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ARTICLE INFO ABSTRACT
Arfifle hiSfOU/‘-' We consider a cavity optomechanical cooling configuration consisting of a mechanical res-
Available online 28 March 2012 onator (denoted as resonator b) and an electromagnetic resonator (denoted as resonator a),

which are coupled in such a way that the effective resonance frequency of resonator a de-
pends linearly on the displacement of resonator b. We study whether back-reaction effects
in such a configuration can be efficiently employed for suppression of decoherence. To that
end, we consider the case where the mechanical resonator is prepared in a superposition
of two coherent states and evaluate the rate of decoherence. We find that no significant
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Suppression de la décohérence ear damping the decoherence rate can be made much smaller than the equilibrium value
Résonateur mécanique provided that the parameters that characterize these nonlinearities can be tuned close to

some specified optimum values.
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RESUME

Nous considérons une configuration de refroidissement optomécanique par cavité consti-
tuée par un résonateur mécanique (désigné par b) et un résonateur mécanique (désigné
par a) couplés de facon que la fréquence effective de résonance du résonateur a dépend
linéairement du déplacement du résonateur b. Nous étudions si la rétroaction peut étre ap-
pliquée efficacement a la suppression de la décohérence dans une telle configuration. Dans
ce but nous considérons le cas ol le résonateur mécanique est préparé dans une superpo-
sition de deux états cohérents et nous évaluons le taux de décohérence. Nous trouvons que
la décohérence ne diminue pas de facon significative si le résonateur a est supposé avoir
une réponse linéaire. D'autre part, si le résonateur a présente un non-linéarité de Kerr,
et/ou un amortissement non linéaire, le taux de décohérence peut devenir bien plus bas
que la valeur d’équilibre, pourvu que les paramétres qui caractérisent ces non-linéarités
puissent étre proches de certaines valeurs optimales précises.

© 2012 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction

The quest for quantum effects in nanomechanical devices has motivated an intense research effort in recent years [1-3].
Experimental demonstration of quantum superposition in a nanomechanical resonator may provide an important insight
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into the problem of quantum to classical transition [4-10]. However, in many cases the lifetime of such superposition states
is too short for experimental observation since the coupling between a nanomechanical resonator and its environment
typically results in rapid decoherence [11,12]. As a case study, consider a superposition of two coherent states |«1) and |o3)
of a mechanical resonator having an angular resonance frequency wjy and damping rate y;. The decoherence rate of such a
superposition state is given in the high temperature limit kgT > hwy by [13-16]

1 2 kT
o =l (1)
where ¢ = ay — 7.

While Eq. (1) was derived by assuming a linear response, it is well known that nonlinear response can be exploited
for reduction of thermal fluctuations. One example is the technique of noise squeezing that can be employed for reducing
thermal fluctuations in one of the quadratures of a mechanical resonator [17,18]. Another example, which is the focus of
this paper, is the technique of optomechanical cavity cooling. This technique [19-26], which was first proposed as a way
to enhance the detection sensitivity of gravity waves [27,28], can be employed for significantly reducing the energy fluctu-
ations of a mechanical resonator well below the equilibrium value [29-42]. Cooling is achieved by coupling the mechanical
resonator (denoted as resonator b) to an electromagnetic resonator (denoted as resonator a) in such a way that the effective
resonance frequency of resonator a becomes linearly dependent on the displacement of resonator b. When the parameters
of the system are optimally chosen the fluctuations of resonator b around steady state can be significantly reduced well be-
low the equilibrium value by externally driving resonator a with a monochromatic pump tone. In this region back reaction
due to the retarded response of the driven resonator a to fluctuations of resonator b acts as a negative feedback, providing
thus additional damping which results in effective cooling down of resonator b. The success of these experiments raises the
question whether similar back-reaction effects can also be efficiently employed for suppression of decoherence below the
equilibrium value.

Here we study this problem by generalizing Eq. (1) for the case where cavity cooling is applied. Nonlinearity in res-
onator a is taken into account to the lowest nonvanishing order. The equations of motion of the system are obtained using
the Gardiner and Collett input-output theory [43,44]. By linearizing these equations we derive the susceptibility matrices
of the system, which allow calculating the response of both resonators to input noise. This, in turn, allows evaluating both,
the spectral density of fluctuations and the decoherence rate 1/7, of resonator b. In both cases we examine the cooling
efficiency by defining an appropriate effective temperature and by calculating it for an optimum choice of the system’s pa-
rameters. We find that only modest suppression of decoherence is possible using cavity cooling unless the system is driven
into the region of nonlinear oscillations.

2. The model

The model consists of two resonators, labeled as a and b respectively, which are coupled to each other by a term
h2Ng(Ap + AZ) in the Hamiltonian. Here A, AZ and Ny = AZAG (Ap, AZ and Ny = AZAb) are respectively annihilation,
creation and number operators of resonator a (b). The first resonator is coupled to 3 semi-infinite transmission lines. The
first, denoted as al, is a feedline, which is linearly coupled to resonator a with a coupling magnitude ), and a coupling
phase ¢q1, and which is employed to deliver the input and output signals; the second, denoted as a2, is linearly coupled to
resonator a with a coupling magnitude y,> and a coupling phase ¢4, and it is used to model linear dissipation, whereas
the third one, denoted as a3, is nonlinearly coupled to resonator a with a coupling magnitude y,3 and a coupling phase ¢g3,
and is employed to model nonlinear dissipation. Linear dissipation of resonator b is modeled using semi-infinite transmis-
sion line, which is denoted as b and which is linearly coupled to resonator b with a coupling magnitude ), and coupling
phase ¢. Note that all coupling parameters are assumed to be w independent. Kerr-like nonlinearity of the driven res-
onator a is taken into account to lowest order by including the term (h/Z)KQAI,AZAuAa in the Hamiltonian of the system,
which is given by

h
H = hawgNg + EKGAZAZAGAG + liwpNp + 12 Na(Ap + Al) + 10 / dwa! | ()ag (@)o

+h | Ya1 / dw [e"""’1 Alam(a)) + e~ aL (w)Aq] +h / dwazz(a))aﬂ(a))a)

T

Ya2 iga2 o —iga2 o f
+h dow [e'%2 Agagz (@) + e'2al, (w)Aq] + 1 | dwal;(w)ag(w)w

T
+h /Z—“; / do [e!% Al Alags (@) + e 7%8a] () AgAq] + i / doa (@)ap(@)w

+h\/E/dw [ei(PbAZab(a))+€7i¢b02(a))Ab] @
T
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2.1. Rotating frame

The equations of motion of A; and Aj, are obtained using the Gardiner and Collett input-output theory [43,44]

dA ) ) ) ) b i . b i
d—t“ = —[iwa + Va + (iKa + Ya3)Na]Aa — 2 Aa(Ap + Al) — iy/2yame 1 all (¢) — iy/2yae!®2ally ()
— 2i/Yaze'? ALa}y(©) (3)

and

dA o

d—tb = —(iwp + o) Ap — i2Nq — iy/2ype' Pl (1) (4)
where

Ya=Yal +Ya2 (5)
and where a}{{, ailnz, aL“3, and a;)“ are input operators [43], e.g.

) 1 oo
g, (t) = E / dw ag1 (w, to)e'® =0 (6)

Consider the case where a coherent tone at angular frequency w, and a constant complex amplitude b, is injected into
the feedline. The operators of the driven resonator and its thermal baths are expressed in a frame rotating at frequency wp
as

at = Bpe~i@et 4 cine—iept (7)
= e ®
alfy = cie v (9)
Aq = Cqeiont (10)
Using this notation Egs. (3) and (4) can be rewritten as
dCq
— 4+ 0Oq=F 11
dt e (11)
dAy
— +6O,=F 12
i b= Fp (12)
where
Oa = Oa(Ca, Cl, Ap, Al) = [i[Aa + 2(Ab + AD)] + Vo + (iKa + Ya3)Na ) Ca + iy/2yare by, (13)
Ag=wgq — wp (14)
Fo = —iy/2yae®1ch —i\/2ygei®ecll — 2i4/yage"(‘f’”3+wpt)C;rcg§ (15)
@b = O (Ca. L. Ap. A}) = (i) + Yp) Ap +i2Nq (16)
and
Fyp = —iy/2ypeal(t) (17)
3. Linearization
Expressing the solution as
Cqa=Bg+cq (18a)
Ap=Bp+cp (18b)
where both B, and Bj, are complex numbers, and considering both ¢, and ¢, as small one has to lowest order
@a(Ca, €l Cp, C}) = O (Ba, BE, By, BY) + Wicq + Wach + Wacy + Wac) (19)
@p(Ca, Cl, Cy, C) = ©p (B, BE, By, BL) + Wiscq + Wech + Wrch + Wec (20)

where
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Wi = 1A + o + 2(iKa + Va3)|Bal? (21a)
W3 = (iKq + ya3) B2 (21b)
W3 =W4=i2B, (21c)
Ws =i2B} (21d)
We =i2B, (21e)
W7 =iwp + Y (21f)
Wg=0 (21g)
and where
A= Aq+ 2(By + By) (22)

3.1. Mean field solution

Mean field solutions are found by solving

Oq(Ba, By, By, Bj) =0 (23a)

Oy (Ba, By, By, By) =0 (23b)
that is

[iAST + o + (iKa + Va3)|Bal?]Ba + iv/2Ya1e®1by = 0 (24)
and

(iwp + yp)By +i2|Bg> =0 (25)

Extracting By from Eq. (25) and substituting it in Eq. (24) yields

{iAa+ Va+ (KT + ya3)1Bal?} Ba + iy/2ya1€®by = 0 (26)
where K&, which is given by
202%w,
K =Ko — 2 (27)
Wy +Vp
is the effective Kerr constant. Taking the module squared of Eq. (26) leads to
2
[(Aa + KgffEa) + Wt J/a3Ea)2]Ea =2Ya1 |bp|2 (28)
where
Eq=|Bql? (29)

Finding E, by solving Eq. (28) allows calculating B, according to Eq. (26) and Bj according to Eq. (25).
3.2. Onset of the bistability point

In general, for any fixed value of the driving amplitude by, Eq. (26) can be expressed as a relation between E; and Ag.
When by, is sufficiently large the response of the system becomes bistable, that is E; becomes a multi-valued function of
Aq in some range near the resonance frequency. The onset of the bistability point is defined as the point for which

0Aq

9E, 0 (30)
92 A,
= 0 (31)

Such a point occurs only if the nonlinear damping is sufficiently small [44], namely, only when the following condition
holds

[KE™| > v/3yas (32)
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At the onset of the bistability point the driving frequency and amplitude are given by

ff f
(Ao = —7a Ke™ [4ya3|1<§ |+ V3K + yé)]

|K§™ (K§M? =3y

4 yRKEH +y2)
33 Ya1 (K| — V/3a3)3

and the resonator mode amplitude is

(bp)? =

(34)

2y,
V3(KET — V3ya3)

(Ea)c = (35)

3.3. Fluctuation

Fluctuations around the mean field solution are governed by

Ca Ca Fq
d CZ c:r, FZ
alo [T o |7 R (36)

i T 1)
) ) Fy

where the matrix W is given by

Wi Wy W3 Wy
wi wi wip w3
Ws Wg W; Wg
wg wi o wg wl

(37)

The mean field solution is assumed to be locally stable, that is, it is assumed that all eigenvalues of W have a positive real
part.
By assuming that the bath mode is in thermal equilibrium one finds with the help of Egs. (6)-(10), (15) and (17) that

Fa()Fi(@)) = 28 (0w — @)1, (38)
{ .

El (@) Fa()) = 248 (0 — @) (g, + 1) (39)

( .

(Fp (a))FZ(a)’)) =28 (0 — W), (40)
and

(FZ(a))Fb(a)’))=27/b8(a)—a)’)(nwb +1) (41)

where n,, = (efh® — 1)-1, B =1/kgT, kg is Boltzmann’s constant and T is the absolute temperature and where

It =Ya+2ya3Eq (42)

It is important to note that the linearization approach is valid only when the fluctuations around the mean field solution

are small. Unavoidably, however, very close to the region where the system becomes unstable the fluctuations become
appreciable, and consequently the linearization approximation breaks down.

3.4. Transforming into Fourier space

In general, the Fourier transform of a time dependent operator O (t) is denoted as O (w)

o(t) = dw O (w)e " (43)

)

Applying the Fourier transform to Eq. (36) yields
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Ca(w) Cp(w) Fa(w)
Waa Wgq = 44
(cZ(—w>>+ "(cZ(—a») (FZ(—w)) ()
Ca(w) cp(w) Fp(w)
Wha w = 45
’ (cZ(—w>>+ bb(cZ(—w)) (FZ,(—w)) (42)
where
(Wi —iw Wo
Waa = ( wy o owy- iw) (48)
W3 Wy >
Wa = * * 47
b ( Wy Wi (47)
Ws Wsg )
w a = * * 48
b ( wE Wi (48)
_ W7 —iw Wg
Woo = ( wp o owi-— ia)) (49)
By inverting these equations one finds that
Ca(w) \ Fo(w) Fp(w)
(cZ(—w)) e (FZ(—w)) e (F,ﬁ(—w)) 0
r(w) \ Fq(w) Fp(w)
(cl(—w) ) ~ Ko ( Fi(—w) ) b ( Fl(~w) ) GV
where
Xaa = (Waa — Wap Wbb Wba)_] (52a)
Xab = (Wba - ‘/VbbW,;b1 Wacz)7l (52b)
Xba = (Wab - WauaW,, Wbb)_l (52c)
Xbb = (Wpp — Wpa W' WabY1 (52d)

3.5. Omega-symmetric matrix

Let W (w) be a 2 x 2 matrix, which depends on the real parameter w. The matrix W (w) is said to be omega-symmetric
if it can be written as

_( aw) b(w)

where a(w) and b(w) are arbitrary smooth functions of w. It is straightforward to show that if W is omega-symmetric then
W1, Wt (transpose of W) and WT are all omega-symmetric as well. Moreover, if W1 and W5 are both omega-symmetric
then W1 W5 is also omega-symmetric. Thus, it is easy to show that the susceptibility matrices Xaa, Xab» Xba and xpp are all
omega-symmetric.

(53)

3.6. The case where £2 is small and Kq = 53 =0

To lowest order in §2 one has

— — 1., — — —
Xaa= (1= Wg' Wy W' W)™ W' = (14 W' Wepy W, Wi ) W (54)
Xab = —Wgg' Wap W, (55)
Xba = =Wy Wi W, (56)
and
— — -1 — — — —
xob = (1= W WpaWe! Wep) ™ Wil o (14 W, WipgWeg! Wep) W, (57)

For the case Kq = Y3 = 0 one finds that
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Eq(hp1—pp) B2 (hp1 —hb2)
02 (a1 —iw)? (a1 —iw)(Ag2—iw)
1 0 _ (BZ)%(Abl —Ab2) _ EaGi1—2pp)
Xaa = ral —i® 1 + (Aa1 710))()‘“2.7“’”) i ()\aZ_w))z (58)
0 Y=o (Ap1 —iw)(Ap2 — i)
iBg iBg
a1 =10 Up1—1@) Gt —10) epp =)
X =—2| "L T (59)
T Ga—io)O0p1—iw) T Ga2—iw) Gy —iw)
By _iBg
Yoa=—2 | A0 G (60)
T G —io)pp—iw) T (hgz—iw)(hpr—iw)
and
()Lal_)LGZ) (){al _)\02) §
O2E (Ap1—iw)? (Ap1—iw)(Ap2—iw)
1 a _ ()\gl —Aa2) ‘ _ (Aa1—Ara2)
Xop = T —io 0 n (1 —i@) (hp2 —iw) (kpa—iw)? (61)
= 1 y .
R (a1 — 1) (haz — i00)
where we have introduced the eigenvalues
hat + Aoz = Wi + WY (62a)
hathay = |W1l* — W, (62b)
and
Ap1 + Apy = W7 + W3 (63a)
Apthpz = |W7l* — [Wg|? (63b)

To determine the stability of the mean field solutions the eigenvalues of W are calculated below for the present case to
lowest nonvanishing order in £2. The matrix W can be expressed as

A1 0 0 O
0 X2 0 O

W=l0o 0 a o |FT% (64)
0 0 0 Ap
where
0 0 iBg iBq
V= 0 0 —iB} —iB}

iBY iBg 0 0
—iB} —iBg 0 0
The two eigenvalues of interest for what follows are A, and Xy, which approach the values Ap; and Ap, respectively in

the limit 2 — 0. These eigenvalues are calculated up to second order in §2 using perturbation theory (note that W is not
necessarily Hermitian)

- 1 1

Ab1 = Ap1 + 2%E <— + ) (65a)
A1 —2at Ab1 = ra2

- 1 1

Ab2 = Ay + 2%E < - ) (65b)
N2 —ra1 A2 — ra2

Thus by using the relations
At =25 =iAST 4y, (66a)
Ab1 = Apy =iwp + Vb (66b)

the notation
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Fig. 1. The function T (d, g).

Aeff

d= "1 (67a)
Wp

g=1 (67b)
wp

and by assuming also that y, < wp one finds that

2022%E, 2d(1 —d? — g?) ) (1 2622E, 4dg? ) (68)
wi [d+1)2+ g% —1)? + g% ’ Yavp [(1+d)?+g21[(1 —d)? + g?]

Xbl =iwp (1 +

and Apy = A7;.
For the present case (K; = y43 = 0) one finds using Eqgs. (27) and (35) that (E;). (the value of E; at the onset of
bistability) is given by

_ YaWp
Eae= s (69)
In terms of (Eq)c the real part of Ap; can be expressed as
Re(A 2E
Cord _yp 2Pa_ @y g (70)
Vb V3(Ea)e ¥
where the function 7°(d, g), which is plotted in Fig. 1, is given by
4dg? 4g%d
rd g = (71)

[(1+d?+ g1 —d?+ g7 4g% + (& — 1+

While the parameter d represents the detuning between the driving frequency and the resonance frequency, the parame-
ter g, which is the ratio between the period time of resonator b and the ring-down time of resonator a, represents the level
of retardation in the response of resonator a. The function 7'(d, g) describes the way the shift in the eigenvalues depends
on these parameters. For any given value of g the function T obtains a maximum at d =dp and a minimum at d = —dp,
where

1
P _ 2 4 2
do_B\/3 3g2+6\/gt+g2+1 (72)

The mean field solution is stable provided that Re(i;) > 0. Hopf bifurcation occurs when Re(%;;) vanishes.

4. Integrated spectral density

In general consider an operator c(w) that can be expressed in terms of a noise operator F(w) and a susceptibility matrix
X (w) as [similarly to Egs. (50) and (51)]
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cw) \ _ F(w)

where F(w) satisfy [similarly to Egs. (38)-(40) and (41)]

(F(@))={FT(@))=0 (74)

(F()F(o')) = (FT()FT(«'))=0 (75)

(F()FT(o')) =2I8(w — @), (76)
and

(Fl(w)F (o)) =2I8(0 — @) (N, + 1) (77)

The homodyne detection observable X(w) is defined by

X(w) = e0¢c(w) + e~ ?ocT (—w) (78)
The frequency auto-correlation function of X is related to the spectral density Px(w) by

(X)X (@) = Px(@)§(w — ) (79)
Assuming that x (w) is omega-symmetric, it can be expressed as

_( aw) b(w)

where a(w) and b(w) are arbitrary functions of . By calculating the term (XT(w')X(w)) one finds that

Px(w) Bhawo

il M (w) coth 3 + M_(w) (81)
where
NP 2 2 2 )

M+(a)) _ |a( a))| + |b((1))| '; |a(w)| + |b( (1))| + Re[eZI¢Lo (a(—w)b(w) +a(a))b(—a)))] (82)

and
Al —m 2 — 2 2 N2 )
M. () = U PO @A BEOL gefeino(—a(-w)b(@) +a@b(-)] (83)

The integrated spectral density (ISD) is thus given by

o0

h
/dex(w)zzfv coth 2o (84)
—00
where
o o0
V= / do My () = / do [[a@)|* + |b(~)|* + 2Re(e?*a(w)b(~w))] (85)
—00 —00
5. ISD of X
We calculate below the ISD of the homodyne observable Xj(w), which is given by
Xp(@) = ¢y (w) + e~ oc) (—w) (86)

for the case where £2 is small and K; = y43 = 0. As can be seen from Eq. (51), it has two contributions due to the two
uncorrelated noise terms Fp(w) and Fg(w). The calculation of both contributions according to Eq. (84) is involved with
evaluation of some integrals, which can be performed using the residue theorem. To further simplify the final result, which
is given by

o0

1 Q2E h Q22E 2g2 it

—/dexb(a)):<1— aT(d,g))cothﬂ @b | 2 Ea & coth PN (87)
—0Q

27 YaVb 2 Ya¥p (1—d)?+ g2 2

the case where resonator b has high quality factor is assumed. For this case, which is experimentally common, the following
is assumed to hold y, < wp and Y} K Y4. As can be seen from Eq. (87), for finite driven amplitude E, the ISD of X, can
deviate from the equilibrium value of coth(Bhwy/2).
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6. Decoherence

Consider the case where resonator b is initially prepared at time t =0 in a superposition state of two coherent states
loq)p and |o2)p. We employ below the approach that has been introduced in Ref. [45] to evaluate the decoherence time 7
of such a superposition state. The initial state of the system is taken to be given by

[yt =0)) = (la1)p + lor2)p) ® | Xi)D (88)

where |x;)p represents an initial state of all other degrees of freedom of the system. The time evolution of the system is

determined by the Hamiltonian # (2), which is formally a function of A, and Az, that is H = H(Ap, AZ)

For simplicity, the case where w7, < 1 is assumed. As can be seen from Eq. (1), in thermal equilibrium this case occurs
when |8y |2kBTyb/ha)§ > 1, where §, = oy — 1. For this case the time evolution of resonator b can be neglected on the time
scale of 7y, and consequently for a time t < 7, the state [ (t =0)) in the Schrodinger representation will approximately
evolve into

[¥ () = laa)p ® u1 ()| xi)p + le2)pui2 () ® | xi)p (89)

where the time evolution operator uq(f) [uz(t)] is generated by the Hamiltonian H(cr1, o) [H(crz, 3)].
The distinguishability between the two coherent states is characterized by the parameter

v = |o(xlud O 01 x)0| (90)

Our goal is to find the characteristic time scale 7, over which v decays from its initial value v =1 at time t = 0. Regarding
the parameter 8, as small, one can evaluate v using perturbation theory [46,47]. To lowest nonvanishing order in §, one
finds that

t t
1 ~ -
=1- / d’ / a’ (D(0) D (")) (91)
0 0

where ¥V = V(t) — (V(t)) and where V = H (a2, az) — Hay, af).

In a steady state the correlation function WEHV(t")) is expected to be a function of |t' — t”|; this function is labeled as
fy(t' —t"]) = (YEHV{")). In the limit where t is much larger than the correlation time, which characterizes the width of
the peak in the function fy,(7) around the value t =0, one finds that

t o
v~1-— h—2 / dr fy(t) (92)

Thus, the rate at which the parameter v decays (i.e. the decoherence rate 1/7y) is given by

11
a:h—z/cir(v(r)vm)) (93)

Alternatively, in terms of the Fourier transformed function V(w), which is related to V(t) by

V(t) = dw V(w)e™ @t (94)

)

the decoherence rate can be expressed as
o0
L_1 / do (V(0)V(w)) (95)
Ty  h?
—00

Using Eqgs. (17) and (50) together with the notation

8o = 0tp — a1 = |Sq fe” (96)
one finds to lowest order that

V()

h[del

= UgFo(@) + U FH(~®) + Up Fy(@) + UL F) (—w) (97)
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where
Ug =28 COSO(BZ(Xaa)ll + Ba(Xaa)Zl) (98a)
Up = 282 cos 0 (B} (Xab)11 + Ba(Xab)21) +ie ™" (98b)
Furthermore, with the help of Egs. (38)-(40) and (41) the decoherence rate becomes
1 h h
T_:2|5a|2<Fa|Ua|2coth¥+yb|Ub|2coth @) (99)
@

Note that for £2 =0 the decoherence rate reproduces the value given by Eq. (1).
For the case where £2 is small and K, = y43 = 0 one finds using Egs. (58) and (59) that

2= 4922E4cos? 0

- 100

I a wg(dz +g2) ( )
and

402%E4[cosa+cos(20 +a)] d
Up> =1+ — (101)
wp [T+ (22 “+g

where

a=tan~1 22 (102)

wWp

In what follows we restrict the discussion to the case where 6 = 0, for which the two coherent states |a1) and |o2)
have the same momentum. For this case, which is the assumed case in some of the published proposals for observation of
quantum superposition in mechanical systems [8,9,48], up to first order in y;,/wy, one has

4Q%E, d
Upl? =1 — 103
Using these results together with Eq. (99) one finds that
1 492%E, d Bhwy Ve 42%E, 1 Bhw,
— =2p18al?| (1 - th = coth 104
Ty Vbldal |:< + w} d2+g2> 2 +Vb wp d*+g? 2 (104)

The first term in Eq. (104) represents the contribution of the thermal bath that is directly coupled to resonator b to
the decoherence rate. This contribution can be either enhanced (d > 0) or suppressed (d < 0) due to back-reaction effects.
On the other hand, the last term in Eq. (104) [compare with Eq. (71) of Ref. [47]] represents the direct contribution of
the driven resonator a. This contribution can be understood in terms of the shift in the effective resonance frequency of
resonator a between the two values corresponding to the two coherent states |o1) and |op) (see Ref. [47]).

7. Discussion

We have considered above the case where §2 is small, K; = y43 =0 and )}, < wp. In addition, we have assumed that
Ya < yp in order to obtain the ISD of X, which is given by Eq. (87), and we have assumed the case & =0 to obtain the
decoherence rate, which is given by Eq. (104). Furthermore, consider for simplicity the case of high temperature where
Bhwy < 1. For this case Eqs. (87) and (104) can be written in terms of the effective temperatures Tisp and Tp

o0

1 2kgTisp
— dw P = 105
2ﬂ/ Py, (w) hooy (105)

—00
1 ZkBTD
— =2 1841° 106
T(p J/b| Ol| hwb ( )

where

T Q2E.T(d, By (1+d)?+g?2
Tiso _ | _ $2%EaX( g)<1_a)b a(+)+g> (107)
T YaVb Wq 3d
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T 4Q%E, d g1
L2 L 2( @hYa ”—) (108)
T wp d>+g wayp d
and
h h
5, = P19 o P (109)
2 2
In terms of (E,)., which is given by Eq. (69), one thus has
Tiso _ . Ea wbr(d,g><1_wb5a <1+d>2+g2> (110)
T Ede 3y wq 3d
and
T 4E d Eq 1
LU N 2< “rve "—) (111)
T V3(Eq)c 4 + ¢ wayy d

These results are valid only to lowest order in £2, however they may be used in some cases to roughly estimate the lowest
possible values of Tisp and Tp. As can be seen from Egs. (110) and (111), the effective temperatures Tisp and Tp may
take considerably different values. This fact should not be considered as surprising since the system is far from thermal
equilibrium and since the underlying mechanisms responsible for ISD reduction and for suppression of decoherence are
entirely different. In what follows, we choose the parameters d and g such that the largest reduction in effective temperature
is achieved for a given Eg4, and use these values to estimate the lowest possible effective temperatures.

7.1. Optimum ISD reduction

For the case of ISD reduction, we consider the case where the term that is proportional to =, in Eq. (110), namely the
term which represents the contribution of the thermal baths that are directly coupled to resonator a, is relatively small,
namely the case where wyZ; <« wq. This condition is expected to be fulfilled for the typical experimental situation. Most
efficient ISD reduction is achieved by choosing the parameters g < 1 and d = 1, for which the term 7°(d, g) obtains its
maximum possible value T =1 (see Fig. 1). For this case Eq. (110) becomes

@_ . Eq ( _4wbEa> (112)
T ﬁyb (Ea)c 3wq
By taking
V3%
Eo= 22 (B = (Eahiso (113)
Wp

Eq. (112) yields the lowest possible value of Tisp, which is denoted as (Tisp)min

(Tisp)min _ 4@pEa (114)

T 3wq

As was mentioned above, the above discussion is based on the approximated result Eq. (110), which expresses Tisp to
lowest nonvanishing order in £2. Such an expansion apparently suggests that the noise contribution due to the thermal bath
that is directly coupled to resonator b can be altogether eliminated, leaving thus only the noise contribution of the thermal
baths that are directly coupled to resonator a as a lower bound imposed upon Tisp [see Eq. (114)]. Obviously, however,
higher orders in £2 have to be taken into account in order to estimate (Tisp)min more accurately, as was done in Ref. [49],
where Tisp was expanded up to fourth order in £2.

7.2. Decoherence suppression
For the case of decoherence suppression, on the other hand, the term that is proportional to Z; in Eq. (111) is not

necessarily small for the common experimental situation. We therefore choose the optimum values of the parameters d and
g for the more general case. Using the notation

D= WpYaa (115)
WaYp
Eq. (111) reads
T 4E
2 =1+———f(d.g D) (116)

T V3(Ea)c
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where
dg D
f(dsg»D):m<1+E> (117)

In general, the minimum value of the function f(d, g, D) for a given g > 0 and a given D > 0 is obtained at

dm=—D — /D2 + g2 (118)

and the minimum value is given by
1 tan~! £
fdm, g, D):—Etan — (119)

The lowest value of f(dp, g, D) is thus obtained in the limit D « g, for which one finds that d, = —g and f(dy, g, D) =
—1/2. Therefore, one concludes that the largest reduction in Tp for a given E, is obtained when

2=

wi B
b~% <1 (120)

WaYb

and when d = —g. For this case Eq. (111) becomes
T 2 E
D_q_ 2 " (121)
T «/§ (Ea)e

This result indicates that even when all parameters are optimally chosen such that the largest reduction in Tp is obtained
for a given E,, no significant reduction in Tp is possible unless E; becomes comparable with (E;).. Note, however, that in
our analysis of the present case the effect of nonlinear bistability has been disregarded. This approximation can be justified
for the case of ISD reduction since, as can be seen from Eq. (113), optimum reduction of the ISD can be achieved well
below the bistability threshold provided that y;, < wp. On the other hand, Eq. (121) indicates that optimum suppression
of decoherence can be achieved only very close to the bistability threshold. In this region, however, our approximated
treatment breaks down and Eq. (111) becomes inaccurate.

To calculate Tp near the bistability threshold we thus numerically evaluate the decoherence rate given by Eq. (99)
without assuming that £2 is small or K, = y43 = 0. As before, we take 6 = 0 and consider for simplicity the case where
Bhwy < 1, for which the effective temperature Tp is given by

T Twp|Uqg|?
—D:|Ub|2+ a b| a|
T WaVh

The second term on the right (the term proportional to Z;) represents the contribution of noise originating from the
thermal bath that is directly coupled to resonator a. This contribution unavoidably enhances the decoherence rate. On the
other hand, the first term |Uy|2, which represents the contribution of noise originating from the thermal bath that is directly
coupled to resonator b, can be made either larger or smaller than unity (the value corresponding to the case where the
resonators are decoupled from each other, i.e. the case where §2 = 0). The added contribution of this noise to the total
decoherence rate when £2 is finite comes from back reaction and from frequency mixing due to the nonlinear coupling.
When this added contribution constructively interferes with the contribution due to direct coupling between resonator b
and the thermal bath the decoherence rate is enhanced. On the other hand, |U,|2 <1 when destructive interference occurs.
For that case, suppression of decoherence is possible provided that the contribution of the second term (which is always
positive) is kept sufficiently small.

Fig. 2 shows an example calculation of the parameters |Up|? and |Ug|?> and the ratio Tp/T near bistability threshold of
the system. The ratio Tp/T is shown for the case where Bhw, < 1. The set of system’s parameters chosen for this example
is listed in the caption of Fig. 2. The stability of the mean filed solution is checked by evaluating the eigenvalues of the
matrix W. The dotted sections of the curve Tp/T indicate the regions in which the solution is unstable (where at least one
of the eigenvalues of W has a negative real part). Near the onset of bistability point [see panel (c4) of Fig. 2] and near jump
points in the region of bistability [see panel (d4) of Fig. 2] the ratio Tp/T may become relatively small. This behavior can
be attributed to critical slowing down, which occurs near these instability points [47]. On the other hand, in the vicinity of
these points the solution becomes unstable [see the dotted sections of the curve Tp/T in panels (c4) and (d4) of Fig. 2].
When the unstable region is excluded one finds that no significant reduction in the ratio Tp/T can be achieved for this
particular example (the lowest value is about 0.5).

In the previous example the mean field solutions become unstable close to the onset of bistability. This behavior prevents
any significant suppression of decoherence, namely, the ratio Tp/T could not be made much smaller than unity. To overcome
this limitation the parameter (E;)., which is given by Eq. (35), has to be increased without, however, increasing the coupling
parameter £2. We point out below two possibilities to achieve this. In the first one, the parameter K, is chosen such that
Ko ~22%wyp/ (a)g +yb2), and consequently 1<gff becomes very small [see Eq. (27)]. In the second one, which is demonstrated

(1]

a (122)
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Fig. 2. The factors |Up|? and |Ug|? and the ratio Tp/T. The driving amplitudes in columns (a), (b), (c) and (d) are bp/(bp)c =0.01, 0.8, 1 and 1.3 respectively.
Other system parameters are §2/wq = 10719, wp/wg = 1076, Yo/ wp = 1073, Kg =2 x Zszb/(wﬁ + ybz), 0=0, Ya1/wp = 102, Ya2/Va1 = 1072 and Ya3 =
0.1 x |K§ff\/«/§. The ratio Tp/T, which is plotted in the forth row, is shown for the case Sfiw, <« 1. The dotted sections indicate instability.

in Fig. 3, the nonlinear damping rate y,3 is chosen very close to the largest possible value of |K§ff| /+/3 for which bistability
is accessible [see inequality (32)]. As can be see from Eq. (35), both possibilities allow significantly increasing the parameter
(Eq)c. For the example shown in Fig. 3, the value yy3 = 0.99|K§ff|/\/§ is chosen and all other parameters are the same as in
the previous example (see caption of Fig. 2). As can be seen from panels (c4) and (d4) of Fig. 3, much lower values of the
ratio Tp/T are achievable in the present example (a lowest value of about 0.02 is obtained at the edge of the region where
the solution is stable). This improvement can be attributed to the stabilization effect of the nonlinear damping. As was
discussed above, the reduced value of Tp/T can be attributed to destructive interference between the direct and indirect
noise contributions. Note that for this example the second term on the right hand side of Eq. (122) is about two orders
of magnitude smaller than the first term. In other words, the dominant contribution to the total decoherence rate comes
from the thermal bath that is directly coupled to resonator b, and consequently the enhancement of decoherence rate due
to noise coming from the thermal bath that is directly coupled to resonator a is relatively small.

It is important to point out that implementation of any of the above mentioned methods to suppress decoherence require
that the nonlinear parameters of resonator a (K, and/or y,3) can be accurately tuned to some specified desired values. Such
tuning of nonlinear parameters can possibly become achievable by exploiting effects arising from thermo-optomechanical
coupling, as was recently demonstrated in [50]. However, further study is needed in order to investigate possible ways to
control decoherence in such systems.

8. Conclusions

In this work we investigate the prospects of employing back-reaction effects for suppression of decoherence in a cavity
optomechanical system. We find that no significant suppression of decoherence is achievable when the cavity (resonator a) is
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Fig. 3. The factors |Up|? and |Uq|? and the ratio Tp/T. In this example yg3 = 0.99 x \Kgffl/ﬁ whereas all other parameters are the same as in the previous
example [see caption of Fig. 2].

assumed to have a linear response. On the other hand the decoherence rate can be significantly modified when resonator a
is driven into nonlinear oscillations. We demonstrate that by very carefully choosing the device’s parameters and the driving
parameters of resonator a it is possible to suppress decoherence. However, it is important to keep in mind that this happens
only in relatively narrow regions in parameters’ space, and the case where the decoherence rate is enhanced (rather than
being suppressed) is more common.
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