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Abstract. Classical models ‘of “spin-lattice” coupling are at present unable to
accurately reproduce results for numerous,properties of ferromagnetic materials, such
as heat transport coefficients or the 'sudden collapse of the magnetic moment in hep-
Fe under pressure. This inability has, been attributed to the absence of a proper
treatment of effects that are imherently quantum mechanical in nature, notably spin-
orbit coupling. This paper introduces a time-dependent, non-collinear tight binding
model, complete with spin-orbit coupling and vector Stoner exchange terms, that is
capable of simulating the Einstein-de Haas effect in a ferromagnetic Feys cluster. The
tight binding model.is used to investigate the adiabaticity timescales that determine
the response ofthe ombital-and spin angular momenta to a rotating, externally applied
B field, and we ghow¢that the qualitative behaviours of our simulations can be
extrapolated towealistic timescales by use of the adiabatic theorem. An analysis of
the trends.in the torque contributions with respect to the field strength demonstrates
that SOC is necessary to observe a transfer of angular momentum from the electrons
to the nuclei at experimentally realistic B fields. The simulations presented in this
paper demonstrate the Einstein-de Haas effect from first principles using a Fe cluster.

1. Introduction

Developing materials for use close to the plasma in a tokamak, where the heat and
neutron fluxes are high, is a challenge as few solids survive undamaged for long [1].
Iron=based steels are proposed as structural materials for blanket modules and structural
components due to their ability to withstand intense neutron irradiation. At the same
timey there are no reliable data about the performance of steels under irradiation in
the presence of magnetic fields approaching 10 T. Despite the durability of steels,
however, the service lifetimes of reactor components are limited. This has led to a
resurgence of research into the properties of steels and other materials under reactor
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conditions. Properties of interest include thermal conductivity coefficients, and other
physical and mechanical properties, intimately related to the question aboutihow the
heat and radiation fluxes affect the microstructure of reactor materials [2]. Another
focus is on optimizing the structural design to improve the tritium breeding ratio, the
heat flow, and structural stability of reactor components [3-5].

An example of an improvement based on research into he properties of
ferromagnetic materials is as follows. Austentitic Fe-Cr-Ni steels are used in the ITER
tokamak [6], and are non-magnetic on the macroscopic scale whilébeing microscopically
antiferromagnetic. In the next generation demonstration fusion reactor (DEMO),
however, the blanket modules are expected to be manufactured from ferromagnetic
ferritic-martensitic steels, because these have been found to exhibit superior resistance
to radiation damage [1,7].

Given the importance of ferritic steels in rea¢tor design, it would be helpful
to understand heat flow in iron in the presencefof strong magnetic fields at high
temperature. This is a difficult task. A geod heat-flow model must reproduce
the dynamics of a many-atom system with complicate(f inter-atomic forces, whilst
also describing the electronic thermal gonductivity and the influence of spin-lattice
interactions. The spins are not all aligned,above the Curie temperature, but they are
still present and still scatter electrons. The exchange interactions between spins also
affect the forces on the nuclei. Our aimwin. this paper is to begin the development of
such a model, starting from the quantum.mechanical principles required to understand
electrons and spins.

Although a full treatmentwof the behaviour of the spins and electrons requires
quantum theory, various classical atomistic models have been established to investigate
spin-lattice interactions. Im™1996; Beaurepaire et al. developed the three temperature
model (3TM) [8], a nonequilibrium thermodynamics-based approach to describe the
interactions between, the lattice, §pin, and electronic subsystems. A microscopic 3TM
proposed by Koopmans et al. in 2010 was able to explain the demagnetization timescales
in pulsed-laser-inducednquenching of ferromagnetic ordering across three orders of
magnitude [9].

Langevingspin dynamics (SD), developed in [10-18], builds on classical molecular
dynamics by addingdfluctuation and dissipation terms to the equations of motion for
the particles ‘and their spins. Its most well known application is simulating relaxation
and equilibration processes in magnetic materials at finite temperatures [11,16,19].

In 2008, Ma et al. [20] used a model in which atoms interact via scalar many-body
forces as well as via spin orientation dependent forces of the Heisenberg form to predict
isothermal 'magnetization curves, obtaining good agreement with experiment over a
broad range of temperatures. Further, they showed that short-ranged spin fluctuations
contribute to the thermal expansion of the material.

In 2012, Ma et al. [21] proposed a generalized Langevin spin dynamics (GLSD)
algorithm that builds on Langevin SD by treating both the transverse (rotational) and
longitudinal degrees of freedom of the atomic magnetic moments as dynamical variables.

Page 2 of 32



Page 3 of 32

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCM-121993.R1

The FEinstein-de Haas Effect in an Fe;s Cluster 3

This allows the magnitudes of the magnetic moments to vary along with their directions.
The GLSD approach was used to evaluate the equilibrium value of the energy, the specific
heat, and the distribution of the magnitudes of the magnetic moments, and to explore
the dynamics of spin thermalization.

In 2022, Dednam et al. [22] used the spin-lattice dynamics codéy SPILADY, to
carry out simulations of Einstein-de Haas effect for a Fe nanocluster'withimore than
500 atoms. Using the code, the authors were able to show that|the raté of angular
momentum transfer between spin and lattice is proportional 46 the,strength of the
magnetic anisotropy interaction, and that full spin-lattice relaxation was achievable on
100 ps timescales.

Despite the efforts invested in classical models of spin-lattice interactions, they
exhibit numerous shortcomings, such as the inability toyaccurately reproduce the
measured heat transport coefficients in ferromagnetic mnaterials [21,23,24], or the sudden
collapse of the magnetic moment in hcep-Fe underdpressure, which is thought to be a
consequence of spin-orbit coupling (SOC) [25]. 'These limitations can only be overcome
by switching to a quantum mechanical description,

Experimental work on isolated clusters has improved the understanding of the
differences in magnetic properties between atomic and bulk values. Stern-Gerlach
experiments have been used to study the magnetic moment per atom of isolated clusters,
as a function of the external magnetic field.and temperature. These experiments found
that the average magnetization as a funetion of field strength and temperature, resembles
the Langevin function, whichhwas initiallyrattributed to thermodynamic relaxation
of the spin while in the magneti¢, field [26-28]. Using a model based on avoided
crossings between coupled rotational andyspin degrees of freedom, Xu et al. subsequently
explained why the average magnetization resembles the Langevin function for all cluster
sizes, including for low temperatures, without reference to the spin-relaxation model [29].

Addressing thegphysies of iron out of equilibrium — a complicated time-evolving
system of interacting nuelei, electrons and spins — in a quantum mechanical framework
is such a challenge that, werseek first to understand one of the simplest phenomena
involving spin-lattice coupling: the Einstein-de Haas (EdH) effect. The EdH effect is,
of course, thercanonical‘example of how electronic spins apply forces and torques to
a crystal lattices and has,been well studied experimentally. It is perhaps surprising,
therefore that we were unable to find any published quantum mechanical simulations
of the EdH effeet for bulk materials. This paper builds on previous work, in which we
reported simulations of the EdH effect for a single Oy dimer [30].

In 1908, 0. W. Richardson was the first to consider the transfer of angular
momentun from the internal “rotation” of electrons (i.e., the magnetic moments within
the material) to the mechanical rotation of macroscopic objects [31]. Inspired by
Richardson’s paper, S. J. Barnett theorized the converse effect, in which the mechanical
totation of a solid changes the magnetic moments [32]. Many experiments sought to

J

measure the ratio A = AA—M, where AJ is the change in electronic angular momentum and

ADM is the change in magnetization of the material. Due to the lack of understanding
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of electron spin at the time, Richardson and Barnett predicted that A should equal g&;
the true value is closer to =.

The EdH effect was named after the authors of the 1915 paper [33] that reported the
first experimental observations, finding A = 5= to within the measurement ungertainty.
In the same year, Barnett published the first observations of the Batmett effect’[34],
with a more accurate measurement closer to A = -=. Subsequent measurements of the
Einstein-de Haas effect by Stewart [35] supported the result A = . The{discrepancy
between the predicted and measured values of A came to be known as the gyromagnetic
anomaly, and was finally resolved only after it was understood that most of the
magnetization can be attributed to the polarization of the eleetrons’ spins [36].

The ferromagnetic resonance of Larmor precession observed il 946 by Griffiths [37]
provided a more accurate technique for measuring gyromagnetic ratios, superseding
measurement, of the EdH and Barnett effects. Using ferremagnetic resonance, Scott
accurately measured the gyroscopic ratios of a range of ferromagnetic elements and
alloys [38]. After this point, interest in the EdH efféetredueed as it was widely considered
to be understood. y

In this paper, we describe the implemientation'of a non-collinear tight-binding (TB)
model complete with all features required o capture spin-lattice coupling in iron in the
presence of a time-dependent applied magnetic fields The required features are: coupling
of the electrons to the lattice, couplingof,the electron magnetic dipole moment to an
externally applied time-dependent magnetic field, coupling between orbital and spin
angular momentum through SOC, and electron exchange. Using this model, we simulate
the response of an Fe5 cluster o a time-varying magnetic field, and analyse the torque
on the nuclei due to the electrons. "We find that, in a slowly rotating B field, the
orbital and spin angular mementa, rotate with the field, leading to a measurable torque
on the cluster. We also [desctibedthe qualitative features of the evolution of the spin
and angular momentum, and demonstrate the enhancement of the torque exerted on
the nuclei by the eleetrons as a result of SOC. Thus, this work documents a quantum
mechanical modelfcapable of simulating the Einstein-de Haas effect, and reveals the
physical mechanisms that set the timescales over which the spins evolve.

This paperis structured as follows. Section 2 describes the method used for the
calculations: The results,of the simulations are discussed in Sec. 3. Conclusions are
drawn inSec. 4.

2. Theory

2.1, The System

The Fe cluster studied in this work is Feys, in the configuration shown in figure 1. This
cluster’has been studied numerically in many previous works [39-44]. The 15 atoms
are positioned exactly as in a subset of the body-centered cubic (BCC) lattice, with the
nearest-neighbor distance set to 2.49 A to match that of bulk iron [39]. The atoms in
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the cluster are held in position and are not allowed to move during the simulation.

O/

Figure 1: The Fe;s cluster chosen for amalysis in this'work. The eight type-2 atoms

are the nearest neighbours of atom 1 and the six type-3 atoms are the next-to-nearest
neighbours. The nearest-neighbour distance is 2.49A.

The TB basis functions are atomic-like d orbitals (using real cubic harmonics) with
separate orbitals for up and doewn spins to form a non-collinear TB model. The ten
basis functions on each atom aré denoted,

|d22,T>7 |d®Z,T>> |dyZ7T>7 ‘d$y7T>7 ’dx27y2,T>7
dAg) Adef) s |dyz1) s |day) s [dazyz)) - (1)

The basis set does not include any s or p orbitals below the 3d shell or any orbitals above
it. We use the TBamodel of liiu et al. [45], hereafter called the Oxford TB model. This
model for Fe hag'6.8 electrons in the 3d shell. With 15 Fe atoms, the full Hamiltonian
is a 150 x 150sHermitian matrix and the 150 molecular orbitals (MOs) are occupied
by 102 electronsd The mon-magnetic terms in our Hamiltonian matrix are exactly as
described_ in [45], and do not introduce any terms that couple spin to the lattice degrees
of freedom; the anagnetic, spin-orbit and exchange terms are discussed in Sec. 2.4.

The MOs |@,) are the eigenfunctions of the Hamiltonian and can be expressed as
lingar combinations of the basis states |xao), assumed to be orthonormal, with expansion
coefficients/d,,n.,

|pn) = Z oo [Xao) 5 (2)

where « runs over the spatial atomic orbitals (AOs) on all atoms and ¢ is a spin index
taking the values up (1) or down ().
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2.2. The simulations

The B field produced by a fixed solenoid reverses its direction when the gurrent reverses;
remaining parallel or anti-parallel to the solenoidal axis but changing in magnitude. In
our simulations, however, we chose to study a rotating B field of constant magnitude:
the B vector traces out a semicircle, from the south pole (—2£) to the north pole (+2)
of a sphere.

There are three reasons we believe that this rotational path better mimics the field
experienced by a single magnetic domain in a measurement of/the EdHeffect. (i) The
magnetic field felt by a single magnetic domain within a solid‘ismot in general exactly
aligned with its magnetization axis due to the configuration of,thesother surrounding
domains. This symmetry-breaking mechanism is absent when a field with fixed direction
is applied to a single domain, the magnetization of whieh isinitially aligned with the
applied field. (ii) It is unlikely that the crystal lattice of amy single magnetic domain
is aligned such that the initial and final fields are exactly parallel to the easy axes of
the domain. (iii) The total exchange energy is large even for a small cluster and scales
with system size. For the magnetization of an isolated single-domain cluster to reverse
its direction in response to a B field that is initially alighed with the magnetization and
reverses along its axis, the Stoner moment wouldshave to pass through zero, overcoming
a large exchange energy barrier. Wesdeem this.scenario unlikely. In a real multi-domain
magnet, the spin stays large and rotates rather than passing through (S) = 0.

To perform the rotation from the south pole to the north pole of a sphere, the B
field is parametrized in spherical eoordinates as

B = (—Bsinf, 0, —Bcos#), (3)
N
where § = wt, t is theelapsed ¢ime, w = 7/Tf, and T is the time at which the

simulation finishes. The magnitude B = |B| of the applied magnetic field differs in
different simulationst The B field is initially in the —2 direction and gradually rotates
by 180° in the zz planen Thesimulation is complete when B points in the +2 direction.

2.3. The Time Bvolution Algorithm

At the beginning of the simulation (¢t = 0), the molecular orbitals |¢,,) are obtained by
diagonalizing therself-consistent ground state Hamiltonian. At later times, the state is
calculated from the time-evolved molecular orbitals |, (t)), which are found by solving
the dime-dependent Schrodinger equation,

oy [n (1)) = H(1) [¥n(t)) , (4)

subject. to the initial condition |¢,(t =0)) = |¢,). For times later than ¢t = 0, the
time-evolved molecular orbitals are not exact eigenfunctions of the Hamiltonian, since
the Hamiltonian H(t) depends on time if B(¢) depends on time.

Page 6 of 32
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The time-dependent expansion coefficients d,q,(t) are defined by

[ (t) Z oo (t) | Xao) (5)
and satisfy the discrete equivalent of the time-dependent Schrodinger équation,

th— naa Z Haa oo’ na’a’ (t) (6)

~
Rewriting this equation of motion in matrix-vector form with®(d),ns = dnao and
(H)aa,a’a’ - HOco’,a’o-’, gives
od(t
ﬁ% = H{t)d(t), (7)

To solve Eq. (7) numerically, we introduce a small but, finite positive time step dt and

use the finite-difference approximation [46] .

H(t+ 3 15t)5t> ).

- (8)

d(t + ot) = exp(

which is both time-reversible andsunitary. “In index notation, one step of the time
evolution takes the form

e (1 + 1) Z(e i I I} 9)

ao,a’ o’

The calculation of H (t+ 16t) 5t,<h from Eq. (9) is not trivial since the Stoner term must
be extrapolated to t + 15t based on its previous values. The method employed for this
task is described in [30].

The initial conditien, |¢,,(0)) = |¢,), implies that the coefficients d,q, at t = 0 are
given by

dnac(0) = (Xao|®n) - (10)

The time-dépendent one-particle density operator, p(t), is defined by

= > [n(®) (Wal®)]- (11)

T, occ

Using Eq. (5), the matrix elements of p(t) may be expressed in terms of the expansion
coefficients as

IOO/U’,OHT Z dnoz o’ naa ) (12)

n occ
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2.4. The Hamiltonian

To describe the EdH effect, the Hamiltonian must include: (i) coupling of ‘electrons

to an external time-dependent magnetic field; (ii) spin-orbit coupling; andi(iii) Stoner

exchange. In electronic structure methods, Stoner exchange is often used in its collinear

form, but this is inappropriate for describing spin dynamics as it breaks rotational

symmetry in spin space [47]. We therefore use a non-collinear exchange Hamiltonian.
The full Hamiltonian may be partitioned as

H = Hy+ Hp + Hsoc + Hey, (13)

where Hj is the basic tight-binding Hamiltonian given by the Oxfoerd model, Hp is the
interaction with the external field, Hsoc describes SOC, and H.y is the vector Stoner
exchange term.

The Hamiltonian term that describes the interaction of a single atom with an

external magnetic field is
L

HB,a = ~Ha- B(t)
KB
- FEGL:pa(LJFQS)Pa . B(t), (14)

where p, is the magnetic moment oflatom @ Py = > [Xamo){(Xamo| 1S the projection
operator on to the basis of atomic-like dierbitals on atom a, and m runs over the 5
d orbitals on atom a, pp is the,Bohr magneton, S is the spin angular momentum
operator, and L is the orbital angular momentum operator about the nucleus in the
Coulomb gauge. This form mag be justified by reference to the Pauli equation [48]. The
magnetic Hamiltonian for/the clusteris obtained by summing atomic contributions:

Hp=-) p. Blt). (15)

The spin-orbit coupling term is of relativistic origin and can be derived by
application of the Foldy;Wouthuysen transformation to the Dirac equation [49]. In
the spherical‘potential of a single atom, this gives

1 1adV(r)
2mic2r dr

Hsoc = L-S, (16)
where m,. isythie mass of an electron, ¢ is the speed of light, and V(r) is the potential
experienced by an electron due to the atomic nucleus and the other electrons belonging
to thatyatem within the central field approximation. The radial part of the SOC matrix
element between two AOs in the same shell is a constant, £, and our TB model includes
only one shell of AOs per iron atom, so [50]

£
HSOC ~ ﬁL -S. (17)

Page 8 of 32
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Since the gradient of the nuclear potential is largest very near to the nucleus, the spin-
orbit term can be assumed to couple atomic orbitals on the same atom onlys Adding
similar terms for every atom in the cluster yields the SOC Hamiltonian used innthis
work:

Hgsoc ~ %Z(PGLPG) - (P,SP,). (18)

The Stoner exchange term, which is a mean-field approximation to the many-body
effect of exchange, is given by

~
Heo=—1Y my, - (PoP,), (19)
where [ is the Stoner parameter (which has units of energy)y
m,(t) = (P,0Py) (20)

is the expectation value of the operator P,o P, and ehis 4#he vector of Pauli matrices.
The origin of the Stoner exchange term is described in more detail in [30].

2.5. Numerical Parameters

The TB model utilizes computationally ‘and, experimentally derived parameters. The
SOC parameter is calculated to have the value ¢ = 0.06eV, which is approximately
2.2 x 1072 a.u., in [51]. Theytime-dependeént simulations begin at ¢ = 0, end at
t =Ty = 10,000 a.u., and use astimestep of 0t = 1 a.u., which is approximately 24 as.

All other TB parameters are taken from the Oxford model [45]. The chosen TB
model was parameterised im‘a bulk.environment for the purpose of reproducing magnetic
moments near point defects in solids. The cluster geometry considered in this work uses
the same inter-atomic@pacing asfor bulk Fe. Since the crystal structure of the cluster
is not relaxed, the simulations are not expected to be quantitatively accurate. The
goal of this work 4s to investigate the qualitative physics of metallic magnetic clusters
in time-varyingdmagnetic fields, and the TB model used is expected to describe this
correctly.

2.6. Computing,Observables

The nuelei in our simulations are treated as classical particles subject to classical forces,
butdthe forces'exerted on them by the electrons are evaluated quantum mechanically
using the time-dependent equivalent of the Hellman-Feynman theorem [52,53]. Let R,
denotesthe position of the nucleus of atom a. The Hellman-Feynman theorem states
that the force exerted on the nucleus of atom a by the electrons is given by

F,=—tr(pV . H), (21)
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where the density matrix is evaluated according to Eq. (12) and V, = 0/0R,. The
nuclei also experience a classical Lorentz force,

FPM = g,(v, x B,) + ¢ E,, (22)

where ¢, is the charge of nucleus a, B, and FE, are the applied magnetic,and electric
fields at the position of nucleus a, and v, is the velocity of nucleus/a.
The classical nuclei experience both an interaction torque, Iy, due to the quantum

N.EM

mechanical electrons, and a direct torque, , exerted by the'appliedselectromagnetic

field. The total torque acting on the nuclei is the sum of these two contributions:
Y =1VM L1y (23)
The internal torque is calculated from the Hellman-Keynman forces as

Tini(t) =Y Ry xdig(t)y (24)
a - 4

and the direct torque is given by

TVEM = NUR, F. (25)

aceN

The angular momentum of the electrons ehanges as the external field changes, so Iy is
non-zero.

All other expectation values eomputed in this work are found by taking the trace
of the operator multiplied by ‘the density matrix, for example,

~
(L) = tipL), (S) = tr(pS), () = tr(pp). (26)

2.7. Ehrenfest Equations

The Ehrenfest equations,of motion come in useful when interpreting the simulation
results. The algebra required to derive the Ehrenfest equation of motion for the
total angulax’ momentum operator, J = L + S, is outlined in the appendix of [30].
The equations of motion for L and S separately are derived similarly, although the
equationfof motienfor S only receives contributions from the dipole coupling and SOC
Hamiltonian terms. The resulting equations are:

% =—TI'i + <N> X B, (27)
d(L) 0 £

g = D= (L) X B+ (L, L-§]), (28)
d(S)  _ps §

“2 = —2E2(8) x B+ = ((S.L- 8. (29)

Page 10 of 32
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2.8. Investigative Approach

A typical period of oscillation in an Einstein-de Haas experiment is of order bs, but
well-converged quantum mechanical simulations require a time step offorder la.u.
(2.4x107'7s). Since simulations of only 100, 000 timesteps (2.4 x 107! s) are achievable
on consumer hardware in a few hours, the necessary computations might initially seem
intractable. Fortunately, however, it is possible to simulate long eénough to reach the
quasi-adiabatic limit, beyond which further increases in the duration of the simulation
do not produce qualitative differences in the results. For example, the-total change in
angular momentum, calculated by integrating the torque throughsa 180° rotation of the
applied magnetic field, becomes independent of the simulationitimes which is also the
time taken to rotate the field. The instantaneous torqueitends to zero as the duration
increases, so we cannot work in the fully adiabatic Jimit and assume that the wave
function is the instantaneous ground state at all times, but the simulation results can
nevertheless be extrapolated to experimental timescales. To prove that quasi-adiabatic
timescales are attainable for the Fei5 system, we first characterize the relevant physical
timescales.

It is shown in the Appendix that the timescalerassociated with precession of the
magnetic moment in the applied magnetic field is

2wh
AE-, B’

where AE_, g is a typical‘spacing between energy levels of the magnetic dipole

0 (30)

Hamiltonian. For states with the same orbital angular momentum quantum number
(my) but different spin quantum numbers (m), the difference in m, will always be h.
In this case, AFE_,,.p = 2upBy where we have assumed that the spins lie parallel or
antiparallel to B. For an' expérimentally realistic magnetic field strength of 0.5 T,

T, ~ 3.0 x 10%a.u. (31)

In ST units, this is apptoximately 7.1 x 10~!'s. We note that the adiabatic wave function
for the system makes zero contribution to the final angular momentum of the iron, as
the start and.end points (B aligned along z) are equivalent. Thus, the leading term
contributing to the net angular momentum transfer will be the first order non-adiabatic
correction.. The torque applied by the magnetic field on the system must rotate the
electron magnetic moments (spin and orbit) with the magnetic field for the beginning
and end points' to both be adiabatic (Born-Oppenheimer) solutions. No moment is
transferred to the lattice by conservation of energy, since there is zero change in adiabatic
energy between the beginning and the end, with no kinetic energy being acquired by the
nuclei. " Thus any gain in kinetic energy of the nuclei must be a result of non-adiabatic
processes.

The adiabaticity timescale associated with the electronic structure of the cluster is

2mh
AEy,’

T, (32)
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where AEy,, the difference in energy of eigenstates split by Hj, takes on energy values
in the range 0.1a.u. to 0.01 a.u. Assuming AFEy, = 0.1a.u. gives

T, ~ 62.8 a.u. (33)

In SI units, this is approximately 1.5 x 107%s. States of differentgorbital angular
momenta are split by Hy while states with the same spatial formebut different spin
are not, so this timescale affects states with different values of (¢{|L|p;), Wwhere |¢;) is
the ¢’th instantaneous eigenstate. The value of (L) is able to follow the changes in the
applied field quasi-adiabatically, provided the simulation duration is\greater than Tj.
This timescale is much shorter than the timescale associated with Larmor precession.
It is also instructive to calculate the spin-orbit adiabaticity timescale. The

eigenvalues of the SOC term are given by (£/2)(j(j + D=1l 4 1) — s(s + 1)). In
1
27
values of 5/2 or 3/2. These two values of j givelthe SOC eigenvalues & and —1.5¢

our simulations | = 2, since we consider only d orbitals, s = and j may take the
respectively. Taking the difference between these gives, the energy level separation,
|AEsoc| = 2.5§ = 0.15eV, which is the only possible energy level transition coupled by
SOC. Using,

2rh
T ~ 34
$0C ™~y Eool (34)
we find that Tsoc = 419.3a.u., which istan order of magnitude larger than the

lattice splitting timescale in Eq. (33), but, several orders of magnitude smaller than
the precession timescale. Thus all simulations that are quasi-adiabatic with respect to
the Larmor precession timescale, willhalso be quasi-adiabatic with respect to the SOC
timescale.

Although the precession timescale for a B field of 0.5 T, 7.1 x 107", is too
long to simulate, it is possible to achieve quasi-adiabaticity in a shorter time by
applying an artificially large:magnetic field. The largest field strength considered in
this work is 500 T,.for which the magnetic dipole coupling adiabaticity timescale is
T, ~ 3 x 10* a.u. This timescale remains greater than the adiabaticity timescales arising
from the electronie structure of the crystal (Ty = 62.8a.u.), and from the SOC term
(Tsoc = 4193 a.u.). Since the simulations used to draw any conclusions remain quasi-
adiabatic, and the field strengths considered are not sufficiently strong to reorder the
adiabaticity timeseales, the results of our simulations are qualitatively similar to the
results that would be found had an experimentally realistic field strength been used. Our
approach will c¢onsider a range of B field strengths to confirm the adiabatic timescales
calculated4@above, and deduce trends in the contributions to the torque as the limit of
smallnB and large T is approached.

3. Results

To facilitate a gradual build up in the complexity of the effects observed, the results
section is split into two parts: Sec. 3.1 presents results obtained in the absence of spin-
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Figure 2: The time evolution of the expectation values of\(a) the orbital and spin
angular momenta and (b) the torque as the applied magnetic field rotates in the zz
plane at constant angular velocity. The field strength 5500 T and there is no SOC.
The orbital angular momentum remains almost perfectly, anticaligned with B. The
spin is approximately anti-aligned but exhibits additional oseillations due to Larmor
precession about the B field. The simulation averages ofithe x and y components of the
torque exerted on the nuclei by the electrons ate approximiately 0; the average of the z
component is non-zero.

orbit coupling; and Sec. 3.2 presents.results with spin-orbit coupling. Sec. 3.3 examines
how the simulations are relevant to experiments. Sec. 3.4 ends the results section with
an analysis of the trends of the various centributions to the torque as the experimental
limit is approached.

The simulations without/SOC used three different field strengths: B = 500 T,
B =50 T, and B = 0.5 T..The results show the gradual breakdown of the quasi-
adiabatic rotation of the spin as'the applied field is reduced. The simulations with SOC
used B = 500 T only, as these were unambiguously in the quasi-adiabatic limit and
thus the most relevant to experiment. Unless stated otherwise, the results below are
expressed in Hartree atomic units (a.u.).

3.1. Without spim-erbit coupling

The results [shown in this section were all obtained in the absence of SOC, i.e., with
¢ = Oa.uThe effects of exchange and the interaction with the magnetic field were
included. The three simulations considered have (i) B =500 T, (ii) B = 50 T, and (iii)
B =0.5"T.

Figure 2(a) shows the evolution of the spin and orbital angular momentum
expectation values in response to a time-varying B field with a field strength of B =
500 T-"Although (S) remains approximately antiparallel to the field, it also oscillates
slightly with a period of approximately 3,000 a.u. This is the timescale associated with
the Larmor precession of the spins: the Larmor frequency, ws = 2ugB/h, implies a
period of oscillation of 22’;’% =2954au ~7.1x10"s

From Egs. (28) and (29), setting the spin orbit term to zero, one can see that
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(S) can only undergo Larmor precession, whereas d (L) /dt has contributiong fromna
Larmor term plus the interaction torque. The interaction torque is much larger than
the magnetic torque, explaining why (L) does not precess at the Larmor frequency:

The torque exerted on the nuclei by the electrons, Iy, is shown in figure 2(b). The
y component remains small throughout the simulation; the x component changes from
negative to positive as the field rotates; and the time dependence of the z component is
shaped (approximately) like the first half of a sinusoidal cycle. If we were(not holding
the atoms in place, and if the velocities of the nuclei remained small enough to justify
neglect of the direct Lorentz torque, the “torque impulse” AL jye1ei = fo int (£)dt would
equal the change in the angular momentum of the clustet of classical nuclel during
the simulation. The contributions from Iy, and @', are much smaller than the
contribution from I'yy . and integrate to zero in the quasi-adiabatic limit, so the cluster
would begin to spin about the z axis.

In addition to the torque on the nuclei duérto the electrons, the nuclei also
experience a direct torque contribution from the EM field wia the Lorenz force. The effect
of the direct electromagnetic torque can be estimafed ffom Eqs. (22) and (25). Since
the nuclei are clamped, then v, = 0 for/all atoms and/thus the classical Lorentz force
is given by FFM = ¢, E,. Faraday’s law of induction inforrns us that V. x E = -8,

Since the B field is spatially uniform, it follows that 2 8 is spatially uniform, thus the

¢
curl operator can be inverted to give Ei= ——(%—If) x r+ Vx(r,t), where x(r,t) is an
arbitrary smooth function of r and t.“Since there are no charges contributing to the
external field in the vicinity of the cluster, werequire the solution with V- E = 0, which
sets x(7,t) = 0 if the boundaryseondition that the electric field should tend to zero as r
becomes large is also applied.| These relations can be used to estimate the direct torque

on the nuclei due to the EMfield:. Using Eq. (25) for the torque on the nuclei, we find

FNEM:——Z%R x( B. xR) (35)

aeEN

which has a magnitude of order

VEM e N R2 36

e v (36)
where Naisrthe mumber of nuclei and R, is the mean cluster radius. A field of 0.5 T
that reverses its direction over a duration of 10,000 a.u., has %—]f ~ 43 x 107" a.u.

An approximate mean cluster radius of 2.49A, gives FN EM- 1.8 x 10%a.u. In
figure 4, which has a field strength of B = 0.5T, the interaction torque is approximately
0.5 %10 %a.u. on average, thus the contribution of the direct EM torque is negligible
in comparison to the interaction torque due to the electrons. Provided that simulations
remainrquasi-adiabatic, both the interaction torque and Faraday torque scale as 1/7%,
so this result also holds for experimental timescales.

Since (L) is mostly antiparallel to B, the —%2 (L) X B precession term in Eq. (28)

LD

is small and Ty, is approximately equal to — This can be seen by comparing the
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Figure 3: The time evolution of the expectation values of (a) the orbitaland spin angular
momenta and (b) the torque as the applied magnetic field rotates in the zz plane at
constant angular velocity. The field strength is B = 50"T,and there is no SOC. The
orbital angular momentum again remains approximately anti-aligned with B. The spin
fails to stay anti-aligned with B as the Larmor precession'is too slow for this field
strength and the simulation is not quasi-adiabati¢in The, simulation averages of the x
and y components of the torque are approximately/0; the’average of the z component
is non-zero.

graphs of (L) (t) and L'y . (f): since(L,) (¢)s shaped like the first half of a sine curve,
['int 2 (t) is shaped like minus the first‘half of ‘@cosine curve. Similarly, (L.) () is shaped
like the first half of a cosine curve and g () like the first half of a sine curve. These
observations show that the intermal torque on the nuclei is a result of the transfer of
orbital angular momentum from the electrons to the nuclei. The transfer could be seen
as a manifestation of the Einstein-de Haas effect, but for orbital angular momentum
rather than spin. It arises front the'rotation of the orbital magnetic moment created
by the application of the field itself, and is transmitted to the nuclei via the Coulomb
interactions between electroms-and nuclei. In the absence of spin-orbit interactions,
although the spins retate;they are decoupled from the lattice and do not exert torques
on the nuclei. The torqueiexerted by the rotating applied field changes the spin angular
momentum directly, with'no involvement of the lattice.

The rapid oseillations appearing in the torque do not arise from the —d (L) /dt
term of Eq.(28), which does not vary on this timescale, but from the small precession
term, B (L)wTheir existence indicates that as B(t) evolves, (L) (¢) is not perfectly
anti-parallel to B(t), but remains approximately anti-parallel by continuously correcting
itself'on the crystal Hamiltonian timescale (1.5 x 107'° s, or about 62.8 a.u.), which was
caleulateddn Eq. (32).

The results of the B = 50 T simulation are shown in figure 3. The spin precession
timescale of ;2™ = 29 537a.u. (7.1 x 107'35s) is 10 times greater than it is when

QHBB
B ="500T, and is almost half the duration of the simulation. The spin is unable

to keep up with the rotating magnetic field, and the simulation ends without the z
component of the spin reversing its sign. Since the spin fails to stay in its ground
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Figure 4: The time evolution of the expectation values of (a) the orbitaland spin angular
momenta and (b) the torque as the applied magnetic field rotates in the zz plane at
constant angular velocity. The field strength is B = 0.5 Thand there is no SOC. The
orbital angular momentum remains approximately anti-aligned with B. The spin is
almost completely unable to respond to the rotation of B as the Larmor precession
period is greater than the simulation duration. /The simulation averages of the x and
y components of the torque are approximately 0; 4he av%rage of the z component is
non-zero.

state, the behaviour of the spin ismet quasi-adiabatic at this magnetic field strength
and rate of change. The initial magnitude of the spin is determined mostly by the
exchange interaction and remains similar to,the B = 500 T case, but the orbital angular
momentum (L) is reduced by afactor of 10. This explains the reduction by about a
factor of 10 in the torque applied to the nuclei. The difference in the evolution of the
spin has little qualitative effection the evolution of (L) and thus little qualitative effect
on the form of the torque! y

Figure 4 shows the'results for a realistic field strength of B =0.5T, although
still an unrealistically fast field'rotation rate. In this case the precession timescale is
zi:jg = 295,375 a.u(7.1 %0107 5), which is greater than the duration of the simulation.
As a result, the evolution,of (S) is far from adiabatic and the direction of the spin is

unable to follow the rotation of B. The electronic structure timescale (of approximately
62.8 a.u.) is gtill much smaller than the timescale on which the B field rotates, so the
orbital angulargnomentum’ (L) is able to stay anti-parallel to B.

In mnost real@solids, the orbital angular momentum is quenched and (L) is
approximately zero in the absence of an applied magnetic field. Applying a B field
induces an Lywhich is proportional to B in the linear regime. The proportionality of L
and B can‘be seen in our Fe;s cluster results when B £ 50 T, although L becomes larger
than expected when B is small, presumably because the outermost shell of degenerate
states is partially filled and can be occupied by electrons in a manner that produces a
fimite but small orbital angular momentum at very little cost in energy.

For the relatively low magnetic field strengths accessible experimentally, the induced
orbital angular momentum is small and the orbital EdH effect discussed in this section
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Figure 5: The time evolution of the expectation values of (a) the orbital and spin angular
momenta and (b) the torque as the applied magnetic field rotates in the zz plane at
constant angular velocity. The field strength is B = 500" Thand the simulation includes
the effects of SOC. The orbital angular momentum isdarger tham in the absence of SOC
and experiences additional oscillations due to its ceupling toiS. The effect of Larmor
precession about the B field is visible in the evelution ef the torque. The simulation
averages of the z and y components of the torque exerted 6n the nuclei by the electrons
are approximately 0; the average of the zcomponent is non-zero.

is weak. The spin angular momentum, by contrast, is non-zero even in the absence of
an applied magnetic field because of the exchange interaction. In the presence of SOC,
the rotation of the spin moment also applies a torque to the lattice and produces the
spin EdH effect discussed below.,

3.2. With spin-orbit coupling

The results in this section dnclude the effects of SOC, with the SOC parameter
¢ = 0.06eV (approximately2.2 x 1073 a.u.) as is appropriate for iron. Figure 5 shows
the results of a simulation with a B field of 500 T. The spin evolves similarly to the
corresponding simalation without SOC (figure 2(a)). The coupling of L and S has two
main effects. The first is that the initial magnitude of (L) is over twice as large as in
the equivalentgsimulation without SOC. This is because the L operator not only has
the B field acting oncit, but is also coupled to the S operator, the expectation value of
which is large because the exchange interaction is large.

We note that a classical spin-orbit term, of the form %L - S, would encourage L
and S toanti-align (for £ > 0). However, in our results, the addition of spin-orbit causes
thel angular momenta L and S to couple more strongly in alignment with each other.
This can be understood as being due to Hund’s third rule, which states that the value of
J is found using J = |L — S| if the shell is less than half full and J = |L 4 5] if the shell
ismeore than half full [54]. The Fe;5 cluster considered has 102 electrons occupying the
150 available MOs, thus the shell is over half full, and thus the energy is minimized with
(L) and (S) in alignment. We were able to verify that Hund’s third rule is obeyed by
our model in the case in which the shell is less than half full by additional calculations
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involving fewer than 75 electrons. In these simulations, the addition of SOC caused L
and S to become anti-aligned, in agreement with Hund’s third rule and aséwould be
expected from the classical interpretation of the SOC term.

The second effect caused by the addition of SOC is that the oscillations due to
the Larmor precession about the B field, are also visible in the evolution of (Ly. In
figure 2(a), the effect of Larmor precession was apparent in the evolutionof the spin, yet,
the same oscillations did not appear in the evolution of the orbital angular@momentum,
since the interaction torque is much larger than the magnetic torgue inEq<(28). When
SOC is included, the SOC term in Eq. (28) becomes significant, and it s energetically
favourable for the orbital angular momentum to remain aligned with{the spin, which
causes the Larmor precession oscillations to also show in the evolution of (L).

In the presence of spin-orbit coupling, Eq. (28) gives
d(L) pp 3

iyw=—- L)x B+=_(|[L,L-S]). 37
== BB (p) B e ([L, DV 8) (37)
As a result, the Larmor oscillations in (L) also influenée’the torque. When averaged
over the duration of the simulation, thetintroduction of SOC more than doubles the
magnitude of the interaction torque, as ‘maysbe seen by comparing figures 2(b) and
5(b). The precession and SOC terms act in‘epposite directions and mostly cancel each

other out, so the interaction torque remains approximately equal to the —4L) torm in

dt
Eq. (37).

As explained in Sec. 3.1{(L) is approximately proportional to B when SOC is
omitted and B is small. The spin-expectation value, by contrast, is determined primarily
by exchange interactions and remains substantial even at B = 0. Adding SOC links
the spin and orbital angular'mementa, allowing the spin to mimic an applied field that
polarizes the orbital angular momentum and makes the magnitude of the orbital angular
momentum independent of B at low B.

3.3. Relevance toerperiments

Although adiabatie, simulations at realistic field strengths are impractical, our quasi-
adiabatic results allow us to deduce the main qualitative features of the Einstein-de Haas
effect on experitnental timéscales and for experimental field strengths. An experiment
with a field strength of B = 0.5T would have a precession timescale of 47,014 a.u., much
less than the period of the oscillatory fields used in experiments, which are typically
of order 1§n=="4.1 x 10'°a.u. It follows that the experimental time evolution is also
quasi-adiabatic and that our quasi-adiabatic simulations access the same physics as
the ‘experiment. The spin and orbital angular momentum are both able to follow the
rotation of the field and reverse their orientations as the field reverses. This generates
a/measurable torque on the Feys nuclei. If the Feys cluster were not held in place, this
torque would cause it to start rotating.
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3.4. Extrapolating the results to low B field

Having established that we are able to carry out simulations in the physically relevant
quasi-adiabatic regime, we investigate the trends as the magnitude of B reduees towards
1T or lower, as used in most experiments.

For a sufficiently small B field, the simulations fail to remain quasi-adiabatic and
the results are no longer relevant to experiment. If we suppose thatthe quasi-adiabatic
breakdown occurs when the simulation duration is smaller than the precession timescale,
Eq. (30) tells us that breakdown should occur when B 5 % = 9.8 For safety’s
sake, it is best to ignore results calculated with values of B lessithan around 20 T.

In figures 6 and 7, we plot the results of simulations for a wide range of magnetic field
strengths from B = 250 T to B = 0T, at a fixed simulatiohdurationof Ty = 150,000 a.u.
For every field strength considered and every simulation, wescalculate the simulation
averages of all terms appearing on the right-hand sides of the Ehrenfest equations of
motion for d (J) /dt, d (L) /dt, and d (S) /dt, Eqs..(27)=(29). Every such term may be
interpreted as a torque. Only the z components are required, as the time-averaged x
and y components are approximately zero. For‘an/initial time of ¢ = 0 a.u., and a final
simulation time of T, the simulation average is defined by

_ 1 (%

= | L), 38
o B (39)

where I',(t') is a time-dependeént torque contribution.
For simplicity, just as in Seesnd.1 and 3.2, the results obtained without SOC will
be described before the results with SOC.

N
3.4.1.  Without spin-orbit coupling Figure 6(a) shows how the simulation-averaged

contributions to d (L),/dt given Ain Eq. (28) depend on the magnitude of B in the
absence of SOC. Thenz component of the term that arises from the coupling of
the orbital dipolestoithe applied magnetic field is given by (—ug/h)({(L) x B), =
(—pp/h)((Ly) By — By (Ly)). Since B, = 0 and B, < 0 throughout the motion, and
since (L,) < Ou(seefigure 2(a)), the resulting torque points in the +2 direction. The
dipole torque is siallin'magnitude because, in a quasi-adiabatic simulation, (L) and B
remain almost@nti-parallel and their cross product is small. The averaged interaction

torque applied to the electrons by the nuclei, —I' », acts in the opposite direction to

the magnetic dipole torque, —#E2((L) X B).. In the absence of SOC, all the torques
in figure 6(a)'scale linearly with B. (L) is small for low B fields, so very little torque
is generated by the electrons on the nuclei for experimentally realistic magnetic field
strengths:

Figure 6(b) shows the torque contributions affecting the spin in Eq. (29). Since

the SOC parameter ¢ is zero, the other two terms, d<5tz> and —2EE((S) x B), are

equal. Thus, the rotation of (S) is caused solely by the magnetic dipole coupling of

the spin to the field. The averaged torque due to the dipole moment coupling to the
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Figure 6: The #ime-averaged torques entering the equations of motions for (a) (L),
(b) (S).and (¢)u(J), for a range of B field strengths and with a fixed simulation
duration of T = 150,000 a.u. The results in this figure are without SOC. Torque values
for Be=< 100.T are shown with dashed lines to indicate that the data in this region should

not be analysed.

magnetic field acts in the —2 direction. This is the opposite sign to the dipole coupling
torque of (L). Figure 6 shows that, without SOC, the relative directions of the dipole
coupling torques of (L) and (S) are different. The spin magnetic torque contribution,
(~2up/h)((S)xB), = (—2up/h)((S:) By,— B (S,)) has the same direction as d (S,) /dt,
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55 since.B, = 0, and B, < 0 and (S,) > 0 throughout the motion (which can be seen in
g? figure 2(a)). This causes the net direction of the spin magnetic torque contribution to
58 be in the —2 direction. This difference is caused by the interaction of the electrons with
59 the lattice, which prevents (L) from precessing as it would if the lattice were absent.
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The third panel in figure 6(c) shows the relative contributions of the torques shown
in the previous two panels to the total electronic angular momentum, according to the
terms in Eq. (27). Since % is much greater than any of the averaged torques related
to the orbital angular momentum, the spin dominates the change in the total electronic
angular momentum. As the large spin contribution to (.J,) is decoupledifrom the nuclei
in the absence of SOC, the average torque experienced by the nueléi] [ig, is much
smaller than d (J,) /dt. At low B, the quasi-adiabatic limit is reached, and the torques
reduce rapidly as the spin becomes unable to respond to the rate of lgtation of the B

field (as was demonstrated in figures 2-4).

3.4.2. With spin-orbit coupling The simulation results with SOCyincluded are shown
in figure 7. Figure 7(a) shows the contributions to the torque that affect (L), along
with the value of d (L.) /dt obtained by summing them. For values of B large enough
to produce quasi-adiabatic results (B g 100T), the.averaged dipole coupling torque
and the averaged SOC torque are approximatelyfindependent of B. This is because the

magnitude of (L), which is proportional to B in the absence of SOC, is now determined
h%
as B rises. As far as the orbital angular momentum is concerned, the mean spin (S),

primarily by the = (L -S) term in the/Hamiltonian and no longer rises significantly

which is finite even when the applied magnetic field is zero, acts like a large magnetic
field. The averaged interaction torque increases with increasing B, which leads to an

increase in the overall orbital torque on the electrons, d%;) . For values of B < 100 T,
the breakdown of quasi-adiabaticity is apparent, leading to a gradual increase in the
magnitudes of the torques duedo the.SOC and orbital moment terms, and then a rapid
decrease in all torques as B becomes 30 small that the angular momenta are no longer
able to follow as it changes diréetions

Several qualitative differencés are apparent when comparing figure 7(a) to its
equivalent without ‘SQC, figure6(a). The SOC torque contribution, shown in red,
is of course non-zero omnly when the SOC parameter ¢ is non-zero. In addition, the
orbital-magnetic torque term (—up/h)((L) x B), is reversed in direction in figure 7(a)
in comparison to figure 6(a), and points in the same direction as the spin-magnetic
torque term, {(—2pup /B)((S) x B)., when SOC is included. This can be understood as
being due t6 SQC ensuring that (L) and (S) are more closely aligned, which changes
the sign of L, ) (which can be seen by comparing figures 2(a) and 5(a)). In the presence
of SOC, the torque on the nuclei due to the electrons, —fint,z, is many times larger than
in itssabsence. /For example, at B = 100T, the difference is a factor of approximately
15}

In the presence of SOC, the magnitude of (L) is much larger due to its coupling
to (S), which is large due to Stoner exchange. As a result, the terms in figure 7(a) can
be large for small B, which causes a large —I'i, . even for small B. This allows for a
torque on the nuclei due to the electrons to be observable for experimentally realistic B
field strengths. Now, since (L) is locked to (S) by the SOC and has a non-zero value

even when B = 0, both (L) and (S) behave paramagnetically.
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Figure 7(b) shows the averaged torque Contributions in the spin equation ofdanotion.
With SOC included, the average magnitude of === d is approximately the samefas it is in
the absence of SOC. The SOC term is non-zero and takes the same sign‘as the magnetic
dipole contribution to the change in spin angular momentum.

Figure 7(c) shows the averaged torques from Eq. (27). Comparing figures 6(c)
and 7(c), we see that the averaged torque on the electrons due to the@xternally applied
field, ((u) X B),, is approximately the same with and without SOC. By €ontrast the

torque on the electrons due to the nuclei, —L'y - is greatly enhaneed i m the presence of
SOC, in particular at low magnetic field strengths. Since the mteractlon torque, Fmt,z,
is the torque acting on the nuclei due to the spin-lattice interaction, it ¢an be thought of
as the torque that enacts the Einstein-de Haas effect. As a resultpfigures 6(c) and 7(c)
show that the Einstein-de Haas effect would not be observed for low magnetic field
strengths if SOC was not present, and that the spindattice torque is significant at low

field strength when SOC is included.
d(Jz)

dt .
magnetic field and due to the nuclei, it is alsolincreased in the presence of SOC. This

Since is the sum of the averaged torque omtheéelectrons due to the external
makes sense when comparing the magnitudes of (L).and (S) at t = 0 a.u. in figures 2(a)
and 5(a), in which we see (S) (t = 0) is approximately the same in both cases, while
(L) (t = 0) is enhanced in the presence of SOC, implying that a greater net change in
total electronic angular momentunt'is required. to reverse the sign of (J) since the average
torque over the duration of the simulation is given by —2(J) (t = 0)/Ty. Figure 7(c)
shows that when the orbital andispin contributions to the torque are summed, it is clear
that the torque on the Fe;s; clustery I, ., is a fraction of the torque exerted on the
system by the externally applied B field:
N

4. Conclusions

This work set out todnvestigate the quantum mechanical origins of the Einstein-de Haas
effect in a Fey; cluster frem first principles, by means of simulation using a non-collinear
TB model. It was shown that in a slowly rotating B field, orbital and spin angular
momenta candgeverse,their orientations, leading to a measurable torque on the cluster.
Despite the /computational challenge of reaching physically realistic timescales for the
simulations.the qualitative features of the evolution can be extrapolated by use of the
adiabatic theorem. However, the net transfer of angular momentum to the iron is a
non-adiabatic process. By analysing the trends of the torque contributions as B be-
comes small, it has been verified that SOC greatly enhances the interaction torque on
the Eey; cluster due to coupling to the Stoner exchange-induced spin moment. The en-
hancement due to SOC is especially pronounced for low magnetic field strengths. This
worksdemonstrated a quantum mechanical model capable of simulating the Einstein-de
Haas effect in a ferromagnetic cluster and revealed the physical mechanisms which drive
the timescales causing this effect.
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The tight-binding model employed in this work is not gauge invariant, thus a signif-
icant improvement would be to use London Orbitals [55] to remove any arbitrariness
arising from the choice of gauge. Experimentally, it would be valuable, to visualize
the rotation of the spin of a single ferromagnetic domain in order to cenfirmy,or deny
whether the spin passes through (S) = 0, or whether it follows a pathdeloser to arota-
tion through an arc of a circle. One speculative application of this werk'is that the tight
binding model may be used to derive a macroscopic description of spin-lattice coupling
effects using the formalism of molecular dynamics, which would"make, the spin-lattice
dynamics of much larger systems tractable and relevant to engineerir?g and industrial
applications.
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N
Appendix A. The Adiabatic Theorem specialized to the Einstein-de Haas
Effect

This appendix shows how the‘adiabatic theorem may be manipulated into a form which
enables the timescales for\transitions between diabatic and adiabatic behaviour to be
calculated. A _variety of proofs of the adiabatic theorem exist in the literature [56-58],
here we follow the approach of Griffiths [59].

Instantaneous eigenstates of the time-evolving Hamiltonian are defined by,

H(t,ma (1)) [Yn(t)) = En(t) [¢n(t)) n=1,2,... (A1)

These eigenstates are not solutions of the time-dependent Schrodinger equation in
general.

For a solution of the Schrodinger equation, |W(t)), consider a wavefunction which
beginsiits evolution at ¢ = 0 in an energy eigenstate,

(W (0)) = [¢m(0)) - (A.2)

Page 24 of 32



Page 25 of 32

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCM-121993.R1

The FEinstein-de Haas Effect in an Fe;s Cluster 25

Expanding the wavefunction as a linear superposition of instantaneous/ energy
eigenstates gives,

() =D ealt) ln(t)). (A3)

n

Substituting this into the Schrodinger equation, and left-multiplying™®y (¥m(t)| yields

i = (Bn(®) = i b} ) =it Y (B 8 (A4)

n#m

Taking the time derivative of the instantaneous eigenstatesias defined in Eq. (A.1)
informs us that for m # n

(H) i

<wm|¢n<t)> = Ma (A.5)

where (H)pn = (| H|1,). Thus, Eq. (A.4) can belrewriften as

i = (B) i g 0 > (A6

n#m

For the system to remain in the ground state throughout the evolution, the coupling
term must be small in order for the expansion coefficients of higher instantaneous energy
eigenstates not to become significant. Thus the criterion for the quantum adiabatic
approximation which must bessatisfied. for the system to remain adiabatic is:

w)mn
E,+F,

<1 vV n #m. (A7)

The couplings can be grouped depending on the magnitude of the splitting |E, — E,,|.
The smallest differences invenergy come from states which are split by —p - B, which
yields the condition
2mh
Ty > —— A8
where T 1s the duration of the simulation. SOC causes larger energy level splittings,
with an associated timescale given by

2mh
Ty > . A9
> AEwon (A.9)
‘The largest energy splittings in the Hamiltonian are due to Hy, which lead to a separate
timescale,
2mh
T . A.10
RN (A.10)
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