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Abstract

We demonstrate that weakly coupled, largeN , d-dimensional SU(N) gauge theories on a class of compact spatial manif
(includingSd−1 × time) undergo deconfinement phase transitions at temperatures proportional to the inverse length scale of th
manifold in question. The low temperature phase has a free energy of order one, and is characterized by a stringy (H
growth in its density of states. The high temperature phase has a free energy of orderN2. These phases are separated either
single first order transition that generically occurs below the Hagedorn temperature or by two continuous phase transitio
first of which occurs at the Hagedorn temperature. These phase transitions appear to be continuously connected to th
space deconfinement transition in the case of confining gauge theories, and to the Hawking–Page nucleation ofAdS5 black holes
in the case of theN = 4 supersymmetric Yang–Mills theory. Our analysis proceeds by first reducing the Yang–Mills partition
function to a(0 + 0)-dimensional integral over a unitary matrixU , which is the holonomy (Wilson loop) of the gauge fie
around the thermal time circle in Euclidean space; deconfinement transitions are largeN transitions in this matrix integral.To
cite this article: O. Aharony et al., C. R. Physique 5 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Transitions de déconfinement et de Hagedorn dans le régime de couplage faible pour la limite de grandN des théories
de jauge.Nous montrons que dans le régime de couplage faible, et dans la limite de grandN , les théories de jauge SU(N)

en dimensiond définies sur une classe de variétés spatiallement compactes (incluantSd−1 × temps) présentent des phases
déconfinement à des températures proportionnelles à l’inverse de l’échelle typique des variétés en questions. La pha
énergie a une énergie libre d’ordre un, et est caractérisée par une croissance de type Hagedorn de la densité d’états.
haute température a une énergie libre d’ordreN2. Ces deux phases sont séparées soit par une unique transition du premie
qui a lieu génériquement en dessous de la température de Hagedorn, soit par deux transitions de phase continues,
ayant lieu à la température de Hagedorn. Ces transitions de phase sont connectées continûment à la transition de déc
traditionnelle des théories de jauge confinantes ayant lieu en espace plat et à la nucléation de Hawking–Page des
d’AdS5 pour la théorie de Yang–Mills supersymétriqueN = 4. Dans notre analyse nous réduisons tout d’abord la fonctio

* Corresponding author.
E-mail addresses:Ofer.Aharony@weizmann.ac.il (O. Aharony), marsano@fas.harvard.edu (J. Marsano), minwalla@bose.harvard.ed

(S. Minwalla), papadod@fas.harvard.edu (K. Papadodimas), mav@physics.ubc.ca (M. Van Raamsdonk).
1631-0705/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crhy.2004.09.012
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partition de Yang–Mills à une intégrale matricielle en(0,0) dimensions sur les matrices unitairesU , qui sont les boucles d
Wilson d’holonomie de la théorie de jauge lelong de la coordonnée temporelle thermale dans l’espace euclidien ; les transition
de déconfinement sont les transitions de grandsN dans cette intégrale matricielle.Pour citer cet article : O. Aharony et al.,
C. R. Physique 5 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Keywords:Hagedorn phase transition; Weakly coupled gauge theories

Mots-clés :Transitions de Hagedorn ; Couplage faible des théories de jauge

1. Introduction

Many non-Abelian gauge theories in 3+ 1 dimensions are believed to exhibit the property of ‘confinement’ – all fi
energy states are singlets of the gauge group (they carry no charge). Experimentally, this is known to be a property
the SU(3) gauge theory describing the strong nuclear interactions, and it is believed to be a general property of a la
of asymptotically free non-Abelian gauge theories. Studying this property theoretically is difficult, since it is not vis
perturbation theory (whose basic building blocks are charged states). Confinement can be seen in numerical simu
various gauge theories, but there is stillno good theoretical understanding of how it works (and no general way to predi
whether a given theory confines or not), despite a lot of work on various theoretical models. In this work we will be int
in studying confinement in SU(N) gauge theories which have only fields in the adjoint representation, and we will specia
this case from here on (except in some places where we will give more general results); this case includes theories s
pure Yang–Mills theory and its supersymmetric generalizations.

Confinement is usually viewed as a strong-coupling phenomenon, associated with the fact that in asymptotically fr
theories the coupling constant becomes strong at low energies. Thus, if we consider a gauge theory at a high te
compared to its strong coupling scaleΛQCD, we expect confinement to disappear since the temperature serves as an in
cutoff and the effective coupling at the scale of the temperature is weak. So, as we raise the temperature, we expect to
a deconfinement phase transitionat a temperature of orderΛQCD; for QCD this temperature is of order 170 MeV.1 Since the
coupling constant at the transition is strong, itis difficult to analyze theoretically the order of the phase transition, and in genera
the order is not known (except in some special cases like pure SU(3) gauge theory [1]).

In order to argue that deconfinement is a sharp phase transition we need to show that there are order parameters distinguishin
the confined and deconfined phases. Two order parameters will be useful in this article. The canonical partition function for
a field theory at finite temperature is equal to the Euclidean path integral of the theory with the time direction peri
identified with a periodicityβ = 1/T . In such a theory one can consider the operator

W = 1

N
tr

(
P exp

(
i

∮
At

))
(1)

which is the Wilson loop (in the fundamental representation) around the periodic time direction, sometimes called the P
loop. The expectation value of this operator may be identified with exp(−βFq) whereFq is the free energy of the theory i
the presence of an external particle in the fundamental representation of the gauge group. Thus, in the confined phas〈W 〉 = 0
(sinceFq is infinite), but〈W 〉 is generally non-zero in a deconfined phase (and it can be computed in perturbation theory
temperatures), so〈W 〉 is a good order parameter for the deconfinement phasetransition. The gauge theory with a periodic tim
direction has a globalZN symmetry (coming from SU(N) gauge transformations which are periodic only up to elements o
center of the gauge group), andW is charged under this symmetry. Thus, the deconfinement transition involves a spontaneou
breaking of the globalZN symmetry.

Another order parameter appears in the largeN limit. States in the confined phase are made out of singlet particles
mesons or glueballs, whose properties do not change in the largeN limit, so in this phase the free energy is of order one
N → ∞. On the other hand, states of the deconfined phase can be described in terms of weakly coupled gluons, and t
of gluon species isN2 − 1, so in the deconfined phase the free energy scales asN2 in the largeN limit. Thus, another orde
parameter for deconfinement is limN→∞ FSU(N)(T )/N2, which also vanishes in the confined phase.

It would be nice if we could study the deconfinement phase transition perturbatively, but in infinite space this is imp
since it occurs at strong coupling. However, suppose that we compactify space on a manifold with characteristic scalR, such

1 A similar transition is also expected to occur at large densities, and this is currently being investigated experimentally at RHIC. We w
not discuss this here, even though it can be analyzed by similar methods to those we present below.
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that 1/R � ΛQCD, and such that none of the fields have zero modes on the compact manifold (for instance, we can ch
manifold to be a three-sphereS3). Then, the compactified theory has a mass gap of order 1/R, and since the gauge coupling
weak at this scale (and at all higher scales) we can analyze this theory perturbatively. Thus, if the deconfinement phase
persists in this finite volume case, we should be able to study itin perturbation theory (which we still have much better contro
over than non-perturbative computations, despite much progress in the latter in the last few years).

At first sight this idea sounds ridiculous, since there are no phase transitions atfinite volume due to quantum fluctuation
And, correspondingly, the order parameter〈W 〉 that we defined always vanishes at finite volume, since one cannot put a
charge on a compact manifold due to Gauss’ law. However, it turns out that even at finite volume one can still hav
transitions in the largeN limit, in which the large number of degrees of freedom overcomes the quantum fluctuations. A
N deconfinement phase transition at finite volume could be characterized by the second order parameter we describe
by 〈|W |2〉 which is also a good order parameter for deconfinement in the largeN limit (though it does not vanish in the confine
phase for finite values ofN ). These phase transitions are smoothed out for any finite value ofN , but in the largeN limit one
obtains a sharp transition. For large volume, 1/R � ΛQCD, one expects this transition to be very similar to the deconfinem
transition at infinite volume.

So, it is natural to ask whether the largeN deconfinement phase transition persists to small values ofR. We will show below
that indeed it does, and that we can compute all the details of this transition (including the order of the phase transit
perturbative analysis.

The largeN deconfinement transition is also interesting for another reason. ’t Hooft has argued [2] that largeN gauge
theories (in the limit of largeN with λ ≡ g2

YMN fixed) are equivalent to string theories with the string coupling c
stant proportional to 1/N . Indeed, the confined phase of gauge theories involves a ‘stringy’ spectrum of particles sittin
on Regge trajectories, similar to the spectrum of weakly coupled string theories. On the other hand, the deconfin
does not seem ‘stringy’ since it is described in terms of weakly coupled gluons. The transition between such phases
qualitatively similar to theHagedorn phase transitionwhich has been conjectured to occur in weakly coupled string
ories at the Hagedorn temperatureTH , at which the contribution to the canonical partition function from very massiv
string states (whose density of states behaves asρ(E) ∼ exp(E/TH )) seems to diverge. Such a transition is unlikely to
cur for string theories in flat space (for which the high-energy density of states seems to be governed by Schw
black holes whose density of states grows too fast for the canonical ensemble to be well-defined), but it could o
string theories in curved space, such as those which are dual to gauge theories, and it has been suggested thatN

gauge theories the Hagedorn and deconfinement phase transitions should be identified. The order parameter for
dorn transition is a winding modearound the periodic time direction, which is similar to the Polyakov loop (1) describ
above.

Can these two phase transitions really be identified? In order to answer this question we need to analyze exa
largeN gauge theories whose string theory dual is known, but unfortunately only a few such examples are known.
understood example is the AdS/CFT correspondence [3] between theN = 4 supersymmetric Yang–Mills theory compactified
on S3 and type IIB string theory onAdS5 × S5 (in global coordinates for AdS space). When the gauge theory is stro
coupled (λ � 1), its dual string theory is weakly curved and we can easily study it (in the largeN limit when the dual string
theory is weakly coupled), leading to the following results. In the microcanonical ensemble, there is a large range of
for which the density of states of the string theory indeed grows exponentially with the energy, so the theory has a H
temperature proportional to the type IIB string scale; when translated into the gauge theory this temperature is propo
TH ∝ λ1/4/R. On the other hand, in the canonical ensemble, it was shown in [4] that the theory exhibits a phase transiti
between a gas of particles in AdS space and an AdS black hole at a temperatureTHP = 3/2πR, and Witten [5] has argue
that this transition is a deconfinement transition in the gauge theory (by using the largeN order parameters described abov
Thus, in this example we find that we have deconfinement and we have Hagedorn behavior, but there seems to be n
between them sinceTHP � TH . However, as we decrease the coupling constantλ, the two temperatures come closer togeth
suggesting that maybe at weak coupling the deconfinement transition could be related to the Hagedorn transition. This gives
an additional motivation for studying deconfinement transitions at weak coupling, to see whether they are related to Haged
transitions at weak coupling or not. Even though naively the string picture of largeN gauge theories would not be expected
make sense at weak coupling (since the Feynman diagrams are not dense and do not resemble smooth worldshee
find that even at weak coupling the compactified gauge theories exhibit a Hagedorn behavior, and that the two phase
are indeed related to each other in weakly coupled gauge theories.

Following these motivations, we turn to computing the partition function of compactified weakly coupled gauge theories
the next sections we will summarize the results of [6] and justify the statements made above. More details and discu
well as a complete list of references) may be found in [6].
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2. The partition function of free Yang–Mills theory

We are interested in weakly coupled gauge theories, so we start in this section by analyzing the extreme case of a f
Mills theory (this case was first analyzed bySundborg in [7]). Naively, this theory is completely trivial, but we define the fre
theory as the limit of the finite coupling theory in which we take the coupling constant to zero, and then even in the free
still have the Gauss law constraint telling us that the total charge should vanish (all states must be singlets of the global gauge
group; note that this constraint does not imply confinement according to the order parameters for confinement that we
above). At finite volume this constraint is non-trivial and leads to effective interactions even when all interaction term
Lagrangian are set to zero. We will show that these ‘global interactions’ are sufficient to lead to non-trivial dynamics
deconfinement phase transition in free gauge theories (at finite volume).

There are two methods we can use to compute the canonical partition functionZ(T ) = ∑
singlet statese

−E/T . The first is to
sum over the Fock space of all possible multi-particle states and projectonto the singlet states. The input to this computatio
is the partition function of single-particle states (in the theory on the compact manifold) in each representationR of the gauge
group,

zR
B(T ) =

∑
bosonic single particle states

in representationR

e−E/T ,

zR
F (T ) =

∑
fermionic single particle states

in representationR

e−E/T , (2)

which is easily computable (for instance, the contribution of a scalar field is simply related to the spectrum of the La
operator on the compact manifold). Given these partition functions it is a straightforward combinatorical problem to c
the full multi-particle partition function and to project it onto singlets; the last step is most easily performed using the ch
χR(U) of the gauge group, defined as the trace in the representationR of the group elementU . A second method to compute th
partition function is to simply compute the 1-loop Euclidean path integral of the free gauge theory with a periodic time d
(with appropriate gauge-fixings, and taking care of the Gauss law constraint). Both methods turn out to lead to prec
same formula for the exact partition function of a free Yang–Mills theory with general matter content,

Z(T ) =
∫

[dU ]exp

(∑
R

∞∑
n=1

1

n

[
zR
B

(
T

n

)
− (−1)nZR

F

(
T

n

)]
χR(Un)

)
, (3)

where[dU ] is the measure on the SU(N) group manifold (in fact, this equation is valid for arbitrary gauge groups). In the
method the integral overU comes from the projection onto the singlet states, while in the second methodU is the holonomy
of the gauge fieldAt (averaged over the compact manifold) around the periodic time direction (whose trace is related
Polyakov loop (1)), which is the only zero mode in the Euclidean path integral (all other modes appear quadratically an
easily integrated out).

Next, we would like to solve the matrix integral and compute expectation values of the Polyakov loop tr(U) to see if we
have a deconfinement transition in this theory. We will now restrict to the case where all fields are in the adjoint repres
of SU(N), in which we can write (in the largeN limit) χadj(U

n) = tr(Un) tr(U−n) in terms of traces in the fundamental rep

sentation. As usual, to solve the unitary matrix integral we change variables to the eigenvalues ofU , {eiαj ; j = 1, . . . ,N;−π <

αj � π}, and in the largeN limit we can replace those by the eigenvalue distributionρ(α) ≡ 1
N

∑
i δ(α − αi), which becomes

a continuous function in the largeN limit.
In terms of the eigenvalues, we can write the partition function (3) as

Z(T ) =
∫ (

N∏
i=1

dαi

)
exp

(
−

∑
i<j

V (αi − αj )

)
, (4)

in terms of a pair-wise potential for the eigenvalues given by

V (θ) = − ln

(
sin

(
θ

2

))
−

∞∑
n=1

1

n

[
zB

(
T

n

)
− (−1)nzF

(
T

n

)]
cos(nθ). (5)

The first term in (5) gives a repulsive force coming from the measure, while the second term gives an attractive forc
grows as the temperature is increased (we are discussing theories which have a mass gap after the compactification, sozB(T ) and
zF (T ) go to zero asT → 0). Thus, we expect that the repulsive force should dominate at low temperatures, so the eige
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should be uniformly spread andρ(α) should be a constant, while for high temperatures the eigenvalues will want to be
together.

The matrix model (3) can actually be solved exactly in this case, by a generalization of the methods used in [8] to s
two-dimensional lattice gauge theory. However, for our purposes the form of the exact solution (which is quite complica
not matter, since a simpler analysis suffices to describe what happens near the phase transition. Let us change varia
to the Fourier components of the eigenvalue distributionρn ≡ ∫ π

−π ρ(α)einα dα = tr(Un)/N , which are complex variable
obeyingρ−n = ρ∗

n . These variables obey complicated constraints coming from the fact that the eigenvalue distribution
non-negative everywhere, but the partition function turns out to be very simplein these variables (in the largeN limit),

Z(T ) =
∫ ( ∞∏

n=1

d2ρn

)
exp

(
−N2

∞∑
n=1

1

n

[
1− zB

(
T

n

)
+ (−1)nzF

(
T

n

)]
|ρn|2

)
. (6)

At low temperatures the expressions in the square brackets are all positive, so in the largeN limit this integral is sharply localized
around the saddle pointρn = 0 (for all n �= 0) corresponding to the uniform eigenvalue distribution, as expected. Moreo
is easy to compute explicitly the partition function (6) in this phase, and we find the simple formula for the low-temp
partition function

Z(T ) =
∞∏

n=1

1

1− zB(T/n) + (−1)nzF (T/n)
. (7)

The free energyF(T ) = −T log(Z(T )) in this low-temperature phase is of order one in the largeN limit.
As we raise the temperature, the analysis above breaks down at the temperatureTH for which

zB(TH ) + zF (TH ) = 1, (8)

at which the modeρ1 in (6) becomes effectively massless (and later tachyonic). As we approachTH , Z(T ) computed above
diverges asZ(T ) ∝ 1/(TH − T ). This is precisely the characteristic behavior of a system with a Hagedorn density of
ρ(E) ∼ eE/TH ! Thus, we find that the low-temperature phase of this system is governed by a Hagedorn density of state
characteristic Hagedorn temperatureTH given by the simple equation (8). This equation may easily be solved for a given th
for example, for the free pure Yang–Mills theory onS3 we findTH = −1/R log(2− √

3), while for theN = 4 supersymmetric
Yang–Mills theory onS3 we findTH = −1/R log(7− 4

√
3).

Of course, the partition function of the free gauge theory is not really divergent, but rather the approximation we
deriving (7) breaks down as we come very close toT = TH . This reflects the fact that the Hagedorn density of states in
gauge theory is cut off at an energy of orderN2, and for much higher energies the density of states is actually similar to
of a free theory with no constraints (since the Gauss law constraint is negligible when we look at states with a ve
number of particles). We can also see this directly by counting the gauge-invariant states in the theory, which are of
tr(O1O2 · · ·Ok) whereOi are creation operators for single-particle states in the adjoint representation. One can show
leads to a Hagedorn spectrum with the partition function (7) and with the temperatureTH given above, in the approximatio
in which single-trace and multiple-trace states are independent. However, this approximation breaks down when we h
thanN operators in the same trace, and this is the effect which smooths out the divergence of (7).

When we increase the temperature slightly aboveT = TH , ρ1 becomes tachyonic and goes to its maximal possible va
when all otherρn = 0 the maximal value for which the eigenvalue density is non-negative is|ρ1| = 1/2, while the phase ofρ1 is
arbitrary (reflecting theZN global symmetry of the theory, which multiplies all the eigenvalues ofU , and alsoρ1, by e2π i/N ).
This gives an eigenvalue distributionρ(α) = 1

2π
(1+ cos(α − α0)). As we increase the temperature further, the other modeρn

also become non-zero allowingρ1 to increase further; this leads to a localized eigenvalue distribution with a gap. The be
of the eigenvalue distribution is summarized in Fig. 1 (where we arbitrarily chose the distribution to be localized aroundα = 0).

We see that this system has a sharp phase transition at the Hagedorn temperatureT = TH , and based on our two orde
parameters for deconfinement, we can identify it also with a deconfinement transition. The free energy clearly changTH

Fig. 1. A schematic graph of the distribution of the eigenvalues of the holonomy matrix in compactified free Yang–Mills theories as a func
of the temperature.
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Fig. 2. The free energy of free pure Yang–Mills theory onS3 as a function of temperature in the largeN limit; the behavior for other free gaug
theories is qualitatively similar.

from being of order one to being of orderN2; a graph of limN→∞ F(T )/N2 based on the exact solution is drawn in Fig.
And, even though the expectation value of the Polyakov loop〈tr(U)〉 = 〈ρ1〉 vanishes both for low temperatures and for h
temperature, in the high temperature phase this vanishing comes from a sum overN different saddle points with different phas
of ρ1 (which is as close as we can get to a spontaneous breaking of theZN symmetry at finite volume), so in this phase〈|ρ1|2〉
is non-zero. Thus, we have shown that compactified free Yang–Millstheories have a deconfinementphase transition in the larg
N limit, which happens precisely at their Hagedorn temperature.

3. The partition function of weakly coupled gauge theories

Next, we wish to turn on a small coupling constantλ, and see how the results of the previous section change. In ou
method of computation, this requires computing the change in the energy of all the states in the theory (in a conform
on S3 this can be mapped to the anomalous dimensions of the operators), which is very complicated even at leading
λ (see [9]). Luckily, our second method of computation, via the Euclidean path integral, is more suitable at finite cou
turns out that at finite coupling we can still integrate out all the modes appearing in the Euclidean path integral except fU , but
this induces additional interactions forU , which we can compute order by order in perturbation theory. Atk-loop order we find
that the effective action forU (which at one-loop order involved only terms of the form tr(Un) tr(U−n)) is deformed by terms
of the formλk−1 tr(Un1) tr(Un2) · · · tr(Unk+1)/Nk−1 which involve up tok + 1 traces (the number can be smaller if some
theni vanish); the terms we wrote here arise from planar diagrams, non-planar diagrams also contribute terms with
number of traces, but their contributions are down by powers ofN2. The coefficients of all of these terms can be computed
computing thek-loop vacuum diagrams in the Euclidean Yang–Millstheory, with a non-trivial background holonomy ofAt

given by the unitary matrixU .
Even at low orders inλ, the resulting matrix model is quite complicated, and it is not known how to solve it exa

However, we are mostly interested in the behavior of the theory near its phase transition point. As we saw in our analy
free theory, this is dominated by the modeρ1 = tr(U)/N which is light near the transition. Thus, the region near the trans
can be described by an effective action forρ1 in which we integrate out all other modes, and from our discussion above
effective action takes the form (up to second order inλ)

Seff = N2[
a(TH − T )|ρ1|2 + bλ2|ρ1|4]

, (9)

wherea and TH for λ = 0 may be computed from the results of the previous section (and they then receive pertu
corrections inλ), while b (the leading non-quadratic term at weak coupling) may be computed from 2-loop and 3-loop v
diagrams in the Yang–Mills theory. Terms of third order inρ1 are not allowed by the globalZN symmetry.

The action (9) is the standard Landau–Ginzburg action describing a phase transition whose order parameter is a
scalar. As usual, the behavior of the theory near its phase transition depends on the sign of the quartic coefficientb. Forb < 0,
as we increase the temperature the effective potential for|ρ1| (which is bounded between zero and a half) goes from the
graph on the left side of Fig. 3 to the bottom graph. We see that at some critical temperatureT0 which is smaller thanTH (since
the quadratic term there is still positive), the global minimum of the action (or the free energy) shifts from being atρ1 = 0 to
being at|ρ1| = 1/2. Thus, in this case we have a first order (discontinuous) phase transition at a temperatureT0 < TH , as drawn
in Fig. 3.

For b > 0, the behavior of the effective potential is depicted on the left side of Fig. 4. ForT < TH , the only minimum is at
the originρ1 = 0. As we increase the temperature aboveTH the minimum shifts away from the origin, with the value of|ρ1| at
the minimum increasing smoothly with the temperature, until it reaches its maximal possible value|ρ1| = 1/2 at a temperature
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Fig. 3. The leftmost figure depicts the effective potential for|ρ1| for various temperatures whenb < 0; the top graph corresponds to the lowe
temperature. On the right the eigenvalue distribution is drawn (schematically) for various temperatures.

Fig. 4. The leftmost figure depicts the effective potential for|ρ1| for various temperatures whenb > 0; the top graph corresponds to the lowe
temperature. On the right the eigenvalue distribution is drawn (schematically) for various temperatures.

T2. At this point another smooth transition takes place, in which the eigenvalue distribution changesfrom being non-uniform
but everywhere non-zero to having a gap. The eigenvalue distributions for this case are depicted on the right-hand side

In order to know which of these two alternatives occurs in a given theory – namely, whether the transition is of first
of second order, and whether it happens at the Hagedorn temperature or below it – we must compute the value ofb in (9). This
requires summing up all the diagrams contributing to the vacuum energy up to orderλ2. At the time of this article (Septembe
2004) we are nearing the end of this computation for the case of the pure SU(N) Yang–Mills theory compactified onS3. The
contributing diagrams in this case, in a convenient choice of gauge and after integrating out some of the fields, are
Fig. 5. More details will be given, together with the results of this computation, in [10].

4. Summary and future directions

To summarize, we have shown that weakly coupled largeN gauge theories on compact spaces exhibit a Hagedorn de
of states,ρ(E) ∼ exp(E/TH ) for high energies (this behavior is cut off at an energy of orderN2 in the largeN limit), and
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Fig. 5. All the diagrams contributing to the computation ofb in the pure Yang–Mills theory onS3. The solid lines are gauge field propagato
the circles denote vertices arising from integrating out the ghosts and some components of the gauge field, and the cross in the bot
diagram denotes a double-trace counter-term of orderg4

YM (which contributes at the sameorder as the 3-loop diagrams).

that they exhibit a deconfinement phase transition at a temperature which (like the Hagedorn temperature) is inverse
to the size of the compactification manifold. The deconfinement transition can either be a first order transition occurrin
the Hagedorn temperature, or a second order transition at the Hagedorn temperature which is followed by another continuou
transition at a higher temperature. The properties of the transition and of the stringy spectrum in specific theories
computed in perturbation theory, through a unitary matrix model.

Our analysis applies both to asymptotically free theories compactified on manifolds much smaller than 1/ΛQCD, and to
compactified weakly coupled conformal field theories (such asN = 4 supersymmetric Yang–Mills), as long as there are no z
modes appearing in the reduction of any of the fields on the compact manifold. In particular, our analysis applies to
N pure Yang–Mills theory on a very smallS3. We expect that the transition we find there should be continuously related (
increasing the size of theS3) to the deconfinement transition on a largeS3, which is a first order transition as in flat spac
Depending on the sign ofb, the simplest possibilities for the phase diagram of this theory as a function of the dimens
parameterRΛQCD are depicted in Fig. 6.

We are continuing to work on computing the sign ofb in this theory, as well as in theN = 4 supersymmetric Yang–Mills
theory onS3. One can show that in general both signs ofb can occur, depending on the precise Lagrangian of the g
theory, and it is not clear if there is any simple way to determine the sign ofb without doing the full 3-loop computation. Th
generalization of the analysis of the free theory above to include fields in the fundamental representation was performe
Other interesting future directions are:

– Our results provide explicit formulas for the spectrum of the free string theories which are dual to free largeN Yang–
Mills theories. It would be interesting tounderstand these theories better and to try to find their worldsheet description. I
particular for the case of theN = 4 supersymmetric Yang–Mills theory onS3, these results are supposed to apply to t
IIB string theory onAdS5 × S5 in the limit in which the radius of curvature (in string units) goes to zero. Note that ev
this limit we find a finite Hagedorn temperature, so it seems that this limit does not involve tensionless strings. This
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Fig. 6. The simplest possible phase diagrams for pure Yang–Mills theory onS3. The solid lines are phase boundaries. Phase I (the confi
phase) has a uniform eigenvalue distribution,phase II has a non-uniform but nowhere vanishing distribution, while phase III has a distributio
with a gap. The left-hand diagram could apply ifb < 0 in this theory, and the right-hand diagram ifb > 0.

the AdS/CFT correspondence was discussed from other points of view in the talks at the conference by Gopakum
and by Bianchi [14].

– Whenb > 0 we find an interesting intermediate phase, involving an eigenvalue distribution which is non-unifor
nowhere-vanishing (this phase also appears whenb < 0 but it never dominates the canonical ensemble in that cas
would be interesting to understand this phase better and to learn how to distinguish it from the ‘standard’ dec
phase which has a gapped eigenvalue distribution, both from the point of view of the Yang–Mills theory and from the poin
of view of possible string theory duals (where deconfined phases are generally mapped to black holes).

– There is mounting evidence that theN = 4 supersymmetric Yang–Mills theory onS3 may be integrable in the largeN limit.
It would be interesting to understand how this is reflected in the canonical ensemble, and whether the integrable p
of the theory (such as degeneracies of energy eigenstates) may be analyzed using our methods. Note that the
partition functions which we can compute perturbatively encode the full spectrum of perturbative anomalous dim
in the case of conformal field theories onS3, at least when the deconfinement phase transition is of second order.

– It would be interesting to try to generalize our analysis here to cases where the fields have zero modes, such a
compactifications. In such cases perturbation theory breaks down since the zero modes are strongly interacting
methods must be used; some preliminary results for the case of(1+ 1)-dimensional Yang–Mills theories on a circle were
recently presented in [15], and more will follow in [16]. In these cases the gauge field has also spatial holonom
there is an intricate phase structure involving both the spatial and the temporal holonomies. The spatial holonom
have phase transitions similar to the ones described above, and at strong coupling these are mapped in the st
duals to the Gregory–Laflamme black hole/black string transitions.

– Finally, it would be interesting to study to what extent one can indeed smoothly interpolate between the weak an
coupling regimes, as we suggested in Fig. 6, and to what extent we can use our results to study (or generate mod
deconfinement phase transition of QCD at infinite volume (at largeN or for finite N ). It is clear that some features diffe
between the regime of smallRΛQCD and the regime of largeRΛQCD (typical low-energy states in the former regim
are uniformly spread out on the compact manifold, while typical low-energy states in the latter regime look like a
glueball particles), but it seems that no order parameters distinguish them so there is no obstruction to having
interpolation between them. Unfortunately, there are no good methods to study the intermediate regime in which
of the compactification manifold is of the same order as the QCD scale.
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