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side of the rigid line inclusion has become fully debonded from the matrix or the
inhomogeneity leading to the formation of an insulating crack. After the introduction

g?ggﬁ;f& arc-shaped conducting rigid line of two sectionally holomorphic vector functions, the problem is reduced to a vector
inclusion Riemann-Hilbert problem, which can be decoupled sequentially by repeated application
Piezoelectric material of the orthogonality relations between the eigenvectors for two corresponding generalized
Singularity eigenvalue problems.

Riemanln-HilbeFt problem © 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
Decoupling

1. Introduction

The problem of finding stress singularities at an interface crack (including free-free, fixed-fixed, and free-fixed cracks)
has attracted considerable attention in the literature (see, for example, Ting [1] for a review). A fixed-fixed crack is more
commonly referred to as a rigid line inclusion or anticrack [2], whereas a free-fixed crack corresponds to a debonded rigid
line inclusion or debonded anticrack [3]. The corresponding stress singularities can be determined using the method of
eigenfunction expansion [4] and complex variable techniques [5,6]. The stress singularities at an interfacial crack tip in
piezoelectric solids have also been discussed in detail (see, for example [7-9]).

In this work, we endeavor to study a debonded arc-shaped conducting rigid line inclusion at the interface between
a circular piezoelectric inhomogeneity and an infinite piezoelectric matrix when the composite is subjected to remote
uniform anti-plane stresses and in-plane electric fields. The conducting rigid line inclusion can be debonded either from
the matrix or from the inhomogeneity, resulting in the formation of an insulating crack. Following the introduction of
two sectionally holomorphic vector functions, the problem is reduced to a vector Riemann-Hilbert (R-H) problem. By twice
applying the orthogonal relations between corresponding eigenvectors, the vector R-H problem is decoupled into four scalar
R-H problems, the solutions to which can be obtained by evaluating the corresponding Cauchy integrals. In our discussion,
all of the results including those involving singularities in the near tip electroelastic field are obtained analytically. In
particular, we also derive a rigorous solution to the degenerate case of equal eigenvalues.
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Fig. 1. A debonded arc-shaped conducting rigid line inclusion located at the interface between a circular piezoelectric inhomogeneity and a piezoelectric
matrix.

2. Problem formulation

The general solution corresponding to the anti-plane shear deformations of a hexagonal piezoelectric material exhibiting
6-mm symmetry with its poling direction along the x3-axis is given by [10]:

[’;3 } =1Im{f(2)} (1)
2633 +2ie31 | _ o 032 +io31 | _1_| Caa 15
|: —Ey —iE;q ] =f@, |: Dy +1iDq ]_Cf,(z)’ c=c¢ _|:€15 —611] (2)

where u3 and ¢ are, respectively, the anti-plane displacement and electric potential; 031 and o3 are the anti-plane shear
stresses; D1 and D are electric displacements; E; and E, are in-plane electric fields; €37 and &3, are mechanical strains;
Caa, €15 and €17 are the elastic stiffness, the piezoelectric constant and the permittivity constant; f(z) is a 2D analytic vector
function of the complex variable z = x; + ix,. In Eq. (2), C is real symmetric, but not positive definite.

As shown in Fig. 1, we consider the anti-plane shear deformations of an infinite hexagonal piezoelectric matrix reinforced
by a circular hexagonal piezoelectric inhomogeneity of radius R with its center at the origin when the composite is subjected
to uniform remote anti-plane shear stresses (o3, 055 ) and in-plane electric fields (ES®, ES°). The poling directions of the
two phases are along the x3-axis. The inhomogeneity-matrix interface L is composed of two parts: the arc L, is perfectly
bonded whilst the remaining arc L. is occupied by a debonded arc-shaped conducting rigid line inclusion. The mid-point of
the arc Ly lies on the positive x;-axis and the central angle subtended by L is 26p. We denote by a = Rei® and @ = Re~i%
the positions of the two tips of the debonded conducting rigid line inclusion. Throughout the paper, the subscripts 1 and 2
(or the superscripts (1) and (2)) will be used to identify the respective quantities in the inhomogeneity and the matrix.

We introduce two sectionally holomorphic vector functions hy(z) and hy(z) defined by

i) +6HE) —kz—kR2Z, |z] <R
i (2) = o ) (3)
£, + (X&) —kz —kR?z71, |z >R

f1(2) — c;1c2f2(R72) —C'CGkz + ¢ 'GkR?Z7Y, |zl <R

hy(2) = - ; (4)
;'R - f1(8) — ¢ 'Gkz + € 1CkR2Z7!, 2] > R

where K is related to the remote electromechanical loading through
o +iogo+e\? (B HESP)
k= c® (5)
—(ES° +1E)
It is seen from the above definitions that h;(z) and hy(z) are continuous across the arc L, and are analytic in |z| < R
and |z| > R, respectively, including the point at infinity; they are discontinuous only across the arc L.. It then follows from
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Egs. (3) and (4) that the original analytic vector functions and their analytical continuations fi(z), fz(z),fl(%z),fz(%z) can
be expressed in terms of the newly introduced hi(z) and h;(z) as follows:

f1(2) = (C1 + C2) 'Chy(2) + (€1 + €)' Crha(2) + 2(C1 + C) "' Cokz

_ /R? _
fz<7> =(C1 +C2)7'C1h1(2) — (€1 + C2) " 'C1ha(2) + (€1 +C) 71 (€1 — C)kz +kR?z7!,  |z] <R (6)

z
£,(2) = (C1 + C2) " 'C1h1(2) + (C1 + C) " 'C1ha(2) + kz + (€1 + C2) " 1(C; — C)kR?*z™!, |z| >R (7)

In the following two sections, we will discuss in detail two configurations: (i) the inner side of the conducting rigid line
inclusion is perfectly bonded to the piezoelectric inhomogeneity, whilst its outer side is fully debonded from the piezoelec-
tric matrix; (ii) the inner side of the conducting rigid line inclusion is fully debonded from the piezoelectric inhomogeneity,
whilst its outer side is perfectly bonded to the piezoelectric matrix.

_ RZ -
f1< ) =(C1 +C) Gy (2) — (€ + €)' Chy(2) + 2(Cr + ) T GRR? 2!

3. Arigid line inclusion debonded from the matrix

In the first configuration, the boundary conditions on the conducting rigid line inclusion (which is debonded from the
matrix) can be expressed in terms of the functions f1(z), f2(z), f; (R;), fz(R;) as follows

_ R2 _ RZ

q(z)_q(_):o, f;(z)+f;(—) —0, zel (8)
z z

Substitution of Egs. (6) and (7) into the above yields the following vector Riemann-Hilbert problem:
+ —
G hi (2) -G G| h® G C oo 1
=-2 kz +2 kR“z™", zel 9
[C1 -G :| |:h;(z) la ¢ h; (2) G 4 - ¢ )

In order to solve this problem, we first consider the following generalized eigenvalue problem:

CGw=pCiw (10)

where p is the eigenvalue and w the associated eigenvector. The two eigenvalues and the associated eigenvectors of Eq. (10)
are given explicitly as

M, @2 ) (1) 1) ,) 1) _) ) (1) 1) ,2) ), (D), (2) (1) 1 ,2)
Cag €17 +Cyy €4y +2€35875 & \/(C44 €17 —Cag€11)? +4(Cyqeys —Chpeis)(€r7es — €y eqs)

p12= A i (11)
2[Cyy €} + (€132
- 1 2 1 2
_ p1€§5) - 655) _ :02355) - egs)
Wi=1 o o W= o (1) (12)
| Cag —P1Cyy Cag — P2Cyy

The two eigenvalues in Eq. (11) can be positive real or complex conjugates with positive real parts. When the two
eigenvalues are distinct, we have the following orthogonality relations between the two eigenvectors

wl ] 5 0 wj sip1 0
[wg alw wl=|§ 5] [l wl=[" 0 ] 1

where 1 and 8, are non-zero coefficients.
By introducing the following transform

h@=[wi w2 |p@. mh@=[wi w]|q@ (14)

and making use of the orthogonality relations in Eq. (13), Eq. (9) can be expressed in terms of p(z) = [p1 (2) p2(2) ]T and
4@ =[01 @@ ]" as follows

|:,01 1} i@ +|:—,01 1} p7 (2
T -1]| qf®@ I 1]l @
) [Y1(/02,52,k1,k2)]+2Rzz_1[ Y1(p2, 82, k1, ka) ]

[m 1] p3 @) +[—p2 1} p; @)
1 -1 qi’"(z) 1 1 qZ_(z) Y2(p02, 82, k1, k2) —Y2(p2, 82, k1, k2)

zele (15)

Y1(p1, 81, k1, k2) 21| Yi(p1,81,k1,k2)
-2z 2R*z = s
[Yz(,01,51,k1,/<2) * =Y2(p1,81, k1, k2)
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where
Y 2) ( @ D@ . kar 2 2)\2
Yi(p, 8, k1, ka) = g[kl (Cfm)egs) - Cz(m)egs)) + kl(cz(14)€{1) + 655)635)) - ?[Cfm)e{]) + (655)) ]
Pkar 1y, canzy, ki@, ~oey koo a o e
Yz(p,S,k1,k2)=T[C44 € +(e1s) ]+§(C44 €15 — Cyy l”"15)_§(C44 €11 teisers) (16)

It is seen from Eq. (15) that the vector R-H problem for [pl(z) q1(z)]T is completely decoupled from that for
[ P2(2) q2(2) ]T. We next consider the following generalized eigenvalue problem:

-0 1| |p 1
|: 1 1:|v_k|:1 _1j|v (17)
where 1 is the eigenvalue and v the associated eigenvector. The two eigenvalues and the associated eigenvectors of Eq. (17)
are determined as

1+iyp 1-iyp
"S1ois 2T it (18)
S A

In addition, we have the following orthogonality relations between the two eigenvectors

Vi Tp 1 _[200+iyp 0
_v%_[l —1][“ “2]‘[ 0 2<p—im]
Vi l[-p 1 2—p +iyP) 0 ]
= . 20
17 1 -5 m
Upon introduction of the following transform,
(p@] 1.y 1] &®@ @ | .0 .ol 5@
_m(Z)]_[Vl "2][171@)] |:Q2(Z)}_[V1 Vz][m(z)] (21)

(with superscripts (1) and (2) indicating the quantities associated with p; and p,, respectively) and application of Eq. (20),
Eq. (15) can be decoupled into the following four independent scalar R-H problems:

i, Y1(pj, 8, k1. k2) +1/PjY2(pj, 8j, ki, k2)
%-;F(Z)+A§])%-] (Z):—Z ] %) \/—] 1 %]

pj+iypj
+Z,1R2[Y1(Pj,51,k1,k2)—i\/p_jyz(Pj,Sj,kLkz)]
pj+iy/pj
N Y1(0j,8j.k1,k2) —i,/0jY2(pj, 8j, k1, k2)
T];’_(Z) + )\;])77] (Z) — 1> %] \/_] 1%
pj—1/pj
R2[Y1(pj, 8, k1, k2) +iy/pPiY2(pj,8;. k1, k
—‘,—Z_] [Y1(pj,8j, k1, k2) \//Tj 2(pj, 85, k1 2)]! zelej=1.2 (22)
pj—1/pj

By evaluating the corresponding Cauchy integrals, the solutions to the above are found to be

Y1(pj. 8j,k1,k2) +imY2(pj, 8j,k1,k2)

£l(2)=— : 1— x9@)[z - Rela} + 26 Im{a}
J (1+)\§j))(pj+i\/)0—j) { 1 [ 1 ]}
B Rz[vum,ﬁj,h,ﬁz)—imvz(pj,éj,l?méz)][ 1Ko ij)(Z)x{(j)(O)]
A +29) o +iypp) 2 3002 [xD0)prz
Y1(pj, 85, ki1, k2) — i/BiY2(pj, 85, k1, . 4
W@ = 1005, 85, k1, ka) —i/PjY2(pj, 85, ki, <2){1 29 @)z = Rela} + 265 Im(a)]}

1 +29)(pj —iypp)
- R2[Y1<pj,6j,121,f<2>+imvz<pj,8j,f<1,f<z>][l_ %' @ xé”(z)x;“)m)] 1
1 +29)p; —iyp)) 2 D2 P orz ’

(23)

where
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. ) )
; G _ 0 ; Inx
Xk(])(z) =(z— a)_%_‘gkj (z _a)_%‘HekJ , glgj) = ——27:: , J, k=12 (24)

The branch cuts for X;ij) (z) are taken along L.(z) such that X;Ej) (2) = z7! as |z| — oco. Once gj’.(z) and n}(z) are known,

p}(z) and q’j(z) can be determined from Eq. (21). Consequently, h} (z) and h/,(z) are arrived at from Eq. (14), and the original
analytic vector functions f;(z) defined in the inhomogeneity and f,(z) defined in the matrix are ultimately determined from
Eqgs. (6)1 and (7).

When p; = p, in Eq. (11) and C; is not proportional to C (this situation corresponds to the degenerate case), it is more
convenient to consider the following transform

h
[h;g]z[yl 2 ¥5 ¥alg@ (25)

where g(z) = [g1 (2) 82(2) g3(2) g4(2) ]T is a 4D analytic vector function, and the generalized eigenvectors y1,¥y2,¥3, V4
are determined by

-G G|, .1 G )
[Q C1i|yj_kj|:c1 —C1:|yj

-G G R A & ¢ . G G . .
|: C] cl ]y]+] —)"] |:c1 —C] ]y]+1 + |:c‘1 —C] ]y]v ]J= 17 3 (26)
where
1+i 1—i
= +1/01 a /01 27)

= p ) 3= ;
1-i/m 1+i/m

The following quasi-orthogonal relationships among the four generalized eigenvectors are shown to be true:

— T —

¥z [dy dy 0 0]
vi [, o Vi v vs wa]= 0 d 0 0
vl |[La —c [ 2 B T 0 0 ds dy
T 0 0 0 ds
LYy;3 - -
— yT — _ _
?_ do do 0 0 A& 1 0 O
Vi -G G |0 do 0 O 0 A2 0 O
VI [ ¢ G ] [vi ¥2 ¥3 wa]= 0 0 di ds 0 0 i 1 (28)
T 0 0 0 ds 0 0 0 A3
Ly; L _
where dq, d;, ds, d4 are non-zero coefficients. It is deduced from Eqs. (26)-(28) that
Vi=V1, Ya=¥2, A3=Ar1, d3=dy, ds=d; (29)

By considering Egs. (25) and (28), Eq. (9) can be rewritten in the following form

g@ | [n 1] g () vl — Byl {[Cz] [cz } , _1}
=2 - kR
[gﬂzJ*[O M [gz‘m} [ i a7 [—a <

g5 2 o1 &@ | %YZ—Z—M [[Cz] _[Cz}— 2_1}
[g:r(a}*[‘) *3“&:@}‘ 2{ EY e 1= i BN i R (30

The above can be solved by means of the following quasi-decoupling method: g/,(z) and g} (z) can first be determined
by solving two independent scalar R-H problems, g’ (z) and g5(z) can then be determined by inserting the expressions for
g5(2) and g(2), and solving the resulting two independent scalar R-H problems. The final results are then

[g } k{1 - x;(2)[z — Re{a} + 2¢;Im{a} ]}

djt 1 T T
g[S oy
J dj(1+4 1)) d; 1+ J i+ +|: C :||_(R2|:l— Xj(2) Xj(Z)XJ/-(O):|
G

2 %0z [xj(0)]2z
!
Xj(z) f 1 T |:C2i| [ G ]— 2|: 1 Xj(O) i|
; k|t — R 2¢e;l kR - de
+ inda (1) ) - Zy] G ([ efa} + 2¢; m{a}] + —C K Xj(o)tz [Xj(o)]zt
Lc
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Fig. 2. The oscillatory index &’ as a function of the coupling factor «.

C
2 . |:C?i|k{1_Xf(z)[z_Re{a}-f-ZEjlm{a}]}

SR , j=1.3 (31)
di1+xrp™7 +[ C ]RRz[l_ X @ x;(Z)xj(O)]

g;‘.H (2) =

—C 22 xj(0)z? xj(0]z

where the Cauchy integral is taken in the counterclockwise direction from the upper tip to the lower tip of the rigid line
inclusion, and

. . InA;
Xj(2) = (z—a)y 278 (z — @)~ 2HE, &j= _z_nj’ j=13 (32)

It is seen from the analysis in this section that:

(i) when (Cf&)eﬁ) - Cﬁf 6511))2 + 4(Cf&)e§25) - Cﬁ)e%))(eﬁ)e%) — f;ll)e%)) > 0,1 the stresses and electric displacements at
the tips of the line inclusion exhibit the power type singularities r— 2% and r~2%2 with Vj= %arctan( /07, i=1,2;

(ii) when (Cﬂfeﬁ) — Cﬁ)eﬂ))z +4(C(1)e(2) — C(Z)e(l))(e(z) M (1)6525)) < 0, the stresses and electric displacements at

44 €15 44 €15 (€97 €15 — €44

1 "y sat 1 N . . . .
g e —3+&" e with ¢’ and &” being the real and imaginary

the tips of the line inclusion exhibit the singularities r and r

parts of sgl)(z 552) = —sél) = _552)):

H_@ 2)_a .2 2) ( 2) ( @ . 2 1,2 e®
(iii) when (C4(14)6§1) _ Cfl4)e§1))2 +4(Cfl4)e§5) _ 5514)e§5))(5](1)e§5> — 61(1)‘335)) =0 [or equivalently 2e§5) = egs)(ﬁ + ﬁ
44 11

)+
COe® 4 @y2(% _ 9] and ¢ | ional to Cy, th d electric displ he tips of th
a4 €17 T (€35) (@ — E)] and C; is not proportional to Cy, the stresses and electric displacements at the tips of the

11
line inclusion exhibit the singularities r~2%"1 and r~2* Inr with Y1 = %arctan(,/pl). The additional logarithmic term in
the singularities is due to the remaining Cauchy integral in Eq. (31).

For example, if the inhomogeneity and the matrix possess identical material properties, but have opposite poling direc-

tions (i.e. Cf&) = Cﬁ), e%) = —e%), 6](1]) = eﬁ) ), Eq. (11) becomes
1+ik 1—-ik
= N = N 33
P 1-ik P2 141k (33)
where « is the electromechanical coupling factor defined by
1)
e
= i (34)
M (D
Cag €11

In this case, the stresses and electric displacements exhibit the singularities r~4%¢ and r~4%¢ where the oscillatory
index &’ as a function of « is illustrated in Fig. 2. When « = 1, the oscillatory index attains its maximum value of max{e’} =

In(v2+1) _
TS = 0.1403.
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4. Arigid line inclusion debonded from the inhomogeneity

In the second configuration (see Section 2), the boundary conditions on the conducting rigid line inclusion (which is
debonded from the inhomogeneity) can be expressed in terms of f;(z), f2(z), i (RTZ), fz(R;) as follows:

- (R? - (R?
f1+(z)+17<7)=o, t;(z)—f;(7> =0, zel, (35)
Substitution of Eqs. (6) and (7) into the above yields the following vector Riemann-Hilbert problem:
r hi(z - h (z
G G 1@ -G G 1_( ) =2 kz—2 kR?z7', zel. (36)
LG —Ci ]| hi@2 G GJ|n@© Cz

If we introduce the transform in Eq. (14) for the case of distinct eigenvalues in Eq. (11), the above can be rewritten as:

- + —
h _11} |:p1 (Z):| - [—,01 1”:131 (Z):| 222Y1(P1,51J<1,k2)[_1] } —2R227]Y1(,01,51,121,122)[1]

L1 CI;F(Z) 1 a7 (2)
[ 1 p3 (2 —-p2 17| P2@ | _1 - o
| 1 —1i| |:q3'(z) 1 1 @ =22Y1(p2, 82, k1, k) | | | = 2RZ7Y1(02, 82, k1. k2) | 4
zel. .

where Y1 (p, §, k1, kz) has been defined in Eq. (16);. We can see that the vector R-H problem for [p1 2 q1(2) ]T is decou-

T
pled from that for [ p2(2) q2(2) ] .
After the introduction of the transform in Eq. (21) and utilization of Eq. (20), Eq. (37) can be decoupled into

) 3V (o) = 1P k) iR2.Y1(p;, 81, k1, ka)
j 15j -

VPj VPj
- iY1(01, 85, ki k) iR?AYY1(0j. 85, k1. ko) .
nt@ -2y () = - RPN TRt TP . zele j=1.2 (38)
Pj A/ Pj

The solutions to the above four decoupled scalar R-H problems can be conveniently derived as:
iY1(pi, 8, k1, k (i ~(j
£ = Y1(ps. 95 k1. k2) [1- %7 @[z - Refa} + 28\ Im{a}])
BN )
SO =2A77)
~(j ,()
iR Ya(p;. 8. k. ko) [ Wao  wWoxs (0)]
5~

wpia=h L2 3oz or

n;(z) = _Mlps. 5.k, k) 1= 7% @[z - Refa} + 285 Im{a}]}

NGIEPED
G ()
iRV (1.5 . kz)[ B | woxs (0)} i—1.2 (39)
-9 L2 3P0z P or:
where
. ) In k(])
X’E]) (Z) — (Z a)———l(f-jl< (Z ) -H&‘k , élgj) (zn ) j, k= 1, 2 (40)

The branch cuts for () (z) are taken along L.(z) such that Xl(j) @)=z 1 as |z| > oo.
When p; = p2 in Eq. (11) and C; is not proportional to C;, we can mtroduce the transform in Eq. (25). By applying

Eq. (28), Eq. (36) becomes

gi(Z) [M ]|:gl @ ) %ygl dzﬂ {[ G :|l(z+[cz}l_(Rzz_1}
g5 (2 0 Mlleg@ vl —G G

+ - 1T _ dayT
[gi@}_[h 1][g3(z>}:_2[d3y4] ngyg}{[ G ]I(H[cz}l-mzz_]}’ rel "
g5 @ 0 23]| g @ &5 -G C
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The solutions to the above are finally found to be

sz } k{1 — #%;(2)[z — Re{a} + 28, Im{a}]}

dj+1 1 T T [_C
g’.(z):—|:<]_ —>y._y. )
! di-apl\ d; " 1-2;)7 ] Tq 21 w@ |, xex0
G Z 7 302 T IG0r

I 41C) f 1 olre . Qe 1 ;Z’j(m}
nd;h(1— 1)) P [_Cz]k[t Re{a} + 2&;Im{a}] [Cz}kR [f(j(O)tz O
Le

[ _cé } k{1— %;(2)[z - Refa} + 2;Im{a}]}
T 2

2
g ()=——y; : , j=1,3 (42)
i+ A1 =2 | [CTipe[1 _ @ |, @x;0
G 22 X022 [Xj(0)]?z
where
. . In(—A;
Xj(z)=(2—0)7%7181(2—5)7%+181, 512—%, ji=13 (43)

The singularities in electric displacements and stresses at the tips of the rigid line inclusion debonded from the inhomo-
geneity are identical to those discussed in Sec. 3.

5. Conclusions

We have solved the mixed boundary value problem associated with a debonded arc-shaped conducting rigid line inclu-
sion at the interface between a circular piezoelectric inhomogeneity and an infinite piezoelectric matrix. We address two
configurations: (i) the inner side of the line inclusion is bonded to the inhomogeneity whilst its outer side is debonded from
the matrix; (ii) the inner side of the line inclusion is debonded from the inhomogeneity, whilst its outer side is bonded to
the matrix. Our analysis indicates that the nature of the singularities in stresses and electric displacements at the tips of
the debonded conducting rigid line inclusion depends on the sign of the term in the square root in Eq. (11). In summary,
three types of singularity are possible at the tips.
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