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Abstract. Molecular magnets are one of the key research themes of µSR, but locating the
muon stopping site in these compounds using density functional theory is often very challenging
as their unit cells tend to contain a very large number of atoms. Nevertheless, many molecular
magnets contain the [PF6]

− and [BF4]
− molecular ions, which, due to their fluorine nuclei,

produce a distinctive µSR spectrum, which can give information about the muon stopping site.
This paper details the calculation of the muon sites in the much simpler materials KPF6 and
KBF4, providing insights which can be applied to situations where these molecular ions are
found in complicated molecular magnets.

1. Introduction
One of the principal uses of µSR is to measure magnetic materials, but the magnetic field the
muon observes depends strongly on the muon stopping site, and the challenges of calculating
this can often prohibit a full quantitative analysis of the data. Although DFT+µ has been very
successful in locating muon stopping sites in many cases [1, 2], the fact that much of the rich
physics of the most exciting quantum materials arises due to their d and f electrons means that
performing such calculations can take a very long time and is therefore unfeasible, even with the
pseudoisation of the core electrons. It is therefore helpful to see whether, in some materials, the
muon stopping site can be determined by observing key features of the data, and using these
to narrow down the muon stopping site. This would provide an independent check on DFT+µ
calculations or even rendering its use redundant by simply identifying the stopping site “by eye”.

This paper will detail the analysis of two compounds: KPF6 and KBF4. These compounds
contain the hexafluorophosphate ion ([PF6]

−) and the tetrafluoroborate ion ([BF4]
−), both of

which are often found in molecular magnets [3–7]. By studying them in these compounds where
the cation has a very limited effect on the µSR spectrum (as all isotopes of K have a very
low nuclear moment) one should be able to use the information gained from the analysis of
these F–µ–F states to gain insight into the muon site in more complex molecular compounds
containing these ions.

3 Current address: STFC-ISIS Facility, Rutherford Appleton Laboratory, Harwell Campus, Chilton, Oxfordshire,
OX11 0QX
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2. KPF6

KPF6 consists of octahedral [PF6]
− ions intercalated with K+ ions. The crystal structure of

KPF6 has four phases, I–IV, as described in Refs. [8, 9], but in this study the compound was
assumed to be in the trigonal phase IV, which is depicted in Figure 1a. The positively charged
muon can be assumed to be in between two fluorines which are initially relatively close together
(so that the Coulomb forces due to the muon at the fluoride ions in their original positions
are strong enough to sufficiently displace them) to form an F–µ–F state. There are therefore
two categories of states the muon can form in this compound: “intra-octahedra” states, where
the F–µ–F bond is formed between two fluorines in the same [PF6]

− octahedron, and “inter-
octahedra” states, where the muon bonds to two fluorines on different [PF6]

− octahedra.

2.1. Muon site determination
We calculated the muon polarisation for muons in various sites using the dipole-dipole
Hamiltonian,

H =
∑
i<j

µ0γiγj
4π|rij |3

(si · sj − 3(si · r̂i)(sj · r̂j)), (1)

cutting off the Hilbert space when the matrices were of size 2048 × 2048. We chose the nuclei
to be included in the calculation by calculating the size of the interaction between the muon
and each of the nuclei surrounding the muon as µ

r3
[where µ is the nuclear moment and r is the

distance between the muon and the nucleus], selecting the nuclei with the ten largest values of
this figure of merit. Figure 1b shows the muon polarisation one would expect from muons in
various sites. In this figure, the muon-induced distortions are assumed to only be felt by the
nearest-neighbour fluorines, and are assumed to be in a radial direction4. The nearest-neighbour
F–µ distance was set to be 1.20 Å for every muon site, which is a rough estimate of the expected
distance based on previously measured F–µ–F states.

From this figure, it is clear that a change in muon site has a significant effect on the µSR data:
each of the states produces a muon polarisation which is visually distinct, even though they
are all F–µ–F states. These different muon sites would certainly not be distinguishable to any
significant extent if the approach of modelling the relaxation by a stretched exponential function
was used, as the main difference between these sites is the nature of the muon’s decohering
environment of surrounding nuclear spins. By comparing the data in Figure 2 to the states in
Figure 1b, it is clear that the muon state which most closely matches the data is the light blue
inter-octahedra state. This is likely because the P atom in the centre of the [PF6]

− ion has a
slight positive charge, which repels the muon and ensures only inter-octahedra muon sites are
realised.

In order to confirm this site, and to predict the lattice distortions, we also performed
DFT+µ calculations on KPF6. As the rough location of the muon stopping site was determined
previously, only one DFT relaxation calculation was required, as it was not necessary to place
the muon in lots of random locations in the crystal structure. A supercell was constructed from
2×2×2 conventional unit cells, and the muon was placed in an inter-octahedral position similar
to that determined from the muon polarisation, and, as usual, the cell was given a charge of
+|e| to represent the charge state of the muon. The DFT+µ calculation predicts that the muon
strongly distorts its nearest-neighbour fluorines, but the distortions of the further ions are to a
lesser (but not negligible) extent. The DFT+µ result also predicted a slightly off-centre site: the
distance between the muon and the two nearest fluorine atoms (rnn1 and rnn2) was 1.07 Å and
1.25 Å respectively.

4 These assumptions also mean that the F–µ–F bond angle is different for all the sites, but by comparing the two
sites closest to the centre of the quadrilateral of the four fluorines one can see that the that the overall environment
of the muon has the greatest effect, as these two have a very similar muon polarisation but different F–µ–F bond
angles.
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Figure 1. Muon states in KPF6. a depicts the crystal structure of KPF6, with fluorine,
phosphorus and potassium atoms depicted as grey, lilac and purple spheres respectively. b
shows the expected muon polarisation calculated for the muons in the positions as shown on the
diagram in the left side of the subfigure, with the colour of the muons matching the corresponding
muon polarisation on the right hand side. The octahedra depicted are the two shown in the
conventional unit cell in a, looking in the −b direction.

2.2. Results and analysis
A polycrystalline sample of KPF6 was obtained commercially, and wrapped in 25 µm Ag foil.
The sample was initially placed in an X-Ray diffractometer, and we found that the purity was
over 90%, and none of the impurities significantly affected the µSR spectrum. We placed this
sample in the EMU spectrometer at ISIS [10], and collected 1453 million muon decay events at
10 K, and 182 million events at temperatures 20, 30, and 40 K.

With the DFT+µ results in mind, we fitted the µSR data to the function

A(t) = ArelPµ(rnn, rdisp; t) +Aimpe
−λt +Abg, (2)

where the first term represents the muons in the F–µ–F state in KPF6, and rnn is the distance
between the muon and the two nearest neighbour fluorines5, rdisp is the displacement of the
muon from the site determined by DFT+µ in the direction perpendicular to the line joining
the two nearest-neighbours (i.e. increasing this moves the muon from the light blue state in
Figure 1b to the darker blue), a parameter which in effect also adjusts the F–µ–F bond angle.
Owing to the particularly high statistics of our dataset, particularly at 10 K, we used a large
Hilbert space to calculate Pµ(...; t), with the matrices being of dimension 4096× 4096, and the
eight furthest nuclei from the muon within this cutof were rescaled by a factor ζ8, calculated
from the DFT+µ results using the second moment of the dipole field distribution (using the
methods detailed in Refs. [11–13]) and this was not used as a fitting parameter. The second
term in the fitting function (Aimpe

−λt) models muons stopping in the various impurities in the
sample, with the small nuclear moments causing a slow relaxation. The final term (Abg) was
included to model the small Ag nuclear moments in the sample holder, a term which is small
because the very large KPF6 sample covered the vast majority of the beam spot. The value of
these amplitudes were Arel = 11.76(3)%, Aimp = 1.223(4)% and Abg = 1.87(1)%, and were fixed

5 Fits were also attempted which allowed the two nearest-neighbours to the muon to have a different distances,
but both values always converged to be the same, so were fixed as rnn.
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Figure 2. Fits of the KPF6 EMU data, using Equation (2). The fitted parameters rnn and
rdisp are shown next to the relevant plot for each temperature.

in every fit. The fits are shown in Figure 2, which depicts the impressive agreement between the
data and the model, and the values of the fitting parameters rnn and rdisp. These results also
show that the nearest-neighbour µ–F distance increases slightly with temperature. The origin of
this is unclear, not least because the random error for each of these values is close to the change
of the values between the temperatures. Nevertheless, thermal expansion might be a suitable
explanation for this: the coefficient of thermal expansion for [PF6]

−-containing compounds tends
to be of the order of 10−5 K-1 [14], consistent with the order of magnitude of the changes in
rnn, but as only four temperatures were measured, it is not possible to conclusively determine
this as the cause. The variation of rdisp with temperature is too large to be due to thermal
expansion effects alone. A close inspection of Figure 1b suggests that increasing rdisp has the
effect of increasing the relaxation, which would also happen if the muon is slowly diffusing at
higher temperatures, an effect which is beyond the scope of this study.

3. KBF4

KBF4 consists of tetrahedral [BF4]
− ions intercalated with K+, in the space group Pnma [15],

as shown in Figure 3a. The fluorines occupy three distinct Wyckoff sites, labelled in the figure
as F1–3, all of which have a multiplicity of 4.

3.1. Muon site determination
As the fluorine atoms occupy three different Wyckoff sites, determining which site (or sites) the
muon stops in is best achieved by DFT+µ. We placed muons in between every pair of fluorines
less than 3.3 Å apart in a supercell consisting of 1× 2× 2 conventional unit cells, again giving
the supercell a charge of +|e| due to the muon’s charge state, and these were all relaxed until
the forces on the atoms fell below a certain threshold. The final muon sites are listed in Table 1,
analysed in terms of the total energy of the relaxed supercell.

From these DFT+µ results, we can determine several properties of the KBF4 muon site:
firstly, there is an absence of any muon sites which are in between two fluorines of type F1 and
two of type F2. The closest distance between two F1s (where a line can be drawn between them
without touching the other atoms) is 4.21 Å, and for the F2s this is 3.41 Å, which are both
larger than the initial distance between all the other pairs of fluorines, suggesting these sites do
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Nearest-neighbour Number of ∆E (meV)

fluorines DFT runs

F1 ↔ F2 6 0

F2 ↔ F3 2 83

F3 ↔ F3 4 100–120

F1 ↔ F3 4 100–200

Table 1. KBF4 DFT+µ results. Each pair of fluorines which had a muon site predicted by
DFT+µ is shown, alongside the number of DFT+µ calculations predicting each of these sites.
The range of energies of the relaxed supercells for each site is also shown (∆E is the difference
in energy between the site with the lowest energy and the site in question).

not minimise the total energy because very large perturbations of the crystal would be required
to form such F–µ–F states6. Secondly, all of the states are formed between fluorines on different
tetrahedra (“inter-tetrahedra”), analogous to the situation in KPF6 discussed previously.

As each of the states predicted by DFT+µ have the muon in a different environment, each
state will give rise to a different muon polarisation. Therefore, to investigate the most likely
muon site, we calculated the muon polarisation for muons in each of the sites in Table 1. Boron
has two isotopes, both of which have spin I > 1

2 , making it necessary to include both dipolar and
quadrupolar terms in the Hamiltonian. Therefore we calculated the muon polarisation using a
Hamiltonian composed of the sum of Equation (1) and

HQ =
∑
i∈B

eQ(1 + γ∞)

h̄2I(2I − 1)

∑
α,β∈{x,y,z}

V i
αβ Î

i
αÎ

i
β, (3)

where the sum over i ∈ B is over the boron nuclei only. The external electric field gradient
(EFG) V i

αβ at the site of the ith boron nucleus (with spin operator Ii) due to external charges

qj , was calculated using a point-charge model (to achieve this, we modelled the charge state
of the boron to be +3, despite the bond between the fluorine and boron being of a covalent
character). A boron in this charge state gives rise to an anti-shielding factor γ∞ of around
−0.144, assuming an average of the values reported by various sources [16–19]. To take into
account both the boron isotopes, we calculated the total muon polarisation as a weighted sum
of the muon polarisation due to muons stopping in sites surrounded by each combination of
boron isotopes, i.e. Pµ(t) =

∑
iw

iP i
µ(t), where the superscript i denotes the combination of

isotopes used in the Hamiltonian to calculate the muon polarisation P i
µ(t). The term wi is

a weighting factor, which is calculated as a product of the abundances of all the nuclei used
to calculate P i

µ(t). As a first step, we chose to cut off the Hilbert space when the matrices
were of size 4096× 4096 (sufficiently large to include enough nuclei to produce many of the key
features of the muon polarisation, while being small enough to not take too long to compute),
selecting the specific nuclei involved in the calculation in a similar way as was done for KPF6.
For this initial investigation, we did not rescale any interactions to take into account the infinite
crystal, as a poor choice of the number of nearest-neighbours to rescale is likely to result in the
spectrum becoming distorted. The predicted muon polarisations from the four possible muon
sites determined by DFT are plotted in Figure 3b.

6 Of course, all the initial muon sites (before relaxation) were between two fluorines closer than 3.3 Å, which
excluded all F1↔F1 and F2↔F2 sites – but if these sites have a large enough potential minimum, the relaxation
calculation ought to have found them.
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Figure 3. Muon states in KBF4. a depicts the crystal structure of KBF4, and b shows
the muon polarisation expected from muons in all four potential muon states calculated with
DFT+µ. Inset: The muon asymmetry data from the KBF4 sample. c shows the Muon-induced
perturbations in KBF4, predicted by the F1↔F3 state. The muon is represented by the black
sphere, fluorine by the red and boron by the green sphere. Distorted (undistorted) positions are
shown as solid (translucent) spheres, and the lines connecting the spheres are guides to the eye.
The potassium ions are not shown for clarity.

By inspecting Figure 3b, comparing each of the muon polarisations to the data (in the inset)
shows that the muon site is clearly of the type F1↔F3, despite the results from the DFT+µ
calculations suggesting a different muon site. This muon site is highly unusual, as some of the
fluorines move considerably from their original positions, as is shown in Figure 3c. In this figure,
it can be seen that the muon’s perturbation pulls the nearest-neighbour F3 atom away from its
[BF4]

− complex, which then makes the boron move towards its remaining three fluorides (F1,
F2 and the other F3), becoming in effect a neutral planar BF3 ion. The other [BF4]

− ion
is affected far less by the muon perturbations, and all of its constituents remain in a similar
location relative to each other, but all have moved slightly towards the muon.

BF3 is a Lewis acid, which is known to accept an F− ion to form the [BF4]
− ion. A muon

has the effect of reversing this process, removing an F− ion from the [BF4]
− ion. This is similar

to the way in which the Lewis bases HCN [20] and NH3 [21] interact with BF3, with the µ–F
complex acting as a Lewis base in this case.

The muon state depicted in Figure 3c has many atoms which are perturbed, meaning that
to get a full understanding of this the muon polarisation needs to be calculated with a larger
Hilbert space than what was used for KPF6. To this end, we cut off the Hilbert space when
the size of the matrices reached 12544× 12544 for the fitting of the µSR asymmetry data (this
meant the calculation included the muon, seven fluorines and both borons, even if they are both
the isotope with the greater spin (10B), which has I = 3).

To model the effects of all the nuclei in the sample affecting the muon’s polarisation, we
rescaled the distances of the nuclei from the muon for those more distant than its two nearest-
neighbours to take into account the second dipole moment of the infinite lattice. However, the
fact that boron has two isotopes means that the calculation of this rescaling factor (ζ7) needs
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Figure 4. KBF4 µSR fits. The main plot shows the fit of the muon data to Equation (4).
The inset shows the muon polarisation functions realised when the nearest and next-nearest
borons to the muon are of type 10B or 11B.

to be done with care: for each of the isotope combinations i, the second moment of the dipolar
field distribution was calculated using broadly the same approach as for KPF6, with the key
difference being that this needed to be calculated four times (once for each of the combinations
of boron isotopes), and the second moment of the spins beyond those accounted for explicitly in
the dipole-dipole Hamiltonian was treated as an average of that of both boron isotopes, weighted
by their abundances. Therefore, there are four different values of this rescaling factor, which
varies from 0.8992 (if both borons are 10B) to 0.9085 (if both borons are 11B).

3.2. Results and analysis
A polycrystalline sample of KBF4 was obtained commercially, and wrapped in 25 µm Ag foil.
This sample was also placed into an X-ray diffractometer and was found to have a purity of
around 90 %, with the main impurities being KN3 and KNO3. This sample was placed into
the MuSR spectrometer at ISIS, and around 800 million muon decay events were measured at
a temperature of 10 K.

We fitted the KBF4 data with the function

A(t) = ArelPµ(rnn1, rnn2; t) +Aimpe
−λimpt +Abge

−(σt)2 , (4)

a similar function to that used for KPF6. The first term represents the muons stopped in
KBF4 and evolving as described in the previous section, and the second term represents the
muons stopping in impurities and causing their polarisation to decay exponentially (this is
inevitably a phenomenological relaxation function, as the X-ray data could not conclusively
determine what the impurities were). The final term is a Gaussian decay due to muons stopping
in the Ag sample holder. The muon polarisation for the muon stopping in KBF4 uses values for
ζ7 calculated from our DFT+µ results, because having this as a variable parameter would require
the introduction of four additional fitting parameters (due to the boron isotope combinations),
all of which would change the muon polarisation a similar way resulting in many local minima
for the fit.

The fit was in excellent agreement with the data, as depicted in Figure 4. The isotope
combinations are also depicted in the inset, showing the significant effect of substituting
the nearest boron nucleus on the muon polarisation (11B has a larger nuclear moment
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that 10B, explaining the more significant relaxation which occurs if the nearest boron
atom to the muon is of this species). The nearest-neighbour distances to the muon were
rnn1 = 1.077(1) Å and rnn2 = 1.489(6) Å, very close to the values obtained by DFT+µ of
0.908 Å and 1.456 Å respectively. The amplitudes Arel and Aimp were 3.21(1)% and 1.8(1)%
respectively, suggesting a significant fraction of muons had not stopped in KBF4.

4. Conclusion
Here we have shown that the distinctive evolution of the muon polarisation in the model fluorides
KPF6 and KBF4 can be used to deduce muon sites to a very high degree of accuracy, and
calculating sites this way tends to be much faster than a full DFT+µ calculation7. In addition,
we have shown that the nature of the muon site in polyatomic ions tends to be of the type that
bridges two separate ions, which appears to be due to the central atom having a strong positive
charge. In particular, for KBF4 the muon site appears to be analogous to the way in which
Lewis bases interact with BF3 ions, a reaction which can be observed by a careful analysis of
F–µ–F states, and similar interactions may also occur in other compounds.

These results have strong implications for the study of molecular magnets: often [BF4]
− or

[PF6]
− ions are used as anions to separate the magnetic cations in these systems, which have

been studied extensively with µSR [22, 23]. Owing to their complicated nature it has been
very difficult to accurately determine the muon sites in these compounds and hence get a full
understanding of the way in which the muon perturbs the host. These compounds may even have
multiple muon sites, but as each of these would have a distinctive muon polarisation, methods
akin to these presented here will be easily applicable by fitting the data to various combinations
of likely muon sites.
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De Renzi R, Blundell S J and Sanna S 2022 Phys. Rev. Lett. 129 097205
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