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Based on elastic theory, the refined theory of bi-layer beams for a transversely isotropic 
body is studied. Using the Elliott–Lodge (E–L) solution and Luré method, the refined theory 
of beams is derived from continuity conditions without ad hoc assumptions. It is shown 
that the displacements and stresses of the beam can be represented by displacements and 
stresses of the interface of two layers of different materials. The governing equations about 
the transverse displacement of the interface can be obtained directly from the refined 
theory under transverse surface loading. Approximate solutions are derived for beams 
by dropping terms of high order. In addition, one example is examined to illustrate the 
application of the theory proposed in this paper.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

With the development of engineering, monolayer structures cannot meet demand for high-strength, high-modulus and 
low-density industrial materials, and the laminated composite structures have been used in more and more fields. The bi-
layer beams as a special laminated composite structure attracts broad attention. In general, two different models have been 
used to study bi-layer beams: single-layer theory and layerwise theory [1]. Using single-layer theory, the whole plate is 
considered as one monolayer structure, and a magnified error will appear. Using layerwise theory, each layer is analyzed, 
and the precision of layerwise theory will be affected by monolayer structure theory. Moreover, Carrera [2,3] makes a sum-
ming up of the theories for multilayered structures and gives one-dimensional formulations for the analysis of multilayered 
structures.

Research ideas of refined analysis were proposed by Cheng [4] in 1979. A parallel development of Cheng’s theory has 
been obtained by Barrett and Ellis [5] for isotropic plates under transverse surface loadings. Wang and Shi [6] further 
study Cheng’s refined theory by using the Papkovich–Neuber solution and discussed isotropic plate in the case of surface 
transverse load. They finally got the plate deflection control equations and shear control equations. Luo and Wang [7]
obtained the refined theory of generalized plane-stress problems in elasticity.

Wang [8] applied Cheng’s refined theory approach to the study of transversely isotropic plate, and a refined equation 
for transversely isotropic plates with homogeneous boundary conditions was obtained. Wang substituted the sum of the 
general integrals of the three differential equations of the plate problem for the solution to the refined equation, but he did 
not prove the rationality of the substitution. Zhao et al. [9] studied the transcendental equation of the transversely isotropic 
plate, and proved the rationality of the substitution.

* Corresponding author. Tel.: +86 412 5929088; fax. +86 412 5929285.
E-mail address: zhaobaos@pku.org.cn (B.-s. Zhao).
http://dx.doi.org/10.1016/j.crme.2014.08.002
1631-0721/© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

http://dx.doi.org/10.1016/j.crme.2014.08.002
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:zhaobaos@pku.org.cn
http://dx.doi.org/10.1016/j.crme.2014.08.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crme.2014.08.002&domain=pdf


28 T.-t. Liu, B.-s. Zhao / C. R. Mecanique 343 (2015) 27–37
Fig. 1. Schematic diagram of the bi-layer beam structure.

Cheng’s refined theory was extended to transversely isotropic plates under transverse surface loadings by Yin and Wang 
[10] through an Elliott–Lodge (E–L) solution. Gao and Wang [11,12] extended Cheng’s theory to monolayer isotropic beams, 
and gave the refined theory for rectangular elastic beam problems. Gao et al. [13] got the refined theory of beams for a 
transversely isotropic body. Lu et al. [14] got the refined theory of transversely isotropic thermoporoelastic beam. Based on 
a refined theory of a single layer, Zhao and others [15,16] got the refined analysis of bi-layer beams and a refined theory of 
sandwich beams without an ad hoc assumption.

It is the purpose of this paper to extend our previous work to the bi-layer beams for a transversely isotropic body and 
the refined theory is given.

2. Structure and general solutions

In this paper, we study the bi-layer beams. Two beams are made of different transversely isotropic materials. The x–y
plane of each layer beam is an isotropic plane and the interface of two materials is also an isotropic plane, and z = 0. As 
shown in Fig. 1, the isotropic planes (x–y plane, z = 0) of the two beams are stacked. The beam length in the x-direction is l, 
the beam width in the y-direction is 1, the beam height in the z-direction is 2h, and l � 2h � 1. Therefore, it is plausible to 
set the components of stress σy = τxy = τyz = 0. This is a plane stress assumption, and the width in the y-direction is stress 
free. The mark of superscript (1) and (2) denote the top beam and the bottom beam of the bi-layer beam, respectively. And 
we set the nonhomogeneous boundary conditions to be:

σ
(1)
zx = 0, σ

(1)
zz = q

2
(on z = h); σ

(2)
zx = 0, σ

(2)
zz = −q

2
(on z = −h).

The constitutive equations for the transversely isotropic body in two-dimensional linear elasticity are described to be:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

σ
(i)
xx = c(i)

11
∂u(i)

x

∂x
+ c(i)

13
∂u(i)

z

∂z

σ
(i)
zz = c(i)

13
∂u(i)

x

∂x
+ c(i)

33
∂u(i)

z

∂z

σ
(i)
xz = c(i)

44(
∂u(i)

z

∂x
+ ∂u(i)

x

∂z
)

(i = 1,2) (1)

The general solution to the transversely isotropic elastic body is:

u(i)
x = (

ψ
(i)
1 + ψ

(i)
2

)
x, u(i)

z = (
k(i)

1 ψ
(i)
1 + k(i)

2 ψ
(i)
2

)
,z (2)

where the constants k(i)
1 and k(i)

2 satisfy:

c(i)
11

c(i)
44 + (c(i)

13 + c(i)
44)k(i)

1

= c(i)
13 + c(i)

44(1 + k(i)
1 )

c(i)
33k(i)

1

= (
s(i)

1

)2

c(i)
11

c(i)
44 + (c(i)

13 + c(i)
44)k(i)

2

= c(i)
13 + c(i)

44(1 + k(i)
2 )

c(i)
33k(i)

2

= (
s(i)

2

)2
(i = 1,2) (3)

and (s(i)
1 )2 and (s(i)

2 )2 are two characteristic roots of the following quadratic algebra equation of (s(i))2,

c(i)
33c(i)

44

(
s(i))4 + [(

c(i)
13

)2 + 2c(i)
13c(i)

44 − c(i)
11c(i)

33

](
s(i))2 + c(i)

11c(i)
44 = 0 (4)

We obtain the two roots (s(i)
1 )2 and (s(i)

2 )2 of the algebra equation (4) and assume that they are distinct. So the potential 
functions ψ(1)

i and ψ(2)
i satisfy the following equation:

∇2
i ψ

(1)
i = 0, ∇2

i ψ
(2)
i = 0 (i = 1,2) (5)

with ∇2
i = ∂2

x + ∂2
z /(s(1)

i )2, ∇2
i = ∂2

x + ∂2
z /(s(2)

i )2, ∂x = ∂/∂x, and ∂z = ∂/∂z.
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According to Wang and Wang [17], it can be further proved that k(i)
1 k(i)

2 = 1. Lekhnitskii [18] proved that the numbers 
(s(i)

1 )2 and (s(i)
2 )2 for any transversely isotropic body can be real or complex (with a real part different from zero), but 

cannot be purely imaginary.

3. The displacement field and the stress states of monolayer beams

In this section, the displacement field and the stress field of a monolayer beam will be studied. Based on Lur’e’s method 
[19] and with these requirements satisfied, treating Eq. (5) as an ordinary differential equation in z with constant coeffi-
cients, one obtains the following symbolic solution to Eq. (5):

ψ1 = sin(s1z∂x)

s1∂x
g1 + cos(s1z∂x)g2, ψ2 = sin(s2z∂x)

s2∂x
g3 + cos(s2z∂x)g4 (6)

where

sin(si z∂x)

si∂x
= z

(
1 − 1

3! s2
i z2∂2

x + 1

5! s4
i z4∂4

x − · · ·
)

,

cos(si z∂x) = 1 − 1

2! s2
i z2∂2

x + 1

4! s4
i z4∂4

x − · · · (7)

Substituting Eq. (6) into Eq. (2), one obtains:

ux = sin(s1z∂x)

s1
g1 + cos(s1z∂x)g′

2 + sin(s2z∂x)

s2
g3 + cos(s2z∂x)g′

4

uz = k1 cos(s1z∂x)g1 − k1 sin(s1z∂x)s1 g′
2 + k2 cos(s2z∂x)g3 − k2 sin(s2z∂x)s2 g′

4 (8)

From Eq. (1) and Eq. (8), the components of stress can be indicated as:

σxx

c44
= (1 + k1)s2

1
sin(s1z∂x)

s1
g′

1 + (1 + k1)s2
1 cos(s1z∂x)g′′

2

+ (1 + k2)s2
2

sin(s2z∂x)

s2
g′

3 + (1 + k2)s2
2 cos(s2z∂x)g′′

4

σzz

c44
= −(1 + k1)

sin(s1z∂x)

s1
g′

1 − (1 + k1) cos(s1z∂x)g′′
2

− (1 + k2)
sin(s2z∂x)

s2
g′

3 − (1 + k2) cos(s2z∂x)g′′
4

σzx

c44
= (1 + k1) cos(s1z∂x)g′

1 − (1 + k1) sin(s1z∂x)s1 g′′
2

+ (1 + k2) cos(s2z∂x)g′
3 − (1 + k2) sin(s2z∂x)s2 g′′

4 (9)

According to Eq. (8) and (9), the displacement and the stress of the interface of the top beam and of the bottom beam 
can be obtained as follows:

U = ux|z=0 = g′
2 + g′

4, W = uz|z=0 = k1 g1 + k2 g3

X = σzx|z=0 = c44(1 + k1)g′
1 + c44(1 + k2)g′

3,

Z = σzz|z=0 = −c44(1 + k1)g′′
2 − c44(1 + k2)g′′

4 (10)

Form Eq. (10), the following form of a matrix can be derived:

⎡
⎢⎢⎣

g1
g2
g3
g4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

0 1+k2
k1−k2

− k2
c44(k1−k2)∂x

0

− 1+k2
(k1−k2)∂x

0 0 − 1
c44(k1−k2)∂2

x

0 − 1+k1
k1−k2

k1
c44(k1−k2)∂x

0
1+k1

(k1−k2)∂x
0 0 1

c44(k1−k2)∂2
x

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

U
W
X
Z

⎤
⎥⎥⎦ (11)

Substituting Eq. (11) into Eq. (9), one obtains:

σxx

c44
=

[
−(1 + k1)s2

1 cos(s1z∂x)
1 + k2

k1 − k2
+ (1 + k2)s2

2 cos(s2z∂x)
1 + k1

k1 − k2

]
∂xU

+
[
(1 + k1)s2

1
sin(s1z∂x) 1 + k2 − (1 + k2)s2

2
sin(s2z∂x) 1 + k1

]
∂xW
s1 k1 − k2 s2 k1 − k2
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+
[
−(1 + k1)s2

1
sin(s1z∂x)

s1

k2

c44(k1 − k2)
+ (1 + k2)s2

2
sin(s2z∂x)

s2

k1

c44(k1 − k2)

]
X

+
[
−(1 + k1)s2

1 cos(s1z∂x)
1

c44(k1 − k2)
+ (1 + k2)s2

2 cos(s2z∂x)
1

c44(k1 − k2)

]
Z

σzz

c44
=

[
(1 + k1) cos(s1z∂x)

1 + k2

k1 − k2
− (1 + k2) cos(s2z∂x)

1 + k1

k1 − k2

]
∂xU

+
[
−(1 + k1)

sin(s1z∂x)

s1

1 + k2

k1 − k2
+ (1 + k2)

sin(s2z∂x)

s2

1 + k1

k1 − k2

]
∂xW

+
[
(1 + k1)

sin(s1z∂x)

s1

k2

c44(k1 − k2)
− (1 + k2)

sin(s2z∂x)

s2

k1

c44(k1 − k2)

]
X

+
[
(1 + k1) cos(s1z∂x)

1

c44(k1 − k2)
− (1 + k2) cos(s2z∂x)

1

c44(k1 − k2)

]
Z

σzx

c44
=

[
(1 + k1) sin(s1z∂x)s1

1 + k2

k1 − k2
− (1 + k2) sin(s2z∂x)s2

1 + k1

k1 − k2

]
∂xU

+
[
(1 + k1) cos(s1z∂x)

1 + k2

k1 − k2
− (1 + k2) cos(s2z∂x)

1 + k1

k1 − k2

]
∂xW

+
[
−(1 + k1) cos(s1z∂x)

k2

c44(k1 − k2)
+ (1 + k2) cos(s2z∂x)

k1

c44(k1 − k2)

]
X

+
[
(1 + k1) sin(s1z∂x)s1

1

c44(k1 − k2)
− (1 + k2) sin(s2z∂x)s2

1

c44(k1 − k2)

]
Z (12)

4. The refined equations of bi-layer transversely isotropic beam

Making use of the refined theory of transversely isotropic beams obtained in the previous section, we will investigate 
the rectangular straight beam with inhomogeneous boundary conditions on the neutral layer in this section. Namely, the 
following boundary conditions are prescribed:

σ
(1)
zx = 0, σ

(1)
zz = q

2
(on z = h); σ

(2)
zx = 0, σ

(2)
zz = −q

2
(on z = −h) (13)

The mark of superscript (1) and (2) denote the top beam and the bottom beam of the bi-layer beam, respectively. The 
physical quantities U of the top beam and of the bottom beam are the same. The other physical quantities W ′ , X , and Z
have the same properties as U .

Substituting the stress expressions in Eq. (12) into the boundary conditions (13) of beams, we get the following equa-
tions: ⎡

⎢⎢⎣
L11 L12 L13 L14
L21 L22 L23 L24
L31 L32 L33 L34
L41 L42 L43 L44

⎤
⎥⎥⎦

⎡
⎢⎢⎣

U ′
W ′
X
Z

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0
q
2 (k(1)

1 − k(1)
2 )

0
q
2 (k(2)

1 − k(2)
2 )

⎤
⎥⎥⎦ (14)

where Li j is given in Appendix A as Eq. (25).
Taking the adjoint matrix L∗ on both sides of Eq. (14), one obtains:

|L|U ′ = L∗
21

q

2

(
k(1)

1 − k(1)
2

) + L∗
41

q

2

(
k(2)

1 − k(2)
2

)
,

|L|W ′ = L∗
22

q

2

(
k(1)

1 − k(1)
2

) + L∗
42

q

2

(
k(2)

1 − k(2)
2

)
,

|L|X = L∗
23

q

2

(
k(1)

1 − k(1)
2

) + L∗
43

q

2

(
k(2)

1 − k(2)
2

)
,

|L|Z = L∗
24

q

2

(
k(1)

1 − k(1)
2

) + L∗
44

q

2

(
k(2)

1 − k(2)
2

)
. (15)

where |L| equals:

(
c(1)

44 p(1)
1

)2(−2 + a(1) S N(1)
1 S N(1)

2 + 2C S(1)
1 C S(1)

2

)(
d(2) − p(2)

1 f (2)S N(2)
1 S N(2)

2 − p(2)
1 e(2)C S(2)

1 C S(2)
2

)
+ (

c(2) p(2))2(−d(1) + p(1) f (1) S N(1)S N(1) + p(1)e(1)C S(1)C S(1))(2 − a(2) S N(2)S N(2) − 2C S(2)C S(2))

44 1 1 1 2 1 1 2 1 2 1 2
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+ c(1)
44 p(1)

1 c(2)
44 p(2)

1

(
t(1) − n(1) S N(1)

1 S N(1)
2 − t(1)C S(1)

1 C S(1)
2

)(
p(2)

2 − r(2) S N(2)
1 S N(2)

2 − p(2)
2 C S(2)

1 C S(2)
2

)
+ c(1)

44 p(1)
1 c(2)

44 p(2)
1

(−p(1)
2 + r(1)S N(1)

1 S N(1)
2 + p(1)

2 C S(1)
1 C S(1)

2

)(−t(2) + n(2) S N(2)
1 S N(2)

2 + t(2)C S(2)
1 C S(2)

2

)

+ c(1)
44 p(1)

1 c(2)
44 p(2)

1 l(1)l(2)
(
s(1)

1 S N(1)
1 C S(1)

2 − s(1)
2 S N(1)

2 C S(1)
1

)(− 1

s(2)
2

S N(2)
2 C S(2)

1 + 1

s(2)
1

S N(2)
1 C S(2)

2

)

+ c(1)
44 p(1)

1 c(2)
44 p(2)

1 l(1)l(2)

(
− 1

s(1)
2

S N(1)
2 C S(1)

1 + 1

s(1)
1

S N(1)
1 C S(1)

2

)(
s(2)

1 S N(2)
1 C S(2)

2 − s(2)
2 S N(2)

2 C S(2)
1

)
. (16)

L∗
2 j and L∗

4 j ( j = 1, 2, 3, 4) are given in Appendix A as Eq. (26), and all the coefficient of determinant |L| can be found in 
Eq. (27) and (28).

Since Eq. (16) is of high-infinite power, it does not lead to the engineering application. The following equations can be 
obtained by omitting the high-order terms:

|L| = α1h4∂4
x + α2h6∂6

x = α1h4∂4
x

(
1 + ξh2∂2

x

)
(17)

where

α1 = 1

12

{
c(1)

44 p(1)
1

[(
s(1)

1

)2 − (
s(1)

2

)2]
l(2)

}2 + 1

12

{
c(2)

44 p(2)
1

[(
s(2)

1

)2 − (
s(2)

2

)2]
l(1)

}2

+ 7

6
c(1)

44 c(2)
44 p(1)

1 p(2)
1

[(
s(1)

1

)2 − (
s(1)

2

)2][(
s(2)

1

)2 − (
s(2)

2

)2]
l(1)l(2)

α2 = {
c(1)

44 p(1)
1

[(
s(1)

1

)2 − (
s(1)

2

)2]}2
{

1

24
p(2)

1

[(
s(2)

1

)2 − (
s(2)

2

)2] − 1

180
l(2)

[(
s(1)

1

)2 + (
s(1)

2

)2]}
l(2)

+ {
c(2)

44 p(2)
1

[(
s(2)

1

)2 − (
s(2)

2

)2]}2
{

1

24
p(1)

1

[(
s(1)

1

)2 − (
s(1)

2

)2] − 1

180
l(1)

[(
s(2)

1

)2 + (
s(2)

2

)2]}
l(1)

− 1

24
c(1)

44 c(2)
44 p(1)

1 p(2)
1

{[(
1 + 3k(2)

1 − k(2)
2 + k(2)

1 k(2)
2

)(
s(2)

1

)4 + (
1 + 3k(2)

2 − k(2)
1 + k(2)

1 k(2)
2

)(
s(2)

2

)4

− 2p(2)
1

(
s(2)

1

)2(
s(2)

2

)2][(
s(1)

1

)2 − (
s(1)

2

)2]
l(1) + [(

1 + 3k(1)
1 − k(1)

2 + k(1)
1 k(1)

2

)(
s(1)

1

)4

+ (
1 + 3k(1)

2 − k(1)
1 + k(1)

1 k(1)
2

)(
s(1)

2

)4 − 2p(1)
1

(
s(1)

1

)2(
s(1)

2

)2][(
s(2)

1

)2 − (
s(2)

2

)2]
l(2)

}
− 8

45
c(1)

44 c(2)
44 p(1)

1 p(2)
1 l(1)l(2)

[(
s(1)

1

)2 − (
s(1)

2

)2][(
s(2)

1

)2 − (
s(2)

2

)2]((
s(1)

1

)2 + (
s(1)

2

)2 + (
s(2)

1

)2 + (
s(2)

2

)2)
,

ξ = α2/α1. (18)

And Eq. (15) can be rewritten in the following form:

α1h4∂4
x

(
1 + ξh2∂2

x

)
U ′ = β1h2∂2

x

(
1 + η1h2∂2

x

)
q

α1h4∂4
x

(
1 + ξh2∂2

x

)
W ′ = β2h∂x

(
1 + η2h2∂2

x

)
q

α1h4∂4
x

(
1 + ξh2∂2

x

)
X = β3h3∂3

x

(
1 + η3h2∂2

x

)
q

α1h4∂4
x

(
1 + ξh2∂2

x

)
Z = β4h4∂4

x

(
1 + η4h2∂2

x

)
q (19)

where the coefficients of the Eq. (19) are given in Appendix B as Eq. (29).
Taking the operator (1 − ξh2∂2

x ) on both sides of Eq. (19) and then omitting all the terms associated with h4 or the 
higher-order terms, we obtain:

α1h4∂4
x U ′ = β1h2∂2

x

[
1 + (η1 − ξ)h2∂2

x

]
q

α1h4∂4
x W ′ = β2h∂x

[
1 + (η2 − ξ)h2∂2

x

]
q

α1h4∂4
x X = β3h3∂3

x

[
1 + (η3 − ξ)h2∂2

x

]
q

α1h4∂4
x Z = β4h4∂4

x

[
1 + (η4 − ξ)h2∂2

x

]
q (20)

Eq. (20) are the governing equations of the bi-layer transversely isotropic beams.
According to Eq. (20), if the coefficients of every layer are the same, the refined theory of bi-layer beams for a trans-

versely isotropic body can be degenerated into the refined theory of the monolayer beam for a transversely isotropic body. 
We can obtain U ′ = 0, Z = 0 and

2c44(1 + k1)(1 + k2)(s2
2 − s2

1)h
3

3(k1 − k2)
W ′′′′ =

[
1 − 5[k1(1 + k2)s2

2 − k2(1 + k1)s2
1] + (k2 − k1)(s2

1 + s2
2)

10(k1 − k2)
h2∂2

x

]
q (21)

Eq. (21) provides the same conclusion as in Gao et al. [13].
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Fig. 2. Distribution curve of the stress σx along the axial direction zz .

5. Numerical results

In this section, the simply supported beam is studied, and the deformations are symmetrical about the z-axis. The 
material chosen for the top beam is Ti [20] and the material chosen for the bottom beam is Mg [21]. The physical data for 
the two materials are given below:

c(1)
11 = 18.78 × 1010 N·m−2, c(1)

12 = 8.76 × 1010 N·m−2, c(1)
13 = 8 × 1010 N·m−2,

c(1)
33 = 18.2 × 1010 N·m−2, c(1)

44 = 5.06 × 1010 N·m−2.

c(2)
11 = 5.97 × 1010 N·m−2, c(2)

12 = 2.62 × 1010 N·m−2, c(2)
13 = 2.17 × 1010 N·m−2,

c(2)
33 = 6.17 × 1010 N·m−2, c(2)

44 = 1.51 × 1010 N·m−2.

Let 2l = 10 m, 2h = 2 m and the load of the top beam and of the bottom beam be ± q
2 , which is a constant.

The boundary condition has following form:

x = −l :
h∫

−h

σzxdz = ql,

h∫
−h

σxxzdz = 0, W = 0

x = l :
h∫

−h

σzxdz = −ql,

h∫
−h

σxxzdz = 0, W = 0. (22)

5.1. The distribution of the normal stresses along the axial direction

In order to make drawing more convenient, the following dimensionless quantities are introduced:

σx = σxx

q
, σz = σzz

q
, zz = z

h
. (23)

Fig. 2 depicts the stress distribution σx against the thickness zz for x = 0, x = 0.5l and x = l. Fig. 3 shows the variation 
of the stress distribution σz against the thickness zz .

5.2. The deflection curve of the beams

According to the boundary condition (22) and to Eq. (20), the displacement W has the following form:

W

q
= 0.17895 × 10−10

(
1

24
x4 − 6.7804x2 + 143.4784

) (
m3/N

)
(24)

And the deflection curve of the beams can be drawn as in Fig. 4.
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Fig. 3. Distribution curve of the stress σz along the axial direction zz .

Fig. 4. Deflection curve of the beams.

6. Conclusion

By using Luré’s method and the refined theory of a transversely isotropic beam, the refined theory of bi-layer beams 
for a transversely isotropic body has been deduced without ad hoc assumption. For the beams under transverse loadings, 
approximate equations are reached. When the coefficients of the top beam and the bottom beam are the same, the refined 
equations and governing equations of bi-layer beams for a transversely isotropic body can be degenerated into these of 
monolayer beams for a transversely isotropic body.
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Appendix A

This appendix gives the operational parameters of the process.

L11 = c(1)
44

(
1 + k(1)

1

)(
1 + k(1)

2

)[
sin

(
s(1)

1 h∂x
)
s(1)

1 − sin
(
s(1)

2 h∂x
)
s(1)

2

]
,

L12 = c(1)
44

(
1 + k(1)

1

)(
1 + k(1)

2

)[
cos

(
s(1)

1 h∂x
) − cos

(
s(1)

2 h∂x
)]

,

L13 = −k(1)
2

(
1 + k(1)

1

)
cos

(
s(1)

1 h∂x
) + k(1)

1

(
1 + k(1)

2

)
cos

(
s(1)

2 h∂x
)
,

L14 = (
1 + k(1)

1

)
sin

(
s(1)

1 h∂x
)
s(1)

1 − (
1 + k(1)

2

)
sin

(
s(1)

2 h∂x
)
s(1)

2 ,

L21 = c(1)(1 + k(1))(1 + k(1))[cos
(
s(1)h∂x

) − cos
(
s(1)h∂x

)]
,
44 1 2 1 2
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L22 = −c(1)
44

(
1 + k(1)

1

)(
1 + k(1)

2

)[
sin

(
s(1)

1 h∂x
)
/s(1)

1 − sin
(
s(1)

2 h∂x
)
/s(1)

2

]
,

L23 = (
1 + k(1)

1

)
sin

(
s(1)

1 h∂x
)
k(1)

2 /s(1)
1 − (

1 + k(1)
2

)
sin

(
s(1)

2 h∂x
)
k(1)

1 /s(1)
2 ,

L24 = (
1 + k(1)

1

)
cos

(
s(1)

1 h∂x
) − (

1 + k(1)
2

)
cos

(
s(1)

2 h∂x
)
,

L31 = −c(2)
44

(
1 + k(2)

1

)(
1 + k(2)

2

)[
sin

(
s(2)

1 h∂x
)
s(2)

1 − sin
(
s(2)

2 h∂x
)
s(2)

2

]
,

L32 = c(2)
44

(
1 + k(2)

1

)(
1 + k(2)

2

)[
cos

(
s(2)

1 h∂x
) − cos

(
s(2)

2 h∂x
)]

,

L33 = −k(2)
2

(
1 + k(2)

1

)
cos

(
s(2)

1 h∂x
) + k(2)

1

(
1 + k(2)

2

)
cos

(
s(2)

2 h∂x
)
,

L34 = −(
1 + k(2)

1

)
sin

(
s(2)

1 h∂x
)
s(2)

1 + (
1 + k(2)

2

)
sin

(
s(2)

2 h∂x
)
s(2)

2 ,

L41 = c(2)
44

(
1 + k(2)

1

)(
1 + k(2)

2

)[
cos

(
s(2)

1 h∂x
) − cos

(
s(2)

2 h∂x
)]

,

L42 = c(2)
44

(
1 + k(2)

1

)(
1 + k(2)

2

)[
sin

(
s(2)

1 h∂x
)
/s(2)

1 − sin
(
s(2)

2 h∂x
)
/s(2)

2

]
,

L43 = −(
1 + k(2)

1

)
sin

(
s(2)

1 h∂x
)
k(2)

2 /s(2)
1 + (

1 + k(2)
2

)
sin

(
s(2)

2 h∂x
)
k(2)

1 /s(2)
2 ,

L44 = (
1 + k(2)

1

)
cos

(
s(2)

1 h∂x
) − (

1 + k(2)
2

)
cos

(
s(2)

2 h∂x
)
. (25)

L∗
21 = −c(1)

44 p(1)
1

(
C S(1)

1 − C S(1)
2

)(
d(2) − p(2)

1 e(2)C S(2)
1 C S(2)

2 − p(2)
1 f (2) S N(2)

1 S N(2)
2

)
+ c(2)

44 p(2)
1

(−m(1)
1 k(1)

2 C S(1)
1 + m(1)

2 k(1)
1 C S(1)

2

)(−p(2)
2 + p(2)

2 C S(2)
1 C S(2)

2 + r(2)S N(2)
1 S N(2)

2

)

− c(2)
44 p(2)

1 l(2)
(
m(1)

1 S N(1)
1 s(1)

1 − m(1)
2 S N(1)

2 s(1)
2

)(− S N(2)
2 C S(2)

1

s(2)
2

+ S N(2)
1 C S(2)

2

s(2)
1

)
,

L∗
41 = −c(2)

44 p(2)
1

(
C S(2)

1 − C S(2)
2

)(−d(1) + p(1)
1 e(1)C S(1)

1 C S(1)
2 + p(1)

1 f (1)S N(1)
1 S N(1)

2

)
+ c(1)

44 p(1)
1

(−m(2)
1 k(2)

2 C S(2)
1 + m(2)

2 k(2)
1 C S(2)

2

)(
p(1)

2 − p(1)
2 C S(1)

1 C S(1)
2 − r(1)S N(1)

1 S N(1)
2

)

− c(1)
44 p(1)

1 l(1)
(−m(2)

1 S N(2)
1 s(2)

1 + m(2)
2 S N(2)

2 s(2)
2

)(− S N(1)
2 C S(1)

1

s(1)
2

+ S N(1)
1 C S(1)

2

s(1)
1

)
,

L∗
22 = c(1)

44 p(1)
1

(
S N(1)

1 s(1)
1 − S N(1)

2 s(1)
2

)(
d(2) − p(2)

1 e(2)C S(2)
1 C S(2)

2 − p(2)
1 f (2)S N(2)

1 S N(2)
2

)
− c(2)

44 p(2)
1 l(2)

(−m(1)
1 k(1)

2 C S(1)
1 + m(1)

2 k(1)
1 C S(1)

2

)(−s(2)
2 S N(2)

2 C S(2)
1 + s(2)

1 S N(2)
1 C S(2)

2

)
+ c(2)

44 p(2)
1

(
m(1)

1 S N(1)
1 s(1)

1 − m(1)
2 S N(1)

2 s(1)
2

)(−t(2) + t(2)C S(2)
1 C S(2)

2 + n(2) S N(2)
1 S N(2)

2

)
,

L∗
42 = c(2)

44 p(2)
1

(−S N(2)
1 s(2)

1 + S N(2)
2 s(2)

2

)(−d(1) + p(1)
1 e(1)C S(1)

1 C S(1)
2 + p(1)

1 f (1) S N(1)
1 S N(1)

2

)
− c(1)

44 p(1)
1 l(1)

(−m(2)
1 k(2)

2 C S(2)
1 + m(2)

2 k(2)
1 C S(2)

2

)(−s(1)
2 S N(1)

2 C S(1)
1 + s(1)

1 S N(1)
1 C S(1)

2

)
+ c(1)

44 p(1)
1

(−m(2)
1 S N(2)

1 s(2)
1 + m(2)

2 S N(2)
2 s(2)

2

)(
t(1) − t(1)C S(1)

1 C S(1)
2 − h(1) S N(1)

1 S N(1)
2

)
,

L∗
23 = −c(1)

44 c(2)
44 p(1)

1 p(2)
1

(
S N(1)

1 s(1)
1 − S N(1)

2 s(1)
2

)(−p(2)
2 + p(2)

2 C S(2)
1 C S(2)

2 + r(2) S N(2)
1 S N(2)

2

)
+ c(1)

44 c(2)
44 p(1)

1 p(2)
1 l(2)

(
C S(1)

1 − C S(1)
2

)(−s(2)
2 S N(2)

2 C S(2)
1 + s(2)

1 S N(2)
1 C S(2)

2

)
− c(2)

44 p(2)
1

(
m(1)

1 S N(1)
1 s(1)

1 − m(1)
2 S N(1)

2 s(1)
2

)(
2 − 2C S(2)

1 C S(2)
2 − a(2) S N(2)

1 S N(2)
2

)
,

L∗
43 = −c(1)

44 c(2)
44 p(1)

1 p(2)
1

(−S N(2)
1 s(2)

1 + S N(2)
2 s(2)

2

)(
p(1)

2 − p(1)
2 C S(1)

1 C S(1)
2 − r(1) S N(1)

1 S N(1)
2

)
+ c(1)

44 c(2)
44 p(1)

1 p(2)
1 l(1)

(
C S(2)

1 − C S(2)
2

)(−s(1)
2 S N(1)

2 C S(1)
1 + s(1)

1 S N(1)
1 C S(1)

2

)
− c(1)

44 p(1)
1

(−m(2)
1 S N(2)

1 s(2)
1 + m(2)

2 S N(2)
2 s(2)

2

)(−2 + 2C S(1)
1 C S(1)

2 + a(1) S N(1)
1 S N(1)

2

)
,

L∗
24 = c(1)

44 c(2)
44 p(1)

1 p(2)
1 l(2)

(
S N(1)

1 s(1)
1 − S N(1)

2 s(1)
2

)(− S N(2)
2 C S(2)

1

s(2)
2

+ S N(2)
1 C S(2)

2

s(2)
1

)

− c(1)
44 c(2)

44 p(1)
1 p(2)

1

(
C S(1)

1 − C S(1)
2

)(−t(2) + t(2)C S(2)
1 C S(2)

2 + n(2) S N(2)
1 S N(2)

2

)
+ c(1)

44 c(2)
44 p(1)

1 p(2)
1

(−m(1)
1 k(1)

2 C S(1)
1 + m(1)

2 k(1)
1 C S(1)

2

)(
2 − 2C S(2)

1 C S(2)
2 − a(2)S N(2)

1 S N(2)
2

)
,

L∗
44 = c(1)

44 c(2)
44 p(1)

1 p(2)
1 l(1)

(−S N(2)
1 s(2)

1 + S N(2)
2 s(2)

2

)(− S N(1)
2 C S(1)

1

s(1)
2

+ S N(1)
1 C S(1)

2

s(1)
1

)

− c(1)c(2) p(1)p(2)(C S(2) − C S(2))(t(1) − t(1)C S(1)C S(1) − n(1) S N(1)S N(1))

44 44 1 1 1 2 1 2 1 2
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+ c(1)
44 c(2)

44 p(1)
1 p(2)

1

(−m(2)
1 k(2)

2 C S(2)
1 + m(2)

2 k(2)
1 C S(2)

2

)(−2 + 2C S(1)
1 C S(1)

2 + a(1) S N(1)
1 S N(1)

2

)
. (26)

where

S N(i)
1 = sin

(
s(i)

1 h∂x
)
, S N(i)

2 = sin
(
s(i)

2 h∂x
)
, C S(i)

1 = cos
(
s(i)

1 h∂x
)
, C S(i)

2 = cos
(
s(i)

2 h∂x
)

(27)

a(i) = (s(i)
1 )2 + (s(i)

2 )2

s(i)
1 s(i)

2

, d(i) = (
1 + k(i)

1

)2
k(i)

2 + (
1 + k(i)

2

)2
k(i)

1 , e(i) = k(i)
1 + k(i)

2 ,

f (i) = k(i)
1 s2 (i)

1 + k(i)
2 s2 (i)

2

s(i)
1 s(i)

2

, l(i) = k(i)
1 − k(i)

2 , m(i)
1 = 1 + k(i)

1 , m(i)
2 = 1 + k(i)

2 ,

n(i) = (1 + k(i)
2 )k(i)

1 (s(i)
1 )2 + (1 + k(i)

1 )k(i)
2 (s(i)

2 )2

s(i)
1 s(i)

2

, p(i)
1 = (

1 + k(i)
1

)(
1 + k(i)

2

)
,

r(i) = (1 + k(i)
2 )(s(i)

1 )2 + (1 + k(i)
1 )(s(i)

2 )2

s(i)
1 s(i)

2

, t(i) = k(i)
1

(
1 + k(i)

2

) + k(i)
2

(
1 + k(i)

1

)
, (28)

where I = 1, 2.

Appendix B

η1 = γ1

β1
, η2 = γ2

β2
, η3 = γ3

β3
, η4 = γ4

β4
,

β1 = 1

2

[(
A′

1 + A′
2

)
l(1) + (

C ′
1 + C ′

2

)
l(2)

]
, β2 = 1

2

[(
E ′

1 + E ′
2

)
l(1) + (

G ′
1 + G ′

2

)
l(2)

]
,

β3 = 1

2

[(
I ′
)
l(1) + (

L′)l(2)
]
, β4 = 1

2

[(
N ′

1 + N ′
2

)
l(1) + (

R ′
1 + R ′

2

)
l(2)

]
,

γ1 = 1

2

[(
B ′

1 + B ′
2 + B ′

3

)
l(1) + (

D ′
1 + D ′

2 + D ′
3

)
l(2)

]
,

γ2 = 1

2

[(
F ′

1 + F ′
2 + F ′

3

)
l(1) + (

H ′
1 + H ′

2 + H ′
3

)
l(2)

]
,

γ3 = 1

2

[(
J ′

1 + J ′
2 + J ′

3

)
l(1) + (

M ′
1 + M ′

2 + M ′
3

)
l(2)

]

γ4 = 1

2

[(
Q ′

1 + Q ′
2 + Q ′

3

)
l(1) + (

T ′
1 + T ′

2 + T ′
3

)
l(2)

]
(29)

where

A′
1 = −1

2
c(1)

44 p(1)
1

[(
s(1)

1

)2 − (
s(1)

2

)2](
l(2)

)2
, A′

2 = 1

2
c(2)

44 p(2)
1

[(
s(2)

1

)2 − (
s(2)

2

)2]
l(1)l(2),

B ′
1 = −c(1)

44 p(1)
1

[(
s(1)

1

)2 − (
s(1)

2

)2]{1

4

[(
s(2)

1

)2 − (
s(2)

2

)2]
p(2)

1 l(2) − 1

24

[(
s(1)

1

)2 + (
s(1)

2

)2](
l(2)

)2
}
,

B ′
2 = c(2)

44 p(2)
1

{
1

24
l(1)

[(−3k(2)
1 + k(2)

2 − 2
)(

s(2)
1

)4 + (−3k(2)
2 + k(2)

1 − 2
)(

s(2)
2

)4 + (
m(2)

1 + m(2)
2

)(
s(2)

1 s(2)
2

)2]

+ 1

4

(
m(1)

1 k(1)
2 s2 (1)

1 − m(1)
2 k(1)

1 s2 (1)
2

)[(
s(2)

1

)2 − (
s(2)

2

)2]
l(2)

}
,

B ′
3 = −1

3
c(2)

44 p(2)
1 l(2)

[
m(1)

1

(
s(1)

1

)2 − m(1)
2

(
s(1)

2

)2][(
s(2)

1

)2 − (
s(2)

2

)2]
,

C ′
1 = 1

2
c(2)

44 p(2)
1

[(
s(2)

1

)2 − (
s(2)

2

)2](
l(1)

)2
, C ′

2 = −1

2
c(1)

44 p(1)
1

[(
s(1)

1

)2 − (
s(1)

2

)2]
l(1)l(2),

D ′
1 = −c(2)

44 p(2)
1

[(
s(2)

1

)2 − (
s(2)

2

)2][−1

4

[(
s(1)

1

)2 − (
s(1)

2

)2]
p(1)

1 l(1) + 1

24

[(
s(2)

1

)2 + (
s(2)

2

)2]
l2 (1)

]
,

D ′
2 =

{
− 1

24
l(2)

[(−3k(1)
1 + k(1)

2 − 2
)(

s(1)
1

)4 + (−3k(1)
2 + k(1)

1 − 2
)(

s(1)
2

)4 + (
m(1)

1 + m(1)
2

)(
s(1)

1 s(1)
2

)2]

− 1 (
m(2)

1 k(2)
2

(
s(2)

1

)2 − m(2)
2 k(2)

1

(
s(2)

2

)2)[(
s(1)

1

)2 − (
s(1)

2

)2]
l(1)

}
c(1)

44 p(1)
1 ,
4
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D ′
3 = 1

3
c(1)

44 p(1)
1 l(1)

[
m(2)

1

(
s(2)

1

)2 − m(2)
2

(
s(2)

2
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