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Assuming the universe is spatially homogeneous on the largest scales lays the foundation
for almost all cosmology. This idea is based on the Copernican Principle, that we are not
at a particularly special place in the universe. Surprisingly, this philosophical assumption
has yet to be rigorously demonstrated independently of the standard paradigm. This
issue has been brought to light by cosmological models which can potentially explain
apparent acceleration by spatial inhomogeneity rather than dark energy. These models
replace the temporal fine tuning associated with Λ with a spatial fine tuning, and so
violate the Copernican assumption. While is seems unlikely that such models can really
give a realistic solution to the dark energy problem, they do reveal how poorly constrained
radial inhomogeneity actually is. So the bigger issue remains: How do we robustly test the
Copernican Principle independently of dark energy or theory of gravity?

© 2012 Published by Elsevier Masson SAS on behalf of Académie des sciences.

r é s u m é

L’hypothèse que l’univers est spatialement homogène à grande échelle est au fondement
de presque toute la cosmologie. Cette idée est basée sur le principe de Copernic,
qui érige que nous ne tenons pas une place particulière dans l’univers. De façon
surprenante, cette hypothèse philosophique n’a pas encore été montrée indépendamment
du paradigme standard de la cosmologie. Ce problème a été mis en exergue par
des modèles cosmologiques qui peuvent expliquer l’apparente accélération en utilisant
l’inhomogénéité spatiale plutôt que l’énergie noire. Ces modèles remplacent l’ajustement
fin associé à la constante cosmologique par un ajustement spatial, et ainsi violent le
principe de Copernic. Même s’il semble peu probable que ces modèles donnent une
solution réaliste aux problèmes de l’énergie noire, ils révèlent cependant notre ignorance
de l’inhomogénéité radiale de l’univers. Ainsi reste un probleme épineux : comment tester
de façon robuste le principe de Copernic indépendamment de l’existence de l’énergie noire
ou de toute théorie de la gravité.
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Fig. 1. The coincidence problem: why is Λ as large as it can be? Any larger and the de Sitter phase would start before structure forms. (From [1].)

1. Introduction

The standard model of cosmology is fabulous in its simplicity: based on linear perturbations about a spatially homo-
geneous and isotropic background model, it can easily account for just about all observations which probe a vast range
of scales in space and time with a small handful of parameters. The bigger picture which emerges is of a model with an
exponential expansion rate for much of the evolution of the universe, caused by the inflaton at the beginning and dark
energy at the end. We are anthropically selected to live in the small era between these phases where structure forms and
interesting things happen. Yet the physical matter which drives these accelerating periods is not understood at all in a
fundamental sense. Until they are, the standard model is unfortunately phenomenological in this critical aspect. Because of
this, the anthropic fine tuning seems perverse: the cosmological constant, at odds with its ‘expected’ value by some 120
orders of magnitude, has an energy density ρΛ today about the same as that of matter ρm , despite the fact that the ratio
of these grows with the volume of space: ρΛ/ρm ∼ a3 ∼ 1. We are living through a phase transition (Fig. 1). Why?

The problem of understanding the physical origin and value of the cosmological constant is leading us to reconsider
some of the foundational aspects of cosmological model building more carefully. In particular, it is an important fact that,
at the moment, the spatial homogeneity of the universe when smoothed on equality scales exists by assumption, and is not
yet an observationally proven fact established outside the paradigm of the standard model – which includes dark energy.
Given this uncertainty, so-called void models can explain the observed distance modulus utilising a spatially varying energy
density, Hubble rate and curvature on Gpc scales, without any unusual physical fields at late times [2–113]. The indication
is that models which are homogeneous at early times are incompatible with observations, as are adiabatic models with
the simplest type of inhomogeneity present at early times [107,108]. Isocurvature degrees of freedom and freedom in
the initial power spectrum have not been explored in detail, however, and remain possible routes to constructing viable
alternatives to ΛCDM [81,83,94]. They are therefore a very significant departure from the standard model if they can be
made to work, and would require a dramatic reworking of standard inflation (though there are inflationary models which
can produce large spherical structures – see e.g. [114,115]). Irrespective of all this, they have actually been neglected as
a serious contender for dark energy because of the anti-Copernican fine tuning that exists: we have to be within tens of
Mpc of the centre of spherical symmetry of the background [21,25,61,84], which implies a spatial coincidence of, roughly,
(40 Mpc/15 Gpc)3 ∼ 10−8. This is just plain weird. However, it is not hard to imagine a bigger picture where there exist
structures as large – or larger than – our Hubble scale, one of which we are just glimpsing a part of [116]. Perhaps there
could be selection effects favouring stable solar systems in regions of lower dark matter density (or something), which
would normalise the spatial coincidence. Who knows?

While it is still not clear whether these models can really be made a viable alternative to dark energy, these models have
brought into focus important questions: Is the universe spatially homogeneous and isotropic when viewed on the largest scales?
Perhaps we really have shown this already? If so, to what level of confidence?

The applicability of the Friedmann–Lemaître–Robertson–Walker (FLRW) metric is the underlying axiom from which we
infer dark energy exists – whether in the form of Λ, exotic matter or as a modification of GR. It is necessary, therefore, to
try to demonstrate that the FLRW paradigm is correct from a purely observational point of view – without assuming it a
priori, and preferably independently of the field equations. There are different issues to consider:

The Copernican Principle: We are not at a special location in the universe;
The Cosmological Principle: Smoothed on large enough scales the universe is spatially homogeneous and isotropic.

A textbook formulation of the FLRW metric from these principles starts from the first then uses the high isotropy of the
Cosmic Microwave Background (CMB), and approximate isotropy of local observables to conclude the second. This is correct
in an exact sense, as we discuss below: e.g., if all observers measure the distance–redshift relation to be exactly isotropic,
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Fig. 2. A test for homogeneity. (From jesusandmo.net.)

then the spacetime is exactly FLRW. The realistic case is much more subtle. A statement such as ‘if most observers find their
observables consistent with a small level of anisotropy, then the metric of the universe is roughly FLRW when smoothed
over a suitably large scale’ requires quite a few assumptions about spatial gradients which may or may not be realistic, and
has only been theoretically argued in the case of the CMB. An additional problem here is what we mean by smoothing in a
spacetime: smoothing observables is not the same as spatial smoothing, and smoothing a geometry is ill-defined and is not
the same geometry one arrives at from a smoothed energy–momentum tensor (see [117,118] for recent reviews). We shall
not consider this important problem further here as it is beyond the scope of this work, and assume that the conventional
definition in terms of a smooth spacetime is sufficient.

These important subtleties aside, going from the Copernican Principle (CP) to the FLRW geometry seems reasonable in a
wide variety of circumstances, as we discuss in detail. Consequently, establishing spatial homogeneity of the universe – and
with it the existence of dark energy – can be answered if we can observationally test the Copernican assumption. However
obvious it seems,1 it is nevertheless a philosophical assumption at the heart of cosmology which should be demonstrated
scientifically where possible [120].

The Copernican Principle is hard to test on large (Gpc) scales simply because we view the universe effectively from one
spacetime event (Fig. 2), although it can be tested locally [121]. Compounding this is the fact that it’s hard to disentangle
temporal evolution from spatial variation – especially so if we do not have a separately testable model for the matter
present (dark energy!). A nice way to illustrate the difficulty is to consider an alternative way of making a large-scale
cosmological model. Instead of postulating a model at an early time (i.e., an FLRW model with perturbations), evolving it
forward and comparing it with observations, we can take observations directly as ‘initial data’ on our past lightcone and
integrate into the interior to reconstruct our past history [45,54,80,91,122,123]. Would this necessarily yield an FLRW model?
What observables do we need? Under what assumptions of dark energy and theory of gravity: is a model based on general
relativity which is free of dark energy a possible solution? While such a scheme is impractical in the near future, it is
conceptually useful to consider cosmology as an inverse problem, and should be well-posed at least while local structure is
in the linear regime.

With these ideas in mind, practical tests of the Copernican assumption can be developed. The are several basic ideas.
One is to try to directly observe the universe as others see it. An alien civilisation at z ∼ 1 who had the foresight to send us
a data file with their cosmological observations would be nice, but failing that placing limits on anisotropy around distant
clusters can achieve the same ends with less slime. Another is to combine observables such that we can see if the data on
our past lightcone would conflict with an FLRW model in the interior. This helps formulate the Copernican Principle as a

1 The wisdom of the crowd can give the accurate weight of a cow [119]; it would be engaging to see what this method would give us here.
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Fig. 3. The Copernican Principle is hard to test because we are fixed to one event in spacetime. We make observations on our past nullcone which slices
through spatial surfaces.

null hypothesis which can in principle be refuted. A third is to see if the thermal history is the same in widely separated
regions which can be used to probe homogeneity at early times [124].

This review is organised as follows. First we consider what isotropic observations tell us, and review models which
violate the Copernican Principle. Then we discuss general results which help us go from exact isotropy of observables to
exact homogeneity of space. Finally we summarise the consistency tests available to test the FLRW assumption.

2. Models without homogeneity as an alternative to dark energy

2.1. From isotropic observables to isotropy of space

Without assuming the Copernican Principle, we have the following isotropy result [122,125,126]:

[ENMSW] Matter lightcone-isotropy
¬CP−→ spatial isotropy: If one observer comoving with the matter measures isotropic

area distances, number counts, bulk peculiar velocities, and lensing, in an expanding dust Universe with Λ, then
the spacetime is isotropic about the observer’s worldline.

This is an impressive selection of observables required. Note that isotropy of (bulk) peculiar velocities seen by the ob-
server is equivalent to vanishing proper motions (transverse velocities) on the observer’s sky. Isotropy of lensing means that
there is no distortion of images, only magnification.

The proof of this result requires a non-perturbative approach – there is no background to perturb around. Since the
data is given on the past lightcone of the observer, we need the fully general metric, adapted to the past lightcones of the
observer worldline C . We define observational coordinates xa = (w, y, θ,φ), where xa = (θ,φ) are the celestial coordinates,
w =const are the past light cones on C (y = 0), normalised so that w measures proper time along C , and y measures
distance down the light rays (w, θ,φ)= const. A convenient choice for y is y = z (redshift) on the lightcone of here-and-
now, w = w0, and then keep y comoving with matter off the initial lightcone, so that u y = 0. (This is rather idealised of
course, as redshift may not be monotonic, and caustics will form, and so on.) Then the matter 4-velocity and the photon
wave-vector are

ua = (1 + z)
(
1,0, V a), ka = ∂a w, 1 + z = uaka (1)

where V a = dxa/dw are the transverse velocity components on the observer’s sky. The metric is

ds2 = −A2 dw2 + 2B dw dy + 2Ca dxa dw + D2(dΩ2 + Lab dxa dxb) (2)

A2 = (1 + z)−2 + 2Ca V a + gab V a V b, B = dv

dy
(3)

where the expression for A2 follows from uaua = −1; D is the area distance, and Lab determines the lensing distortion of
images via the shear of lightrays,

σ̂ab = D2 ∂Lab (4)

2B ∂ y
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The number of galaxies in a solid angle dΩ and a null distance increment dy is

dN = Sn(1 + z)D2 B dΩ dy (5)

where S is the selection function and n is the number density.
Before specializing to isotropic observations, we identify how the observations in general and in principle determine the

geometry of the past light cone w = w0 of here-and-now, where y = z:

• Area distances directly determine the metric function D(w0, z, xa);
• The number counts (given a knowledge of S) determine Bn and thus, assuming a knowledge of the bias, they determine

B(w0, z, xa)ρm(w0, z, xa), where ρm = ρb + ρc is the total matter density;
• Transverse (proper) motions in principle directly determine V a(w0, z, xb);
• Image distortion determines Lab(w0, z, xc). (The differential lensing matrix σ̂ab is determined by Lab, D, B .)

Then [125,126]:

[ENMSW] Lightcone observations �⇒ spacetime metric: Observations (D,N, V a, Lab) on the past lightcone w = w0 deter-
mine in principle (gab,ua, Bρm) on the lightcone. This is exactly the information needed for Einstein’s equations
to determine B,Ca on w = w0, so that the metric and matter are fully determined on the lightcone. Finally, the
past Cauchy development of this data determines gab,ua,ρm in the interior of the past lightcone.

If we assume that observations are isotropic, then

∂D

∂xa
= ∂N

∂xa
= V a = Lab = 0 (6)

Momentum conservation and the yy field equation then give the following equations on w = w0 [122,125]:

Ca = (1 + z)−1

z∫
0

(1 + z)B,a dz (7)

B = dv

dz
= 2D ′

[
2 −

z∫
0

(1 + z)2 Dμm dz

]−1

(8)

where a prime denotes ∂/∂z. These imply that B,a = 0 = Ca , so that ρm,a = 0 – and hence the metric and matter are
isotropic on w = w0. This can only happen if the interior of w = w0 is isotropic. If observations remain isotropic along C ,
then the spacetime is isotropic.

2.2. Cosmology with spherical symmetry

Isotropic observations imply spherical symmetry in the presence of dust matter, leading to the Lemaître–Tolman–Bondi
(LTB) model, or the ‘LLTB’ model if we include Λ. An interesting explanation for the dark energy problem in cosmology
is one where the underlying geometry of the universe is significantly inhomogeneous on Hubble scales. Spacetimes used
in this context are usually LTB models – so-called ‘void models’, first introduced in [2]. These models can look like dark
energy because we have direct access only to data on our lightcone and so we cannot disentangle temporal evolution in
the scale factor from radial variations. The main focus has been on aiming to see if these models can fit the data without
Λ, thus circumventing the dark energy problem. However, they can equally be used with Λ to place constraints on radial
inhomogeneity, though very little work has been done on this [87]. We shall briefly review the LTB dust models, as they
illustrate the kind of observations required to constrain homogeneity.

An inhomogeneous void may be modelled as a spherically symmetric dust LTB model with metric

ds2 = −dt2 + a2‖(t, r)
1 − κ(r)r2

dr2 + a2⊥(t, r)r2 dΩ2 (9)

where the radial (a‖) and angular (a⊥) scale factors are related by a‖ = ∂(a⊥r)/∂r. The curvature κ = κ(r) is not constant
but is instead a free function. The FLRW limit is κ → const, and a⊥ = a‖ . The two scale factors define two Hubble rates:

H⊥ = H⊥(t, r)≡ ȧ⊥
a⊥
, H‖ = H‖(t, r)≡ ȧ‖

a‖
(10)

The analogue of the Friedmann equation in this spacetime is then given by
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Fig. 4. A void model produced by a Newtonian N-body simulation. (From [90].)

H2⊥ = M

a3⊥
− κ

a2⊥
(11)

where M = M(r) is another free function of r, and the locally measured energy density is

8πGρ(t, r)= (Mr3),r

a‖a2⊥r2
(12)

which obeys the conservation equation

ρ̇ + (2H⊥ + H‖)ρ = 0 (13)

The acceleration equations in the transverse and radial directions are

ä⊥
a⊥

= − M

2a3⊥
and

ä‖
a‖

= −4πρ + M

a3⊥
(14)

We introduce dimensionless density parameters for the CDM and curvature, by analogy with the FLRW models:

Ωκ(r)= − κ

H2⊥0

, Ωm(r)= M

H2⊥0

(15)

using which, the Friedmann equation takes on its familiar form:

H2⊥
H2⊥0

=Ωma−3
⊥ +Ωκa−2

⊥ (16)

so Ωm(r)+Ωκ(r) = 1. Integrating the Friedmann equation from the time of the big bang tB = tB(r) to some later time t
yields the age of the universe at a given (t, r):

τ (t, r)= t − tB = 1

H⊥0(r)

a⊥(t,r)∫
0

dx√
Ωm(r)x−1 +Ωκ(r)

(17)

We now have two free functional degrees of freedom: Ωm(r) and tB(r), which can be specified as we wish (if the bang time
function is not constant this represents a decaying mode if one tries to approximate the solution as perturbed FLRW [127]).
A coordinate choice which fixes a⊥(t0, r)= 1 then fixes H⊥0(r) from Eq. (17). A value for H0 = H⊥0 (r = 0) is used at this
point.

The LTB model is actually also a Newtonian solution – that is, Newtonian spherically symmetric dust solutions have the
same equations of motion [128]. This was demonstrated explicitly in an N-body simulation of a void [90] (see Fig. 4).
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Fig. 5. LTB models have no problem fitting distance data. Left is an attempt to fit the early SNIa data of [129], using a very small void with an over-dense
shell around it embedded in an EdS model, from [36]. The hope was that we could be located in the sort of voids we observe all over the place, giving a
jump in the distance modulus which can then fit the SNIa. The gap in the data at intermediate redshift was filled by the SDSS SNIa [59] which ruled these
out, leaving the possibility of giant voids several Gpc across with a Gaussian density profile as an alternative to ΛCDM (centre, top), with approximate
dimensions shown (below). If the bang time function is non-zero then the data do not constrain the density to be a void profile (right); Celerier et al. [55]
show that a central over-density can fit the SNIa data of [130].

2.3. Background observables

In LTB models, there are several approaches to finding observables such as distances as a function of redshift [5]. We
refer to [32] for details of the approach we use here. On the past light cone a central observer may write the t, r coordinates
as functions of z. These functions are determined by the system of differential equations

dt

dz
= − 1

(1 + z)H‖
,

dr

dz
=

√
1 − κr2

(1 + z)a‖H‖
(18)

where H‖(t, r)= H‖(t(z), r(z))= H‖(z), etc. The area distance is given by

dA(z)= a⊥
(
t(z), r(z)

)
r(z) (19)

and the luminosity distance is, as usual dL(z)= (1 + z)2 dA(z). The volume element as a function of redshift is given by

dV

dz
= 4πdA(z)2

(1 + z)H‖(z)
(20)

This then implies the number counts as a function of redshift, provided the bias and mass functions are known; if not,
there is an important degeneracy between source evolution when trying to use number counts to measure the volume
element [7,10].

With one free function we can design models that give any distance modulus we like (see e.g., [3,5,7,9,16,17,19,20,22,32,
39,41,43,60]). In Fig. 5 we show a selection of different models which have been considered recently. Generically, those give
rise to ‘void models’: with the bang time function set to zero and we choose Ωm(r) to reproduce exactly a ΛCDM D(z),
then the LTB model is a void with steep radial density profile, but a Gaussian profile fits the SNIa data just as well [60].

2.4. The small-scale CMB & H0

The physics of decoupling and line-of-sight effects contribute differently to the CMB, and have different dependence on
the cosmological model. In sophisticated inhomogeneous models both pre- and post-decoupling effects will play a role, but
Hubble-scale void models allow an important simplification for calculating the moderate to high � part of the CMB.

The comoving scale of the voids which closely mimic the ΛCDM distance modulus are typically O (Gpc). The physical
size of the sound horizon, which sets the largest scale seen in the pre-decoupling part of the power spectrum, is around
150 Mpc redshifted to today. This implies that in any causally connected patch of the Universe prior to decoupling, the
density gradient is very small. Furthermore, the comoving radius of decoupling is larger than 10 Gpc, on which scale the
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gradient of the void profile is small in the simplest models (or can be by assumption). For example, at decoupling the total
fractional difference in energy density between the centre of the void and the asymptotic region is around 10% [81]; hence,
across a causal patch we expect a maximum 1% change in the energy density in the radial direction, and much less at
the radius of the CMB that we observe for a Gaussian profile. This suggests that before decoupling on small scales we can
model the universe in disconnected FLRW shells at different radii, with the shell of interest located at the distance where
we see the CMB. This may be calculated using standard FLRW codes, but with the line-of-sight parts corrected for [48,50].
The calculation for the high-� spectrum was first presented in [48], and further developed in [50,75,76,81].

For line-of-sight effects, we need to use the full void model. These come in two forms. The simplest effect is via the
background dynamics, which affects the area distance to the CMB, somewhat similar to a simple dark energy model. This
is the important effect for the small-scale CMB. The more complicated effect is on the largest scales through the integrated
Sachs–Wolfe effect (see [51] for the general formulas in LTB). This requires the solution of the perturbation equations
presented below, and has not been addressed.

The CMB parameters (an asterisk denotes decoupling)

la = π dA(z∗)
a∗rs(a∗)

, leq = keqdA(z∗)
a∗

= T∗
Teq

dA(z∗)
H−1

eq
, R∗ = 3ρb

4ργ

∣∣∣∣∗ (21)

are sufficient to characterise the key features of the first three peaks of the CMB [131,132] (see also [133]). Within a
standard thermal history, the physics that determines the first three peaks also fixes the details of the damping tail [134].
With the exception of dA(z∗), all quantities are local to the surface of the CMB that we observe.

The parameters given by Eqs. (21) separate the local physics of the CMB from the line-of-sight area distance. These
parameters can be inverted to provide nearly uncorrelated constraints on dA(z∗), fb and η. Specifying asymptotic void
model parameters to give the measured value of R∗ and la/leq, leaves just the area distance of the CMB to be adjusted to
fit the CMB shift parameters. This constrains a combination of the void profile and the curvature and Hubble rate at the
centre.

A final constraint arises when we integrate out along the past lightcone from the centre out to z∗ . In terms of time it
says that the local time at that z∗ must equal the time obtained by integrating up along the timelike worldline from the big
bang up to decoupling. That is,

t0 − t∗(z∗)=
z∗∫

0

dz

1 + z
(∂t lnχ)−1

∣∣∣∣
nullcone

(22)

where χ(t, r)= −dt/dr evaluated on the past nullcone, and t∗(z∗) is the local time of decoupling at the redshift observed
from the centre, which must be equal to

t∗ =
∞∫

T∗

dT

T

1

H(T )
(23)

where the Hubble rate as a function of temperature, H(T ), is given locally at early times by

H(T )

100 km s−1 Mpc−1
=

√
(�γ +�ν)T 4 +�b

η

fb
T 3 (24)

which also only has dependence on the local parameters η and fb and with no reference to late times. We have defined
the dimensionfull constants

�γ = Ωγ h2

T 4
0

≈
(

0.02587

1 K

)4

, �ν = Ωνh2

T 4
0

≈ 0.227Neff�γ , �b = Ωbh2

ηT 3
0

= 30ζ(3)

π4
mp�γ (25)

Note that these have no dependence on any parameters of the model. That is, we are not free to specify the � ’s, apart from
Neff. These are derived assuming that fb and η are constant in time. An example from [81] of how closely a void model can
reproduce the CMB power spectrum found in a concordance model is shown in Fig. 6.

In [48,50,79], it was shown that the CMB can be very restrictive for adiabatic void models (i.e., those with η = const
spatially at early times) when the bang time is zero, the power spectrum has no features, and the universe is assumed
to evolve from a homogeneous model. We can see this as follows. For a Gaussian profiled void with Ωm ∼ 0.1 at the
centre, the area distance to the CMB favours a low Ωm asymptotically, or else a low H0 at the centre (see Fig. 6). Thus,
an asymptotically flat model needs H0 ∼ 50 km s−1 Mpc−1 to get the area distance right. Then, if the constraint, Eq. (22),
is evaluated either in an LTB model, or by matching on to an FLRW model, it is found that the asymptotic value of the
density parameter must be high. Thus, in this approximation, we see that the CMB favours models with a very low H0 at
the centre to place the CMB far enough away. The difficulty fitting the CMB may therefore be considered one of fitting the
local value H0 [79], which is quite high. However, [50] showed that with a varying bang time, the data for H0, SNIa and
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Fig. 6. Left: The area distance to z ∼ 1090 in a Gaussian-profiled LTB void model with zero bang time. Adding bumps to the density profile changes this
figure considerably. Whether the model can fit the CMB lies in the freedom of the value of H0 for a measured T0 and z∗ . The simplest models require
h ∼ 0.5. Right: The normalised CMB angular power spectrum. The power spectrum is shown against a default flat concordance model with zero tilt. There
is nothing between the two models for high �, with the maximum difference around 1%. (From [81].)

CMB can be simultaneously accommodated. This is because the constraint, Eq. (22), must be modified by adding a factor
of the difference between the bang time at the centre with the bang time asymptotically, so releasing the key constraint
on H0.

It was argued in [81] that Eq. (22) can be accommodated by an O(1) inhomogeneity in the radiation profile, η = η(r),
at decoupling which varies over a similar scale as the matter inhomogeneity – giving an ‘isocurvature’ void. The reason is
because the constraint is sensitive to t∗/t0 ∼ 10−5, which is mirrored by a sensitivity in z∗ at around the 10% level when
z∗ ∼ 1090. Thus [81] argue that a full two-fluid model is required in order to decisively evaluate Eq. (22) in this case and
so provide accurate constraints on isocurvature voids, though it remains unknown if this gives enough freedom to raise H0
sufficiently.

An important alternative solution, presented in [46,94], is to add a bump to the primordial power spectrum around the
equality scale. This then allows perfectly acceptable fits to the key set of observables H0 + SNIa + CMB. This is particularly
important because to produce a void model in the first place, at least one extra scale must be present during inflation
(or whatever model is used) so it is unreasonable to assume a featureless power spectrum which is the case for all other
studies.

Although the simplest models do not appear viable because their local H0 is far too low [48,50,79], it is still an open
question exactly what constraints the small-scale CMB places on a generic void solution.

2.5. Scattering of the CMB

The idea of using the CMB to probe radial inhomogeneity on large scales was initiated in a seminal paper by Good-
man [135]. In essence, if we have some kind of cosmic mirror with which to view the CMB around distant observers we
can measure its temperature there and constrain anisotropy of the CMB about them, and so constrain the type of radial
inhomogeneity prevalent in void models. Observers in a large void typically have a large peculiar velocity with respect to
the CMB frame, and so see a large dipole moment, as well as higher multipoles; that is, observers outside the void will see
a large patch of their CMB sky distorted by the void – see Fig. 7.

There are several mechanisms by which the temperature of the CMB can be measured at points away from us. The
key probe is using the Sunyaev–Zel’dovich effect [136,137], where the CMB photons are inverse Compton scattered by hot
electrons, typically in clusters. There are two effects from this: it heats up the CMB photons by increasing their frequency
which distort the CMB spectrum; and it scatters photons into our line of sight which would not otherwise have been there.
This changes the overall spectrum of the CMB in the direction of the scatterer because the primary CMB photons become
mixed up with the photons from all over the scatterers’ sky. If the scatterer measures an anisotropic CMB – so that their
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Fig. 7. Off-centre observers typically see an anisotropic CMB sky (top). This causes a large distortion in the CMB spectrum (bottom left). The kSZ effect
allows us to infer the radial velocities of clusters which have a systematic drift in void models. In models with a homogeneous bang time, this is large
(middle panel, right, dashed line) and already ruled out by present constraints [42,58]; a small inhomogeneous bang time can drastically reduce this effect
(middle panel, right, solid line) without changing the late time void (bottom right), and an isocurvature mode can do the same sort of thing [83]. (Figures
from: left [34]; top right [42]; bottom right [107].)

CMB temperature is different along different lines of sight – then this distorts the initially blackbody spectrum which is
scattered into our line of sight. (The sum of two blackbodies at different temperature is not a blackbody.)

The altered spectrum from scattering of CMB photons into our line of sight has two main contributions. The contribution
from all the anisotropies at a cluster produces a so-called y-distortion to the spectrum [34,135,138]. Adding up all sources,
assuming single scattering results in a distortion proportional to

y ∝
∞∫

0

dz
dτ

dz

∫
d2n′ (1 + n · n′)[�T

T
(n,n, z)− �T

T

(
n′,n, z

)]2

(26)

where �T
T (n

′,n, z) is the CMB temperature anisotropy in the direction n′ at the cluster located at z in direction n according
to the central observer. τ (z) is the optical depth. (Note that the thermal SZ effect also produces a y-distortion too, but
through the monopole temperature rather than temperature anisotropies.) The other contribution is from the kinetic SZ
effect. This is an effect caused by the bulk motion of a cluster relative to the CMB frame [42,58,83,86,102,107]. An observer
looking in direction n then sees a temperature fluctuation

�T (n)

T0
=

∞∫
0

dz
dτ

dz
vr(z)δe(n, z) (27)

where δe is the density contrast of electrons along the line of sight. In a void model clusters will have a systematic radial
velocity vr(z) which can place constraints on the model. In addition, given a primordial power spectrum and a way to
evolve perturbations, the angular power spectrum associated with a continuum δe(n, z) may be evaluated as a correction to
the usual CMB C� ’s.

Constraints are impressive. All studies which consider a homogeneous early universe find them severely constrained
using these effects [34,42,58,82,86,102,135], and effectively rule out such models. However, it was shown in [107] that a
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bang time function with amplitude of order the decoupling time t∗ can be used to tune out the kSZ signal by fine tuning
the peculiar velocity on the past lightcone. Removing the off-centre dipole in this way will weaken y-distortion constraints
as well. They found, however, that models which did this could not fit the CMB + H0 constraints which requires a Gyr-
amplitude bang time in their analysis. (Such a large amplitude bang time induces a huge y-distortion which is ruled out in
FLRW [108].) It was argued in [81,83] that because the temperature of decoupling is not in general spatially constant that
this should also be used to investigate these constraints, and will weaken them considerably; in this interpretation these
constraints are really measurements of fb(r) and η(r). Finally, the integrated kSZ constraints [86,102] rely on structure
formation and an unknown radial power spectrum, and so have these additional degrees of freedom and problems to
consider.

Nevertheless, scattering of the CMB provides stringent constraints on the simplest voids, and show that for a void model
to be a viable model of dark energy it will have to have inhomogeneity present at early times as well. Furthermore, if one
is to tune a model to have vanishing dipole on the past lightcone of the central observer, this will typically be possible only
for one lightcone, and hence for one instant for the central observer. This will add further complications to the fine tuning
problems of the models.

2.6. Big bang nucleosynthesis and the lithium problem

Big bang nucleosynthesis (BBN) is the most robust probe of the first instants of the post-inflationary Universe. After three
minutes, the lightest nuclei (mainly D, 3He, 4He, and 7Li) were synthesised in observationally significant abundances [141,
143]. Observations of these abundances provide powerful constraints on the primordial baryon-to-photon ratio η = nb/nγ ,
which is constant in time during adiabatic expansion. In the ΛCDM model, the CMB constrains ηCMB = 6.226 ± 0.17 ×
10−10 [143] at a redshift z ∼ 1100. Observations of high redshift low metallicity quasar absorbers tells us D/H = (2.8 ±
0.2) × 10−5 [142] at z ∼ 3, which in standard BBN leads to ηD = (5.8 ± 0.3) × 10−10, in good agreement with the CMB
constraint. In contrast to these distant measurements at z ∼ 103 and z ∼ 3, primordial abundances at z = 0 are either very
uncertain (D and 3He), not a very sensitive baryometer (4He), or, most importantly, in significant disagreement with these
measurements – 7Li. To probe the BBN yield of 7Li, observations have concentrated on old metal-poor stars in the Galactic
halo or in Galactic globular clusters. The ratio between ηLi derived from 7Li at z = 0 and ηD derived from D at z ∼ 3 is
found to be ηD/ηLi ∼ 1.5. Within the standard model of cosmology, this anomalously low value for ηLi disagrees with the
CMB derived value by up to 5-σ [139].

A local value of η ∼ 4–5 × 10−10 is consistent with all the measurements of primordial abundances at z = 0, however
(see top left panel in Fig. 8). The disagreement with high-redshift CMB and D data (probing η at large distances) shows up
only when η is assumed to be homogeneous on super-Hubble scales at BBN, as in standard cosmology. An inhomogeneous
radial profile for η can thus solve the 7Li problem, shown in Fig. 8 [75].

2.7. The BAO

During the process of recombination, when Compton scattering of the electrons and photons becomes low enough the
baryons become freed from the photons. This ‘drag epoch’, when the baryons are no longer dragged by the photons, happens
at a temperature Td . The size of the sound horizon at this time is consequently imprinted as a bump in the two-point
correlation function of the matter at late times. Assuming an FLRW evolution over the scale of the horizon at this time, this
the proper size of the sound horizon at the drag epoch is approximately given by (assuming Neff = 3.04)

ds = 121.4 ln(2690 fb/η10)√
1 + 0.149η10

3/4

[
1 K

Td( fb, η10)

]
Mpc (28)

which is converted from [144] to make it purely local. In an FLRW model, this scale simply redshifts, and so can be used
as a standard ruler at late times. In a void model, it shears into an axisymmetric ellipsoid through the differing expansion
rates H‖ and H⊥ . The proper lengths of the axes of this ellipse, when viewed from the centre, are given by

L‖(z)= ds
a‖(z)

a‖(td, r(z))
= δz(z)

(1 + z)H‖(z)
, L⊥(z)= ds

a⊥(z)
a⊥(td, r(z))

= dA(z)δθ(z) (29)

where the redshift increment δz(z) and angular size δθ(z) are the corresponding observables. Even without this shearing
effect, the BAO can be used to constrain void models because it can be used to measure H(z) through the ‘volume distance’:

D V =
[

zd2
A

H‖(z)

]1/3

(30)

This quantity is given directly by current surveys.
Thus, compared to dA(z) from SNIa, the BAO provide a complementary measurement of the geometry of the model, and

in particular provide a probe of H(z). For the simplest types of voids with zero bang time and no isocurvature modes,
the BAO are strongly in tension with the SNIa data [48,49,79,82,112] – see Fig. 9. Note that this assumes there are no
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Fig. 8. Top left are recent constraints on η10 = 1010η from different observations. Constraints from 7Li observations [139] in galactic globular clusters and
galactic halo are shown separately, alongside 4He [140] and 3He [141]. These agree with each other if η10 ∼ 4.5. On the other hand, D observations at high
redshift (red) [142] and CMB require η10  6. Bottom left we show how a varying radial profile for η10 (from ∼ 4.5 at the centre to ∼ 6 asymptotically)
can fit all the observational constraints, for differing inhomogeneity scales. On the right are the nuclei abundances as a function of z in an example model.
This model may be considered an ‘isocurvature void’ model. (From [75].) (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Fig. 9. The BAO distance measure dz = (δθ2δz/z)1/3 shown compared to a ΛCDM model. The green and blue dashed lines are void models, whereas the
purple and red lines are FLRW models. Clearly, the low redshift data favours FLRW over these models. (From [112].) (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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complications from the evolution of perturbations, and that scales evolve independently. While this is the case in FLRW,
it is not in LTB where curvature gradients are present. Whether this is important to the analysis is yet to be shown (see
below).

While the BAO are indeed a restrictive test, it is clear that the constraints can easily be circumvented in the same way
as the CMB. The bang time function can be used to free the constraint because it can be used to fix H‖(z) separately from
dA(z) which is not the case if it is zero. Alternatively, we can use the freedom in fb = fb(r) and η = η(r) to change ds

as a function of radial shell about the observer [81,112]. The BAO can then be interpreted as a measurement of these
parameters in different shells around us. Similarly, radial changes in the primordial power spectrum can significantly affect
these results [94]. While this might require some fine tuning to shift the BAO peak [112], it is not yet clear if this is a
significant issue.

2.8. Density perturbations

An important open problem in inhomogeneous models is the modelling of structure formation. This is important partly
because it provides a means for distinguishing between FLRW and LTB. One example of where we might see an effect is
in the peak in the two-point matter correlation function attributed to the Baryon Acoustic Oscillations (BAO). It has been
shown that if LTB perturbations evolve as in FLRW, then BAO can be decisive in ruling out certain types of voids [48,49].
Whether this assumption is valid however requires a full analysis of perturbations.

There have been three approaches so far:

1. Using a covariant 1 + 1 + 2 formalism which was developed for gauge-invariant perturbations of spherically symmetric
spacetimes [145,146]. The full master equations for LTB have not yet been derived, but some progress has been made
in the ‘silent’ approximation, neglecting the magnetic part of the Weyl tensor [40,72];

2. Using a 2 + 2 covariant formalism [147,148], developed for stellar and black hole physics. The full master equations for
LTB perturbations were presented in [53] (see also [149]);

3. An N-body simulation has been used to study Newtonian perturbations of voids [90].

In FLRW cosmology, perturbations split into scalar, vector and tensor modes that decouple from each other, and so
evolve independently (to first order). Such a split cannot usefully be performed in the same way in a spherically symmetric
spacetime, as the background is no longer spatially homogeneous, and modes written in this way couple together. Instead,
there exists a decoupling of the perturbations into two independent sectors, called ‘polar’ (or even) and ‘axial’ (or odd),
which are analogous, but not equivalent, to scalar and vector modes in FLRW. These are based on how the perturbations
transform on the sphere. Roughly speaking, polar modes are ‘curl’ free on S2 while axial modes are divergence free. Further
decomposition may be made into spherical harmonics, so all variables are for a given spherical harmonic index �, and modes
decouple for each � – analogously to k-modes evolving independently on an FLRW background. A full set of gauge-invariant
variables were given by [148] who showed that there exists a natural gauge – the Regge–Wheeler gauge – in which all
perturbation variables are gauge-invariant (rather like the longitudinal gauge in FLRW perturbation theory). Unfortunately,
the interpretation of the gauge-invariant variables is not straightforward in a cosmological setting.

Most of the interesting physics happens in the polar sector, so we will discuss that case, following [53]. The general form
of polar perturbations of the metric can be written, in Regge–Wheeler gauge, as

ds2 = −[
1 + (2η− χ − ϕ)Y ]

dt2 − 2a‖ςY√
1 − κr2

dt dr + [
1 + (χ + ϕ)Y ] a2‖ dr2

(1 − κr2)
+ a2⊥r2(1 + ϕY )dΩ2 (31)

where η(t, r), χ(t, r), ϕ(t, r) and ς(t, r) are gauge-invariant variables. The notation here is such that a variable times the
spherical harmonic Y has a sum over �,m, e.g., ϕY = ∑∞

�=0
∑m=+�

m=−� ϕ�m(xA)Y�m(xa), where xa are coordinates on S2, and
xA = (t, r). The general form of polar matter perturbations in this gauge is given by

uμ =
[

û A +
(

wn̂A + 1

2
hAB ûB

)
Y , vY :a

]
, ρ = ρLTB(1 +�Y ) (32)

where v , w and � are gauge-invariant velocity and density perturbations and hAB is the metric perturbation in the xA part
of the metric; a colon denotes covariant differentiation on the 2-sphere. The unit vectors in the time and radial directions
are

û A = (1,0), n̂A =
(

0,

√
1 − κr2

a‖

)
(33)

The elegance of the Regge–Wheeler gauge is that the gauge-invariant metric perturbations are master variables for the
problem, and obey a coupled system of PDEs which are decoupled from the matter perturbations. The matter perturbation
variables are then determined by the solution to this system. We outline what this system looks like for �� 2; in this case
η= 0. The generalised equation for the gravitational potential is [53]:
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ϕ̈ + 4H⊥ϕ̇ − 2
κ

a2⊥
ϕ = Sϕ(χ,ς) (34)

The left-hand side of this equation has exactly the form of the usual equation for a curved FLRW model, except that here
the curvature, scale factor and Hubble rate depend on r. On the right, Sϕ is a source term which couples this potential to
gravitational waves, χ , and generalised vector modes, ς . These latter modes in turn are sourced by ϕ:

−χ̈ +χ ′′ − 3H‖χ̇ − 2Wχ ′ +
[

16πGρ − 6M

a3⊥
− 4H⊥(H‖ − H⊥)− (�− 1)(�+ 2)

a2⊥r2

]
χ = Sχ (ς,ϕ) (35)

ς̇ + 2H‖ς = −χ ′ (36)

The prime is a radial derivative defined by X ′ = nA∇A X .
The gravitational field is inherently dynamic even at the linear level, which is not the case for a dust FLRW model with

only scalar perturbations. Structure may grow more slowly due to the dissipation of potential energy into gravitational
radiation and rotational degrees of freedom. Since H⊥ = H⊥(t, r), a⊥ = a⊥(t, r) and κ = κ(r), perturbations in each shell
about the centre grow at different rates, and it is because of this that the perturbations generate gravitational waves and
vector modes. This leads to a very complicated set of coupled PDEs to solve for each harmonic �.

In fact, things are even more complicated than they first seem. Since the scalar–vector–tensor decomposition does not
exist in non-FLRW models, the interpretation of the gauge-invariant LTB perturbation variables is subtle. For example, when
we take the FLRW limit we find that

ϕ = −2Ψ − 2HV − 2
(1 − κr2)

r
hr + 1

r2
h(T ) +

[
−H∂τ + (1 − κr2)

r
∂r + �(�+ 1)− 4(1 − κr2)

2r2

]
h(TF) (37)

where Ψ is the usual perturbation space potential, V is the radial part of the vector perturbation, and the h’s are invariant
parts of the tensor part of the metric perturbation. Thus ϕ contains scalars, vectors and tensors. A similar expression for ς
shows that it contains both vector and tensor degrees of freedom, while χ is a genuine gravitational wave mode, as may be
seen from the characteristics of the equation it obeys. This mode mixing may be further seen in the gauge-invariant density
perturbation which appears naturally in the formalism:

8πGρ�= −ϕ′′ − 2Wϕ′ + (H‖ + 2H⊥)ϕ̇ + Wχ ′ + H⊥χ̇ +
[
�(�+ 1)

a2⊥r2
+ 2H2⊥ + 4H‖H⊥ − 8πGρ

]
(χ + ϕ)

− (�− 1)(�+ 2)

2a2⊥r2
χ + 2H⊥ς ′ + 2(H‖ + H⊥)Wς (38)

where

W ≡
√

1 − κr2

a⊥r
(39)

When evaluated in the FLRW limit the mode mixing becomes more obvious still: � contains both vector and tensor modes,
while its scalar part is

4πGa2ρ�= ∇̃2Ψ − 3H∂τΨ − 3
(
H2 − κ)

Ψ (40)

which gives the usual gauge invariant density fluctuation δρ(GI) ≡ δρ+ ∂τ ρ(B − ∂τ E) [150]. Here, ∇̃2 refers to the Laplacian
acting on a 3-scalar. The fact that � is more complicated is because the gauge-invariant density perturbation includes metric
degrees of freedom in its definition; gauge-invariant variables which are natural for spherical symmetry may not be natural
for homogeneous backgrounds. A gauge-dependent � may be defined which reduces to δρ(GI) in the FLRW subcase, but its
gauge-dependence will cause problems in the inhomogeneous case.

These equations have not yet been solved in full generality. We expect different structure growth in LTB models, but it
is not clear what form the differences will take. It seems reasonable to expect that the coupling between scalars, vectors
and tensors will lead to dissipation in the growth of large-scale structure where the curvature gradient is largest, as it is
the curvature and density gradients that lead to mode coupling. In trying to use structure formation to compare FLRW to
LTB models, some care must be taken over the primordial power spectrum and whatever early universe model is used to
generate perturbations – since there is a degeneracy with the primordial power spectrum and the features in the matter
power spectrum.

2.9. The Copernican problem: Constraints on the distance from the centre

An off-centre observer will typically measure a large dipole in the CMB due to their peculiar velocity with respect to
the CMB frame, which is non-perturbative in this context [4] – see Fig. 10. They will also measure a dipole in their local
distance–redshift relation which is not due to a peculiar velocity effect nor a dipole in the Hubble law. Rather this first
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Fig. 10. Off-centre observers see anisotropy. Top: The main contribution to the total CMB anisotropy (a) is in the form of a dipole (b) with higher-order
moments suppressed (c, d). (From [151], for an LTB model with dark energy.) Bottom: There is also a dipole in the distance modulus, shown here for a
large and small void at different redshifts. (From [61].)

appears at O(z2) in the distance–redshift relation through gradients in the expansion rate and the divergence of the shear –
see Eq. (79) below. Combined constraints on the dipole in the SNIa data and the CMB would require us to be within ∼ 0.5%
of the scale radius of the void [164], without fine-tuning our peculiar velocity to cancel out some of the dipole. Others reach
similar conclusions [4,21,25,84].

An intriguing alternative view was presented in [79]. Although they reach the same conclusion as to how close to the
centre the observer should be, they argue that if we’re slightly off centre, then one would expect to see a significant bulk
flow in the direction of the CMB dipole. Such a ‘dark flow’ has been tentatively measured [165,166], and has not been
accounted for within ΛCDM at present.

2.10. Summary and interpretation of inhomogeneous models

An inhomogeneous LTB void model, even if it over-simplifies nonlinear inhomogeneity at the background level, does
produce some rather remarkable results. The apparent acceleration of the universe can be accounted for without dark
energy, and the lithium problem can be trivially solved. However, it seems that the simplest incarnation of such a model
will not work: combining observables H0, SNIa and the CMB reveals considerable tension with the data, with the main
problem being a low H0 in the models [79]; add in (even rudimentary) kSZ and y-distortion constraints, and the situation
is conclusive. Results from the BAO, though only indicative and not yet decisive (as they do not take into account structure
formation on an inhomogeneous background), also signal considerable tension.

Each of these observables point to non-trivial inhomogeneity at early times (or Λ of course). Most models which are
ruled out have the assumption of evolving from a homogeneous FLRW model. Primary observables provide much weaker
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constraints if this restriction is removed, though it is still difficult to get a good fit using just the freedom of a bang time
function [107]. But one can free up essentially any function which is assumed homogeneous in the standard model; in the
context of inhomogeneous models, it doesn’t make sense to keep them homogeneous unless we have a specific model in
mind (perhaps derived from a model of inflation). Examples of such freedom include a radially varying bang time function,
a radially varying primordial power spectrum (designed to have the required spectrum on 2-spheres perhaps), isocurvature
degrees of freedom such as a varying baryon photon ratio or baryon fraction, and one can dream up more such as varying
Neff. Indeed, taken at face value the lithium problem [139] can be interpreted as a direct measurement of an inhomogeneous
isocurvature mode present at BBN in this context [75] – this is actually the one observation which is potentially at odds
with homogeneity. Most primordial numbers in the standard model are not understood well if at all, and if we remove
slow roll inflation – as we must to make such a model in the first place – we remove significant motivation to keep them
homogeneous.

This suggests an important reverse-engineering way to handle such models. If we accept that presently any specific
inhomogeneous model is essentially pulled from thin air, then we have to conclude that what we are really trying to do
is to invert observables to constrain different properties of the model in different shells around us. Though it seems rather
non-predictive, without an early universe model to create a void from it is really no different from making a map of the
universe’s history. This inverse-problem approach has been investigated in [45,54,80,91,122,123,125]. The idea is to specify
observational data on our past lightcone, smooth it, and integrate into the interior. Whether this inverse problem is well-
conditioned or not is crucial to the success of such an approach [110]. Nevertheless, this is a valuable strategy: If we specify
data on our past lightcone and integrate into the interior, does it necessarily yield an FLRW model, or are there other
solutions (perhaps without dark energy)?

An important alternative view of these models is not to view them as an anti-Copernican alternative to dark energy, but
rather to view them as the simplest probe of large scale inhomogeneity [106]. This is akin to considering Bianchi models as
probes of large-scale anisotropy. We may therefore think of LTB models as models where we have smoothed all observables
over the sky, thereby compressing all inhomogeneities into one or two radial degrees of freedom centred about us. In
this interpretation, we avoid placing ourselves ‘at the centre of the universe’ in the standard way. Furthermore, constraints
which arise by considering anisotropy around distant observers – the Goodman constraints – are perhaps removed from the
equation; distant observers would see an isotropic universe too.

In this sense, these models are a natural first step in developing a fully inhomogeneous description of the universe. There
is a vital caveat to this interpretation, however: we must include dark energy in the model for it to be meaningful, which is
almost never done (see [87,151,153] for a first attempt). If we do not, then we are implicitly assuming that consequences of
the averaging, backreaction and fitting problems really do lead to significant effects which solve the dark energy problem.
That is, by averaging observables at some redshift over the sky we are averaging the geometry out to that redshift, which
can have a non-trivial ‘back-reaction’ effect on our interpretation of the model [117]. This could conceivably look like dark
energy in our distance calculations (perhaps even dynamically too [118]). If that were indeed the case, we could have a
significant effective energy–momentum tensor which would be very different from dust, and it would not be simple to
calculate observables as they would not necessarily be derivable from the metric. Hence, within this interpretation the dust
LTB model would certainly be the wrong model to use. If one is to further peruse this idea, one might need to constrain
deviations from homogeneity using the metric only, without resorting to the field equations at all (see [152] for further
discussion).

This is nevertheless in some ways the most natural way to place constraints on inhomogeneity. Yet, if large-scale in-
homogeneity were present, we shall see in the next section that within GR it is challenging – perhaps impossible – to
reconcile it with the Copernican Principle given the level of isotropy we observe.

3. Routes to homogeneity

Considering a specific inhomogeneous solution to the EFE which violates the CP helps us consider the types of ob-
servables which can be used to demonstrate homogeneity. Ruling out classes of solutions as viable models helps test the
Copernican Principle provided we understand where they sit in the space of solutions, so to speak. Under what circum-
stances does the Copernican Principle, combined with some observable, actually imply an FLRW geometry?

In the case of perfect observables and idealised conditions quite a lot is known, as we discuss below. These results are
non-perturbative, and do not start from FLRW to show consistency with it. For the case of realistic observables in a lumpy
universe, however, details are rather sketchy, with only one case properly considered.

Many of these results rely on the following theorem [154]:

The FLRW models: For a perfect fluid solution to the Einstein field equations where the velocity field of the fluid is geodesic,
then the spacetime is FLRW if either:
– the velocity field of the source is shear-free and irrotational; or,
– the spacetime is conformally flat (i.e., the Weyl tensor vanishes).
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The ‘perfect fluid source’ here refers to the total matter content and not to the individual components, and is necessarily
barotropic if either of the conditions are met. So, for example, the matter could be comoving dark matter and baryons, and
dark energy in the form of a scalar field with its gradient parallel to the velocity of the matter.

3.1. Isotropy of the CMB

What can we say if the CMB is exactly isotropic for ‘fundamental observers’? This is the canonical expected observable
which intuitively should imply FLRW with the CP. It does, usually, but requires assumptions about the theory of gravity and
types of matter present. The pioneering result is due to Ehlers, Geren and Sachs (1968) [155]. Without other assumptions
we have:

[EGS] Radiation isotropy
+CP−→ conformally stationary: In a region, if observers on an expanding congruence ua measure a

collisionless radiation field which is isotropic, then the congruence is shear-free, and the expansion is related to the
acceleration via a potential Q = − 1

4 lnρr : Aa = Da Q , Θ = 3Q̇ ; the spacetime must be conformal to a stationary
spacetime in that region.

That does not tell us a great deal, but including geodesic observers changes things considerably. The original EGS work
assumed that the only source of the gravitational field was the radiation, i.e., they neglected matter (and they had Λ= 0).
This has been generalised over the years to include self-gravitating matter and dark energy [78,156–161], as well as for
scalar–tensor theories of gravity [162]:

[EGS+] Radiation isotropy with dust
+CP−→ FLRW: In a region, if dust observers on an expanding congruence ua measure a

collisionless radiation field which has vanishing dipole, quadrupole and octopole, and non-interacting dark energy
is the form of Λ, quintessence, a perfect fluid or is the result of a scalar–tensor extension of GR, then the spacetime
is FLRW in that region.

The dust observers are necessarily geodesic and expanding:

Aa = 0, Θ > 0 (41)

Because the dust observers see the radiation energy flux to vanish (the dipole), ua is the frame of the radiation also. The
photon distribution function f (x, p, E) in momentum space depends on components of the 4-momentum pa along ua , i.e.,
on the photon energy E = −ua pa , and, in general, the direction ea , and may be written in a spherical harmonic expansion
as (see Appendix A)

f =
∞∑
�=0

F A�e
A� (42)

where the spherical harmonic coefficients F A� are symmetric, trace-free tensors orthogonal to ua , and A� stands for the
index string a1a2 · · ·a� . (In this notation, e〈A�〉 are a representation of the spherical harmonic functions.) The dust observers
measure the first three moments of this to be zero which means

Fa = Fab = Fabc = 0 (43)

In particular, as follows from Eq. (131), the momentum density (from the dipole), anisotropic stress (from the quadrupole),
and the radiation brightness octopole vanish:

qa
r = πab

r =Πabc = 0 (44)

These are source terms in the anisotropic stress evolution equation, which is the � = 2 case of Eq. (137). In general fully
nonlinear form, the πaν

r evolution equation is

π̇
〈ab〉
r + 4

3
Θπab

r + 8

15
ρrσ

ab + 2

5
D〈aqb〉

r + 2A〈aqb〉
r − 2ωcεcd

(aπ
b)d
r + 2

7
σc

〈aπb〉c
r

+ 8π

35
DcΠ

abc − 32π

315
σcdΠ

abcd = 0 (45)

Eq. (44) removes all terms on the left except the third and the last:(
21ρrha

chb
d − 4πΠab

cd)σcd = 0 (46)

which implies, since Πabcd is trace-free and the first term consists of traces, shear-free expansion of the fundamental con-
gruence:

σab = 0 (47)
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We can also show that ua is irrotational as follows. Together with Eq. (41), momentum conservation for radiation, i.e.,
Eq. (126) with I = r, reduces to

Daρr = 0 (48)

Thus the radiation density is homogeneous relative to fundamental observers. Now we invoke the exact nonlinear identity
for the covariant curl of the gradient, Eq. (104):

curl Daρr = −2ρ̇rωa ⇒ Θρrωa = 0 (49)

where we have used the energy conservation equation (125) for radiation. By assumption Θ > 0, and hence we deduce that
the vorticity must vanish:

ωa = 0 (50)

Then we see from the curl shear constraint equation (118) that the magnetic Weyl tensor must vanish:

Hab = 0 (51)

Furthermore, Eq. (48) actually tells us that the expansion must also be homogeneous. From the radiation energy con-
servation equation (125), and using Eq. (44), we have Θ = −3ρ̇r/4ρr . On taking a covariant spatial gradient and using the
commutation relation (105), we find

DaΘ = 0 (52)

Then the shear divergence constraint, Eq. (117), enforces the vanishing of the total momentum density in the matter frame,

qa ≡
∑

I

qa
I = 0 ⇒

∑
I

(
1 + γ 2

I v2
I

)(
ρ∗

I + p∗
I

)
va

I = 0 (53)

The second equality follows from Eq. (A10) in [163], using the fact that the baryons, CDM and dark energy (in the form of
quintessence or a perfect fluid) have vanishing momentum density and anisotropic stress in their own frames, i.e.,

q∗a
I = 0 = π∗ab

I (54)

where the asterisk denotes the intrinsic quantity (see Appendix A). If we include other species, such as neutrinos, then the
same assumption applies to them. Except in artificial situations, it follows from Eq. (53) that

va
I = 0 (55)

i.e., the bulk peculiar velocities of matter and dark energy [and any other self-gravitating species satisfying Eq. (54)] are
forced to vanish – all species must be comoving with the radiation.

The comoving condition (55) then imposes the vanishing of the total anisotropic stress in the matter frame:

πab ≡
∑

I

πab
I =

∑
I

γ 2
I

(
ρ∗

I + p∗
I

)
v〈a

I vb〉
I = 0 (56)

where we used Eqs. (A11) in [163], (54) and (55). Then the shear evolution equation (113) leads to a vanishing electric
Weyl tensor

Eab = 0 (57)

Eqs. (53) and (56), now lead via the total momentum conservation equation (111) and the E-divergence constraint (119), to
homogeneous total density and pressure:

Daρ = 0 = Da p (58)

Eqs. (41), (47), (51), (52), (53), (56) and (58) constitute a covariant characterisation of an FLRW spacetime. This estab-
lishes the EGS result, generalised from the original to include self-gravitating matter and dark energy. It is straightforward
to include other species such as neutrinos.

The critical assumption needed for all species is the vanishing of the intrinsic momentum density and anisotropic stress,
i.e., Eq. (54). Equivalently, the energy–momentum tensor for the I-component should have perfect fluid form in the I-frame
(we rule out a special case that allows total anisotropic stress [161]). The isotropy of the radiation and the geodesic nature
of its 4-velocity – which follows from the assumption of geodesic observers – then enforce the vanishing of (bulk) peculiar
velocities va

I . Note that one does not need to assume that the other species are comoving with the radiation – it follows
from the assumptions on the radiation. A similar proof can be used for scalar–tensor theories of gravity, although it is
somewhat more involved [162].
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Fig. 11. The SZ effect provides information about the isotropy of the CMB sky at other points on our past lightcone. It can also provide us with information
about parts of the last scattering surface that would otherwise be inaccessible to us. Multiple scattering events provide further information about the CMB
sky at other points within our causal past. (From [168].)

It is worth noting that we do have to assume the dark matter and dark energy are non-interacting. If we do not, we
cannot enforce the radiation congruence to be geodesic because the observers may not be, and one is actually left only with
a very weak condition: only that the spacetime is conformally stationary [155,160,167].

In summary, the EGS theorems, suitably generalised to include baryons and CDM and dark energy, are the most powerful
basis that we have – within the framework of the Copernican Principle – for background spatial homogeneity and thus an
FLRW background model. Although this result applies only to the ‘background Universe’, its proof nevertheless requires a
fully non-perturbative analysis.

3.2. Blackbody spectrum of the CMB

The EGS results rely only on the isotropy of the radiation field, and do not utilise its spectrum. Of course, no geometry
can affect the spectrum of the CMB because the gravitational influence on photons is frequency independent (except at
very high frequencies). However, the fact that the CMB is a nearly perfect blackbody tells us much about the spacetime
when there are scattering events present. The Sunyaev–Zel’dovich (SZ) effect is due to the scattering of CMB photons by
charged matter, and has already been shown to be a powerful tool for constraining radial inhomogeneity within the class
of cosmological models constructed from the LTB solutions, as discussed in Section 2.5. It has recently been shown [168]
that under idealised circumstances similar to the EGS theorems above the SZ effect can actually be used as a proof of FLRW
geometry for one observer without requiring the Copernican Principle at all, thus extending Goodman’s tests to arbitrary
spacetimes [135].

[GCCB] Isotropic blackbody CMB
¬CP−→ FLRW: An observer who sees an isotropic blackbody CMB in a universe with scattering

events can deduce the universe is FLRW if either double scattering is present or they can observe the CMB for
an extended period of time, assuming the CMB is emitted as a blackbody, and the conditions of the EGS theorem
hold.

The observational effect of the scattering of CMB photons by baryonic matter is usually referred to in the literature
as the SZ effect [136,137], and is often divided into two different contributions; the thermal SZ effect (tSZ) [136] and the
kinematic SZ effect (kSZ) [137]. The kSZ effect causes a distortion in the spectrum of the reflected light due to the anisotropy
seen in the CMB sky of the scatterer, and maintains the same distribution function it had before the scattering event (all
other changes being encapsulated in the tSZ). For the case of blackbody radiation this corresponds solely to a change in
temperature of the scattered radiation.

Thus, an observer who sees an exactly isotropic CMB in a universe where scattering takes place, can deduce that the
scatterers themselves must also see an isotropic CMB, provided that decoupling emits the CMB radiation as an exact black-
body. The proof of this relies on the fact that blackbody spectra of differing temperatures cannot be added together to
give another blackbody. This mechanism therefore provides, in effect, a set of mirrors that allows us to view the CMB from
different locations [135].

Is this enough to deduce FLRW geometry? Not on its own. Such an observation gives a single null surface on which
observers see an isotropic CMB. This allows us to use a much weaker version of the Copernican Principle than used in the
EGS theorems (which assume isotropy for all observers in a 4-dimensional patch of spacetime, and deduce homogeneity
only in that patch) to deduce homogeneity. For example, if all observers in a spacelike region see an isotropic blackbody
CMB when scattering is present, then the spacetime must be homogeneous in the causal past of that region.

The lone observer can say more, however [168]. If there are scattering events taking place throughout the universe,
then each ‘primary scatterer’ our observer sees must also be able to deduce that scatterers on their past nullcone see an
isotropic CMB, or else their observations of a blackbody spectrum would be distorted – Fig. 11. Consequently, the spacetime
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must be filled with observers seeing an isotropic CMB, and one can then use the EGS theorems to deduce FLRW geometry.
Hence, under highly idealised conditions, a single observer at a single instant can deduce FLRW geometry within their past
lightcone. Alternatively, the observer could wait for an extended period until their past nullcone sweeps out a 4-D region of
spacetime. If no kSZ effect is measured at any time, then they can infer that their entire causal past must also be FLRW.

3.3. Local observations

Instead of using the CMB, local isotropy of observations can also provide a route to homogeneity. Adopting the Copernican
Principle, it follows from the ‘lightcone-isotropy implies spatial isotropy’ theorem that if all observers see isotropy then the
spacetime is isotropic about all galactic worldlines – and hence spacetime is FLRW.

Matter lightcone-isotopy
+CP−→ FLRW: In an expanding dust region with Λ, if all fundamental observers measure isotropic

area distances, number counts, bulk peculiar velocities, and lensing, then the spacetime is FLRW.

In essence, this is the Cosmological Principle, but derived from observed isotropy and not from assumed spatial isotropy.
Note the significant number of observable quantities required. Using the CP, we can actually give a much stronger statement
than this, based only on distance data. An important though under-recognised theorem due to Hasse and Perlick tells us
that [169]

[HP] Isotropic distances
+CP−→ FLRW: If all fundamental observers in an expanding spacetime region measure isotropic area

distances up to third order in a redshift series expansion, then the spacetime is FLRW in that region.

The proof of this relies on performing a series expansion of the distance–redshift relation in a general spacetime, using
the method of Kristian and Sachs [170], and looking at the spherical harmonic multipoles order by order. We illustrate the
proof in the 1+3 covariant approach (in the case of zero vorticity). Performing a series expansion in redshift of the distance
modulus, we have, in the notation of [171],

m − M − 25 = 5 log10 z − 5 log10 K a K b∇aub
∣∣
o + 5

2
log10 e

{[
4 − K a K b K c∇a∇buc

(K d K e∇due)2

]
O

z

−
[

2 + Rab K a K b

6(K c K d∇cud)
2

− 3(K a K b K c∇a∇buc)
2

4(K d K e∇due)4
+ K a K b K c K d∇a∇b∇cud

3(K e K f ∇eu f )
3

]
O

z2
}

+O
(
z3) (59)

where

K a = ka

ubkb|O
and K a

∣∣
O = −ua + ea

∣∣
O (60)

denotes a past-pointing null vector at the observer O in the direction ea . When fully decomposed into their projected,
symmetric and trace-free parts, products of e’s represent a spherical harmonic expansion. Thus, this expression views the
distance modulus as a function of redshift on the sky, with a particular spherical harmonic expansion on a sphere of
constant redshift. (The inverse of this expression has coefficients which have a spherical harmonic interpretation on a sphere
of constant magnitude.) Comparing with the standard FLRW series expansion evaluated today, we define an observational
Hubble rate and deceleration parameter as

Hobs
∣∣
0 = K a K b∇aub

∣∣
0 (61)

qobs
∣∣
0 = K a K b K c∇a∇buc

(K d Kρ∇duρ)2

∣∣∣∣
0
− 3 (62)

We can also give an effective observed cosmological constant parameter from the O (z2) term:

Ωobs
Λ = 5

2

(
1 − qobs

0

) − 5 + Rab K a K b

12(Hobs)2

∣∣∣∣
0
+ K a K b K c K d∇a∇b∇cud

6(Hobs)3

∣∣∣∣
0

(63)

The argument of [169] relies on proving that if all observers measure these three quantities to be isotropic then the space-
time is necessarily FLRW. In a general spacetime [171]

Hobs
0 = 1

3
Θ − Aaea + σabeaeb (64)

where Aaea is a dipole and σabeaeb is a quadrupole. Hence, if all observers measure Hobs
0 to be isotropic, then σab = 0 = Aa .

In a spacetime with isotropic Hobs
0 the generalised deceleration parameter, defined on a sphere of constant redshift, is given

by [172,173]
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(
Hobs

0

)2
qobs

0 = 1

6
ρ + 1

2
p − 1

3
Λ− 1

5
ea[2qa − 3∇̃aΘ] + e〈aeb〉

[
Eab − 1

2
πab

]
(65)

If the dipole of this term vanishes then we see from Eq. (117) that the energy flux must vanish as well as spatial gradients
of the expansion. Excluding models with unphysical anisotropic pressure, Eq. (114) then shows that the electric Weyl tensor
must vanish, and it follows that the spacetime must be FLRW. The more general proof in [169] uses Ωobs

Λ to show that the
vorticity must necessarily vanish along with the anisotropic pressure.

3.4. The Hubble rate on the past lightcone

Measurements of the Hubble rate on our past lightcone can provide an important route to homogeneity assuming the
Copernican Principle. In a general spacetime, the spatial expansion tensor may be written as

Θab =Θhab + σab (66)

However, we do not measure exactly this as our observations are made on null cones. An observer can measure the ex-
pansion at a given redshift in three separate directions: radially, and in two orthogonal directions in the screen space. The
observed radial Hubble rate at any point is a generalisation of our observed Hubble constant above,

H‖(z; e)= K a K b∇aub = 1

3
Θ − Aaea + σabeaeb (67)

The Hubble rates orthogonal to this may be found by projecting into the screen space, Nab = gab − Ka Kb − Kaub − ua Kb:

H⊥ab(z; e)= 1

2
Na

c Nb
d∇cud =

(
1

6
Θ − 1

4
σcdeced

)
Nab + 1

2
εabcec(edω

d) + 1

2

(
Na

c Nb
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2
Nab Ncd

)
σab (68)

The trace of this gives the areal Hubble rate

H⊥(z; e)= H⊥ab Nab = 1

3
Θ − 1

2
σabeaeb (69)

which implies the spatial volume expansion rate is given via the observable expansion rates as:

Θ(z; e)= H‖(z; e)+ 2H⊥(z; e)+ Aaea (70)

If we measure H⊥ab to be rotationally symmetric on the celestial sphere in each direction ea and at each z, and H‖(z; e)=
H⊥(z; e) then this, on its own, is not enough to set the shear, acceleration and rotation to zero, even on our past lightcone.
However, we can see how measuring the Hubble rate can lead to homogeneity, when we apply the Copernican Principle:

Isotropic Hubble rate
+CP−→ FLRW: If all observers in a perfect fluid spacetime measure:

– H⊥ab to be rotationally symmetric on the screen space at each z; and,
– H‖(z; e)= H⊥(z; e),
then the spacetime is FLRW.

The proof of this is straightforward: the first condition implies that ωa = σab = 0 and the second that Aa = 0, which implies
FLRW from the theorem above.

This forms the basis of the Alcock–Paczynski [174] test in a general spacetime. An object which is spherical at one
instant will physically deform according to Eq. (66), if it is comoving (such as the BAO scale). A further effect is that it
will be observed to be ellipsoidal with one of the principle axes scaled by H−1

‖ and the other two by the inverse of the
eigenvalues of H⊥ab .

3.5. Ages: absolute and relative

Measurement of the ages of objects – both absolute and relative – on our past lightcone provides important information
which can be used to deduce homogeneity.

Neighbouring lines on the matter congruence ua = ∂at , measuring proper time t , may be thought of as connected by
null curves ka (which are past pointing in our notation above). An increment of redshift on a null curve is related to an
increment of proper time on the matter worldlines as

dt

dz
= − 1

(1 + z)H‖(z; e)
(71)

This gives the age difference of objects observed on the past lightcone, in a redshift increment dz. Over a finite redshift
range, an observer at the origin may determine the age difference between objects A and B as
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t A − tB =
zB∫

zA

dz

(1 + z)H‖(z; e)
(72)

where the integral is along the null curve connecting A and B . In a general spacetime, the absolute age of an object is given
by the time interval from the big bang, which may not be homogeneous. Therefore,

τ =
t∫

tBB

dt = t − tBB (73)

where the integral is along the worldline of the object. So, in terms of absolute ages we have

τA − τB =
zB∫

zA

dz

(1 + z)H‖(z; e)
− tBB(A)+ tBB(B) (74)

Measurements of ages, then, provide two important insights into inhomogeneity: firstly they probe the radial Hubble
rate; secondly they give a direct measure of the bang time function, which arises because surfaces of constant time may not
be orthogonal to the matter. In a realistic model, this could represent the time at which a certain temperature was attained
(so switching on a given type of cosmological clock). More generally, the ‘big bang’ need not be homogeneous, and ages
provide a mechanism to probe this, given a separate measurement of H‖ [175].

3.6. Does ‘almost’ isotropy imply ‘almost’ homogeneity?

The results above are highly idealised because they assume perfect observations, and observables such as isotropy which
are not actually representative of the real universe. In reality, the CMB temperature anisotropies, though small are not
zero; local observations are nearly isotropic, but not to the same degree as the CMB. Are the above results stable to these
perturbations?

The key argument is known as the almost-EGS theorem [158,176–179]:

[SME] Almost isotropic CMB
+CP−→ almost FLRW: In a region of an expanding Universe with dust and cosmological constant,

if all dust observers measure an almost isotropic distribution of collisionless radiation, then the region is almost
FLRW, provided certain constraints on the derivatives of the multipoles are satisfied.

The starting point for this proof is to assume that the multipoles of the radiation are much smaller than the monopole,
which is exactly what we measure:

|Πa1a2···a� |
ρr

= O(εr) for �= 1, . . . ,4 (75)

where O(εr) is a smallness measure. However, we can see from Eq. (45) that we need further assumptions on the derivatives
of the multipoles to prove almost homogeneity:

|DbΠa1a2···a� |
ρr

= |Π̇a1a2···a� |
ρr

= O(εr) for �= 1, . . . ,3 (76)

The proof proceeds as in the exact case above, but with = 0 replaced by = O(εr) (except for Aa = 0 exactly because the
observers are dust). An ‘almost FLRW’ condition is then arrived at:

kinematics: |σab| = |ωa| = |Dcσab| = |Dbωa| = |DaΘ| = · · · = O(εr) (77)

curvature: |Eab| = |Hab| = |Dc Eab| = |Dc Hab| = O(εr) (78)

in the region where the CMB is close to isotropic. Outside that region the spacetime need not be close to FLRW [180].
This proof is an important attempt to realistically arrive at a perturbed FLRW model using the CP and observables. It

has been criticised as a ‘realistic’ basis for near-homogeneity due to the reliance of the assumptions on the spatial gradients
of the multipoles, Eq. (76) [181].2 However, it seems reasonable that the gradients of the very low multipoles are small
compared to their amplitude (i.e., it seems reasonable that the CMB power spectrum does not change a lot as we move
from observer to observer). This is because the multipoles peak in power around the scale they probe, which for the low

2 Note that [181] is discussing something slightly different to the almost EGS theorem. In almost EGS, the assumption is that all observers measure nearly
isotropic radiation; in [181] the assumption is that pa∇a E is almost isotropic, but this is not the same thing. In the exact case this condition implies that
the acceleration must be zero independent of the matter – this is not necessary for isotropic radiation, cf the radiation isotropy condition above.
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multipoles required for the theorem are of order the Hubble scale. So, while they may change rapidly on small scales, the
power of such modes is significantly diminished. Whether or not such criticisms are justified, the fact we have to make
such assumptions means that the observational case in the real universe is much harder than the exact results imply. How
could we observe spatial gradients of the octopole of the CMB?

One route around this is to combine local distance information as well, and try for an almost-HP theorem. Consider the
case of irrotational dust. Let us assume that all observers measure an approximately isotropic distance–redshift relation, and
that the multipoles are bound by O(εd). Clearly, we have, if this is the bound for all observers, σab =O(εd). Using the fully
nonlinear expression for the O(z2) term requires near-isotropy of

K a K b K c∇a∇buc = 1

6
(ρ + 3p)+ 1

3
Θ2 − 1

3
Λ+ σabσ

ab + ea
[

1

3
DaΘ + 2

5
divσa

]

+ e〈aeb〉
[

Eab + 5

3
Θσab + 2σ c

aσbc

]
+ e〈aebec〉Daσbc (79)

which, together with Eq. (116), and assuming that time derivatives of O(εd) quantities are O(εd), give the conditions

|divσa| = |D〈aσbc〉| = |DaΘ| = |Eab| = |div Ea| = |div Ha| = O(εd) (80)

Yet, we still cannot arrive at the almost-FLRW condition as there is not enough information to switch off ‘curl’ degrees
of freedom: Hab , curl Eab , and curlσab are unconstrained. Polarisation of the CMB could be used to constrain these, but it
would be interesting to see how everything fits together.

A critical issue with these arguments lies in the question of what we mean by ‘almost-FLRW’, and what ‘=O(ε)’ means.
A sensible definition might be a dust solution which is ‘almost’ conformally flat. (Exact conformal flatness implies exactly
FLRW.) Or, as used in the almost-EGS case, a set of conditions on all 1 + 3 irreducible vectors and PSTF tensors (which are
necessarily gauge-invariant in the covariant approach) having small magnitudes:

|Xab···c| =
√

Xab···c Xab···c = O(ε) (81)

Most quantities at first order average to zero in a standard formulation, so taking magnitudes is important. One of the
conditions which does not rely on coordinates might therefore be Eab Eab =O(ε2) in the notation above. Unfortunately, this
is non-trivial. Consider a linearly perturbed flat ΛCDM model in the Poisson gauge. Then,

Eab ∝ ∂〈a∂b〉Φ ⇒ Eab Eab ∝ (∂〈a∂b〉Φ)
(
∂〈a∂b〉Φ

)
(82)

Evaluating the ensemble average of this gives its expectation value, which, assuming scale-invariant initial conditions
gives [173]√

Eab Eab

H2
0

∼�R

(
keq

kH

)2

ln3/2 kuv

keq
∼ 2.4Ω2

mh2 ln3/2 kuv

keq
(83)

Here, kuv is the wavenumber of some UV cutoff, and keq is the wavenumber of the equality scale. The ensemble average
has been evaluated assuming ergodicity via a spatial integral over a super-Hubble domain. We have a scalar which is O(1)
times a term which diverges in the UV. The divergence here represents modes which are smoothed over, and seems to
be a necessary condition for writing down an approximately FLRW model. Eq. (83) is certainly not O(ε) in the normal
sense of the meaning. This is because, roughly speaking, the Weyl tensor has a large variance even though we would like
it to be ‘small’ for our covariant characterisation of FLRW. This is true also for most covariant objects with indices – their
magnitudes are actually quite large in a perturbed FLRW model! Products of quantities such as σabσ

ab and Ec〈aσb〉c act as
sources in the 1 + 3 equations.

Instead we might try to define almost FLRW in the conventional perturbative sense. That is, we write the metric in
the Newtonian gauge and require that the potential Φ , its first derivatives, and the peculiar velocity between the matter
frame and the coordinate frame is small. This is often claimed to be a sufficient condition for a spacetime to be close to
FLRW [182]. While this is fine in certain contexts, it is not necessarily so for large-scale inhomogeneities we are concerned
with here. The LTB models provide a counter-example, as they can also be written as perturbed FLRW [183], yet are clearly
not ‘almost FLRW’ in the sense we are interested in.

Consequently, a robust, non-perturbative, covariant definition of almost-FLRW is lacking and we are forced into the realm
of the averaging problem: to define almost-FLRW, we must smooth away power on scales smaller than a few Mpc. How
should this be done covariantly and what are the implications [117,118]?

4. Null hypotheses for FLRW and tests for the Copernican Principle

As we have seen, it is rather difficult to conclude homogeneity even given ideal observations. Indeed, it is subtle to
robustly deduce (approximate) spherical symmetry about us given (near) isotropy of observations. It is rather surprising
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Fig. 12. Left: Om(z) obtained using distances for different FLRW models. The figure shows the range of behaviour from curvature in each fan of curves (key,
top left). The three grey fans show how differing Ωm values interact with curvature for ΛCDM (key, top right). The effect of changing w by a constant is
illustrated in the red and brown fans. (From [187].) Right: Constraints on Om(z) (called Om(z) in [186]) from the latest WiggleZ BAO data. (From [188].)

how sparse our current observations are in comparison to what is required from the theorems above, one of which includes
observing transverse proper motions for an extend period!

Nevertheless, the results above allow us to formulate some generic tests of the Copernican and cosmological principles,
and the underling assumption of an FLRW geometry and its accompanying observational relationships – i.e., the usual
observational relationships which are derived assuming there are no issues from averaging. We refer to this as the ‘FLRW
assumption’ below. (If there are non-trivial effects associated with averaging, then some of the tests below can also be used
to signal it – see e.g. [184] for some specific examples.)

The types of tests we consider range in power from focused tests for the concordance model (flat ΛCDM), to generic null
tests which can signal if something is wrong with the FLRW assumption under a wide variety of circumstances irrespective
of dark energy, initial conditions or theory of gravity. In this sense, they formulate our understanding of the Copernican
Principle as a null hypothesis which can be refuted but not proven. One of the conceptually important issues with some
of these tests is that they can, in principle, be utilised by simply smoothing observed data, and so do not require an
underlying model to be specified at all. These tests should be considered as additional to checking various observables for
isotropy, which we assume below.

4.1. Tests for the concordance model

A simple consistency test for flat ΛCDM may be formulated easily. In a flat ΛCDM model we can rearrange the Fried-
mann equation to read [185,186]

Ωm = h2(z)− 1

(1 + z)3 − 1
= 1 − D ′(z)2

[(1 + z)3 − 1]D ′(z)2
≡ Om(z)

flat ΛCDM−−−−−→ const (84)

where h(z) = H(z)/H0 is the dimensionless Hubble rate. Viewed in terms of the observable functions on the rhs, these
equations tells us how to measure Ωm from H(z) or D ′(z). Furthermore, if flat ΛCDM is correct the answer should come
out to be the same irrespective of the redshift of measurement. This provides a simple consistency test of the standard
paradigm – deviations from a constant of Om(z) at any z indicates either deviations from flatness, or from Λ, or from the
FLRW models themselves [185,186]. See Fig. 12.

To implement it as a ‘consistency test’ one firsts smooths some data in an appropriate model-independent way, and then
constructs the function Om(z) to determine if it is consistent with the null hypothesis that it should be constant. See [187]
for a discussion of how to do this with SNIa data, and [188] for an example using the BAO to measure H(z).

More generally, if we don’t restrict ourselves to Ωk = 0, we have that [189]3

Ωk = Υ (z)
{

2
(
1 − (1 + z)3

)
D ′′ + 3D ′(D ′2 − 1

)
(1 + z)2

} ≡ O
(2)
k (z)

ΛCDM−−−→ const (85)

Ωm = 2Υ (z)
{[
(1 + z)2 − D2 − 1

]
D ′′ − (

D ′2 − 1
)[
(1 + z)D ′ − D

]} ≡ O
(2)
m (z)

ΛCDM−−−→ const (86)

3 Thanks to Marina Seikel and Sahba Yahya for correcting an error in these formula in [189].
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where

Υ (z)−1 = 2
[
1 − (1 + z)3

]
D2 D ′′ − {

(1 + z)
[
(1 + z)3 − 3(1 + z)+ 2

]
D ′2 − 2

[
1 − (1 + z)3

]
D D ′ − 3(1 + z)2 D2}D ′

The numerator of the formula for Ωk forms the basis of the test presented in [185]. Again, these formulae for Ωm and Ωk
can be used to test consistency of the ΛCDM model. Note that each of these tests depend only on D(z), and not on any
parameters of the model.

4.2. Tests for FLRW geometry

4.2.1. Hubble rate(s) and ages
In an FLRW model, the two Hubble parameters we have discussed, H‖(z; e) and H⊥(z; e) measured in any direction must

be the same at the same redshift. That is,

H‖(z; e)= H⊥(z; e)= H(z) (87)

In a typical LTB model, for example, this simple relation is violated (with the exception of a fine-tuned sub-class of models
of course), and so this forms a basic check of the FLRW assumption, and Copernican Principle. Thus we have an isotropic
expansion test:

H (z)= H‖(z; e)− H⊥(z; e)
FLRW−−−→ 0 (88)

An important question here is how H⊥ can be measured. In [38,62,72,88,189] it was shown that, in LTB models for a central
observer, the ‘redshift drift’ – the change in redshift of a source measured over an extended time – is determined by the
angular Hubble rate:

ż(z)= (1 + z)H0 − H⊥(z) (89)

Although it is a rather sensitive observable [190], it gives an important consistency check for the standard model. Another
possibility to measure H⊥(z) is the polarised SZ effect (see below).

Measuring ages of objects is notoriously difficult, yet can provide important insights as it probes the geometry inside our
past null cone. At the simplest level, the relative ages of objects can be measured between redshift bins giving the Hubble
rate. At a redshift z, the Hubble rate is may be found from Eq. (71) if we know the age difference between two nearby
objects, δt separated by δz:

H‖(z)= − 1

1 + z

δz

δt
(90)

The fossil record of galaxies provides, in principle, the absolute ages of galaxies as a function of z assuming a model of
galaxy evolution. In an FLRW model, this constrains the line of sight integral of the Hubble rate as [175]

S (z)= τus − τgalaxy −
zgalaxy∫
0

1

(1 + z)H‖(z)
FLRW−−−→ 0 (91)

This has yet to be implemented.
The dipole in the distance data can measure H(z) in a perturbed FLRW context [191]. It would be interesting to see in a

more general context whether this is H‖(z), H⊥(z) or Θ(z), thereby determining how it can be used for H (z).

4.2.2. Curvature test
A rather general test of FLRW geometry may be found by considering the distance–redshift relation in an open or closed

FLRW model. Consider the dimensionless comoving distance:

D(z)= (1 + z)H0dA(z)= 1√−Ωk
sin

(√−Ωk

z∫
0

dz′

h(z′)

)
(92)

where h(z)= H(z)/H0 and dA is the area or angular diameter distance. Rearranging Eq. (92), we have the curvature param-
eter today given by, for any curvature [37,192]

Ωk = [h(z)D ′(z)]2 − 1

[D(z)]2
≡ Ok(z)

FLRW−−−→ const (93)

On the face of it, this gives a way to measure the curvature parameter today by combining distance data with Hubble rate
data, irrespective of the redshift of measurement. In FLRW this will be constant as a function of z, independently of the
dark energy model, or theory of gravity. Alternatively, we may re-write this as the condition that [37]
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Fig. 13. Left: Consistency functions, shown for anti-Copernican models. The functions Om(z), Ok(z), L (z) = [numerator of O(2)
k (z)] [185] and C (z) are

shown for a variety of void models. Deviations from constant indicate inconsistency with the standard paradigm, but only Ok(z) �= const and C (z) �= 0
definitely indicates the FLRW assumption is wrong. (From [60].) Right: Constraints on Ok(z) from a combination of SNIa and H(z) data from the relative
ages of LRGs. This function is most usefully constrained at high redshift (blow-up). (From [187].)

C (z)= 1 + h2(D D ′′ − D ′2) + hh′D D ′ FLRW−−−→ 0 (94)

by virtue of Eq. (93). In more general spacetimes this will not be the case. In particular, in LTB models, even for a for a
central observer, we have C (z) �= 0, or Ok(z) �= const.

This tells us that in all FLRW models there exists a precise relationship between the Hubble rate and distance measure-
ments as we look down our past null cone. This relationship can be tested experimentally without specifying a model at all,
if we reconstruct the functions H(z) and D(z) in a model-independent way and independently of each other. This provides
a model-independent method by which to experimentally verify the Copernican assumption, and so verify the basis of the
FLRW models themselves (see Fig. 13).

The curvature test (93) has been implemented in [187] using a mixture of SNIa, ages [to give H(z)], and BAO data;
constraints are weak at present (Fig. 13). This is because the parameter is unstable at low redshift, while at high-z the
SNIa data is very sparse. A variant of this was presented in [193] where it is reformulated as an integral test to measure
curvature with much better results. Consistency between D(z) and H(z) measurements was explored and found in [194].
The dipole in the distance data can measure H(z) [191] so can be used directly in the curvature tests C (z) and Ok(z). This
means that these curvature tests can be formulated from distance data alone if we interpret D(z) as the monopole of the
distance–redshift relation in Eq. (94), though this has not yet been investigated.

4.2.3. CMB
Goodman’s tests allow us to directly ‘observe’ the CMB from other locations. Backed up with the EGS theorems, and the

scattering theorem discussed in Section 3.2, they help us to deduce homogeneity. Different multipoles can be probed in dif-
ferent ways, and so provide independent consistency conditions on the geometry at late times. If we consider fundamental
observers comoving with the matter flow (i.e., without boosting to the CMB frame) we have:

Monopole In FLRW, the monopole temperature around distant observers redshifts as (1 + z), which is not the case in
an inhomogeneous geometry. (The direct temperature along a line of sight redshifts like this of course, but the
monopole does not.) Thus we have, assuming standard physics,

T (z)= 〈TCMB〉(z)
T0(1 + z)

− 1
FLRW−−−→ 0 (95)

where 〈TCMB〉(z) is the monopole temperature observed at redshift z in some frame ua , and T0 is our CMB temper-
ature. This can be measured, for example, via the thermal SZ effect [135] and via atomic fine-structure transitions
in cool absorption-line systems along the line of sight to high-redshift quasars [195]. Constraints are reasonably
tight already: [196] find that possible deviations of the form 〈TCMB〉(z)= T0(1 + z)1−β to be β = 0.004 ± 0.016 up
to z ∼ 3 from SZ measurements.

Dipole Measuring the radial dipole around other observers using the kSZ effect constrains a mixture of their local pecu-
liar velocity (which has a component to the mean matter frame as well as to the CMB frame) as well as spatial
temperature gradients in the monopole (and higher-order effects) along the line of sight (cf. Eq. (126) with I = r).
Obviously this must be small in the standard model, so a strong kSZ signal would violate homogeneity. The inte-
grated kSZ signal is consistent with the standard model [86] (see Section 2.5), but there have been measurements
of very large dipoles measured around X-ray clusters [166], which has been interpreted as a ‘dark flow’, and is not
consistent with ΛCDM.
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Fig. 14. Without inflation the last-scattering surface consists of 105 causally disconnected regions. We only directly observe those on our primary CMB sky
and we assume the others inside our past lightcone share precisely the same history. (From [200].)

The y-distortion also depends on the total dipole which, if other contributions to the y-distortion can be
accounted for, offers the possibility of inferring transverse velocities by comparing it with the kSZ signal (which
depends only on the radial dipole). Transverse velocities are a key ingredient for determining isotropy of the
lightcone, as well as for determining H⊥(z), so constraining these are a key test for homogeneity.

Higher multipoles Higher multipoles generate y-distortion of the CMB, as we have seen in Section 2.5. A large quadrupole
principally indicates large shear, which in turn generates an octopole and higher moments. Using the EGS theorem,
and the scattering theorem in Section 3.2 we can see that a small y-distortion indicates strong evidence for FLRW
geometry under quite general conditions. Scattering of the quadrupole seen by clusters induces a polarisation
signal in our CMB sky and correlations between clusters can be used to place constraints on homogeneity [197].

Polarisation The SZ effect also affects the intrinsic polarisation of the CMB [137]. The transverse velocity of the cluster
relative to the CMB frame can be extracted and used to constrain homogeneity [198] (see also [95]).

In addition to these features, the CMB can be used with the integrated Sachs–Wolfe effect to constrain the geometry [51,
199], but it is challenging to do so in a model-independent manner.

4.3. Probing homogeneity in the early universe

Homogeneity in the early universe may be constrained in different ways. In particular, the early universe provides the
primary place we can place constraints on various parameters such as the baryon fraction whose physical origins are poorly
understood, yet are assumed to be homogeneous (Fig. 14). This follows from inflation of course, so probing FLRW geometry
at early times, and in particular whether widely separated regions share a common thermal history [124], is an important
consistency check for the standard model. As we have seen, inhomogeneous models require a significant reworking of
the early universe in order to have a chance of working as dark energy alternatives. Each era provides opportunities for
confirming homogeneity:

Last scattering To a first approximation, this happens at fixed temperature T∗ on a surface of constant proper time in an
FLRW model. This temperature depends principally on the baryon fraction and the baryon–photon ratio, as well as
Neff, all of which should be constrained to be homogeneous. While we have tight constraints on the variability of
these parameters across our CMB sky (e.g., the constraints on isocurvature modes are quite tight – see e.g. [201]),
there are no constraints from within our past lightcone. The temperature of the last scattering surface may be
probed using the SZ effect, though this must be disentangled from inhomogeneity in the region of the scatterer.

Drag epoch The sound horizon size at the drag epoch also depends on the (effective) number of relativistic degrees of
freedom in addition to the baryon–photon ratio and the baryon fraction. This scale is probed inside our past
lightcone via the BAO (Fig. 15). Assuming that any large scale inhomogeneity we are probing has a length scale
much larger than the horizon size at this time, the proper size of the sound horizon at the drag epoch may be
written locally as
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Fig. 15. BAO and measurements of the CMB anisotropies around distant observers tell us conditions around the time of decoupling inside our past lightcone,
and so allow us to constrain homogeneity at that time. To use these probes in a model-independent way they need to be cross-correlated with other
observations in different directions such that they both measure conditions at the same radius. In principle a spatial map of the interior of our past
lightcone can be made of this era. (From [81].)

ds = h√
3H0Td

∞∫
Td

dT T −3/2
[
(�γ +�ν)T +�b

η

fb

]−1/2(
1 + 3

4

�bη

�γ T

)−1/2

(96)

where h/H0 ≈ 2998 Mpc. The temperature of the drag epoch Td is also a function of fb and η. This scale is
imprinted in the galaxy correlation function. Assuming we could measure the Hubble rates H‖ and H⊥ through
other means, the BAO peak is then a direct measurement of ds(r; e), and therefore constrains fb(x) and η(x). Note
that this highlights the problem of using the BAO to infer the Hubble rate at late times: we typically have to
assume homogeneity at early times to do so in order to find ds .

BBN Primordial nucleosynthesis is a powerful test of early time homogeneity, because we can measure local light
element abundances which were synthesised on our past worldline at early times. This can be compared with
element the element abundance at high redshift and at the CMB – i.e., in the past of worldlines very far from
us. The ratios of light element abundances depend strongly on the baryon–photon ratio η which can be probed
spatially by measuring it in the CMB, and through local abundances of hydrogen, helium and lithium [75,135]. It is
intriguing that abundances of 7Li implies a value for the local baryon–photon ratio at odds with the CMB observed
one by about 50%, and the disagreement is around 5-σ . It is easy to interpret this as a spatially varying η [75].
This is one of the few observations potentially at odds with the homogeneity assumption.

Neutrino decoupling The neutrino background contains information from inside our past lightcone if neutrinos are mas-
sive. In that case, they do not travel on null geodesics, and therefore contain information about inhomogeneity
from the time of neutrino decoupling [47].

Primordial power spectrum The amplitude of the power spectrum measured via the CMB compared to low redshift tracers
may be different for several reasons. In the standard model, a tilt to the spectrum implies that different scales
have different power. In a more general model with large-scale inhomogeneity the spectrum in one region may be
effectively disconnected from the spectrum in another. In the case of a spherically symmetric model this is easy
to envisage because the spectrum in each shell may have different amplitude, while maintaining scale-invariance
(say) within each shell. Thus, the primary CMB delivers the amplitude of perturbations in a comoving sphere
∼ 13 Gpc away from us (as well as the tilt, over that sphere), while local measurements of σ8 tell us the amplitude
of primordial perturbations smoothed over a comoving region close to our past worldline. Tracers at different
redshifts probe power in different shells around us, and thus can be used to constrain homogeneity at very early
times. Inhomogeneity could also be signalled by deviations from scale invariance which is different in the radial
and angular directions (e.g., a different tilt may be found in the CMB versus LSS), as well as from shell to shell.

The end of inflation/‘bang time’ Many inhomogeneous models contain a ‘bang time’ functional degree of freedom in them.
In a comoving frame such a function has the interpretation of a big bang singularity along each worldline, except it
happens at different times in the past according to observers on a hypersurface orthogonal to the fluid flow. What
such a degree of freedom might actually represent in a realistic model remains to be seen, but it can be thought
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of as a ‘decaying mode’ degree of freedom which can in principle be constrained observationally. Recall Eq. (74):
Given an observational probe of H‖(z), and a model for local structure evolution (galaxy and star formation), this
allows us to constrain any bang time inhomogeneity between worldlines A and B [175]. Much tighter constraints
come from Goodman’s tests – it must be O(t∗) [107,108].

5. Conclusions

It is the stunning perfection of the CMB that persuades most of us that the FLRW models are the correct basis for our
cosmological model. Geometrical alternatives which can reproduce such a perfect CMB require fine-tuning in space (e.g.,
LTB models) or time (e.g., Bianchi models [180]), or require ill-defined matter content (e.g., Stephani models [160,172,202]).
Bayesian arguments suffice to persuade us our working model is most likely correct for now. But until we understand
Λ – or whatever dark energy is – with what level of confidence should we ascribe it? Rigorously testing the Copernican
assumption, and with it the FLRW framework, is therefore a vital aspect of dark energy studies.

We have seen three distinct approaches which help us establish homogeneity:

Model Building: This has been the most prolific method as it is relatively straightforward to make a model such as LTB
and compare it to observations. One can then compare an alternative directly to FLRW and decide one way or the
other. However, this approach has focused almost exclusively on providing an alternative to dark energy rather
than testing the Copernican Principle per se, so it is not yet clear exactly what conclusions we may draw directly.
Constraining inhomogeneity when dark energy is present would help test the Copernican Principle generically (e.g.
[151,203]).

Consistency Tests: The FLRW models can be formulated as a series of observational null hypotheses which can be used to
test the Copernican Principle (among other things). The idea is to combine observables in such a way that they can
reveal unambiguously if the FLRW assumption is wrong. Ideally these are independent of dark energy or theory
of gravity. Where possible, ‘observables’ such as the distance–redshift relation are constructed by smoothing data
in as model-independent way as possible to remove any residual bias which might exist. Robust application of
these requires removing as many model-dependent assumptions as possible: for example, in the case of SNIa this
is relatively straightforward; in the case of the BAO this is much harder.

Inverse Approach: The idea of using data directly to construct the metric on the past lightcone, and then integrating into
the interior, goes back to a pioneering paper by Ellis et al. [122] based on a very old thesis by Maartens [125].
This is an approach to cosmology which circumvents the Copernican assumption entirely: in theory, with perfect
observations, we have just enough information from our past lightcone to reconstruct the correct model of the
universe within it – whatever it is. One of the key requirements is for transverse velocities (or H⊥ab), so in
practise this is a very challenging method, but important nevertheless.

Each of these approaches reveals significant insights into the geometry of the universe, and the restrictions that different
observables place upon it. However, it is not yet clear from a theoretical point of view when we are able to say enough is
enough. That is, a principle question of establishing confidence levels remains unanswered. If we constrain, say, C (z) < εC
and T (z) < εT over some range of redshift, then under what circumstances is that sufficient to conclude approximate
FLRW geometry? A recent study suggests this might be critical to their efficacy [204]. Similarly, if we can constrain a variety
of radially inhomogeneous models with dark energy to be homogeneous, is this sufficient?

Some key questions remain:

Stability: Which of the consistency tests are perturbatively stable? That is, for which of the tests does ‘= O(ε)’ imply the
geometry is similarly close to FLRW? What does close to FLRW mean?

Sufficiency: What are the sets of consistency tests which are necessary and sufficient to determine FLRW geometry?
Confidence: How do we use these to place a measure on model-independent limits of deviations from FLRW, given realistic

data?

In the case of exact spherical symmetry and a dust equation of state, say, sufficiency is relatively straightforward – the LTB
model has two free functional degrees of freedom, so if these are chosen to have the same observables as an FLRW model
with the same matter content, then the models must be the same [7]. This could be phrased in terms of the consistency
relations as: C (z) = 0 = H (z) iff FLRW. Similarly, one can probably say that a model which passes Goodmans CMB tests
and has C (z) = 0 is necessarily FLRW – but there is no proof of this as yet. Furthermore, in a realistic setting with near
isotropy, approximate consistency and unknown dark energy, are these enough? How do these tests manage with realistic
data?

It is actually surprising that it is possible to test the Copernican Principle at all, and it has only lately been seen as a
testable assumption. As recently as 2006, George Ellis asserts in relation to the Copernican Principle [120]: “Establishing a
Robertson–Walker geometry for the universe relies on plausible philosophical assumptions. The deduction of spatial homo-
geneity follows not directly from astronomical data, but because we add to the observations a philosophical principle that
is plausible but untestable.” It seems that this is rather too pessimistic. We have discussed quite general ideas for testing
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the Copernican Principle which can observationally establish homogeneity within our horizon which are achievable over the
coming years.
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Appendix A. Covariant formulation of the field equations

The 1 + 3 covariant Ehlers–Ellis formalism provides a physically transparent formulation of the field equations in fully
nonlinear generality (see [205,206] for reviews). The Ehlers–Ellis formalism is a covariant Lagrangian approach to gravita-
tional dynamics, based on a decomposition relative to a chosen 4-velocity field ua . The fundamental tensors are

hab = gab + uaub, εabc = ηabcdud (97)

where hab projects into the instantaneous rest space of comoving observers, and εabc is the projection of the spacetime
alternating tensor ηabcd = −√−gδ0[aδ1

bδ
2

cδ
3

d] , and so

ηabcd = 2u[aεb]cd − 2εab[cud], εabcε
def = 3!h[adhb

ehc] f (98)

The projected symmetric trace-free (PSTF) parts of vectors and rank-2 tensors are

V 〈a〉 = ha
b Vb, S〈ab〉 =

{
h(a

chb)
d − 1

3
hcdhab

}
Scd (99)

The skew part of a projected rank-2 tensor is spatially dual to the projected vector, Sa = 1
2εabc S[bc] , and then any projected

rank-2 tensor has the decomposition Sab = 1
3 Shab + εabc Sc + S〈ab〉 , where S = Scdhcd . Scalars, projected vectors and PSTF

tensors are the fundamental objects which represent the gravitational field.
The covariant derivative ∇a defines 1 + 3 covariant time and spatial derivatives:

J̇ a······b = uc∇c Ja······b, Dc Ja······b = hc
dha

e · · ·hb
f ∇d J e······ f (100)

The projected derivative Da defines a covariant PSTF divergence, div V = Da Va, div Sa = Db Sab , and a covariant PSTF curl,

curl Va = εabcDb V c, curl Sab = εcd(aDc Sb)
d (101)

The relative motion of comoving observers is encoded in the PSTF kinematical quantities: the volume expansion rate,
4-acceleration, vorticity and shear, given respectively by

Θ = Daua, Aa = u̇a, ωa = curl ua, σab = D〈aub〉 (102)

Thus

∇bua = 1

3
Θhab + εabcω

c + σab − Aaub (103)

A key identity (valid in the fully nonlinear case) is

curl Daψ ≡ εabcDbDcψ = −2ψ̇ωa (104)

which shows that curl grad is non-zero in the presence of vorticity (a purely relativistic feature, with no Newtonian ana-
logue). A crucial nonlinear commutation relation for scalars is

h b
a (Dbψ)̇− Daψ̇ = ψ̇ Aa −

(
1

3
Θhab + σab + εabeω

e
)

Dbψ (105)

The PSTF dynamical quantities which describe the sources of the gravitational field are: the (total) energy density ρ =
Tabuaub , isotropic pressure p = 1

3 hab T ab , momentum density qa = −T〈a〉bub , and anisotropic stress πab = T〈ab〉 , where Tab is
the total energy–momentum tensor. The locally free gravitational field, i.e. the part of the spacetime curvature not directly
determined locally by dynamical sources, is given by the Weyl tensor Cabcd . This splits into the PSTF gravito-electric and
gravito-magnetic fields

Eab = Cacbducud, Hab = 1

2
εacdCcd

beue (106)

which provide a covariant description of tidal forces and gravitational radiation.
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The Ricci and Bianchi identities,

∇[a∇b]uc = Rabcdud, ∇dCabcd = −∇[a
{

Rb]c − 1

6
Rgb]c

}
(107)

produce the fundamental evolution and constraint equations governing the covariant quantities. Einstein’s equations are
incorporated via the algebraic replacement of the Ricci tensor

Rab = T ab − 1

2
Tc

c gab +Λgab (108)

where T ab is the total energy–momentum tensor.
The resulting equations, in fully nonlinear form and for a general source of the gravitational field, are:

Evolution:

ρ̇ + (ρ + p)Θ + div q = −2Aaqa − σ abπab (109)

Θ̇ + 1

3
Θ2 + 1

2
(ρ + 3p)−Λ− div A = −σabσ

ab + 2ωaω
a + Aa Aa (110)

q̇〈a〉 + 4

3
Θqa + (ρ + p)Aa + Da p + divπa = −σabqb + εabcω

bqc − Abπab (111)

ω̇〈a〉 + 2

3
Θωa + 1

2
curl Aa = σabω

b (112)

σ̇〈ab〉 + 2

3
Θσab + Eab − 1

2
πab − D〈a Ab〉 = −σc〈aσb〉c −ω〈aωb〉 + A〈a Ab〉 (113)

Ė〈ab〉 +ΘEab − curl Hab + 1

2
(ρ + p)σab + 1

2
π̇〈ab〉 + 1

6
Θπab + 1

2
D〈aqb〉

= −A〈aqb〉 + 2Acεcd(a Hb)
d + 3σc〈a Eb〉c −ωcεcd(a Eb)

d − 1

2
σ c〈aπb〉c − 1

2
ωcεcd(aπb)

d (114)

Ḣ〈ab〉 +ΘHab + curl Eab − 1

2
curlπab = 3σc〈a Hb〉c −ωcεcd(a Hb)

d − 2Acεcd(a Eb)
c − 3

2
ω〈aqb〉 + 1

2
σ c

(aεb)cdqd (115)

Constraint:

divω= Aaωa (116)

divσa − curlωa − 2

3
DaΘ + qa = −2εabcω

b Ac (117)

curlσab + D〈aωb〉 − Hab = −2A〈aωb〉 (118)

div Ea + 1

2
divπa − 1

3
Daρ + 1

3
Θqa = εabcσ

b
d Hcd − 3Habω

b + 1

2
σabqb − 3

2
εabcω

bqc (119)

div Ha + 1

2
curl qa − (ρ + p)ωa = −εabcσ

b
d Ecd − 1

2
εabcσ

b
dπ

cd + 3Eabω
b − 1

2
πabω

b (120)

The energy and momentum conservation equations are the evolution equations (109) and (111). The dynamical quantities
ρ, p,qa,πaν in the evolution and constraint equations (109)–(120) are the total quantities, with contributions from all
dynamically significant particle species. That is,

T ab =
∑

I

T ab
I = ρuaub + phab + 2q(aub) +πab (121)

T ab
I = ρ∗

I ua
I ua

I + p∗
I hab

I + 2q∗(a
I ub)

I +π∗ab
I (122)

where I = r,n,b, c,Λ labels the species. The asterisk on the dynamical quantities ρ∗
I , . . . is intended to emphasise that these

quantities are measured, not in the ua-frame, but in the I-frame, whose 4-velocity is given by

ua
I = γI

(
ua + va

I

)
, va

I ua = 0, γI = (
1 − v2

I

)−1/2
(123)

The total dynamical quantities in Eqs. (109)–(120), are given by

ρ =
∑

I

ρI , p =
∑

I

pI , qa =
∑

I

qa
I , πaν =

∑
I

πaν
I (124)

Assuming that the species are non-interacting, they each separately obey the energy and momentum conservation equa-
tions (109) and (111):
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ρ̇I + (ρI + pI )Θ + Daqa
I = −2Aaqa

I − σabπ
ab
I (125)

q̇〈a〉
I + 4

3
Θqa

I + (ρI + pI )Aa + Da pI + Dνπ
aν
I = −σ a

bqb
I + εa

bcω
bqc

I − Abπ
ab
I (126)

The Ehlers–Ellis covariant kinetic theory description starts by splitting the photon 4-momentum as

pa = E
(
ua + ea), eaea = 1, eaua = 0 (127)

Here E = −ua pa is the energy and ea = p〈a〉/E is the direction, as measured by a comoving fundamental observer. Then the
photon distribution function is decomposed into covariant harmonics via the expansion

f (x, p)= f (x, E, e)= F + Faea + Fabeaeb + · · ·
=

∑
��0

F A� (x, E)e〈A�〉 (128)

where A� ≡ a1a2 · · ·a� and e A� ≡ ea1 · · · ea� . The multipoles F A� are a covariant alternative to the usual expansion in spherical
harmonics. They are PSTF:

Fa···b = F〈a···b〉 ⇔ Fa···b = F(a···b), Fa···bub = 0 = Fa···bchbc (129)

The first 3 multipoles determine the radiation energy–momentum tensor,

T ab
r (x)≡

∫
pa pb f (x, p)d3 p

= ρruaub + 1

3
ρrhab + 2q(ar ub) +πab

r (130)

where d3 p = E dE dΩ is the covariant volume element on the future light cone at event x. It follows that the dynamical
quantities of the radiation (in the ua-frame) are:

ρr = 4π

∞∫
0

E3 F dE, qa
r = 4π

3

∞∫
0

E3 F a dE, πab
r = 8π

15

∞∫
0

E3 F ab dE (131)

We extend these dynamical quantities to all multipole orders by defining the brightness multipoles

Πa1···a� =
∫

E3 Fa1···a�dE (132)

so that

Π = 1

4π
ρr, Πa = 3

4π
qa

r , Πab = 15

8π
πab

r (133)

From these the nonlinear temperature fluctuations may be defined as, for �� 1,

TA� =
(
π

σ T 4

)
ΠA� (134)

where the monopole temperature is defined from ρr = σ T 4.
The collisionless Boltzmann (or Liouville) equation is

d f

dv
≡ pa ∂ f

∂xa
− Γ a

bc pb pc ∂ f

∂pa
= 0 (135)

where pa = dxa/dv , and we neglect polarisation. The covariant multipoles of d f /dv are given by

1

E

(
d f

dv

)
A�

= Ḟ〈A�〉 − 1

3
ΘE F ′

A� + D〈a� F A�−1〉 + (�+ 1)

(2�+ 3)
Da FaA�

− (�+ 1)

(2�+ 3)
E−(�+1)[E�+2 FaA�

]′
Aa − E�

[
E1−�F〈A�−1

]′
Aa�〉

− �ωbεbc(a� F A�−1)
c − (�+ 1)(�+ 2)

(2�+ 3)(2�+ 5)
E−(�+2)[E�+3 Fab A�

]′
σ ab

− 2�

(2�+ 3)
E−1/2[E3/2 Fb〈A�−1

]′
σa�〉b − E�−1[E2−�F〈A�−2

]′
σa�−1a�〉 (136)

where a prime denotes ∂/∂E . This is a fully nonlinear expression.
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Multiplying Eq. (136) by E3 and integrating over all energies leads to the brightness multipole evolution equations:

0 = Π̇〈A�〉 + 4

3
ΘΠA� + D〈a�ΠA�−1〉 + (�+ 1)

(2�+ 3)
DbΠb A�

− (�+ 1)(�− 2)

(2�+ 3)
AbΠb A� + (�+ 3)A〈a�ΠA�−1〉

− �ωbεbc(a�ΠA�−1)
c − (�− 1)(�+ 1)(�+ 2)

(2�+ 3)(2�+ 5)
σ bcΠbc A�

+ 5�

(2�+ 3)
σ b〈a�ΠA�−1〉b − (�+ 2)σ〈a�a�−1ΠA�−2〉 (137)

Once again, this is a fully nonlinear result. The monopole evolution equation is just the energy conservation equation, i.e.,
Eq. (125) with I = r, and the dipole evolution equation is the momentum conservation equation (126), with I = r. The
quadrupole evolution is given by Eq. (45).
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