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In order to study the influence of particle shape on the microstructure evolution and the 
mechanical properties of granular materials, a two-dimensional DEM analysis of samples 
with three particle shapes, including circular particles, triangular particles, and elongated 
particles, is proposed here to simulate the direct shear tests of coarse-grained soils. For 
the numerical test results, analyses are conducted in terms of particle rotations, fabric 
evolution, and average path length evolution. A modified Rowe’s stress–dilatancy equation 
is also proposed and successfully fitted onto simulation data.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Granular materials exist in nature and human activities extensively, such as debris-flow in nature and rockfill materials in 
civil engineering. Their strength and deformation vary with the different particle shapes. The physical mechanisms responsi-
ble for these differences are a question often raised by many researchers [1–5], from which we can see that the mechanisms 
also need to be explored through different perspectives and methods. Therefore, the particle shape is still worth noting, and 
its influence on the mechanical behaviour of granular materials remains an open topic.

Laboratory experiments have been carried out to explore the influence of particle shape on the mechanical properties 
of granular assemblies by many researchers, such as Shinohara et al. [6], Cho et al. [7], and Yang et al. [8]. However, these 
traditional laboratory experiments (such as direct shear tests, simple shear tests, and triaxial tests) only provide limited 
macroscopic strength and deformation. To collect microscopic information about the specimens, X-rays [9], CT scan [10], 
photoelasticity [11] and so on were employed in laboratory tests. But these methods are extremely expensive. Therefore, a 
cheaper technique, discrete element method (DEM), was employed by many researchers [12]; it has also other advantages, 
such as having access to any microscopic data including contact forces and controlling different loading-paths easier. DEM 
could also be used to investigate the relationship between microscopic information and the macromechanical properties of 
granular assemblies [13]. With the help of DEM, the microscopic information of a specimen is collected more easily than 
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before. At the same time, with an improved computational efficiency, the non-circular and non-spherical shapes can be 
considered in the DEM. Hence, many numerical simulations for researching the role of particle shape in granular materials 
were performed. For instance, Nouguier-Lehon et al. [14], using biaxial numerical simulation to explore different shapes (i.e. 
circular, isotropic polygonal, and elongated polygonal shapes) showed that the behaviour of samples with isotropic particles 
can be dissociated from that of samples with anisotropic particles. Zhao et al. [15] developed four categories of assemblies 
with different angularities to investigate the evolution of coordination number, contact force distribution, and anisotropies 
of particle orientation and contact normal by the YADE DEM code. Yang et al. [5] performed undrained numerical simulation 
to study the differences between three types of non-convex grains (i.e. disk, ellipse, and triangle) without rolling resistance 
and disks with rolling resistance, demonstrating that the influence of the shape irregularity of particles is much different 
from that of the rolling resistance at the particle contact. In previous works [16–18], some other characters of particle shape 
have been studied by using DEM. From these references, particle shape was systematically accounted for through anisotropy 
and coordination numbers. This is however too rough in some cases and more information can be recovered for instance by 
considering particle rotation and complex networks. Complex network has been used in the analysis of granular materials 
[19,20]; nevertheless, only one shape of particles was used in numerical simulations with circular or spherical particles. 
Hence, using a complex network to analyse the role of particle shape in granular materials is a new way.

There is an increasing interest in quantifying the interactions between particles, as evidenced by publications, including 
those by Thornton et al. [21], Kuhn [22], and Wang et al. [23]. Furthermore, information about particle contact in connection 
with the macromechanical properties of granular materials has been studied by researchers in many ways. For instance, 
Kruyt [24] investigated the relations between macro-level, continuum characteristics and micro-level, particle characteristics, 
and an evolution relation was proposed for the changes in the fabric tensor as a function of the fabric tensor and the strain 
increment tensor, which agreed well with the simulations. Nicot et al. [25] proposed two micromechanical models that agree 
well with the results from numerical simulations containing 10,000 spherical particles. Other researchers, including Chang 
et al. [26] and Zhao et al. [27], also tried to establish the relationship between fabric evolution and the macro mechanical 
behaviour of granular materials. There were few non-circular particles considered in the existing researches to establish 
the bridge between micro-information and the macrobehaviour of granular materials. Hence, in this paper we will propose 
a two-dimensional DEM analysis of different particle shapes and try to establish a bridge between the micro and macro 
property.

In recent researches [14–18], most of them have been focused on investigating the influence of particle shape on the 
micro-scale information through a traditional method (i.e. fabric evolution). The influence of particle shape on granular 
materials explored from other perspectives and methods is relatively lacking. On the other hand, establishing the bridge 
between micro-analysis and macrobehaviour just considers the circular or spherical particles in major related references. 
Particle shape received little attention in most analyses aimed at establishing the bridge between micro- and macroprop-
erties. It is obvious that the influence of particle shape on the microstructure evolution and the mechanical properties 
of granular materials is still an open topic, and many works can be done on this. In this paper, we propose a two-
dimensional DEM analysis of different granular materials: circular particles, triangular particles, and elongated particles. 
Firstly, the particle shape measurement is introduced to identify the particles used in numerical simulations. Secondly, the 
simulated method of direct shear tests is proposed to do the numerical simulations. Then, influences of particle shape on 
macromechanical properties, particle rotation, fabric and average path length are analysed, respectively. Finally, the Rowe’s 
stress–dilatancy relation is modified according to particle shape and fabric, and this modified equation is compared with 
the numerical results.

2. Particle shape measurement and structural characteristics

2.1. Particle shape measurement

The aspect ratio (AR), convexity (C) and sphericity (S) proposed by Yang and Altuhafi [1,28] are adopted to measure 
the particle shape, referring to Fig. 1a. The aspect ratio is defined as the ratio between the minimum and maximum Feret 
diameters, where the Feret diameter of the particle is defined as the measured distance between parallel lines tangent to 
an object’s outline; the convexity is the area of the particle (A) divided by its area if any concavity within its perimeter 
is filled (A + B); the sphericity is defined as the ratio of the perimeter of a circle with the same area as the area of the 
particle to its actual perimeter. From the definitions of the aspect ratio, convexity and sphericity [28], we know that the 
three methods consider the influence of different factors on the shape. AR is sensitive to the elongation of the particle; 
C controls the concavity of the particle; S is a parameter comparing particles with circles. The whole information about 
particle shape cannot be described using one or two of them [28], and the weighted coefficients of these three parameters 
are still not clear. Therefore, by combining AR, C , and S , a new shape measurement, the overall regularity (OR), is defined 
as the average of the three shape parameters proposed as [1]:

OR = (AR + C + S)/3 (1)

Using this method to calculate the three types of particle, the OR values for circular, triangular and elongated particles are 
determined as 1.0, 0.96, and 0.79, respectively. Such process is illustrated in Fig. 1b.
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Fig. 1. Particle shape measurement: (a) Definition of shape parameters (OR); (b) calculation of the OR of three different particles. Note: OR = (AR + C + S)/3.

Fig. 2. Schematic diagram of fabric: (a) orientations of the contact normal; (b) illustrating a rose diagram and using equation (2) to approximate it.

2.2. Characteristics of the fabric

For analysing the contact properties between soil particles upon loading, the characteristics of the fabric are presented 
here. The contacts of the grains are illustrated in Fig. 2a, where the orientations θ1 and θ2 both represent the contact 
directions of particles A and B. The rose diagram in Fig. 2b characterizes the contact orientation with an angular interval of 
10 degrees. The polar axis represents the contact numbers. Rothenburg and Bathurst [29] proposed an approximation of the 
normalized contact orientation distribution, which can be obtained based on a second Fourier component, as follows:

E(θ) = [
1 + a cos 2(θ − θa)

]
/2π (2)

where a is a parameter describing the magnitude of anisotropy in contact orientations, θa is the direction of anisotropy, and 
θ is the orientation for the contacts between grains. When a = 0 the normalized contact orientation distribution is isotropic. 
Equation (2) is used to approximate a rose diagram and the approximated line is drawn as a dash line in Fig. 2b.

The coordination number (Z ) [24] is the average contact number of a particle in a particle assembly, shown as follows:

Z = 2Nc/Np (3)

where Nc represents all contact numbers, and Np stands for all particle numbers.
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Fig. 3. Illustration of the network for the assembly of particles: (a) the local network of the assembly; (b) a simple network containing five nodes.

Fig. 4. Contacts between particles: (a) contacts between triangular particles; (b) contacts between elongated particles.

2.3. The characteristic of network

The assembly of particles can be treated as a network (see Fig. 3a), so definitions in complex network are introduced 
to describe their structural properties in which the average path length (L) [30] can represent the connectivity of network, 
proposed as:

L = 1/
[
N(N − 1)

] ×
∑
i �= j

di j (4)

where dij is the number of edges in the shortest path between nodes i and j, and N is the number of nodes in the network. 
The denominator (i.e. N(N − 1)) represents the sum of the numbers of edges in the shortest path among all nodes in the 
densest state, while the numerator (i.e. 

∑
i �= j di j) represents the sum of numbers of edges in the shortest path among all 

nodes in a particle assembly.
Fig. 3b shows a simple network that contains five nodes and five edges. From this network, L is calculated as 1.7. It 

should be noted that there are two or more than two contact points between two irregular particles (see Fig. 4). Such 
contacts should be treated as one edge when the assembly is treated as a network by considering the definition of the 
average path length [30].

3. DEM simulation and analysis of the results

3.1. Test preparation

In this paper, the properties of cohesionless specimens are explored through using the program PFC2D, so the relative 
density (Dr) must be used to compare different specimens. The relationship between relative density and porosity is shown 
as:

Dr = (1 − nmin)(nmax − n)/
[
(1 − n)(nmax − nmin)

]
(5)

where nmax is the maximum porosity, nmin is the minimum porosity, and n is the porosity of the specimen. The maximum 
and minimum porosities can be obtained from the relative density test of coarse-grained soils. And this test refers to 
specification of soil test [31]. By simulating this test, the maximum and minimum porosities of different particle shapes 
are obtained first. Then, the specimens’ porosities with the same relative density of 70% through Eq. (5) are calculated. The 
results are displayed in Table 1. From this table, the maximum and minimum porosities decrease with the OR of particle 
shape becoming smaller. Such changing rule is consistent with results of Nouguier-Lehon and Mirghasemi [14,32]. The 
model parameters used in simulation of the relative density tests and direct shear tests of coarse-grained soils are shown in 
Table 2, in which the magnitude of stiffness and particle friction are referred to [5]. In addition, the linear model of PFC2D is 
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Table 1
Porosity results for different types of specimens.

Specimen with 
circular particles

Specimen with 
triangular particles

Specimen with 
elongated particles

nmax 0.217 0.195 0.165
nmin 0.168 0.146 0.118
n 0.183 0.161 0.134

Table 2
Model parameters in DEM simulations.

Parameter Value

Particle size (radius) 0.2–0.4 mm
Particle density 2630 kg/m3

Damping coefficient 0.7
Particle friction 0.5
Wall friction 0
Particle/wall normal stiffness 1.5 × 108 N/m
Particle/wall shear stiffness 1.0 × 108 N/m

Fig. 5. Illustration of DEM simulation: (a) schematic diagram of the direct shear box; (b) schematic diagram of specimen preparation with circular particles.

used in the numerical tests. The clump command is used to control the particle shape in the numerical simulation of direct 
shear tests. In the range of particle size, all of particles are drawn from uniform distributions throughout the model domain.

The process of performing the direct shear test is explained here. Firstly, the direct shear box is generated in a domain 
composed of six rigid walls and two additional flanges. Two flanges are added to prevent particle leakage during shearing. 
Such direct shear box is illustrated in Fig. 5a. Secondly, specimens are generated in a box with porosity and particle size, 
introduced in Tables 1 and 2. Attention should be paid that clumps may overlap with each other during this stage. Then, in 
order to generate clumps without overlap, the top wall is regenerated to amplify the box three times before the specimen 
is regenerated according to particle number that can be recorded in the previous step (the specimen with circular particles 
has 3427 grains; the specimen with triangular particles has 3529 grains, and the specimen with elongated particles has 
3648 grains. The number of particles is limited by the computational efficiency of DEM and it is large enough to reflect the 
microstructure and the mechanical properties of granular materials.). At last, the generated particles are divided into two 
floors, and each floor is compressed to the target porosity separately by walls. This process ceases when the target porosity 
is achieved. The illustration of specimen preparation refers to Fig. 5b. The direct shear simulations are carried out under 
different vertical stresses (200 kPa, 400 kPa, and 600 kPa).
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Fig. 6. Relations between shear stress ratio and shear displacement.

3.2. Shearing and data recording

During the shearing stage, the velocity of the top wall is adjusted via a servo-controlled mechanism to maintain a con-
stant vertical stress. The bottom box is applied with a constant velocity of 1 cm/s. In the simulations, the dimensionless 
number I called the inertia parameter [33–36] is below 3.0 × 10−5 satisfying with I � 1, so the velocity 1 cm/s is slow 
enough to ensure quasi-static conditions. The shearing direction is shown in Fig. 5a. Shearing ceases when the shear dis-
placement attains 5 mm.

The vertical and shear displacements can be obtained by recording the displacements of the top wall and the bottom 
box. The shear stress is calculated by the equation of τ × L = Fn1 + Ft2 − Fn3, where Fn1 and Fn3 can be recorded in the 
left and right walls of the upper box, Ft2 being so small compared with Fn1 and Fn3 that it can be neglected (this is a 
consequence of the wall/particle contact law). This method is also used by Thornton et al. [37]. The stress analysis of the 
upper specimen is illustrated in Fig. 5a.

3.3. Influence of particle shape on the macromechanical properties

Three types of specimens are sheared under different vertical stresses (200 kPa, 400 kPa, and 600 kPa). Fig. 6 shows 
the shear stress ratio as a function of shear displacement. As we can see in the figure, the curves almost coincide with 
each other when the specimens have the same particle shape. The specimens with circular particles (OR = 1.00) have the 
lowest values of peak and ultimate shear stress ratio. On the contrary, the specimens with elongated particles (OR = 0.79) 
have the largest values of peak and ultimate shear stress ratio. The values of peak and ultimate shear stress ratio increase 
when OR decreases. Such a phenomenon can be explained as follows. According to Figs. 2 and 4, there is only one contact 
point between two circular particles, but there are two or more contact points between two irregular particles. Because the 
lowest constrains are around the circular particles, the latter can slide more easily than irregular ones. In other words, the 
specimens with circular particles have the lowest values of peak and ultimate shear stress ratio. The aspect ratio’s value 
(AR) of triangular particles is larger than the one of elongated particles. The higher the value of the aspect ratio, the easier 
the rolling of the particles. If the particles roll, the contact point will change at the same time. Therefore, the contacts of the 
triangular particles change more easily than those of the elongated particles do. That is to say, the specimen with triangular 
particles has the lower values of peak and ultimate shear stress ratio compared with the specimen with elongated particles.

Fig. 7 shows the vertical displacement varying with the increasing shear displacement of three types of granular materi-
als. The ultimate vertical displacement increases with decreasing the vertical stress for the specimen with the same particle 
shape. On the other hand, the ultimate vertical displacement increases with decreasing OR under the same vertical stress. 
The vertical displacement is made up of sliding and rolling between particles. And the vertical displacements of different 
particle shapes are mainly due to different rolling types. If the aspect ratio’s value (AR) of the particle decreases, more 
space is needed when the particles roll. So, the ultimate vertical displacement increases with decreasing AR under the same 
vertical stress.

3.4. Particle rotation

Particle rotation is an important role representing the motion of particles, especially within the zone near the shear 
plane. Such a description of particle caught the eyes of researchers, as evidenced by references [38–40]. Therefore, it is 
interesting to carry out an observational investigation into particle rotation for the three types of assemblies.
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Fig. 7. Relations between vertical displacement and shear displacement: (a) vertical stress 200 kPa; (b) vertical stress 400 kPa; (c) vertical stress 600 kPa.

Fig. 8 shows the evolution of particle rotation in the three types of assemblies under a vertical stress of 200 kPa. In 
this figure, the bluer the particles, the larger the angle of clockwise rotation. On the other hand, the redder the parti-
cles, the larger the angle of anticlockwise rotation. The rotations for three types of particles all begin from two ends of 
shear plane at shear displacement = 1 mm. And the particles on the shear plane gradually begin to rotate with increas-
ing the shear displacement, which is in an agreement with the reference [38]. This phenomenon suggests a disturbed 
position of the specimen starting from the local zones that are the ends of the shear plane, and gradually spreading 
out.

The distributions of the average particle rotation for the three types of assemblies are recorded according to the speci-
men’s height, as illustrated in Fig. 9a. In this figure, the average particle rotation near the shear plane is greater than the 
value far from the shear plane, which agrees with the published results [38]. By comparing the average particle rotation of 
three types for assemblies, it can be seen that the more regular the particles, the larger the value of the average particle 
rotation near the shear plane. This phenomenon suggests that the particles with a larger angularity in the specimen cannot 
rotate easily. Thus, the contacts of the particles are steadier with decreasing the parameter OR. In addition, Fig. 9b shows 
the maximum particle rotation for three types of granular materials. As we can see, the absolute values for the maximum 
particle rotation increase when the parameter OR increases. This trend of curves demonstrates that the more angular the 
particles, the harder the rotation of the particle in the specimen one more time.
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Fig. 8. Particle rotation under a vertical stress of 200 kPa: (a) samples with circular particles; (b) samples with triangular particles; (c) samples with 
elongated particles.

Fig. 9. Statistic of particle rotation at the ultimate state under a vertical stress of 200 kPa: (a) distribution of the average particle rotation along the 
specimen’s height; (b) maximum values of anticlockwise and clockwise rotation for three types of assemblies.

3.5. Fabric evolution with different particle shapes

Fig. 10 illustrates the evolution of anisotropy in contact orientations expressed in terms of the parameter a in Eq. (2). 
In the initial stage, if the specimens are constituted of circular or triangular particles, the contact distribution is almost 
isotropic. Such isotropy gradually turns to be anisotropic with increasing the shear displacement. At last, the anisotropy of 
triangular particles at the ultimate state is greater than that of circular particles. On the other hand, the specimen with 
elongated particles is anisotropic at the beginning of shear loading. Such anisotropy decreases with increasing the shear 
displacement, and the value of anisotropy at the ultimate state is the largest among the three types of granular materials. 
Such a phenomenon can be explained as follows. The isotropy in the initial stage is due to the isotropic particles (circular 
and triangular grains) distributed in the model domain randomly, as illustrated in Figs. 11a, 11c, 12a, 12c, 13a, and 13c. On 
the contrary, because there is a main axis in the elongated particles, many contacts are distributed in vertical orientation, 
as illustrated in Fig. 14. Such contacts distribution result in anisotropy that a = 0.457 and θa = 1.524, as shown in Fig. 11e. 
At the ultimate stage, the direction of force transmission turns to an inclined direction, so the contact distribution inclines 
to the same direction, indicated by Figs. 11b, 11d, 11f, 12b, 12d, 12f, 13b, 13d, and 13f. When the old contact orientations 
gradually turn to the same direction, the values of anisotropy for specimens consisting of circular or triangular particles 
increase. On the contrary, the contacts in the specimen constituted of elongated particles are distributed more randomly 
than before, so the anisotropy gradually decreases, see Figs. 10a–c.

Fig. 15 illustrates the evolution of coordination numbers expressed in terms of the parameter Z . All the coordination 
numbers decrease with increasing the shear displacement when dilatancy occurs, because the dilatant volumes of specimens 
lead to a decrease in the contact numbers. Different particles contact conditions are illustrated in Figs. 2 and 4. When 
the coordination numbers are considered, every contact for triangular and elongated particles is counted. Therefore, the 
coordination numbers with irregular particles will be bigger than the one computed for circular particles. On the other 
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Fig. 10. Anisotropy evolution of granular materials: (a) vertical stress of 200 kPa; (b) vertical stress of 400 kPa; (c) vertical stress of 600 kPa.

hand, the contacts of elongated particle are hard to roll, because the elongated particle has a main axis. In the initial state, 
the numbers of contact disruption are less than that of the contact creation, so the value of Z increases. Then, when the 
numbers of contact disruption are larger than those of the contact creation, the value of Z decreases gradually.

3.6. Evolution of the average path length with different particle shapes

If forces between particles are ignored, the specimen can be simplified to a network in which nodes and edges represent 
particles and contacts, respectively. The properties of the network are studied through complex network. Such theory is now 
also used in social, biological, computer systems, and in granular materials [19,41–45]. In complex networks, the average 
path length (APL) is an important parameter for measuring message delivery and connectivity [46]. So, it is proposed to 
describe the evolution of the network in the direct shear test exploring the micro-property further.

Fig. 16 shows the evolution of APL under different vertical stresses during shearing. The values of APL all decrease firstly 
and then increase. This trend is similar to the relationship between the vertical displacement and the shear displacement. 
But the lowest point of APL falls behind the point where dilatancy starts. As we can see, if the specimen is compressed, the 
particles among the contacts gradually increase (i.e. edges are increasing in the network). So, the connectivity is better than 
before, and the value of APL gradually decreases. If the specimen is dilatant, the value of APL increase. Furthermore, such 
trend of APL is contrary to that of Z and is more sensitive to the variation of the specimen than Z .

By comparing the values of APL for the three categories of granular materials at the same shear strain level, it can be seen 
that the values of APL for isotropic particles are larger than that for elongated particles. This phenomenon suggests that the 
connectivity of elongated particles is better than that of isotropic particles. In other words, if there are two or more contact 
points between two particles, they are treated as one edge when the specimen is considered as a network. The circular and 
triangular particle have similar structures in the network, and the elongated particle has a denser structure than isotropic 
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Fig. 11. Rose diagrams of contacts orientation under a vertical stress of 200 kPa: (a) initial state of the circular grains; (b) ultimate state of the circular 
grains; (c) initial state of the triangular grains; (d) ultimate state of the triangular grains; (e) initial state of the elongated grains; (f) ultimate state of the 
elongated grains.

particles. By combining the evolution of Z , it can be seen that, on the structure scale, the isotropic particles are similar to 
each other, but that there are differences between circular and triangular particles when the contact information is taken 
into account. The elongated particle is different from the isotropic particle on the structure and contact scales, and the 
minimum of L is after the maximum of Z . It can be seen that the structure of the specimen is disturbed when many 
contacts are disturbed. And combining L with Z can describe the shear strengths of the three categories of assemblies. The 
better connectivity is and the more contacts of specimens there are, the larger the values of the peak and ultimate shear 
stress ratio will be.

4. The revised Rowe’s stress–dilatancy relation considering particle shape

Rowe [47] introduced a stress–dilatancy relationship for granular materials based on the minimum energy ratio principle. 
Such a relationship is formulated as:

−σ1ε̇1

σ3ε̇3
= Emin (6)

and

Emin = tan2
(

π
4

+ ϕμ

2

)
(7)

In Equation (6), σ1 and σ3 are the major and minor principal stresses respectively, ε̇1 and ε̇3 are the major and minor 
principal strain rates, respectively, and Emin is the work ratio. In Equation (7), ϕμ is the angle of friction between the par-
ticles. Gutierrez et al. [48] derived a non-coaxial version of Rowe’s stress–dilatancy relation by turning the direction of the 
principal strain rate to the direction of the principal stress. Then ϕμ takes the place of ϕc. Finally, combining Equation (6), 
the non-coaxial version of Rowe’s stress–dilatancy relationship is revised as [48]:

cos 2� sinψ = sinϕc − sinϕ
(8)
1 − sinϕ sinϕc
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Fig. 12. Rose diagrams of contact orientation under a vertical stress of 400 kPa: (a) initial state of the circular grains; (b) ultimate state of the circular 
grains; (c) initial state of the triangular grains; (d) ultimate state of the triangular grains; (e) initial state of the elongated grains; (f) ultimate state of the 
elongated grains.

and

sinψ = ε̇1 + ε̇3

ε̇1 − ε̇3
, sinϕ = σ1 − σ3

σ1 + σ3
(9)

In Equation (8), ϕc is the critical state friction angle, sin ψ and sinϕ are calculated by Equation (9), and � is the 
non-coaxiality angle equal to the difference between the directions of the principal stress and of the principal strain rate.

4.1. Non-coaxial Rowe’s stress–dilatancy relation used in the direct shear test

Fig. 17 illustrates Mohr’s circle for the state of stress in the direct shear test. From the Mohr-circle for stress, the following 
relationship can be obtained:

sinϕ = σ1 − σ3

σ1 + σ3
= 2t

/[
2

(
t sin 2α

tanϕds
+ t cos 2α − t

)
+ 2t

]
= tanϕds

sin 2α − cos 2α tanϕds
(10)

where the shear angle, ϕds, can be now calculated using the vertical stress and shear stress values (Eq. (11)). Ochiai [49]
has introduced the principal stress direction α (Eq. (12)):

tanϕds = τ ′/σN (11)

and

tanϕds = sinϕc tanα (12)

Fig. 18 illustrates the state of strain under direct shear conditions. sin ψ can be calculated as Eq. (9) if the principal strain 
is obtained as follows:

ε1 + ε3 = εyy (13)
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Fig. 13. Rose diagrams of contact orientation under a vertical stress of 600 kPa: (a) initial state of the circular grains; (b) ultimate state of the circular 
grains; (c) initial state of the triangular grains; (d) ultimate state of the triangular grains; (e) initial state of the elongated grains; (f) ultimate state of the 
elongated grains.

Fig. 14. Local amplifying diagram of the elongated particles in the initial state.

and

ε1 − ε3 =
√

ε2
yy + γ 2

xy (14)

where εyy is the vertical strain, γxy is the shear strain.
Gutierrez et al. [48,50] introduced a method to calculate the non-coaxiality angle, defined as:

� = ζ − α + 1

2
sin−1

[
sinϕ

sinϕp
sin(2α − 2ζ )

]
(15)

and

tan 2ζ = − sinϕc/tanϕds (16)

In Eq. (15), ϕp is the peak friction angle, ζ is calculated as in Eq. (16).
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Fig. 15. Evolution of the coordination numbers of the granular materials: (a) vertical stress of 200 kPa; (b) vertical stress of 400 kPa; (c) vertical stress of 
600 kPa.

4.2. Modifying the Rowe’s stress–dilatancy relation

Rowe [51] has explored the variations of the minimum energy ratio Emin with the angle of friction between particles. 
Such an angle varies with the different particle shapes and relative densities.

If ϕc is constant in Eq. (8), the theoretical line of stress–dilatancy will be far from the numerical data and cannot reflect 
the trend of the numerical data correctly, as illustrated in Fig. 19. A new relation is considered, where parameters OR and 
Z are used to reflect the impact of both particle shape and relative density on ϕc . Thus, the parameters OR and Z are 
considered to modify ϕc, and a modified stress–dilatancy relation is proposed:

cos 2� sinψ = (sinϕc)
(OR0−OR+Z0−Z) − sinϕ

1 − sinϕ(sinϕc)(OR0−OR+Z0−Z)
(17)

where the constant coefficient, OR0, is 2.1 (this is a fitted parameter), and Z0 is the coordination number in initial state 
of specimen (for circular particles, Z0 = 3.08; for triangular particles, Z0 = 4.20; for elongated particles, Z0 = 4.16). Fig. 19
illustrates the comparisons of solutions according to Eqs. (17) and (8) as well as to numerical data. The modified theoretical 
lines of stress–dilatancy are close to the numerical data when the particle shape varies, and the slope of the modified 
theoretical line gradually decreases to zero, which is consistent with the trend of the numerical data.
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Fig. 16. Average path length evolution of granular materials: (a) vertical stress of 200 kPa; (b) vertical stress of 400 kPa; (c) vertical stress of 600 kPa.

Fig. 17. Mohr’s circle for the state of stress in a direct shear test.

5. Conclusions

In this paper, a two-dimensional DEM simulation is presented to explore the macromechanical properties and the mi-
crostructure evolution of different granular materials which are made up of circular, triangular and elongated particles, 
respectively. Finally, a modified Rowe’s stress–dilatancy relation is proposed considering the overall regularity (OR) and the 
coordination number (Z ). The conclusions can be inferred as follows.

(1) The particle shape has a remarkable influence on the mechanical properties of granular materials. With increasing the 
particles’ regularity, the specimen is compressed more easily. In other word, the specimen has larger maximum and 
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Fig. 18. State of strain under direct shear conditions.

Fig. 19. Predicted and numerical data in the stress–dilatancy equation: (a) samples with circular particles; (b) samples with triangular particles; (c) samples 
with elongated particles.

minimum porosities. On the other hand, the peak shear stress ratio, the ultimate shear stress ratio, and the ultimate 
dilatancy increase when decreasing the value of OR.

(2) The characteristics of particle rotation in specimens are different according to particle shapes. At the ultimate state, the 
distribution of the average particle rotation along the specimen’s height are similar when particle shapes are different. 
But near the shear plane zone, the more regular the particles are, the larger the value of average particle rotation is. 
And the variation of the maximum particle rotation for the three types of granular materials with particle shape is such 
that the maximum particle rotation increases when the parameter OR increases.

(3) The particle shape also has a remarkable influence on fabric evolution. In the initial state, the specimen with elongated 
particles is anisotropic and this value of anisotropy decreases when increasing the shear displacement. On the contrary, 
in the initial state, the specimen with triangular or circular particles has little anisotropy, and this value of anisotropy 
increases with increasing shear displacement. On the other hand, the Z value of specimen with circular particles is 
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smaller than that of specimens with irregular particle at the initial state, and for all the specimens with different 
particle shapes, the values of Z tend to decrease during the loading process.

(4) In this paper, the average path length (APL) is used to describe the connectivity (i.e. the structure) of networks for three 
types of assemblies. By combining the evolution of Z , it can be seen that the elongated particles are different from 
the isotropic particles (i.e. circular and triangular particles) on the structure and contact scales. The circular particle 
is similar to the triangular particle when structure is talked about, but the contact information displays remarkable 
differences between circular and triangular particles.

(5) The non-coaxial version of Rowe’s stress–dilatancy relation cannot predict the trend of numerical data very well. Such 
theory is modified with parameters OR and Z . Finally, the modified stress–dilatancy relation can predict the trend of 
different particle shapes relatively well.
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