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ARTICLE INFO ABSTRACT

Article history: In this work, we have investigated numerically the disappearance of wrinkles from a
Received 5 August 2019 tended membrane by the Asymptotic Numerical Method (ANM) using the finite-element
Accepted after revision 3 October 2019 DKT18. The ANM is a path-following technique that has been used to solve bifurcation
Available online 21 October 2019 problems. We show numerically the influence of the terms corresponding to the membrane
displacement gradient in the Foppl-von Karman (FvK) theory on the bifurcation curves

ﬁ%ﬁfgjdisappearance in the case of a stretched elastic membrane. We will also study numerically, by using
Asymptotic Numerical Method the ANM algorithm, the influence of the thickness and of the aspect ratio on the re-
Membrane effect stabilization of a rectangular elastic membrane during stretching. The results obtained by
Foppl-von Karman model our model are compared with those obtained using the industrial code ABAQUS.

© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Thin structures are often subjected to compressive or tensile stresses. When these stresses exceed a critical value, a
geometric instability phenomenon occurs, which results in an out-of-plane deformation of the structure. This instability
appears in inflatable structures such as life jackets [1] or on metal sheets at the exit of a rolling mill [2]. In the case of
plates and shells, the instability usually occurs at the global scale; it is global buckling. In membranes, instability occurs at
the local level; it is local buckling or wrinkling. The study of thin structures buckling generally leads to the resolution of
eigenvalue problems. A wrinkling membrane is a more complex phenomenon, because it involves two levels of scales: the
local and the global scales. The study of these phenomena requires then the resolution of nonlinear multi-scale problems.
The methods of solving problems of wrinkling membranes are various and varied.

During the last decade, theoretical, numerical, and experimental studies have been devoted to stability analyzes to de-
termine the critical conditions of instability and the corresponding modes [3-7]. In the work [8], the authors have modified
the Foppl-von Karman model, in the simplest manner possible, accounting for the finite mid-plane deformation of the
highly stretched state. The obtained problem is solved by the Euler-Newton arc-length continuation [9] using a so-called
conformal finite-element discretization. The buckling due to global tension of a rectangular thin membrane in the absence
of any geometric discontinuity is studied numerically and analytically by Friedl et al. [10]. In [11], further authors have
extended the constitutive models; the material is considered to be hyper-elastic, such as in the neo-Hookean (nHk) model

* Corresponding author.
E-mail address: b.braikat@gmail.com (B. Braikat).

https://doi.org/10.1016/j.crme.2019.10.001
1631-0721/© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


https://doi.org/10.1016/j.crme.2019.10.001
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:b.braikat@gmail.com
https://doi.org/10.1016/j.crme.2019.10.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crme.2019.10.001&domain=pdf

702 S. Khalil et al. / C. R. Mecanique 347 (2019) 701-709

and the Mooney-Rivlin (MR) model. In reference [12], the authors have presented a simple pseudo-elastic model, capturing
the stress softening and residual strain, during the stretching of a thin membrane. In [13], the authors explore the wrinkling
and re-stabilization behavior, both analytically and numerically, based respectively on Koiter stability theory and the com-
mercial finite-element package Abaqus. The authors of reference [14] have developed a modeling and resolution framework
to solve the complex instability problem with highly geometric and material nonlinearities of stretched rectangular hyper-
elastic membranes. This numerical resolution framework is based on a path-following continuation technique combining the
ANM with a discretization by a spectral method. The ANM is an algorithm for numerical resolution of nonlinear problems
depending on a scalar parameter [15,16]. The solutions are thus determined branch by branch, each branch is determined
analytically using a Taylor vectorial series representation, truncated at a high order from an initial solution point. The terms
of the vectorial series are determined numerically by inverting only one stiffness matrix for each branch. This method has
proved its effectiveness in the study of bifurcated branches in post-buckling elastic shells [17-19]. The ANM algorithm cou-
pled with finite elements will be used, in this paper, for the first time to study the influence of three bifurcation parameters
(the thickness, the aspect ratio and the load parameter) on the wrinkling disappearance of stretched elastic membrane.

In this paper, we studied two types of deformations: the first one corresponds to the model of Foppl-von Karman, and
the second one takes into account products of the gradient of membrane displacements. The two obtained problems are
solved by both the Asymptotic Numerical Method (ANM) using the finite-element DKT18 [20] and the industrial Abaqus
code using the finite-element S8R. A comparative study between the two obtained results has been done. We have also
demonstrated that the use of this algorithm has greatly reduced the computational time comparing to the Abaqus code and
made the continuation easier. Indeed, the solution was obtained using a single combination of the parameters of the ANM
algorithm, the truncation order and the tolerance parameter, from the starting point.

This article is organized as follows. In Section 2, a modified Foppl-von Karman plate theory is presented in detail.
Section 3 is devoted in detail to the resolution strategy by the ANM algorithm. Next, in Section 4, a benchmark example
related to wrinkling disappearance analysis is analyzed by this ANM algorithm to assess its efficiency and reliability.

2. Modified Foppl-von Karman plate theory

In our study, we assume that the 3D structure is a thin membrane. For this purpose, we use the kinematics of
Love-Kirchhoff. The 3D displacement field (U(x, y,z),V(x,y,z), W(x,y,z)) is defined by those of the average surface
(ux, y),v(x,y), w(x, y)) in the following form:

U, y,2) = uxy) +2zBx(x,y)

Vix,y,2) = v(x,y)+2zBy(x, ) (1)
W, y.2) = wix,y)
where By(x,y) = —w x(x,y) and By(x,y) = —w y(x, y) are the rotations around the x- and y-axes, respectively. Accord-

ing to the nonlinear membrane theory, one can write the expression of the generalized Green-Lagrange strain vector {y}
="' < Y, Vyy, 2Vxy» kxxs kyy, 2kyy > as a function of displacements in the following form [8,11]:

="+ o™ 2)

where {y'} is the linear strain vector and {y“l} is the nonlinear strain vector represented by their components in the
following form:

1
Uy 2 (u,zx + V,zx + W?x)
V.y 3 (% +v2 +w?)
=1 + V. ;o {yMy=q Uty FVavytwawy (3)
Bx,x 0
By.y 0
Bx,y + By.x 0

where (.) j is the derivative with respect to the j-th spatial component. When we neglect the terms of order 2 of ux, u y,
v x and vy, we obtain the deformations of Foppl-von Karman plates.
To write Eq. (2) in a matrix form, one introduces the gradient vector {6} given by:

t
0} ="<uy, Uy, Vx,Vy, Wx, Wy, Bx.xs ﬂx,y, ﬂy,x: ﬁy,y > (4)

From Eq. (4), the generalized Green-Lagrange strain vector {y} can be written in the following form:

1
{yh={HI+ SIA{EHDIO) (5)
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where the matrices [H] and [A({#})] are given by:

1 00 0O0O0OOO0OOO uy 0 vy 0 wy O 00 O0O
00O01O0O0OO0OOTGODO 0O uy 0 vy 0 wy, 0O0O0O
011 000O0O0TO0O0 . _|uy ux vy vy wy wy 00 0 O
[HT= 000OO0ODOT11O0O0ODO > [AUODI= 0 0 0 0 0 0 0 0O0O (6)
00 0OOOOOOT 01 0 0 0 0 0 0 0 0O0O
000O0O0OOO0OTTT1TO 0 0 0 0 0 0 00O0O
In the case of the Foppl-von Karman deformation, the matrix [A({#})] is classically written as:
0000wy O O0OOODO
000O0O O wy 00O0O
|0 000wy, wy 00 0O
[AGODT = 00 O0O0 O 0 0 O0O0O 7
00 O0O0 O 0 0 O0O0O
00 0O O 0 0 O0O0O

The constitutive law for an isotropic, elastic, homogeneous structure on the average surface w is defined by the following
relation:

{S}=I[Dl{y} (8)

where {S} =" < Ny, Nyy, Nxy, Mxx, Myy, My, > is the generalized stress vector and [D] is the stiffness matrix, which de-
pends on the Young modulus E, on the Poisson’s ratio v, and on the thickness h, and is given by:

Cm VCm 0 0 o0 0
vCm  Cm 0 0 o0 0
0 o Wen, o0 o0 0
— ) m
e 0 0 C, vCp 0 )
0 0 0 VG, Cp 0
0 0 0 0o o Mg

3 . . s .
where Cy, = 15}:;2 and C, = #’11}2) represent respectively the membrane and bending rigidity coefficients.

The complete problem representing the equilibrium of this structure modeled by its average surface and subjected to a
A f} is written in the following form:

[, <80 > ([H] + [A{0}]){S} dw = APext (Su)
{S}=[Dl{y} (10)
{y}=((H]+ 3[A{OHD{O}

where Pexc(Su) is the work of external efforts and A is a scalar loading parameter. The resolution of the problem (10)
completed by the boundary conditions is done by the Asymptotic Numerical Method (ANM), which will be the object of the
following section.

3. Numerical simulation by the Asymptotic Numerical Method (ANM)

There are several numerical methods for solving the nonlinear problem (10). In this work, for this kind of problems, we
adopt for the first time the Asymptotic Numerical Method coupled with the finite-element method [15,16]. This method is
based on three steps; a Taylor series representation, a spatial discretization, and a continuation method, which enabled us
to calculate the solution to the nonlinear problem as a succession of branches. Each branch is obtained by inverting only a
single tangent stiffness matrix.

3.1. Taylor series representation
The purpose of this step is to transform the nonlinear problem (10) into a sequence of linear problems having the same

tangent operator by developing the unknowns (u, A, {6}, {y'}, {S}) of the nonlinear problem with respect to a path parameter
a in the neighborhood of a known solution (u/, A, {87}, {7}, {S}), as follows:
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u@ = ul+ Y
Ma) = w4 Y ek

{0} = 91}+Zk Pioya 5 ael0,amax] (11)
)@ = () + 22 e
{Sh@) = {7} + X =P {se)ak

where uy, Ak, {6k}, {¥&} and {Si} are terms of Taylor series at each order k, p is the truncation order and amayx is the validity
range. The parameter a is defined by the additional equation; in this paper, we choose an arc length relation of the form
a= (u(a) — uhHuy + (A(a) — AH)Aq. Taking into account the formula (11), the nonlinear problem (10) is transformed into a
succession of linear problems given by:

L{ <86 > (“((H1+ [A{6DDIS1} + [S1{61}) dw = A1 Pexe (8u)
Orderk=1 "5 1\ (s;}=[Dl{y1)
{1} = (H1+ [A{67DD{61) (12)
[y <80 > C([HT+ [AGOTDDISK} + [S1{6}) do = Ak Pexc (Su) + !
Order2 <k<p ; {Sk} = [DY{w}
{n} = ([(HI1+ [AQ0T DO + (™)

where f, and {y 1} are the right-hand sides, which depend on the previous orders given by:

—[ <86 > (2] YA Sk} do
=3 Z [A(Or)] Ok—r}

The quantity [S] is a matrix that depends on the membrane efforts Ny, Nyy, and Nyy.

(13)

3.2. Spatial discretization

The domain w occupied by the mid-surface of the studied structure is discretized into finite elements of type DKT18
[20]. This finite element has three nodes, which each have six degrees of freedom: three displacements and three rotations.
In each finite element, the displacement vector {u®} and the gradient vector {#€} at a point of this element is approximated
by the following expressions:

{u®} = [Nl{q®}
{6°} =[G1{q°}
where [N] is the matrix of shape functions, [G] is the matrix of shape functions gradient, and {q®} is the corresponding

elementary displacements vector. Taking into account this approximation and the assembly technique, the problem (12)
becomes:

(14)

[KTI{Q1} = A1{F}
<Q1>{Qi}+M=1
[K11{Qk} = MfF} + (F}
<Q1>{Qk}+Ar1A=0

Orderk =1 ; {
(15)
Order2<k<p ; {

where [Kt] is the tangent stiffness matrix, {F} is the vector of external forces, {F ,?l} is a right-hand-side term that depends
on the previous orders and {Qy} is a global unknown displacement vector.

3.3. Continuation method

The whole solution to the nonlinear problem is obtained step-by-step using a continuation path-following method [21].
It allows us to compute a succession of different branches. The evaluation of the solution at the end of each step becomes
the new starting point of the next step. Each step-length is given in an optimum way by:

QI 7T
max = 16
! <8||{Qp}||) (16)
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Fig. 1. Membrane under uniaxial traction.

Table 1

Number of inversions of the tangent matrix for different truncation orders
with deformations K; and K, required by the ANM algorithm and by the
Abaqus industrial code.

Truncation order p 10 15 20 25
Number of inversions for (K1) 72 54 47 44
Number of inversions for (K3) 60 44 39 36
Number of inversions for (Abaqus) 246 iterations

where ¢ is a given tolerance parameter. Once amax is calculated, the starting solution to the next step is evaluated by
(!, 21, {67}, {87}) = (u(@max), A (@max). {6} (@max), {5} (Gmax))-

4. Wrinkling disappearance analysis

We shall first show numerically, by using the ANM presented in section 3, that when we neglect the order-2 terms of
Uy, Uy, Vxand v y in the expression of the nonlinear part of the deformation vector (3), as it is usual in the context of the
FvK theory for buckling problems, the bifurcation curves do not coincide with those obtained by the Abaqus code. We shall
show that we can find the bifurcation curves when we add these terms in the definition of the deformation, as indicated in
the expression (3).

For this purpose, we study the wrinkles of a thin membrane under uniaxial loading ANy, on the sides y =L/2 and
y =—L/2 in the y direction; with Ny, =1 N/mm and u(0, y) = v(0, y) = 0 and free on the other sides. The thin membrane,
of width Ly =50 mm, of length L, =100 mm and of thickness h = 0.05 mm, is made of an elastic, homogeneous and
isotropic material of Young’s modulus E = 70000 MPa and Poisson’s ratio v = 0.3 (see Fig. 1).

Due to the symmetry of the problem, a quarter of the membrane is considered and discretized into DKT18 elements,
i.e. 12870 ddl [20] for the ANM and into S8R elements, i.e. 9798 ddl, when we use the industrial Abaqus code. Here, the
objective is to study numerically the instability of the membrane by using two types of deformations; that of the formula
(9) and the one that does not take into account the squares of the terms u x, v x, u .y and v , (10), which are denoted in
the following by K7 and K>, respectively.

In Table 1, we discuss the influence of the truncation order p on the number of steps in the ANM algorithm for
a tolerance parameter & = 1076, From this table, we remark that the step length increases with the truncation order.
Based on this observation, we remark that the results require a smaller computation time for the order p = 15 than for
high orders. We also notice that the number of inversions of the tangent matrix decreases as the truncation order in-
creases.

In the following, the numerical control parameters of the ANM are: tolerance parameter ¢ = 107, truncation order
p = 15. In Fig. 2, we represent the load-displacement curves (A, w) at the central node of the membrane obtained by
the ANM algorithm with deformations K1 and K, and by the industrial Abaqus code. In this figure, we note that the first
bifurcation load obtained by the two algorithms is the same for the two deformations K; and K,. The disappearance of
wrinkles is observed only for the deformation K; and that used by the industrial code Abaqus. For the deformations K1
and K>, the load-displacement curve is obtained respectively in 54 and 46 steps of ANM algorithm (54 and 44 inversions
of the tangent matrix). On the other hand, the load-displacement curve is obtained in 246 inversions of the tangent matrix
when the Abaqus industrial code is used. From the obtained results, we see that when using the deformation K{, we can
detect the phenomenon of wrinkle disappearance, but we can not observe this phenomenon when we use the deforma-
tions K.
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Fig. 2. Load-displacement curve (1, w) at the central node of the membrane (x = LTX,y = LTY) obtained by the ANM with deformations K; and K, and by
the industrial Abaqus code for h =0.05 mm and g =2.

This figure shows also the positions in which the deformation state of the membrane is visualized. For this, five positions
are chosen; the two first ones are located before and after the first bifurcation point, the third position represents the
maximum displacement value, and the last two positions are before and after the second bifurcation point.

In Fig. 3, we represent the deformations of the line y = %y and of the membrane for the positions A, B, C, D, and
E represented in Fig. 2. It should be noted that, in the first position A, the transverse displacement w is always zero.
Concerning position B, it is seen that there is appearance of wrinkles with a small amplitude. At position C, it is observed
that there are wrinkles having a maximum amplitude. From position D onwards, the amplitude of the wrinkles decreases
and disappears at position E.

4.1. Influence of the thickness h and of the aspect ratio B

In the following, we are interested in studying the influence of the thickness h of the membrane on the load-
displacement curves of bifurcation obtained by the ANM algorithm using only the deformation K. For this purpose, the
same numerical data as the previous ones is used. The considered values of h are: h =0.01 mm, h =0.02 mm h = 0.03 mm,
h =0.04 mm, h =0.05 mm, and h = 0.06 mm, h = 0.07 mm, h = 0.08 mm, h =0.09 mm, h =0.100 mm, h =0.103 mm,
and h =0.105 mm. In Fig. 4, we represent the load-displacement curves at the central node obtained by the ANM algo-
rithm for different values of the thickness h. From the obtained results, we notice that there are two different bifurcation
points. The first bifurcation point corresponds to the appearance of the wrinkles and the second point corresponds to their
disappearance. We have used a very fine mesh to ensure convergence of the solution, and we have compared the obtained
results with those of Abaqus for the thickness values h = 0.002 mm and h = 0.004 mm. This behavior was not observed
when we used the FvK theory, in which case an increase in the amplitude would have been obtained as h increased. Ac-
cording to these results, it can be seen that, when the thickness is increased, the amplitude of wrinkling increases up to a
value h = 0.05 mm and, beyond this thickness, this amplitude decreases and ends with the disappearance of wrinkles. In
this study, we remark also that wrinkling appear only on the interval h € [0.01; 0.106].

In the following, we are interested in studying the influence of the aspect ratio 8 = % on the instability of the membrane
as well as on the disappearance of wrinkles. For that, we adopt the same numerical control parameters of the ANM and the
thickness h = 0.05 mm. For this study, we fix the width of the membrane L, at 50 mm, and we adopt the numerical values
of the aspect ratio =14, 8=15,=16,8=1.7, =18 8=1.9, =2, and g =2.5.

In Fig. 5, we represent the load-displacement curves at the central node obtained by the ANM algorithm for the different
values of the aspect ratio 8. According to these results, it is clearly seen that, when the value of the aspect ratio is strictly
less than 1.4, the membrane remains in its plane and, from this value, it is noted that there is appearance and disappearance
of wrinkling.

5. Conclusion

In this paper, we have investigated disappearance of wrinkles from a stretched membrane by the Asymptotic Numerical
Method (ANM). We have adopted a deformation that depends on membrane displacements, which we have compared to the
deformation of the Foppl-von Karman model. We have observed that there is appearance and disappearance of wrinkling
when we used the deformation for specific values of the thickness h and of the aspect ratio 8. With the deformation of the
Foppl-von Karman model, we have numerically demonstrated that there is no disappearance of the wrinkling. The ANM
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Fig. 4. Load-displacement curves of bifurcation at the central node of the membrane obtained by the ANM algorithm for different values of the thickness h.
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Fig. 5. Load-displacement curves of bifurcation at the central node of the membrane obtained by ANM for different values of the aspect ratio 8.

algorithm coupled with the finite-element method is used for the first time for such problems. The use of this algorithm
has greatly reduced the computational time compared to the Abaqus code, and made the continuation easier. Indeed, the
solution was obtained using a single combination of the parameters of the ANM algorithm, the truncation order and the
tolerance parameter, from the starting point. The obtained results are compared to those obtained by the Abaqus industrial
code.
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