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RESUME

Cet article présente une méthode de correction permettant de mieux résoudre le probléme
de l'estimation et de la prédiction de la pollution décrit par les équations de Burgers.
L'originalité de la méthode consiste en l'introduction d'une fonction d'erreur dans le
modéle d'état du systéme pour modéliser I'incertitude du modéle initial. Les conditions
initiales et les coefficients de diffusion, présents dans les équations de pollution et de
concentration, ainsi que ceux des équations d’erreur du modéle, sont estimés en résolvant
un probléme d’assimilation de données. Lefficacité de la méthode de correction est
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comparée a celle offerte par la méthode traditionnelle sans introduction d'une fonction
d’erreur.
Trois cas de tests sont présentés dans cette étude pour comparer les performances des
méthodes utilisées. Dans les deux premiers tests, la référence est la solution analytique,
et le dernier test est formulé dans le cadre de «l'expérience jumelle». Les résultats
numeériques obtenus confirment le role important de I'équation d’erreur du modéle dans
I'amélioration de la capacité de prédiction du systéme, en termes de précision et de
rapidité de convergence de la méthode de correction.
© 2019 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

One of the greatest problems that the world is facing today is that of water pollution. A major scientific challenge is
the ability to predict the evolution of an episode of pollution. To achieve this goal, we need to mix several sources of
information like

- the mathematical model based on the equation of conservation;
- observations in situ or remote measurements;

statistics on the field;

- images.

The numerical model, obtained from a set of mathematical equations, allows us to retrieve the principal structures of the
flow. As there always exist differences between the model used and the physical process under consideration, observations
constitute an essential source of information to correctly estimate the system’s state and, as a consequence, to produce a
better forecast. Combining the model with observations can be done, in an optimal way, by data assimilation algorithms. For
the most recent progress in data assimilation in meteorology, oceanography and hydrology, see [14]. In particular, Variational
Data Assimilation (VDA) is based on the idea of finding an optimal system trajectory, not in the functional space, but in the
space of the initial state under the condition of a perfect model. Taking into account the model error in the VDA is one
of the important steps in broadening the horizons of its application and in improving its performance. In this context, the
questions of the propagation of error and of its impact on the final analysis are of importance and are studied in [4-6]. The
following errors are typical in the study of DA problems:

- model errors (see [2]). Geophysical flows are governed by nonlinear laws and there exist interactions between the
spatial and temporal scales. Namely,
- numerical models require a truncation in both temporal and spatial scales and, consequently, a parameterization of

the interactions with smallest scales (turbulence). These interactions are not explicit and need to be parameterized,

- empirical laws are introduced into the model,
- an other source of errors is due to the uncertainty in the specification of the model coefficients;

- observation errors (see [16]): they could be issued from errors in measurements, sampling errors... In many situations,
the state variables are not observed directly and are estimated as a solution to some inverse problems.

Let us mention that, in many situations, the model and observation errors are dependent, which makes the estimation
problem more complex.

It is important to emphasize that, in its traditional framework, the VDA is formulated as a strong constraint optimization
problem, i.e. an optimization problem subject to (s.t.) the perfect dynamical system - the system without model error
(ME). In this situation, only the initial system state is considered as a control vector (and, maybe, along with some system
parameters). In this work, in addition to the initial state, the ME will be introduced as the unknown to be estimated.
In fact, in practice, in numerical weather prediction in meteorology or oceanography, the numerical model used is never
perfect, hence the introduction of the ME is beneficial for improving the forecasting capacity of the DA systems. And as it
becomes clear from the numerical experiments to follow, a proper introduction of the ME equation will allow us to decrease
considerably the estimation error. A brief outline on how the ME function (MEF) can be introduced in the VDA will be given
in the Appendix.

In this paper, the hydraulic and pollution equations (originated from Burgers’ equation) are used to compute the trans-
port of pollution substances. It can be done if the initial values for the model are known and the model parameters are
adequately specified. Since the parameters or initial values are not known (or very badly known), their approximations are
used instead. One of simple procedures for approximating these values is to average the quantities produced by running
the numerical model over a long time period. As these estimates are often approximate and if the model parameters are
inadequately specified, the resulting solution is usually poorly estimated.
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The objective of this paper is to show that there exists a possibility to improve considerably a solution to the pollution
problem by introducing MEF into the model equation and solving the corresponding VDA s.t. the initial conditions and the
diffusion coefficients as control variables (6) [17]. Seeking an optimal solution for this problem is based on the optimal
control theory [11], [12].

The following problems will be addressed in sections 2-4:

- solve the VDA problem over the interval [t1,t>], i.e. minimizing the objective function E s.t. the control vector 6 (it is
supposed that we are given a set of measurements in the interval [tq, t2]);
- carry out a comparison study between the estimation error of the produced solution and those of the two other stan-
dard solutions, which will be presented in detail to show the effectiveness of the VDA-based solution.
2. Mathematical formulation of the problem
In this section, we formulate the two estimation problems.
2.1. Estimation problem with the error function (EF) E,, for Burgers’ equation

Let U = U (x,t) be the solution to Burgers’ equation, with EF E,,

U U 92U

—+U— = v— +Gy-Ey, xe[Llog,L]andt € (t1,t
o TUSs oxz T Cuku (Lo, L] (t1, t2]
U = Ujp(t)onx=1L
ll'l() 0 (1)
ou
— =0orU=fyonx=1L
ax
Uti) = Uo

The evolution of the pollutant concentration C = C(x, t) is modeled by a one-dimensional advection diffusion equation
with EF Ec:

ac aC 92C

—+4+U— =n— +G¢c-Ec, xec[Lo,L]andt e (t1,t
of TUsx = a2 TCcke (Lo, L] (t1.t2]
C =Cjhponx=1L
a mn 0 (2)
— =0orC=fronx=1L
0x

C(t1) = Co,  x€[Lo,L]

Here the diffusion coefficients n € Y, and v € Yp,, where Y, is the space of parameters, are supposed to be constants;
Ey € pu, Ec € poc, u € Xy, C € Xc with gy, gc, Xy and X¢ are the Hilbert spaces; f,(t) € X, and f.(t) € Xc are functions
of time t Uy € Xy and Cg € X¢ are the initial conditions.

Let us introduce the Hilbert spaces Yc = Ly(Xc.t1.t2), Yy = Lo(Xu. t1.t2) With |- lly,= (.)y)" and | llye= (. )y,
The operators Gy : Yy — Yy, Gc : Yc — Y¢,, are linearly bounded. Here Ugps and Cops are the measurement values of U
and C satisfying Ugps = HyU, Cops = HeC. In the experiments in the next sections, it is assumed that we observe U, C at
several spatial points. The operators G, G¢ are defined simply as G, = H;;Hy, Gc = H:H,, where H, Hc* are the adjoint
operators for H, and Hc.

We assume that EF, E,, and E¢ are satisfying the following equations:

9F, _ 9 <1<u(x)%>, xe[Llo,L]and t e (t1,t3]
at ax 0x
E, = 0onx=1Lg (3)
E, = 0onx=1L
Eu(ﬁ) = Vu
& = i <Kc(x)ﬁ>, x€[Llo,L]and t € (t1, t2]
at X 0x
Ec = 0onx=1Lg (4)
Ec = 0onx=1L
Ec(ty) = V¢

Here Ky, >~ 0€ Yy, Kc > 0¢€ Y, are the diffusion coefficients, V, € gy, V¢ € poc are the initial condition values of
Eqgs. (3)-(4), respectively. Their values will be defined by solving the following optimization problem.
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Let 6 denote a vector consisting of all variables Ug, Co, Vy, V¢, v, 1, Ky, Kc. Introduce the objective function
1 2 1 2 1 T2 1 = 2
J©0) = 5 Il GuU — Ugbs ”Yuobs +§ I GcC — Cobs ”Ycobs +§ I Uo — Uo ”Lz(XU) +5 I Co—Co ”Lz(Xc)

ty ty
1 1 1 1 1
+5nv—wW+5nn—mV+5/WEM&WMM+§/WEH@WOM+§HW—Vwﬂbm>
tq t1

1 2 1 2 1 2
51 Ve = Voo +5 1 Ku = Kuo I}, +5 I Ke = Keo I, (5)

Here Ug, Co, Vo, 10, Vu.0, Vc.0, Ku.0. Kc.o are a priori given.
The VDA, considered here, consists in minimizing J(@) (5) s.t. (1)-(4), where 6 is a control vector, i.e.

au U 92U
U

—+ ——v—+GE XGL,L andtet,t

ﬁt 9 a 2 utu [ 0 ] (] 2]
-‘r = ” > -‘r G( E( X e [L” L] and te (t tg]

3t ax 8X ’ 1

OFu _ 9 K (x)aE” xe[lp,L1andt € (t1, t5]
3t = 9% u 9% 0> 1,82
dEc 3

- K (x)aEC xello,Llandt e (t1, 2]
3t = 9% C 9% 0, 1,82

U = Ujponx=1Lg
C =Cihponx=1Lg

aC

— =0orC=f,onx=1L

0X (6)
au

— =0orU=fyonx=1L

X

E, = 0onx=1Lg
Ey, = 0onx=1L
Ec = 0onx=1L
Ec =0onx=1L

U(t1) = Ug
C(t1) = Co
Eu(t1) = Vy
Ec(t1) = V¢

J©*) = Argmin J(9)

To solve the optimality system, we need to compute the gradient of the cost function ] with respect to the control
variables Ug, Co, v, 1, Vy, V¢, Ky, Kc. For this purpose, we consider a direction (u, c, v, 1, vy, V¢, ky, k), in which we will
compute the Gateaux derivatives.

Let us introduce the adjoint variables Py, Pc, Qu, Qc, which are the solutions to the systems describing the adjoint
model (cf,, [13]),

Py y9Pu vazpu—i-P aC+GT (GuU — Ugps) . x € [Lo, L1, t € [t1, t2)
3t = Ix 3)(2 Cax u u obs) s 0, L1, 1,102
P, =0 onx=1Lg
Py U (7)

Vv

+UP, =0if — =0 onx=1L
ox

P, = 0ifU=f, onx=1L
Py(tz) =0

0x
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dPc aUPc 8%Pc
— = — GL-(GcC —Cops) X< [Lo,L1and t € [ty, ¢t
PY: ax Uax2+c(c obs) (Lo, L] [t1,t2)
Pc =0 onx=1Lg
dPc . 0C (8)
n o + UPc¢ 0i o 0 on x
Pc = 0ifC= f, onx=1L
Pc(tz) =0
d d d
Qo _ 9 (0 %) TP+ By xello Llandtelts, )
at ox X
Q. =0 onx=Lg 9)
Q, =0 onx=1
Qu(tZ) =0
ad d d
& = — Kc(x)& —G}'Pc-}—EC xe[Lo,L]andt € [tq1, t2)
at ox ax
Qc =0 onx=lLg (10)
Qc =0 onx=1
Qc(t2) =0
From this we deduce the gradient of the cost function ] (5), which is:
VJWo. Co. v, 1, Vs Ve, Kus Ko) = (Jisgs g I T s Sy T Tic) (11)

where:
]bo = Ug—Ug — Py(t1)

Je, = Co—Co— Pc(th)
ty

1 U aP
= yp—y —,—%)dt
Jy 0+L—Lo/<8x 8x>

t
to
1 o0C 9dP¢
L =n— — [ (= =5 )ar
Iy =1 n0+L—L0/<3x Bx)
ty
](/u = Vu—Vuo— Qu(tr)

Jve = Vc—Vco—Qc(tr)

t

9E, 00y
o= Ky —K / U dt
Tk ! w0+ ax 0x

(12)

t1
t

0Ec 0Qc
L= Ke—K gecfee
Jke c C,0+/ 9% ox

t

Using V J(Uop, Co, v, n, Vy, V¢, Ky, Kc), defined by the formula (11), the optimal value for * can be computed by solving
the optimization problem (6) on the basis of the BFGS method (see [2], [10]). Egs. (1)-(4) are solved by s.t. Ug = Uj, Co = Cj,
v=v*n=n% V, =V}, Vc=VE Ky, =K, Kc = K{. These values will be used in the model to produce the forecast in
section 3.

In the next subsection, the VDA problem is formulated for Burgers’ equation without error function.

2.2. The classical correction problem of Burgers’ equation

Assume that the one-dimension velocity U = U (x, t) verifies Burgers’ equation:
1) au 32U
u

) — = V— xe[Llo,L]andt € (t1,t
8t+ ox 0x2 [Lo. L] .6
U = Uponx=Lg (13)
ou
— =0orU=fyonx=1L
ax

Ut1) = Uo
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The evolution of the pollutant concentration C = C(x, t) is modeled by a one-dimensional advection diffusion equation:

aC aC 92C

—4+U— =n—7s x€[Llog,L]and t € (t1,t
or TUS = 3 [Lo, L] (t1,t2]
ag = Ciponx=1Lg (14)
— =0orC=feonx=1L
ax
Ct1) = Co

Let 6 denote a vector consisting of the initial condition values Uy, Cy and diffusion coefficients v, 1. The cost function is
defined by:

~ 1 1 1 _
J©) =5 11GuU = Uobs Iy, +5 1 GeC = Caps 7, +5 1 Uo = Uo I, xy) + I Co—Co lI}, xc)

1 1
+ 5 v =vol*+5 I —mnoll® (15)

where Uy, Co, vo, 7o are given.
As before, the VDA problem is formulated as the minimization of J(0) s.t. (13)-(14), i.e

U U 92U

— +U— =v—=x€[lp,L]and t € (t1,¢t

ot TU s %2 (Lo, L] (t1, t2]

aC—FUBC = 82Cxe[L Llandt e (t1,t2]

ot ax —Tlaxz 0, 1,02
U = Ujp, onx=1Lg

C = Cjp, onx=1Lg

aC
— =0orC=fconx=1L (16)

i

— =0orU= fyonx=L
X
Ut1) = Uo
Ct1) = Go

J(©") = Argmin ] (0)
The gradient of cost function ] is now
VIWo. Co,v.m) = (Tip- T T 1) (17)

where

]bo = Ug—Ug — Py(t1)
Jcy, = Co—Co— Pc(t1)

o
~ 1 oU oP
Iy — - - u
Jy =v—vo+ < , >dt (18)

i . /acapc o
n = N=To ax’ 9x

Here, P, and P¢ are the solutions to Egs. (7) and (8).

As before, the solution to the problem (16) is computed using the BFGS method (see [2], [10]). Egs. (13)-(14) are solved
by s.t. Up = Ug, Co = Cg, v =", n=n"*. The optimal values of v, n, U(t2), and C(tz) will be used in the model to produce
the forecasts U, C for the forecasting time period [t;, t3].

3. Forecast problem

The forecast problem for the future time period [t;, t3] consists in solving the following system of equations s.t. the
optimal values of v, n and Uy = U(ty), Co = C(t2) (obtained in the previous section):
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U U 92U
U

— — =v——x€[lg,L]and t € (t, t
ot TUS, gz X € Lo L] (t2,t3]
aC+U8C = azcxe[L Llandt € (t, t3]
ot ax o 0 203

U = Ujp, onx= 1Ly
C = Cjp, onx=1Lg

9C (19)
— =0orC=f,onx=1L
X
ou
— =0orU= fyonx=L
X A
U(t2) = Ug
C(t2) = Go

4. Numerical examples: test cases

In order to see the effect of the introduced EF E,, Ec, and the parameter estimation, three test cases will be
considered:

- in the first test case, we consider Burgers’ equation for velocity with boundary condition and known analytical solution;

- in the second test case, we study the advection equation for concentration with boundary condition that has a known
analytical solution;

- in the third test case, the problem presented in section 2 is tested in the framework of the twin experiment.

In all three test cases, the guess values of the initial conditions and of the diffusion coefficients are quite different from
those used in the reference models.

4.1. Test case 1: Correction experiment for Burgers’ equation

For the time period [tq, t2], we introduce the classical Burgers’ equation:

8U—i—UaU —vazu xe[0,1]and t € (t1, t2]
at ax  oax? ’ 12

U=0 onx=0

(20)
1
U:——Etanh(i) onx=1
t ot 2vt
U(t1) = Uo
For the next time period [t, t3], we consider the solution to the equation:
3U+U8U_U82U xe[0,1]and t € (to, t3]
at ax o ax ’ 25
U=20 =0
onx 21)
1 1 = b
U= ——-—— tanh(—) onx=1
E t t 2vt
U(t2) = Uo

The following data set is used: tg =0.12 s, t1 = 0.241 s, t; = 1.241 s, t3 = 2.041 s, At =0.0001 s. The measurements are
taken at points : x=0.2 m, x=0.4 m, x=0.9 m. The performances of the different solutions are tested at point x =0.5 m.
Consider the four models below.

- 1. Reference model (RM). The function

x 1 = X

is the exact solution to the equation (see [1]):
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Fig. 1. Test case 1. Panels (a)-(c): the spatio-temporal ADP(velocity) between the three different runs MEF (a), MNEF (b), EM (c), and RM. It is seen that

comp

ared to EM, the VDA allows MNEF to reduce significantly the estimation error. The effect of the introduced EF is clearly visible, comparing (a) with

(b) and (c). The spatial ADP(velocity) between Uy and Ugps(t1), representing the error in the initial condition, is displayed in panel (d).

U U 32U
— — =D xe€[0,1]andt € (t1,t
P ox P [0, 1] (t1,t3]
U=0 onx=0
1 23
U=——Etanh(L_) onx=1 =
t t 2vt
U(tr,x) = X Tann (22
ty t 2vty

The solution Ugps, obtained by solving (22) for the time period [t1, t3] s.t. D=1 m?2/s, is referred to as a RM solution (or
reference solution).

2. Introduce an erroneous model (EM) (its EM solution is denoted by Ugy ), which is given by (20) s.t.

- v=15m?s,

- Ug = Up where Uy is defined by the following function:

5]
_ 1 x 1 = X
Up=— [ |-———— tanh (—) dt 24
0 tl—to/[t t T 2vt] (24
to
Introduce the Absolute Difference Percent (ADP) as a measure of the difference between two variables a and b

ADP(a,b) = |a — b| * 100/|b|

To see how the initial conditions are different in EM and RM, in the Fig. 1 we show the spatial ADP(Ug, Ugps(t1)) (i.e.
on the interval x € [0: 1]). One sees that the maximum ADP level is higher than 70%. As to the diffusion coefficients v
and 7, they are also quite different (v =1.5 m?/s, D =1 m?/s).

The difference ADP(Ugm, Uops) between the two solutions, produced by EM and RM, is displayed in Fig. 1c over the
time period [t1, t2].
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Fig. 2. Test case 1. (a) The curves MEF, MNEF and EM show the ADP (velocity) between three runs MEF, MNEF, EM and RM at the test point. The values of
EM are projected onto the right vertical axis. (b) Time averages of the curves in (a). (c) Spatial ADP(velocity) between three runs MEF, MNEF, EM, and RM
for the time moment t = 0.35 s. (d) The curves MEF, MNEF and EM express the ADP(velocity) between MEF, MNEF, EM and RM at the test point for the
forecasting time period [ty, t3]. The EM values are projected onto the right vertical axis.

To see how the error affects the forecast, we integrate (21) over the next time period [t3, t3] s.t. U0 = Ugm(t2). The
ADP(U&M, Uobs) between the obtained forecast solution (denoted as UEM) and the RM solution (reference) at the test
point is represented by the dashed red curve in Fig. 2d.
- 3. Introduce the MEF model (model, including EF E,): let us consider the system of equations

ﬂ—|—Uﬂ:\)82—u—i—G-E xe[0,1]and t € (t1, t2]
at " ox axz T ’ b
OFy _ i([(u(x)%) xe[0,1]and t € (t1, 2]
at 0x 0x
U=0 onx=0
U = l—Etanh(i> onx=1
t t 2vt
Uti) = Uo
E, =0 onx=0
E, =0 onx=1
Eu(t) = Vy

(25)

We are interested in adjusting Ug, V4, v, and K, in such a way to make the solution U as close as possible to the RM
solution Ugps. For this purpose, we introduce the cost function:

2
A 1 1 _ 1 1
JWo, v, Vu, Ku) = 5 1| GuU = Uops Iy, +5 11 Uo = Uo I,y +5 11V = vo IF 45 / I Eu 17, p,) dt
t

1 2 1 2
5 1 Vi = Vuo I +5 1 Ku = Kuo 15,

where Up, vo, Vy.0 and Ky o are given.
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Let us consider the problem of minimizing J; s.t. the model as a constraint:

U U 32U
U = v—+Gy-Ey xe[0,1]and t € (t1, t2]

at ax ox2
dE, 9 JE,
= — [ Ky(x)— 0,1]and t € (t1,¢t
T 8x<”(x)8x> xe[0,1]and t € (t1, t2]

U=20 onx=0

U—] ntanh( T ) onx=1
Tt ot 2vt N (27)
Ut = Uo
E, =0 onx=0
E, =0 onx=1
Eu(ﬁ) = Vu
JUG. v, Vi K = Arguo,T\i/?,Ku J(Uo, v, Vy, Ky)
The gradient of the cost function is
VIWo. v, Vu ki) = (T T T, Tk (28)
where ]bo ]{, ];,u and ];(u are defined by
Ju, = Uo—Uo — Py(t1)
t _
- oU oP
= v—v f = Y )ar
v 0+ ax’ dx
., h (29)
.]vu = Vu - Vu,O - Qu(tl)
) _
- dEy, 9Qu
Tk, = K“_K“*O‘Lf o ax O
t
where P, and Q, are the solutions to the system:
0Py _ Ual_)” v32pu+GT (GuU — Ugps), x€[0,11,t € [t1, t2)
a_t = 9% 9x2 u u obs) » > 1, 1,82
Py, =0 onx=0 (30)
P,=0 onx=1
pu(tZ) =0
3Q B] 3Q .
Qu _ 8 Ky (%) Qu —GrPy+E, xe[0,1]andt € [t1,t2)
at 0x X
Q, =0 onx=0 (31)
Q, =0 onx=1
Qu(tz) =0

The problem (27) is solved by s.t. vg =1.5D = 1.5 m?/s, K o =1 m?/s, with Uq defined by (24) and V, ¢ chosen as

v { Uops(t1) —Ug  on measurement points
u,0 =

. 2
0 on no-measurement points (32)

We have applied the BFGS algorithm (see [2], [10]) to estimate the optimal parameters U§, v*, V!, K.

The optimal value for v* is denoted by v and is equal to vy = 1.001 m?/s.

Solving the system of Egs. (25) s.t. Up = Ug, Vy =V}, v = vy and Ky = K yields the solution (denoted as Uwer). The
ADP(Upmgr, Ughs), for the time period [t1, t3], is displayed in Fig. 1a.

We have produced the forecast solution U{AEF for the next future time period [t;,t3] by solving the problem (21) s.t.

V = vy = 1.001 m?/s, Uo = Umee(t2). In Fig. 2d, the green curve represents the ADP(U{V[EF, Uops) between the forecast
solution of MEF and the RM solution at the test point.
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- 4, Let us examine the situation without inclusion of EF E, in the model (denoted as MNEF).
As before, we try to adjust the initial condition Ug and the diffusion coefficient v in the system of Eqs. (20) to produce
a solution U as close as possible to the reference solution Ugps by solving the corresponding optimization problem. It
is done by introducing the cost function:

1 2 1 ¥ 2 1 2
JWo.v) =5 1 GuU = Uos I, +5 I1Uo = Do I,y +5 1V =0 | (33)

where Uy, vg are given.
Then the corresponding optimization problem is to minimize (33) s.t.

au U 92U
— 4+ U— =v— xe[0,1]and t € (t1, ¢t
T + o ox2 [0, 1] (t1,t2]
U=20 onx=0
1
U = ——Etanh<L> onx=1 (34)
t t 2vt
U(ty) = Uo
J(Wg, v*) = Argmin ] (Uo, v)
Up,v

The gradient of the cost function is

V]Uo.v) = (Jy,- 1) (35)
Here, jbo and J/, are defined by

Ju, = Uo—Uo — Pu(t1)

to

aU 9P 36
v—vo—i—/ —, —2)dt (36)
X 0Xx

t

I

where P, is the solution to the system of Egs. (30).

The problem (34) is solved by s.t. vp =1.5D = 1.5 m?/ s and Uy defined by (24). The optimal values U, v* are obtained
by applying the BFGS algorithm (see [2], [10]). For the further convenience, v* is denoted as Vyygg-

Let Umner be the solution obtained by solving the system of Eqs. (20) (model without including EF) s.t. Up = Uj and
V = Vyngp- The Fig. 1b shows the AD P (Unngr, Uops) over the time period [t1, t2].

For the next time period [t3, t3], the problem (21) s.t. v = vy = 1.012 m2/s and Uy = Unner(tz) is solved. Its solution
(forecast) is denoted as U{ANEF. The ADP‘(UI{/[NEP Ugps), at the test point, is presented by the dot blue curve in Fig. 2d.

Compared to the solutions produced by MNEF and MEF, the error in EM is much higher (see Figs. 1a-1c). The role of EF
is clearly visible since the error in MEF (see Fig. 1a) is significantly lower than that in MNEF (see Fig. 1b).

In Figs. 2a and 2d, the ADPs in the three runs are displayed, but at the test point, and in Fig. 2c, the spatial ADP at
t =0.35 s is displayed. These figures give insight into how the solution in EM is degraded compared to those in MNEF and
MEF.

The parameter estimation processes for the diffusion coefficient v, based on the MEF and MNEF models, are shown in
Fig. 3a. One sees here that the estimated diffusion coefficient v, based on the MEF model, converges very quickly to the
true value v =1 m?/s, whereas a long oscillation is required for the estimation process based on MNEF before convergence
has been achieved. It means that the introduced EF well compensates an unmodeled error, existing in MNEF.

The estimated error field E, and diffusion coefficient K, are presented in Fig. 3b-c. From Fig. 3b it is seen that the error
E, decreases quickly as a function of time.

4.2. Test case 2: Experiment for advection equation

For the time period [t1, t2], let us introduce the classical Burgers advection problem:

ac  aC 9%C
T aa = nﬁ xe€[—0.5,0.5]and t € (t1, t2]
0.5
C = erfc <_;at> onx=-0.5
2/t (37)
C = erfc 0.5 —at onx=0.5
- 2t o
C(t1) = Co
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Fig. 3. Test case 1. Panel (a) displays the diffusion coefficient v, estimated based on the models MEF and MNEEF. It can be seen that the model MEF permits
to identify quickly the coefficient v, whereas with the model MNEF (without using EF), a long oscillation is required before the convergence is achieved.
Panels (b)-(c): velocity error E, and diffusion coefficient K, in the spatio-temporal plane.

In the same fashion as in Eq. (37), but for the time period [t3, t3], we will consider the forecast problem described by
the following equations:

ac  aC 9%C
I aa = nm xe€[—0.5,0.5]and t € (t2, t3]
0.5 t
C = erfc (—i) onx=-0.5
2/nt (38)
05—at
C = erfc (J) onx=0.5
2nt
C(t2) = Co

The following data are given: to =0.01 s, t; =0.02 s, t =1.024 s, t3 = 1.824, At =0.0001 s, a =1 m/s. The measurements
are given in three points with coordinates: x =—0.3 m, x = —0.1 m, x = 0.4 m. The test point is at x =0.
We will consider the four models below.

- 1. Reference model (RM): The function

—at
C(x, t) = erfc ’;—a (39)

nt

is the exact solution to the following equation system (see [3]):
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Fig. 4. Test case 2. Panels (a)-(c): spatio-temporal AD P (concentration) between MEF and RM (a), MNEF and RM (b), EM and RM (c). Panel (d): spatial ADP
between Co and Cops(t1)-

8C+a8C__32C xe[—0.5,0.5]and t € [tq, t3]

ot Tax T w2 b
0.5erfc

erfc | — onx=-0.5

2/t

0.5—at (40)
C =erfc| —=) onx=0.5
2/nt
erfc x—ah
2/nty
Using the formula (39) and s.t. 7 =0.4 m?2/s, we calculate the analytical solution to (40), which is called a RM solution
(denoted by Cops)-
- 2. The erroneous model (EM) (i.e. without correction).
In this model, the value of the diffusion coefficient 7 and the initial condition Cq are:

- n=0.6 m?[s;
- Co = Co, where Cy is defined by the following function:

C

C(t1)

- 1 x—at
Co=— fc| —— ) dt 41
0 tl—to/erc(z«/ﬂt> 40

The spatial ADP(Cg, Cops(t1)) is shown in Fig. 4d. One sees that the maximum percentage level is about 90%. There is
a significant difference between n and value 7.
The problem (37) is solved by s.t. n and Cp. The obtained solution is denoted by Cgv. The spatio-temporal
ADP(Cgm, Copbs), Over the time period [tq, t2], is displayed in Fig. 4c. The maximum value of ADP is about 87%.
For the next time period [t;,t3], the problem (38) is solved by s.t. Co = Cem(tz). For this time period, the
ADP(C}EM, Cops) at the test point is presented by the dashed red curve in Fig. 5d.

- 3. Introduce the model, including EF E. (denoted as MEF).
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Let us consider the following system of equations:

ac  ac 9%C

E—i—aa = na > + Gc-Ec xe[—0.5,0.5]and t € (t1, t3]
JdE¢ d 0Ec
— = — | Kc(x)— xe€[—0.5,0.5]and t € (tq1, t3]
ot 0x 0x
C = erfc 0.5erfc onx=—0.5
N 2Nt o
0.5—at (42)
C = erfc ( ) onx=0.5
21

Ec =0 onx_—0.5
Ec =0 onx=0.5
Ct1) = Co
Ec(t1) = V¢

The problem is to adjust the initial condition Cp, V¢ and the diffusion coefficients 1, K¢ to produce a solution C that
is as close as possible to the RM solution Cqps. For this purpose, let us introduce the cost function:

2
3 1 2 1 o2 1 2, 1 2
3(Co,m, Ve, Ke) = 5 | GcC — Cops ”YCobs +§ Il Co —Co ”Lz(Xc) +5 lm—noll +5 l Ec ||L2(KJC) dt
t

1
t5Ve—Veo 13,00 + I Ke = Kco Iy, (43)

Here the variables Co, 1o, Kco and V¢ o are given a priori.
The optimization problem is to minimize the cost function (43) to find the optimal values v*, K%, Cj and V{ s.t. the
system of equations (42), i.e.

aC aC 92C

— = E —0.5,0. ,
o aax 77 +Gc c xe[—0.5,0.5]and t € (t1, t2]
JEc ad fa
— = — (K —_— —0.5,0.5]and t € (t1,t
o 3X(C(x) 8x> xe( ,0.5] and t € (t1, t2]
C = erfc 0-5erfe onx=—0.5
N 2/t o
0.5 —at
C =erfc | —— =05 44
erc( Wi ) onx (44)

Ec=0 onx=—0.5
Ec =0 onx=0.5
Ct1) = Co(®
Ec(t1) = V¢

Ks(CO n*, Vé,KC) = Arg Oén‘}n Ks(Co,n Ve, Ke)

The gradient of the cost function 3(Co, n, V¢, K¢) is:
V3(Co.m. Ve, Koy = (3¢, 3 Sy Sk ) (45)
where ﬁ/c BN st and 3 K are defined by

S¢, = Co—Co— Pc(ty)
ty
dC dPc
de
= 770+/<3x 8x>
. b (46)
3 Ve—Veo— Qc(tl)

dEc 3Qc

58‘}<C = I(C—Kco-i-/ 5% 9% dt
t

[
<
a

I
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Fig. 5. Test case 2. Panel (a) shows the ADP(concentration) between MEF, MNEF, EM, and RM at the test point. Panel (b) displays the time average of the
curves in (a). Let us mention that the ordinate values of MEF and MNEF are projected onto the left vertical axis, whereas for EM they are projected onto
the right vertical axis. Panel (c) displays the spatial AD P (concentration) between MEF, MNEF, ME, and RM at time ¢t = 0.06 s. Panel (d) is the same as panel

(a), but for the forecasting time period [t;, t3]. The values of MEF and MNEF are projected on the left vertical axis and those of EM on the right vertical
axis.

The variables Pc and Q¢ are the solutions to the following system of equations:

9Pc = —aaﬁ _nazpc + Gl (GcC —Cops), x€[—0.5,0.5],t €[t1,t2)
o dx 3x2 ¢ oS Y '
Pc=0 onx=—0.5 (47)
Pc=0 onx=05
Pe(tz) =0
& = i Kc(x)& —G}~I3C+EC xe€[-0.5,0.5]and t € [t1, t2)
at ax X
Qc =0 onx=—0.5 (48)
Qc =0 onx=0.5
Qc(tz) = 0

The problem (44) is solved by s.t. o = 1.57j = 0.6 m?/s, Kc.o =1 m?/s, the parameter Cy is defined by (41), and V¢ o
is chosen by

Cops(t1) — Co on measurement points
Vco= . (49)
’ 0 on no-measurement points
Applying the BFGS method (see [2], [10]) with VI(Co, n, V¢, K¢), defined by (45), yields the optimal values C¥, n*, V{,
K*
¢
The system of Eqgs. (42) is solved next s.t. Co = C§ and n = Ny Ve = V§, Kc = K¢. The obtained solution is denoted

by Cmgr. For the time interval [t1,t;], the ADP(Cmgr, Cops) is shown in Fig. 4a. One sees that the maximum value is
about 8.4%.

For the next time period [t3, t3], the problem (38) is solved by s.t. = 1y = 0.4 m?/s and Cy = Cyer(t2). The solution
is denoted by C{AEF. For this time period, the ADP(C{AEF, Cons) is presented by the grid green curve of Fig. 5d.
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- 4. The model, not including EF Ec, is denoted by “MNEF”. Consider the problem (37). The optimization problem is to
identify the initial condition Cp and the diffusion coefficient 7 to produce a solution C that is as close as possible to
Cops. For this purpose, we introduce the cost function:

1 ~ 1
3(Co, 1) =l GeC = Cos Iy, +5 I Co = Collf,xe) +5 1= o I (50)

Here the values Cy and 7g are given.

Then the corresponding optimization problem is to find the optimal diffusion values v* and the initial conditions Cj of
the system of equations (37) and is formulated as

ac  ac 32C

—4a— =n—- xc[—0.5,0.5]and t € (t1, t
or T0%% = 1o [ ] (t1, t2]

C = erfc (_O.Serfc) onx=—-0.5
2/nt
C = erfc (M) onx=0.5 S
2/nt
C(t1) = Co

3(Cg,n*) = ArgminI(Co, 1)
Co,n
The gradient of the cost function J(Co, 17) is:
V3(Co.m = (35 ) (52)

Here, i‘s/co, Y are defined by the following formula:

n
3¢, = Co— Co — Pc(tr)

t2 N
9C dPc (53)
X - —, —]dt
S =0 n0+/<8x 8x>

t

where Pc is the solution of the system of Egs. (47).

The problem (51) is solved with g =1.57 = 0.6 m?/s and Cy defined by formula (41). Using V3(Co, 17), defined by (52),
we can find the optimal values C}, n* by solving the optimization problem (51) with the BFGS method (see [2], [10]).
For further convenience, n* is denoted by 1y The system of Egs. (37) is solved by s.t. Co = Cj and 1 = nyge- The
obtained solution is denoted by Cygr. For the time period [tq,t;], the ADP(Cyner, Cobs) is displayed in Fig. 4b. One
sees that the maximum value of ADP is about 24%. For the next time period [t2, t3], we compute the forecast by solving
(38) s.t. 0 = niyngr = 044 m?/s and Co = Cungr(t2). Its solution is denoted by Ckyypp. The curve for ADP(Ciyers Cobs)
is labelled as MNEF in Fig. 5d.

We want to emphasize that all the figures in Fig. 5 confirm the important role played by the VDA algorithm as a tool for
improving the resolution of the numerical model (compare the error levels in MNEF and in EM). Moreover, the introduction
of EF into the model equation well compensates a discrepancy between the model and the true state of the system, which
has a really positive impact on the decrease of the estimation error (compare the two curves MEF and MNEF).

The typical optimization processes for estimating the diffusion coefficient 1, with and without EF, are shown in Fig. 6a.
One sees that the correction process with EF (curve MEF) converges much more quickly compared with the case of MNEF.
The estimated error field E¢ is presented in Fig. 6b. One sees here that there are strong changes located around the three
measurement points.

4.3. Test case 3: simulation experiment for Burgers’ pollution model

In this section, we will consider the problems (1)-(4), (13), (14), (19) in which the boundary conditions on x = L are
given as follows:

ou

I =0 onx=1L

a)é (54)
— =0 onx=1L

ax

The flow is computed under the conditions Lo =0, L =1 m, time step At =0.0001 s, Ui, =0.5 m/s, t; =0, t, =0.5 s,
t3 =3.5 s, Cijp =5 mg/l. We will suppose that the measurements are available at three spatial points: x=0.2 m, x=0.4 m,
x=0.9 m. The performance is tested at the point (called a test point) x = 0.8 m.
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Fig. 6. Test case 2. Panel (a): the curves MEF and MNEF show the diffusion coefficient 7, estimated based on the MEF and MNEF models, respectively.
Panel (b): error for the concentration coefficient Ec in the spatio-temporal plane. Panel (c): The diffusion coefficient K¢ in the spatio-temporal plane.

The experiment is performed in the framework of a “twin experiment” (see [7], [15]).

- 1. The reference model (RM).

For the time period [t1,t], solve the Eqgs. (13), (14) s.t. n =7 = 0.4 m?/s, v =1 =1 m2/s and the initial condition
Uobs(t1), Cops(t1) (see the grid red curves in Fig. 7a and 7b). The solution is the couple (Ugps, Cops) (considered as a
reference). Next we compute the forecast for the time period [t3, t3] by solving (19) s.t. U= Uops(t2) and Co= Cobs(t2).
2. The erroneous model (EM)

For the time period [t1, t3], the Eqgs. (13), (14) are solved with diffusion coefficients v =1.50 = 1.5 m?[s, =157 =
0.6 m?/s and the initial condition values Uq = Uy, Co = Co. Here Ug, Co are obtained by a “twin-experiment” (see [7])
and they are displayed in Figs. 7a, 7b. The ADP(Ug, Ugps(t1)) and ADP(Co, Cops(t1)) are presented in Figs. 7c and 7d,
respectively. One sees there that the maximum percentage levels are about 12% and 10%, respectively. The rates between
v, n and v, 7 are equal to 1.5.

The velocities and concentration of this model are denoted by Ugy and Cgv. The ADP (Ugm, Ugps) and AD P (Cem, Cobs)
are shown in Figs. 10c and Fig. 11c, respectively. Next the forecast solution (UgM, le-:M) is computed by solving the prob-
lem (19) s.t. the initial condition Uo = Ugm(t2) and @0 = Cgm(ty) for the next time period [t3, t3]. The ADP(C{zM, Cobs)
and ADP(UEM, Uyps) at the test point are presented by the dash red curves in Figs. 8d and 9d.

3. The model including EF E,, Ec (MEF):

By the way shown in subsection 2.1, the optimization problem (6) with the boundary conditions (54) is solved by s.t.
vo = 1.5 m?[s, 9o = 0.6 m?/s, Ky 0 =1 m?/s, Kc,o =1 m?/s, and Up, Co (shown by the dash blue curves of Figs. 7a and
7b), Vu,0, Vc,o (defined by (32), (49)). The obtained optimal values are Uj, C§, V. VE, 0%, v*, Ky, K¢. For further use,
we denote v*, n* by vy and 1y, respectively. The system of Eqgs. (1)-(4) is then solved by s.t. Ug = U§, Co = C§,
V= Vyee and 0 = 0ee Vu =V, Ve =VE, Ky =K}, Kc = K¢. The obtained solutions are denoted by Umgr, Cmer. The
ADP(CwEr, Cobs)» ADP(Uwmer, Ugps) are shown in Figs. 10a and 11a, respectively. For the next time period t € [t3, t3],
the problem (19) is solved by s.t. 7 =y = 0.4 mM?[s, v = Ve = 1.00001 m?/s and Ug = UMEF(t,), Co = Cumer(t2). Its
solution is denoted by (U, CE..o). The curves for ADP(US ., Uobs), ADP(CEpr, Cobs) are presented by the grid green
curves in Figs. 8d and 9d.
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Fig. 8. Test case 3. Panel (a): spatial ADP(concentration) between three runs MEF, MNEF, EM, and RM at the moment t = 0.232 s. The values of EM
are projected onto the right vertical axis. Panel (b): the same as in (a), but at the test point and for the period [0.15 — 0.5 s]. Panel (c): time-average
AD P (concentration) between MEF, MNEF, EM, and RM. The values of the curve EM are projected onto the right vertical axis. Panel (d): the same as in (b),
but at the test point and for the time period [t2, t3].
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Fig. 9. Test case 3. Panel (a): the curves MEF, MNEF, and EM show ADP(velocity) between three runs MEF, MNEF, EM, and RM at the test point and
at t = 0.0034 s. The values of the curve EM are projected onto the right vertical axis. Panel (b): the same curves as in (a) but over the time period
t €[0.15s, 0.5 s]. Panel (c): time-averaged ADP(velocity) of the curves in (b) for the time period t € [0.15s, 0.5 s]. Panel (d): The same as in (b), but for
the forecasting time period [t3, t3].
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Fig. 10. Test case 3. Panel (a): spatio-temporal AD P (concentration) between MEF and RM. Panel (b): the same as in (a), but between MNEF and RM.
Panel (c): the same as in (a), but between EM and RM. Panel (d): convergence of the estimated diffusion coefficient 1 based on MEF and MNEF models.
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Fig. 11. Test case 3. Panels (a)-(c): the same as in Fig. 10, but for the ADP(velocity): c of the estimated diffusion coefficient v based on the MEF and MNEF
models.

In Figs. 12(a), 12(b) we show the spatio-temporal estimates for the velocity EF E, and the concentration EF E¢. As to
the estimated diffusion coefficients K; (c) and K¢ (d), their estimates are displayed in Figs. 12(c) and 12(d).
- 4. The model not including EF E,, Ec (MNEF).

As in subsection 2.2, the problem (16) with boundary conditions (54) is solved by s.t. (i) vg = 1.5 m?/s, o = 0.6 m?/s;
(i) Up and Co (see Figs. 7a, 7b). The obtained optimal parameters are U, C; and v*, n*. We denote by vy and
Nynee the optimal values v*, n*. The system of Eqgs. (13), (14) is solved by s.t. Ug = Ug, Co = C§, v = vy and n =
Nyner- 1ts solution is denoted by (Uwmngr, Cmner). The curves for AD P (Cyvner, Cobs), ADP(Unngr, Uobs) are displayed in
Figs. 10b, 11b respectively. For the next time period t € [t2, t3], the problem (19) is solved by s.t. = nyng = 0.42 m?/s,
v = Ve = 1.01 m?/s and Ug = Umngr(t2), Co = Cmner(t2). Its solution is denoted by (Ufygp, Chinee)- The dotted blue
curves for ADP(Clyygr. €L, ADP(USjner. UT, ) on the test point are presented in Figs. 8d and 9d.

5. Conclusion

This paper presents the results of a comparative study on the impact of an error function on the estimation of a solution
for the transport of pollution substances based on Burgers’ equation. The classical approach to improve the system solution
based on the VDA method is to minimize the cost function by tuning the initial condition and the diffusion coefficient. The
objective is the comparison of the performance of the classical approach with that based on the EF method. The originality
of the EF approach resides in an introduction of the error functions (EFs) E,, E. into Burgers’ equations to compensate for
the model error. A new variational problem is formulated on the basis of the extended system of equations with a new
vector of control. To see the effect of the introduced EF on the improvement of the estimated solution, three test cases have
been experimented, in which three models are systematically used: EM, MEF, and MNEF.

The numerical experiments show that:

- the ADP(U, Ugyps), ADP(C, Cops) of model MEF are much lower than the ones of the other models EM and MNEF;
- in the optimization processes, the diffusion coefficients v and 1 of model MEF come much closer and faster to the
proposed values than the ones of model MNEF.
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Fig. 12. Test case 3. Spatio-temporal estimates for: velocity EF E, (a); concentration EF E¢ (b); diffusion coefficient K, (c); diffusion coefficient K¢ (d).

It follows that the EF approach overperforms compared to the classical approach and leads to a better forecast of substance

contents and water quality.

It must be mentioned that the proper choice of EF plays a major role in guaranteeing a good performance of the proposed
EF approach. Finding a relatively general method for an appropriate choice of EFs for different dynamical systems is an
important and not easy task, and is left for a future study.
Based on the successes of the presented method for solving the 1D problem, a study on a 2D water pollution is underway,
and we do hope to report the results on a 2D problem in a near future.
In order to have a good correction method, in this paper the EFs E, and Ec, satisfying the systems of Eqs. (3)-(4), are
introduced in Egs. (1), (2). One natural question that arises then is to compare the impact of the introduced EF with the

others to see its advantages, if they exist, over the other EF structures in solving DA problems.

Appendix

For the simplicity of the presentation, suppose that the true system is described by

*(t+1) = D(P* (1)), p*(0) =u*,t =0, .., T

where ®(.) : R" — R". The observation z(t) € RP is given by

zt+1)=Hp*(t+1)+v(t+1),t=0,..T

where H : RP — R", v(t) represents the observation error.

Introduce the numerical model

Ppt+1)=D(1),¢0)=u,t=0,....T

It is seen that the solution ¢*(t) is well defined up to the initial condition u. From (57), by expressing ¢ (t) as a function

of ¢(0), the classical VDA tries to seek 6 :=u from the optimization problem

U = arg mingce J ()

(57)
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1 1o
JO)= 5116 = |31 + 5 D112 = HO©)lI7 - (58)
t=1
where up, represents the a priori knowledge of the initial state, R is the covariance matrix of v, M is the background error
covariance matrix (ECM). Particularly important is the specification of the background ECM. For more details, see [8], [9],
[18].
In practice, however, we do not know exactly ® and instead of ® we are given only F. The numerical model used for
assimilation should be

x(t+1) = Fx(t)),x(0) =v,t =0, ..., T (59)

where F(.) : R" — R". To compensate for the error resulting from the difference between ® and F (and other sources of
error like numerical error, discretization error...), instead of (59), we introduce the new model

x(t+1)=F@&(@) + f),xO0)=u,t=0,...,T (60)

where f(t) represents the model error (ME). Thus, by assuming f # 0, there is an interest to consider f as an unknown to
be estimated. For example, one can assume that f is a solution to some equation, i.e.

fa+D=v(f1).te©.T), fO) =y (61)

A corresponding cost function is introduced for the extended system written for the extended state (xT(t), fT(t))T and
with 6 := (uT,¥T)T as a control vector.

Comment Al. MEs are coming from different sources, some of which constant, others periodic or flow dependent. ME
may also come from discretization, numerical errors... The simplest approximation is to consider the ME as constant. We
have then W =1 - the identity matrix. Equation (59) s.t. W # I corresponds to the situation when the ME follows a prede-
fined time dependency. Markov chains, Fourier series expansions or neuron networks, etc., are other potential choices.

Comment A2.
One important question concerns the choice of the background vector 6, = uy,. Its choice depends on a priori knowledge
we have on the initial system state ¢(0) and of ME (ensemble mean, climatology...).
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