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results obtained by this modeling are compared with those computed by the Newton-
Raphson algorithm.
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1. Introduction

In contrast to gears, which are considered to be motion transmission elements by obstacles, the clutch is a complex
mechanism commonly used in motors, for transmitting the motion by means of a high friction effect between adjacent
disks. The clutch plays an important role, not just in the commitment and the separation between the motor and the
gearbox, but also in the prevention of the damage of the box speed and the vibration reduction of the rest of the vehicle
when there is a modification in the rotation frequency of the disk. During the past years, several studies [1-7] have been
developed to describe the nonlinear dynamic behavior of the clutch system in order to study the effect of different key
parameters that affect its movement. In many studies, the clutch is modeled by a discrete mechanical system composed of
torsional and linear elastic springs of negligible mass and of damping elements and disks assumed to be rigid.

Walha et al. [7] have studied a defective clutch modeled by a mechanical system with eleven degrees of freedom by
introducing nonlinearities of the dry friction, a two-stage stiffness, and a spline clearance in order to analyze the effect of
defects in angular misalignment and in parallelism on movement. Recently, Walha et al. [8] have proposed a new two-stage
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model involving a helical-gear clutch system with twenty-seven degrees of freedom. The differential equations are solved
numerically by the Runge-Kutta integration scheme [9] using smoothing by the hyperbolic tangent function. Thus, they have
showed that the eccentricity defect affects the nonlinear dynamic behavior of the studied mechanism.

The assembly of different technical components in the clutch system leads to localized contact nonlinearities and im-
portant couplings. These nonlinearities are often modeled by piecewise linear functions. To overcome the difficulty of the
discontinuity in the numerical integration, some researchers have used a linearization technique that consists in transform-
ing the nonlinear problem into linear problems. But most authors [3,7,10-13] have used the smoothing procedure for the
treatment of contact actions.

Kim et al. [14] have proposed four ways of smoothing discontinuous functions using the hyperbolic tangent and arc-
tangent functions that provide a good approximation with respect to the hyperbolic-cosine function and the quintic spline.
They have proved it by studying the influence of the smoothing factor on the frequency response of a system that contains
a clearance nonlinearity. Works by Driss et al. [6,15] and Walha et al. [7] are based on the use of the hyperbolic tangent
function to smooth three types of singular functions of a torsional model. Duan et al. [12] have investigated the dynamics
of a mechanical oscillator with a pre-load nonlinearity by the multi-harmonic method using the arc-tangent function for
smoothing the non-analytical relationship. Duan et al. [3] have used the hyperbolic tangent function to approximate the
classical function of Coulomb friction.

According to Duan et al. [10], the value of the conditioning factor should be carefully selected to ensure the appropriate
representation of the discontinuous function. The increase in the value of the smoothing factor improves the approximation
of the discontinuous models. However, a larger value of this parameter can lead to numerical instabilities that generate a
considerable computation time [3]. In another work [13], it has been shown that, for small values of this parameter, the
convergence is fast, but it is not preferred, since it induces a bad approximation and therefore the calculated response may
not be sufficiently precise.

In this work, we are interested in the numerical simulation of nonlinear dynamics of a clutch system using a new ver-
sion of a high-order algorithm [16-20] with a new modeling of the different contact actions. Our numerical algorithm is
essentially based on the discrete model proposed in the article [15], which represents the clutch mechanism by a spring-
mass-damper system, and whose equations of motion are solved using the numerical integration scheme of Runge-Kutta.
In our modeling, we propose a new improved version of the modeling of different contact actions in a clutch mechanism
existing in the literature in order to achieve a good approximation, and we try to obtain a realistic response. To show the
effectiveness of the numerical approach to simulate the nonlinear dynamic response of the considered mechanical system,
we have chosen as a reference the Newton-Raphson algorithm [21] coupled with the Newmark integration scheme with the
use of the hyperbolic tangent function, and we used thereafter the regularization developed in this work. The high-order
approach is used for the purpose of reducing the computation time. This approach, allowing the construction of the curve
solution branch by branch, is based on coupling power series expansion and on a continuation process. In our analysis, we
study the effect of different regularization parameters on the nonlinear dynamic responses of the considered clutch system.

2. Dynamic model of the clutch mechanism

The clutch mechanism is modeled by a physical system shown in Fig. 1. This system is comprised of two blocks. The
first contains the flywheel and the cover (mq, I1), the diaphragm spring and the pressing plate (mg, I2), while the second
is comprised of the friction shoes (ms, I3), the hub of the clutch (my4, I4) and the rest of the transmission (ms, I5), with
I; and m; being respectively the mass and the torsional inertia of the ith element of the clutch. Each block is supported
by a flexible bearing of bending rigidity k, and of traction-compression stiffness ky, and ky,. This bearing is connected in
parallel with the damping elements cy;, ¢y, and c;, where i is the number of blocks (i = 1,2). The contact between the
two blocks is performed by the torques and the friction forces. The friction torque Tr(8;) represents the torsional friction
between the pressing plate and friction shoes and Tf(83) represents the friction torque between the flywheel and the friction
shoes. In both cases, the movement of these blocks, in the plan xy, induces tangential friction forces FT"]/Z and FTy]/2 that
express the actions applied by the first block on the second in both directions x and y, respectively. The action of the spring
diaphragm, which allows the components of the first block to turn at the same angular speed as those of the second block,
is modeled by a torsional spring of stiffness kg and a negligible mass. The cover applies a pressure P to maintain both
the flywheel, pressing plate, and friction shoes in permanent contact to ensure a perfect transmission. The actions of the
torsion springs which bind the splined hub with friction shoes are represented by the term Kgss fdss(8i), with Kgss being
the equivalent stiffness of the equivalent linear spring and fgss(d;) is the contact force. The backlash space in the splined
attachment between the hub and the output shaft can be defined by the term K. fsc(;), where Ky represents the torsional
stiffness of the shaft and fs.(§;) is the function that models the loss of contact. The equation of motion of this discrete
model verified by the vector of generalized coordinates can be written in the following matrix form:

[MUG} + [CHG} + [KNHa} + fass(3a){@ass} + fsc(35){@sch + Tr(82) {2} M
1
+ Tr@3)ies} + Fry, , {erd + Fry {01, } = {Fext (D)}

where [M] represents the mass matrix given by:
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Fig. 1. Modeling of the clutch system with a discrete mechanical system taking into account of the different types of contact.
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0 0 0 0 0 0 0 L +13 0 0 0
0 0 0 0 0 0 0 0 I+ 13 0 0
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L O 0 0 0 0 0 0 0 0 0 Ia+ 15 |
with M; =mq +my and M, = m3 + m4 4+ ms represent the masses of the two blocks, [C] is the damping matrix given by:
[¢cy, O O O O O 00O 0 0 7
0 ¢y O 0 0 0 0 0 O 0 0
0 0 ¢; O 0 0 0 0O 0 0
0 0 O ¢ O O O0OO 0 0
0 0 0 0 ¢, 0 O0O0O 0 0
[C]=| 0 0 0 0 0 c;, 000 O 0 (3)
0 0 0 0 0 0 0 0O 0 0
0 0 0 0 0 0 0 0 0 —c34 0
0O 0 O O O O O0O0O0 —c3a 0
0 0 O O O O OO0 0 234 —cs5
L0 O O O O O 00 0 —c3q 2cs5 |

condition contact actions with c34 and c45 are the torsional viscous damping coefficients, cx,, ¢y, and c;, are the linear
damping coefficients, [K] is the stiffness matrix of the discrete model defined by:

ks, O 0O O 0O O O 00 0 07
0 k, 0 0 0 O O 00 OO
0 0 k, 0 0 0O 0O 0O0O0O
0 0 0 k, 0 0O 0O 0000
0 0 0 0 k, 0O 0 00 O0 O
[Kl={ 0 0 0 0 0 k, 0 00 00O (4)
0 0 0 0 0 0 2k 00 0O
0 0 0 0 0 0 —ksq OO0 OO
0 0 0 0 0 O kg 0O OO
0 0 0 0 0 0 O 0O0TOSO
Lo o0 0 0 O O O O0O0O 0]

{Fext(t)} is the vector of external forces dependent on time, which is given by:
YFext(t)} =< 0,0, P,0,0,0, Te(t), 0, Te(t),0, Tp > (5)

with Te(t) is an input torque applied by an asynchronous motor which is composed of mean T, and pulsating T,(t)
components. This input torque is given under the form of Fourier series expansion by:
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Nmax

Te®) =Tm +Tpt) =Tm + Z Tpn cos ((Upnt + ¢pn) (6)

n=1

with wpn =nNe fe, Ne is the number of engine cylinders [22,23], ¢pn is the associated phase lag [14]; nmax is the harmonic
order of the firing sequence, Tp, is the amplitude for the nth harmonic and f. is the frequency excitation. In this paper,
only the fundamental term (nmax = 1) is considered for the sake of simplicity and the phase angle assumed to be zero.
Tp is the resisting torque applied by the rest of driveling system assumed equal to the average component of the motor
torque Tr. The independent temporal vectors {@dss}, {¢sch, {@2}, {¢3}, {¢r,} and {er,} are expressed by:

t{(/)dss} = <0,0,0,0,0,0,0, _des, _des’ 2KdSSa _des >
Yosc) = <0,0,0,0,0,0,0,0,0, —Ksc, 2Ksc >

Y2} = <0,0,0,0,0,0,—1,2,1,—1,0 >

Y3} = <0,0,0,0,0,0,1,1,2,—-1,0> )
Yer,} = <-2,0,0,2,0,0,0,0,0,0,0 >
Yor,} = <2,0,0,-2,0,0,0,0,0,0,0 >
The vector of the generalized coordinates {q} contains eleven degrees of freedom and it is given by:
Yq} =< X1, ¥1.21, %2, Y2, 22,81, 82, 83,84, 85 > (8)

with x;, y; and z; are the linear displacements of bearings in the three directions x, y and z, §; (i=1,..,5) are the relative
angular displacements defined by 81 =601 — 65, 82 =0, — 603, 83 =01 — 603, 84 =03 — 04, and 65 =04 — 05, 6; (i=1,...,5)
are the absolute rotation angles of the different elements. The quantities {¢} and {{} denote the velocity and acceleration
vectors, respectively.

3. Mathematical modeling of contact actions
3.1. Modeling of friction contacts
In many transmission mechanisms, the contact is carried out by friction between surfaces. Previous studies [5,24,25] have

used the friction torque function of the classical Coulomb model T¢(5;), which depends on the relative velocity &; (i =2,3)
between the contact surfaces and is expressed as:

Ts if 8,’>0
Ted) = { [-Ts Ts] if &=0 , i=2,3 9)
—Ts if §<0

where T is the saturation of the friction torque. This model is an ideal case characterized by the abrupt change in the
friction torque between sticking and sliding. It is considered the simplest [26], defining three states of contact: positive
sliding, negative sliding, and pure collage [27].

The tangential frictions of the stock FTX,/Z and FTy1/2 due to the translation in both directions x and y, respectively, are

represented by Coulomb’s theorem [6,7,15] and given by:

8Tx ‘iTx ~

FTXI/2 = —MkPm , O, =X —% e sgn (X — X1) o)
_ 8r, S Sty ~ Co
Fry,, = =P 1 Sry=Y2-y1 . By~ o8n y2—-y1)

where sgn is the conventional triple-valued signum function, STX and STy are the relative velocities in the directions x and
y and uy is the kinetic friction coefficient.

3.2. Modeling of the progression springs

The springs in the clutch disk are called torsion damper springs. Their main function is to absorb the fluctuations of the
engine revolutions. These springs absorb the shock of clutch engagement during the acceleration. During the braking of the
motor, the springs are compressed to reduce the deceleration shock. The alternative change of engagement of one or two
springs into action can be described by three piecewise linear regimes defining the function fpss(84) can be written as
[23,28]:
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84 — (1 — agss)bgss if 84 > byss
fass(82) = | tdssa if —bgss <84 <bgss (11)
84+ (1 — agss)bgss if 84 < —byss
where byss is the value of half of the gap space between the two springs and «qss is the stiffness ratio between the two
contact states of the piecewise-linear elastic function that satisfies the condition 0 < agss < 1.

3.3. Contact modeling in the splined hub

It is well known that the contact between the splined shaft and the coupling hub requires an inevitable clearance. It is
defined as the excess space whose value must not be excessive for the operating requirements. For this, it must be fixed
carefully to respect the typical tolerances of the manufacturing and of the operation. This backlash space in the splined
attachment induces minor movements between the output shaft and the hub. This undesirable behavior is represented
mathematically by the function fs:(85) and described by the following equation [6-8,15]:

35 — bsc if 55 > bsc
fsc(@5)=10 if —bsc <85 < by (12)

85 +bsc if 85 < —bgc

where by represents the half of the spline clearance.
4. Regularization technique of the various contact actions

In this section, we recall the various smoothing functions existing in the literature, which model the different contact
actions in the studied mechanism and we give the steps leading to the regularization of these actions according to our
modeling [29]. In the works [3,7,10-13], the authors have used a smoothing technique based on the hyperbolic tangent
function. The reason to use the regularizing technique in this work is, on the one hand, the applicability of the technique of
Taylor series expansions [30,31] and, on the other hand, the improvement of the approximations existing especially in the
vicinity of the singularity points.

In order to explain our regularization technique, let us consider the non-regularized law (11) that models the progression
springs stiffness. This law has been used by several authors [6,8,14,15] in a smooth shape using the hyperbolic tangent
function defined as follows:

Fass(8a) = 84+ 1=2453) (84 — byss) tanh(0dss (84 — bass))

— (84 + byss) tanh(ogss (84 + bgss)))

(13)

where oyss is the smoothing parameter. In this paper, we propose to replace the non-regularized double stage stiffness
function fqss(84) of (13) by the following regularized function given by:

~ 1
fass(84) =84 + E(hdss(54) — 8dss(94)) (14)

where hgss(84) and gqss(84) are square root of a polynomial function given by:

hass(38) = /(1 = 0tass) (5 — bass))? + 4n%,b2, )

Zass(34) = /(1 — ) (3a + bass))? + 403, b3,

where ng4ss is the regularized parameter. In Fig. 2, we represent the influence of different smoothing and regularization
parameters on the quality of the approximation. According to Figs. 2a and 2b, one can conclude that the proposed regular-
ization, in this work, approximates perfectly the singularity zones when the used parameter is small. Indeed, the curve of
the regularized law fits better with the shape of the singularity of equation (11).

Similarly, to regularize the law modeling the actions in the clearance of splines (12), it suffices to take agss = 0 in the
previous regularization. Then, we obtain the following regularized law:

~ 1
fsc(85) =65 + i(hsc(ss) — 8sc(35)) (16)

where hg:(85) and gs(85) are given by:
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Fig. 2. Effect of the smoothing parameter og4ss and of the regularization parameter 74ss on the abruptness of transition of the approximated function of
two-stage stiffness.
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Fig. 3. Effect of the smoothing parameter o and of the regularization parameter 75 on the abruptness of transition of the approximated function of
splined clearance.

hsc (85) = \/(55 - bsc)2 + 47752cbgc (17)
17

8sc (05) = \/(35 + bsc)2 + 477§cbgc

and ns is the regularization parameter. In Fig. 3, we present a comparison between the proposed regularization and the
law obtained by smoothing [11] using the hyperbolic tangent function, which is given by:

- 1
fsc(85) =85 + 5 ((85 — bsc) tanh(osc (85 — bsc)) — (85 + bsc) tanh(osc (85 + bsc))) (18)

where o is the smoothing parameter. Here we retain the same comments as before.

Similarly, we present below the various regularized laws of torque and forces of friction that are represented by
Coulomb’s law. The graph of the classical Coulomb model (10) of equation (9) is an irregular function, because it has
singularities at the point §; = 0. The smoothed form [6,8,25] of the torsional friction torque is:

Tr(8;) = Tstanh(oid;), i=2,3 (19)

Here, we propose as a regularization of the classical model (10), the following function:
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Fig. 4. Effect of the smoothing parameter o; and of the regularization parameter »n; on the abruptness of the transition of the approximated function of
torsional frictions.

S 1
Tr(6) = 3 (hi (8;) — gi(81)) (20)
where h;(8;) and g;(8;) are given by:

2 .
hi(6) = \/(g—f) (8i+51)2+477i2752

, 1=2,3 (21)

2 .
&) = \/ () (e — &) +4n?T?

and n;, (i =2, 3) are the regularization parameters. Fig. 4 shows that the two studied techniques allow one to have a good
approximation.

The function modeling the tangential friction, which is given by the equation (10), is approximated, here, as that of the
Coulomb model, by:

Frmz Gr,)

FTWZ (r,) = —pxP tanh(oyér,)

— kP tanh(oxér,)

(22)

The regularized functions corresponding to those of the equation (10) are given by:
- . P . .
Fr,, ,0r) = =8 (hr,Gr) — g1,01,))

I~"Ty]/2 (Sry) - _M12<P (hTy(STy) —gTy(STy))

(23)

where hr, (STX), gTX(STX), hTy (éry) and gr, ($Ty) are expressed by:

hr, (1) = \/(;7)2(€x + 81,02 + 4n3

gr,6r) = /(22— 8107 + 4n}

hr,Br,) = \/(2)2(ey +6r,)2 + 403

gr,Gr,) = \/(2)2(ey — br,) + 4n}

Fig. 5 shows the influence of the different parameters that determine the two regularization techniques on the quality
of the approximation of the tangential friction action according to the x direction. According to the figures presented above,
we note that the value of the regularization parameter that provides good adjustment depends on the shape of the curve
of the standard model in the vicinity of singularity points; for example, 7y = 0.1 for the regularization given in Fig. 5b
and 17gss = 0.001 for the regularization given in Fig. 2b. Referring to Figs. 2, 3, 4 and 5, we remark that the proposed
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Fig. 5. Effect of the smoothing parameter oy and of the regularization parameter 7y on the abruptness of transition of the approximated function of
tangential frictions.

regularization gives a better approximation than when replacing by the hyperbolic tangent functions, especially near the
singular points.

5. Description of the used algorithm

This section explains the different steps of the algorithm used to solve the nonlinear equation (1) governing the move-
ment of the clutch system via the discrete model. The aim is to use a more realistic approximation of the different contact
actions through our regularization and thereafter reducing the computation time expressed here in terms of number of
inversions of the tangent matrix compared to incremental iterative methods integrating the regularization of the various
contact actions. This technique of regularization allows us, first, to search the solution to the considered problem in the
form of a Taylor series expansion and, secondly, to ameliorate the solution to the problem in the vicinity of the singularity
zone. The algorithm used is based on the following stages.

5.1. Time discretization

In our modeling, we use the time scheme of Newmark [32] to express the velocity and acceleration vectors at time
th+1 =tn + At as follows:

(@ = ao(ta"'} — {g") — ")

(25)
{1} = AtBag({g" 1} — {q"D) + (¥}
where the vectors {w"} and {y/"} are defined by:
{@0"} = a1{q"} + a2(q")
. . (26)
{(y"} = A —a1AtB){") + (At(1 = B) — ax AtB){G")
with ag = ﬁzyv a = A+y, a = ﬁ — 1, At is the time step, the values of coefficients g and y that ensure the stability

of the temporal scheme are given by 8 =0.5 and y = 0.25. Taking into account equation (25), the equation of motion (1)
written at time tp4q becomes:

(K (™) — 4" + fiE s + fiat Hgass) + T {@a) + TH {g3)

+ FE ' {or b+ FIP {or, ) = (F™H1)

T2 Y172

(27)

where [K;] = ag[M]+ AtBag[C]+[K], {F'1} = {FQ;E]} + [Ml{w"} — [Cl{y¥"} — [K1{g"} and {g"*'} is the unknown vector at
time ;1. The different linearization approaches defined with respect to the previous time t, =nAt which are used in our
algorithm are presented in the following condensed form:
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(AU} = ™) — (™) (28)
where the vector {u"*1} at time t,,1 and the increment vector {AU} are given by:

tyn+1y _ n+1 n+1 pn+l n+1 ent+1 pnt+l1 gn+l1 gn+1 pn+l n+l
{u } - <{q } Sdss ’hdss ’gdss ’856 ’hSC » &sc 82 ’h2 ’g2 ’

Sg+17hg+l’gg+1’8¥j—1 hn+1 n+1 8n+1 hn;—] r]z_;—] > (29)
<{AQ}, ADgss, AHgss, AGgss, ADsc, AHsc, AGsc, Abz, AHj,

HAU}
AGy, AD3, AHs, AGs, ADr,, AH1,, AGr,, AD7,, AHT,, AGT, >

Taking into account equation (28), the problem (27) discretized in time verified by new incremental unknowns is written in
the following reduced form:

[KF{AQ) + {F(AQ}, {AQ D} = {s"T) (30)

where [K}] is the tangent matrix evaluated at time t, given by:

[K7] = ao[M]+ AtBao[C]+ [K]+ [K}, 1+ (K7 1+ (K} ]
SS sC X<1/2 (31)
+ [K;Wz] + [KE, 1+ [KT,]
with
—bass) (8 +bass)
[KTdss] =1+ (1- Oldss) ( dssd d ds;g d D Pdss) < Xdss >
8o —bsc ssc bSC
Ij(?sc] =+ %(¥ ( + ))){(psc} < Xsc >
)2<s+6 32—
(K71 = 1% 2 L o) AtBaole2} < 2 >
)2(s+a”> 52— (32)
[K7,] = 2( +4 7 )Atﬂao{<ﬂ3}<){3>
G )2(Q+8 D (e
[1<¥X1/2] = A Iy AtBao{pr, }(< vy, > — < vy, >)
(3e+31) (=3
[K?M] = ot L) AtBaoler, }(< vy, > — < vy, >)

the quadratic form {F({AQ}, {AQ})} is defined by:
{FEAQL{AQD} = {Fuss({AQ}, {AQ D} + {Fsc(fAQ} {AQD}
+{F2{AQ}L {AQD}+ {Fs({AQ}, {AQ D} (33)
+{Fr,,, (AQ}{AQD) +{Fr,, ,(1AQ), {AQ))

with
{Fass({AQLIAQD) = F((1 = atgse)* (= — ) ADE — A”dss +AGdSS){<pdss}
dss dss
{Fe(AQ1{AQDY = (g — gr)ADE — hn“ SC){wsc}
(F2((AQ){AQD) = §((F)’ (g — g ADS — Ahnz += 2){<oz}
(34)
(F3(AQ1(AQD) = J((2( — 4AD} - A”3 + A63){%}
. 2 2
(Fr,,, (AQ) (8QD) = ~B2 (4G = FAD3, - Tl + S5er,)
. AHZ
{Fr,,,(AQ}, (AQ)) = —%"((5)2(% — gt - o+ ”){wry}
and the right-hand side {S"*1}, which depends on the solution at time t, =nAt, is given by:
(S = (F™1} — (ST} — {SB} — (S5} — {S5} — (S} }—{Sh } (35)

T2 Tyy)
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with
{F1} = {FRE) + [MI{o"} — [CI{¥"} — [K1{g"}
{Sdss} = fdss((sgss){(f)dss}
{SQC = fsc(‘s?c){@sc}
2 n 2 n
(S = Tr6hlen + SR L S i - i)
2 Ts\2/s_3n .
(S = 1@+ 3B B s i) (36)
(3Pe+8r) | (H*e-5)
{STTI'X1/2} = TX]/z{(pT"}_ MkP( - thr + )g%; (=X 2+x1
+ (< sz >—< UX] >){1// }){(pTX}
(3)°+31) ()-8
(S, ) = P, {or,) = B2 (e 4 e i
+ (< vy, > — < vy, >){Y"Hier,}

5.2. Homotopy transformation

In order to apply the perturbation technique, we transform, firstly, problem (30) into an artificial problem obtained by
homotopy transformation [16,20,33]. The homotopy transformation used here consists in introducing, on the one hand, a
perturbation parameter €, and, on the other hand, an arbitrary invertible matrix [K*] as follows:

[K*{AW} + e((K}] — [K*D{AW} + e ([F{AW}, {AW )} = ("1} (37)
where {AW (¢)} is the new unknown vector of the artificial problem (37), which depends on the perturbation parameter €
in such a way that, for € =0, we obtain a problem simple to solve, and, for € = 1, we obtain the solution to problem (30).

5.3. Series expansion and continuation procedure

The solution to the artificial problem (37) is sought in the series expansion form [34,35] truncated at order p with
respect to a perturbation parameter € as follows:

p
(AW} = {(AWq} + ) e {awy) (38)
k=1

The validity range of this series expansion is defined by the criterion [18,20,35,36] given by:

1

o (H{AW}H) (39)
[aw,)]

where « is a given tolerance parameter. Taking into account the series expansion (38), the problem (37) is transformed into
a succession of linear problems of the same tangent matrix [K*] as

Order 0 o [K*HAWo} = {s™T1}
Order 1<k<p : [K*{AW}} = —([K}]—[K*D{AW}_1} (40)
— YIS FQUAW, L (AW )}
If (€max > 1) then the solution to the initial problem (30) at time t;11 is given by:
@ ={g" + (AW (e = 1)} (41)

If (émax < 1), the continuation process functions with a matrix [K*] = [K]] evaluated as the starting solution to each step to
build a new branch solution. Let us note that the computation of each branch solution is achieved using a single inversion
of the arbitrary matrix [K*].
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Table 1
Parameters used for simulating the studied clutch system.
Parameters and excitation Values
Torsional inertias (kg-m?) 1 =02,1,=121073, [3=83-107%, I, =2-107%, Is = 18-10~2
Masses (kg) my =10, my =1.17, m3 =0.8, my =0.2, m5s =9
Torsional damping (N-m-rad/s) c34 =0.1, c45 =0.1
Linear damping (N-s/m) Cx =Cy; =C;=0.1(=1,2)
Bearing stiffness (N/m) ky =ky; =k;; =101° (i=1,2)
Torsional spring stiffness (N-m/rad) kg =8-10°, Kgss = 17500, Ksc = 3-10°
Saturation friction torque (N-m) Ts =350
Torque excitation amplitude (N-m) T =300, Tp =250
Excitation frequency (Hz) Fe=30
Receiving torque (N-m) Tp=Tm
The static friction coefficient s =0.3
The kinetic friction coefficient px =0.75 s

P =5-105 N/m2, bsc = 0.2 rad, bgss = 0.125 rad, agss = 0.167

6. Results and discussions

To demonstrate the efficiency and effectiveness of the used approach to simulate the nonlinear dynamic response of
a clutch mechanism, we take the same application as that made in the work of Driss et al. [15] with the same data as
that listed in Table 1. The values of the time step and those of the coefficients used in the time scheme Newmark are:
At =410"7s, y =025 and B = 0.5. To define the optimal regularization parameters, we have opted for a numerical
experimentation with the used algorithm and the Newton-Raphson method. In a first time, we will carry out a numerical
study with the Newton-Raphson method while comparing the two approximation types for the considered contact: the
proposed regularization operations and smoothed functions (hyperbolic tangent). In a second time, the same numerical
study will be done with the used algorithm to reduce computation time. This study will be our objective in the following
paragraphs.

6.1. Numerical study with Newton-Raphson method

In order to determine the optimum values of the regularization parameters, which allow us to have a good approxi-
mation, a preliminary numerical experimentation has been performed. According to this numerical experimentation, the
optimum values of these parameters are: 7y =1y = 1072, Nsc = Ngss = 1074, M =103 =1073, e, =€, = 8, €2 = 0.08,
€3 = 0.008. Regarding the smoothing parameters, we adopted those used in reference [8]: ox = 0y =50, 0sc = 0455 = 100,
02 = 03 = 50. The tolerance parameter used in the Newton-Raphson method is fixed at ¥ = 10~%. In this section, we will
use the Newton-Raphson method to compare the two types of approximations: smoothing functions and regularized func-
tions. This study is the subject of the first original idea for this article: Comparison between the tangent hyperbolic and the
proposed regularizations by using the Newton-Raphson Method. In the following, the solution will be searched for so that
the residue is less than 104,

In Fig. 6, we represent the relative angular displacements §4 and 85 with respect to time in the cases of smoothed
and regularized functions. From this figure, we can see that there is a difference between the curves using the regularized
functions and those using smoothing functions. This difference shows that smoothing functions do not represent well the
discontinuity conditions (see Fig. 7). The obtained solutions require 595391 inversions of tangent matrix for the regularized
functions and 605054 inversions of tangent matrix for the smoothing function. In Fig. 6e, we notice that the duration
of the contact loss is greater in the case of the regularized functions that in the case of smoothing functions. To reduce
the computation time, we will use the high-order algorithm detailed above in the following paragraph for the regularized
functions only.

6.2. Numerical study with the used algorithm

In this section, we will discuss and compare the used algorithm and the Newton-Raphson method in the case of regu-
larized functions. The solution’s quality will be examined by computing the residue of equation (1). The used algorithm is
applied to simulate the problem of equation (1) with the same values of the regularization parameters as those that were
used in the previous section. In the following, we will study the influence of the truncation order on the number of length
steps required to compute the solution on the considered time interval by fixing the tolerance parameter x = 10~2. In Ta-
ble 2, we report the number of steps for truncation orders p = 12,13, 14, 16, 20, 25. From this table, we remark that the
used algorithm starts functioning from truncation order p = 13 and that the number of steps decreases when the truncation
order increases.
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Table 2

Influence of the truncation order on the number of steps for the tolerance parameter k = 1072,
Truncation order 12 13 14 16 20 25
Number of steps Diverge 546 520 488 441 405
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Fig. 8. Decimal logarithm of the residual norm with respect to time for the case of regularized functions and comparison of results obtained by the used
algorithm and by the Newton-Raphson method.

Thereafter, we will adopt truncation order p = 14 and tolerance parameter x = 10~ for the used algorithm and the
tolerance parameter k¥ = 10~ for the Newton-Raphson method. In Fig. 8, we represent the solution quality represented by
the decimal logarithm of the residual vector norm versus time. According to this figure, we remark that the solution quality
is always less than 10~ so that we can compare the two methods.

In Fig. 8¢, we represent the evolution of §; with respect to time for the case of regularized functions obtained by both
algorithms. These solution curves require 520 inversions of matrix [K*] with the used algorithm and 598480 inversions of

tangent matrix with the Newton-Raphson method. This comparison confirms the robustness, accuracy, and efficiency of the
used algorithm.

7. Conclusion

In this work, we have used a high-order algorithm for simulating the nonlinear dynamic behavior of the clutch system.
This algorithm combines the high-order implicit technique based on developments in Taylor series coupled with New-
mark’s integration scheme in a continuation procedure. The original idea is the proposition of new continuous functions
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which approximate the singular functions of the contact actions. The obtained results are convincing compared to the
Newton-Raphson method with two types of approximation: smoothing function and regularized functions. The used algo-
rithm requires no correction and one inversion of the iteration matrix allows us to get a good part of the solution. The
key points in this high-order implicit algorithm are first a high-order solver based on developments in Taylor series, second
the possibility of choosing the tangent matrix [K*], which limits the number of matrices to be triangulated. Let us recall
that the used algorithm solves the nonlinear dynamic behavior of the clutch system with a high-order predictor without
any correction. This comparison confirms the robustness, accuracy and efficiency of the used algorithm. Compared to the
Newton-Raphson method, the used algorithm is found competitive in terms of computational cost versus accuracy and
benefit from a simple implementation. According to the obtained results, the proposed regularized functions have yielded
encouraging results.
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