,GP) -0

aB ; n=123. (B.31)

Is is then clear that V' (the covariantization of the Minkowski NEV for EPN) is still satisfying
Hap(L)VE=0. (B.32)

Now focusing on the part of the Hessian matrix that probes the mixing between A and 4
we find

1
leading to
“ 1 . .
Ha’ijw@))va = 502X [AO(%-]-VO - Vi]—goo) + gOOAi(Vj +V; 0)} +{i < j} (B.34)
0 1 0 =0 00 O 0 a
=0+ E - SW [’YijA FFoa +g (2F A(iFj)a -4 F Fja)}
+ O((VA)? /A9,

which again fails to vanish at all orders but vanishes at leading and next-to-leading order in
the operator expansion and vanishes on any background for which the field strength tensor
vanishes, F},, = 0, as is the case for cosmology.

C Definition of some coefficients in the perturbed quadratic actions

C.1 Coefficients of the scalar perturbations in the special model

We define here the 7 coefficients entering the quadratic scalar action of the special model (4.43),

(2)1 = —2M1%1H - ¢3 (Oél,X + dl,X) )
Qg = &y + 2MEH |
w3 = _2¢2@?V7

N 1 3 2
Gy = —3MEH? + §¢4ao,xx — §H¢3 (a1,x +dix) — % (a1.xx +dixx)| ,

~ ~ 3 ~ ~
W5:w4—§H(W1 + @a) ,

@ = —¢ (a1.x +dix),
w7 = —qi) (al,X + dl,X) . (Cl)

C.2 Masses of the scalar modes in the special model

In this appendix, we present the results for the square masses of both scalar modes, the
matter perturbation dpys/k and the scalar ¢). These masses are inferred from the dispersion
relation (4.55) and hence are canonically normalized. To begin with, the mass of the matter
field is given by

©

.2
m = — — , C.2
SMT 962Gy (@) — 209)2 (©-2)
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}

where
© =2(pum + Pur)
+ &3 |(par + Pu)® — H(pas + Par) {(M — 209) ( + GCM) &1 ;{2&)2 (C.3)
H d(pm + Pu) })]
H2 H(pm+Pu) [ ]|

+3H? (@1 — 209)? {3c§;4 +A,—2—-1+c)) (
(C.4)

Avoiding a tachyonic instability is achieved by requiring
©>0.

(C.5)

On another hand, one can also derive the mass of the scalar field v,
=

2(.02) + ((2)1 — 2(2)2) (3(:}1 — 2@2)&)6([5)

+(Prr+par) (01 +4@2) @3 }

=204 {01 (01 —D2) (W1 (01 +@2) —|—2(w1 —2 )cfj ®)

+(Parr+par) (@1 (@1 +202) —

—W3¢ [3Hw1 {wle(@%—Saloﬁg—}—GdJ%) (G — 2009 ) (GF — 601 (n 443 )6 ¢

(PM +pM) (@1 +4(:}2)(;J2(;J3}
209004 { (201 —02) (2(01 —Qa)W2 + (Par +par )03) +2(01 —209) (01 —@2) 6P }] @1
. 60 pH

+ 307 (1 — 202) D3 (@2 (@1 (@1 —D2) +@3(Par +par)) + (@1 — 2) (@1 — D2
[BHGT 261 —G2)] 604 (Par+par)

— (1 — 209 o3
+ ((211 —2@2)&)3(31{@% — 2(&)1 —wg)UJ4)
(2602 (@1 (@01 —@2) +@3(Prr +par ) + (@1 —202) (01 —@2) 6 6] ¢

20 (s (L1 —
(w1 —2w9) {2w2w3(3Hw2—|—(PM+pM))+w1(2w2—|—3HoJ3) w1w2(2w2—|—9HW3)}
X (BHDT —2(@1 —@2)ia) W6
-1—[2(601—2002) (@1 — @2) 2 WG ° +209 (&1 (61 —W2) +@3(Prr+par))
X {1 @2 (01 —Wa) +W3(3H (1 —2W2) (W1 —W2) +@2(Pprr+pur)) } ¢l @a
—12H @305 (Pyr+pm)
— 3H G b [o3(2001 009 +3H (G — 2609)03) (Par+par)
ALY (C.6)

(@1~ ) { BHG1 (@1 — 2000)doolig + 003 + (1 — 200) 203 0? |
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and

>

Ep = (1 — &) (BHG? — 2(&y — @2)d4) . (C.7)

The absence of tachyonic instabilities for the scalar mode v is ensured by the positivity of
m%’w, which is equivalent to require =1 /Z5 > 0.

C.3 Coefficients of the vector perturbations in the general model

In this appendix, we will define the coefficients entering the quadratic action for the vector
field in the general model (5.9).

1 1 H
QV:1_7051+; (1 2 d)) a2 x

24 A2
1 [3H?u—(1+Hp/A*)H Ho Ho
o0 AZ O H R 2T ) s
B 1 Hp+é 3H?+2H
Cl = 1+W Oél+2 (1 7/\2 ) (127X+7A2 Qs

(146-22) )]

Co= (o x +di,x) % + Aéfua?’ + %&s (H [4(042,)( +do x)+ @ag - % (a3, x +d3,X)] )
+2qy + 8t(2/2H) ,
C3—2]\fm(azx+d2x)—]\§;<}[i;f iz (Oé3X+d3X)> )
Com QiQ AZ ?Ma , (C.8)
where we have used _
14 Hf,; ¢ (C.9)

C.4 Coefficients of the scalar perturbations in the general model

Finally, we define the coefficients entering the quadratic action for the scalar sector of the
general model (5.20).

4
w1 = —2MF2>1H—¢3(041yx+d17)()—4A2H (a2+d2)+%(a27xx+d27xx) (C.10)
243 2
+T;b (043,X+d3,X)+jz2(QS,XX‘f‘dB,XX)] ,

wo =wi+2MA Hqr,
w3 = —2¢2(IV ;
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1 3
Wy = —3M1%1H2+§(Z54a07xx — §H¢3

2
(o, x+dix)— j; (o, xx+d1 XX)]

2 4 6
—3A2H? [2(052+d2)+2i2(a2,X+d2,X)+ji4(OZQ,XX+d2,XX) i6 (a2 xxx+ds XXX)‘|

1 H343 4
+§T;b [9 (a3 x +d3,X)*% (043,XXX+d3,XXX)] )

3
ws :w4—§H(w1—|—w2) ,

2
we = —¢*(ay x+d1 x)+4H [(agyx+d2,x)—;t(a2,xx+d2,xx)] (C.11)
H262 2 HH¢
Y (043,X+d3,X)_ﬁ(063,XX+d3,XX) +2TA2 as,

wr =—9¢(a1,x+di,x)—4 [H(Oéz,x+d2,x)+ A¢;¢(a2 xx+do XX)]

H(2H¢+H{ H2¢%4 HH? HH
+W(ag,x-i-d:%,x)-#jﬁgb(ae.,xx-Fds,XX)—Was—at WQS ,
H¢?

WSZWQ:&,
_ Ho(Ho— %)
pAz

On a side note, these coefficients do not reproduce the ones of the special model depicted
in (C.1) in the limit ay = —da and ag = —ds, showing the non-trivial relation between the
special and the general models. This highlights the importance of either the tuning in the
special model or the non-minimal couplings in the general model to construct a healthy theory.

D Operator relevance about the de Sitter point

We have seen in section 4.3.2 that the scalar and vector velocities vanish about the dS point.
This could potentially suggest the presence of strong coupling issues associated with the
breakdown of perturbative unitarity as we reach those fix points. We will show that this is
not the case. Schematically, the action for the mode 1 reads

2 v A é(t)2
S5, = / dtd3za® (—22“ aﬂqpayw) / dtd3z <¢2 5 @)?], (D)
defining an effective metric Z#”. To determine the strong coupling scale, or the scale at which

perturbative unitarity gets broken, we first normalise the field and the spacetime coordinates
as performed for instance in [61],

f:/a(t)dt, Foat, and o= (08) V24, (D.2)

so that in terms of these variables the field is canonically normalized

5@, = [ty ((05) - 5 (0u0)") (0.3)
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Table 2. Power-law behaviour of the vector and scalar kinetic terms and velocities as functions of the
scale factor a(t) about the dS point.

Treated as an EFT, we would expect the theory to include an infinite number of irrelevant
operators of the form a3~ 2LypNyM (9;4h)?L entering at the respective scale Ayysr, where
Anarr is expected to be at least of order A and where N, M and L are positive integers
respecting N 4+ 2M + 4L > 4. In terms of the normalized fields and coordinates, this operator
enters at the physical scale fixasr given by

N—M+2L+2
~ N+M+42L —_— 1= Te

. st — ([ A2\ TN T2M+4L—14)

ANmL = Q2NF2MFAL—D) (C ) AN - (D.4)

Now, the kinetic term Q and the velocity ¢? are power laws of the scale factor a(t) when
approaching the dS point, for both the vector and the scalar mode. Let us define

~ In(Q) ~ In(&®)
pQ - ln(a) 9 pC - ln(a) 9 (D5)
so that
_ W(anvmr/Anmr) — (N +2L)(2pg +pe) + M(2pg — pe) + 2pc (D.6)
PNML = In(a) - A(N + 2M 1 4L — 4) ' ‘

The validity of the EFT is preserved as long as no scale jiyasr, has a much smaller value
than the corresponding scale Anpsr, for any non-negative integers N, M, L such that
N +2M + 4L > 4. This translates into

pvmr >0, forall N,M,L>0, N-+2M +4L>4. (D.7)

The scaling of the kinetic terms and velocities of the scalar and vector modes in terms of the
scale factor a(t) can be deduced from figures 5 and 4 and is summarised in the table 2 below.
It follows that the value of pyasr for the vector and scalar 1) modes about the dS point read

_ 3 N+3M+2L-2
(PNML)V = N (D.8)
( ) — 33N+5M+6L—2 )
PNML)Sy = 1 N+2M+4L—4 -

From here, it is easy to prove that pyasr is always strictly positive for any of the allowed
values of N, M and L, for both the scalar and the vector. This concludes the proof that our
EFT does not suffer any strong coupling issue due to the vanishing of the velocities about the
de Sitter point (in link with the divergence of the associated kinetic terms).
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