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1. Introduction

In this paper, we study the following m(x)-Laplacian equation:

U — Auy — div(|Vu ™ ®=2vy) = [u|P@W—2y, inQ x (0, T),
u(x,t) =0, ond2 x (0, T), (1.1)
u(x,0) =uo(x), inQ

where Q@ c RV is a bounded domain with smooth boundary 32, T > 0. The exponents m(x) and p(x) are two continuous
functions satisfying

2<m-<mx)<mt<p <px)<pT<oo (1.2)

and both satisfy the following condition:

_ A
log(‘xl—y‘)’

where A >0 and 0 < § < 1. The upper bound for the blow-up time was obtained when the initial energy is nonpositive [1].
However, it is natural to pose an interesting problem: does the blow-up phenomena occur when the initial energy is
positive? To the best of our knowledge, there exist only rare results about such problems.

Ip(x) —p(Y)| < forallx,y e Qwith [x— y| <§ (1.3)
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Pseudo-parabolic equations describe many important physical processes, such as the seepage of homogeneous fluids
through a fissured rock, the aggregation of populations, etc. The interested readers may refer to [2,3] and the references
therein. For the study of pseudo-parabolic equations, many results have been obtained [4-6]. Especially, Xu and Su [4]
studied a class of semilinear pseudo-parabolic equations (where m(x) = 2, and the source term |u|?®=2 is replaced by uP).
They proved global existence, non-existence, and asymptotic behavior of solutions with initial energy by introducing a family
of potential wells and obtained finite-time blow-up with high initial energy by the comparison principle. Since there exist
variable exponents, we cannot obtain the blow-up result with high initial energy by trying to consider the potential-well
method for Problem (1.1). Variable exponents and the term Au; cause some difficulties, thus we have to develop other
techniques to overcome these difficulties. Before stating our result, let us recall some results on the existence and blow-up
of the solution to Problem (1.1) with nonpositive initial energy.

Theorem 1.1. [1] Assume that (1.2) and (1.3) hold, then for any ug € Wg’m(‘)(Q) N LPO(Q), there exists a Tg € (0, T] such that the
Problem (1.1) has a unique local solution u € L*°([0, To], Wm0 () N LPO(Q)) with u; € L2([0, Tol, W 2(R)) satisfying

(U, v) + (Vur, Vv) 4 (VU™ 2V, vv) = (ulPO2u,v), forve Wy (@) nLPO(Q) (14)

Define the energy functional by

1 1
— - m(x) _ - (x)
E(t)_/<m(x)|Vu| /p(x)|u|p )dx (1.5)

Q Q

It obviously follows that
E'(t) = —llue]?, <O (16)
0

which implies

t
E(t)=E(0) - / lusilyy ds (1.7)
0

Theorem 1.2. [1] Assume that (1.2) and (1.3) hold. Let ug € Wg’m(')(Q) N LPO(Q) such that ||u0||H(1J(Q) > 0 and E(0) < 0. Then the
solution u(x, t) to Problem (1.1) blows up in a finite time T*. Moreover, an upper bound for the blow-up time is given by

2 \1-5=
2(IluollHé)

(m- —2)p

where 8 > 0 is a constant.

T* <

Our main result is as follows:

Theorem 1.3. Assume that (1.2) and (1.3) hold. Let ug € Wé’m(') (£2) N LPO () be non-zero. If the following condition holds:

0<EW0)<C (1.8)
then the solution u(x, t) to Problem (1.1) is non-global, where
— — mt—2 — mt
p-—-mt 1 2 /mT|QUN""z /m M = +
=2t L 2 (L) () e
mt  p- mt\ 2 2 1+x | 0””8
2 (m*|s2|)—’”’{2<m* A )%(m—z m- )—”"*2 " ”m,}
m-\ 2 2 1+ mt m -2 OHj

Here Aq is the first eigenvalue of the problem

Aw+rw =0, in<,
w=0, on o2

In comparison with Theorem 1.2, we add something substantial to E(0), in the sense that we obtain the non-global
existence of solutions when the initial energy is positive. From this point of view, this improvement is in the spirit of the
one performed by Merle and Zaag [7] for some parabolic equation derived from the semilinear heat equation; the interested
readers can refer to Proposition 2.1 in [7].
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2. Proof of Theorem 1.3

In order to prove our main result, we argue by contradiction. We assume that the solution is global in time. Next, we

will divide this proof into two steps.

Step 1. It directly follows from [1] that

d
a||u||21 :2/|u|l’<"> dx—2/|Vu|m(")dx
u[P®
/' | dx—2 /|Vu|’"(")dx

—2p E(t) + M/ |Vu|™® dx
m+

Step 2. In order to complete the proof, we consider the following two cases.

Case 1. We first consider the case E(t) > 0, for all t > 0.

p(X) Vu|me Yu|m®
lu ' /' Uy X+2p~ /' | dx—2/|Vu|m<">dx

(2.1)

Firstly, we give an estimate of a lower bound for the solution in Hg, norm. In fact, by virtue of (1.8), we choose an «

satisfying the following inequality

Combining (1.7) with (2.1) (2.2) and E(t) > 0, we get
EHUHZ > —2p E(t)+ M[ |Vu|m(x) dx
dt' "Hp~ mt

- _mt
=2 (@~ DE® ~ 2p aE@ + L) / V[ dy

t
2(p” —m*
—2p—aE(0)+2p—a/||us||§,1 ds—l—(piJr)/Wmm(")dx
0 m

Young’s inequality implies that

20 mt—2 2 -2
IVul)3 < Ffwm'"(’o dx + |sz|max{om+—z,om-—z}

for all o > 0. It follows from Poincaré’s inequality that ||Vu||§ > M ||u||§. Therefore, we get

2 p—" ||Vu||2+#||w||2> M
27 1+ 0 2T 1+ 27 1+ 0

2
u
ulyy

Combining (2.4) with (2.5), and replacing %

M
e

mt —

[ rourea e, - 220 gic

mt —m_

where C1(k) = max{ <mz—_ 11}\1 ) "2 yemt2, <m7 1’“ )mf’z K- } Inserting (2.6) into (2.3), it directly follows that

(2.2)

(2.3)

(2.5)

(2.6)
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t
d B B 2(p~ —mMk
—Jull?, > -2p " @E©0) +2p~a [ llusl?, ds + ——————|lull?,
dt Hy Hy + Hy
0 (2.7)
20p- —mT)ymt—2m~
B ——

Removing the second term on the right-hand side of the above inequality, and then solving the ordinary differential in-
equality, we obtain

+

2(p~ —mt)k

2p~ —mHymt—2m-
(2pmar) + 222220 1016 o)

2
il >
(2.8)

2p~ —m )kt 5 27 —mb
x (1= 0 )+ uolye
0

Secondly, we prove that the solution is not global in time. Define y(t) = fot ||u||i11 ds, then y'(t) = ”u”iﬂ‘ y'(t) =
0 0

%llu”iﬂ. By inserting (2.8) into (2.7), we have
0

t
_ 2(p~ —mH)k
y'(®) =2p oz/ lusli?, ds + (7+||uollﬁ,l
0 m 0
0 (2.9)
2(p‘—m+)m+—2m‘gc () e e
- S TS TG ) —2p B @) e 7
Due to (2.2), we can take & > 0 small enough that
2(C —aE(0
g 2o 2( ) (210)
o |luoll H)
And then we may choose sufficiently large ¢ > 0 satisfying
¢> e 2 ugllt, (211)
4 Hy
Denoting ¢ (t) = y*(t) + & [uolI, y(¢) + ¢, we get
0
/ _ -1 2 ’
¢'© = (250 +¢7"lluoly )y'® (212)
0
00 = (200 +e " luolFy )y O +20/'©)? (2:13)
Set § =4c — 8*2||u0||z1, then § > 0 with the help of (2.11). From (2.12), we obtain that
0
(@' () = (4p) — ) (Y (1)
which implies
4p(O) (Y ()% = (¢ ())* + (Y (1))* (2.14)
(2.13) and (2.14) imply that
499" © =4(2y® + & ol )y OP©) +2((¢' ) +8(/©)?) (2.15)

Noticing that

t t
//(uuS + VuVuy) dxds < (//(u2 + |Vu|2)dxds>
0 @ 0 Q

it is easy to verify that

N—=
B

(/t/(uf—i-quSF)dxds)
0 Q
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t
2
0P = uly = (1ot +2 [ [ s+ vuvug axds)

0 Q

. 1
< lluollfyy +4luoly (v(e)? / lusiiyy ds)” +4y® / sl ds (216)
0 0

< lluollyyy +2¢lollf, y(©) + 26~ uollf, f lusll ds + 4y(©) / lusily, ds
0

for all &€ > 0. Therefore, combining (2.16) with (2.15) and (2.9), we have

4" OP(0) — 2 +apT)(@' (1)
=4(2y® +& Mol )y ©P©) +2((¢' ) + 6/ ©)?) = 2+ ap )@ ©)?

4(2y(© +& Mol )y ©9(© + 250/ ) —ap™ (¢ (1))?

Y (O@(®) + 28y ()% —ap™ (4p(t) — 8) (Y (1))

4(2y(© +& M uoll, )
4(2y(© +&7 ol )y O9 (O + @ +ap )8 1) — 4ap~ 9O/ (©)?

(2.17)

WV

200~ —mt

4(2y® + &7 uol3) Y ©9© — 4ap~p(O (¥ (©))?
>4 2y + & uoll3) (2p~ ot/||u5||H1 ds+Ge  m >m)(p(t)_4ap,

t
x (0 (Iollyy +2¢ 012y y(© + 26 ol / sl s+ 4y@) [ sl o)

where

2(p~ —mhH)k luol2s — 2(p —mt)ymt —
m+ 0lhg m+ m+

2m~ _
Gk) = TIQIQ(K) —2p «E(0)

Next we prove the non-negativity for the right-hand side of (2.17). Solving the equation G’(k) =0, then we obtain one
of k1 and «;, respectively

+

mt—2

+_3 o /mT M \'T
1 = ol (—9) (F7)
1 ||0|| 1€2] 2 110,

— m_—2 — m_ —
_ - m A - mt—2 m —2
2= 0” 7 & 2 1+ A mt m-—2

Noticing that

—_ — mt—2 — mt
20p~—m%) 2 /m -t mT M N\ T + _
Gler) = = (%) T (5 )7 ol —2p~«E©
(k1) o o 2| | 2 11, I 0||H(1) p ()
207 —mt) 2 mm N mm A T mt—2 mm "5 -
Gl == == (5e) T () ) 7 o
(k2) e AL > TH o ——— ol

—2p~aE(0)
we apply (2.10) to obtain
G (kmax) 2 min{G(k1), G(xk2)} = 2p~ (C — aE(0)) > EP_Otlluolli,é

20— —mHke
Kmax € {Kk1, K2} is the maximum point of the function G. Utilizing the fact that e s mt >1 and (2.10), (2.17), we obtain
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49" (OP(t) — 2 +ap )@ ())?

t
>4(2y0+¢ " luol, ) (2p7e f sy ds + ep~atlluollfy ) (0)
0

t t
—4ap” () (lluollfyy +2eluoly y(® + 26~ luol?, / sl ds +4y(© / Jusl, ds)
0 0

=0

which indicates

.
0090 - =P ©)? >0

Applying ¢(0) > 0, ¢’(0) > 0, and the concavity method [8-10], we get the maximal existence time of the solution Tpax =

%, which shows that the solution u(x, t) is non-global. This is a contradiction with the assumption.

Case 2. There exists some t > 0 such that E(f) < 0. Because the energy functional E(t) is a continuous function and E(0) > 0,
we can assume that there exists a first time tg > 0 such that E(tg) =0 and E(f) < 0 for some f > to. Integrating (2.1) from
to to t, then |u(x,t)|| (@) > 0. Now we choose u(x,t) as a new initial datum, then it is clear from Theorem 1.2 that the

solution is non-global. This is a contradiction with the assumption.
This completes the proof of Theorem 1.3.
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