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Abstract

In the present Note, we provide new analytical expressions of the components of Hill Befmsaequivalently the Eshelby
tensorS) associated to an arbitrarily oriented crack in orthotropic elastic medium. The crack is modelled as an infinite cylinder
along a symmetry axis of the matrix, with low aspect ratio. The three dimensional results obtained show explicitly the interaction
between the primary (structural) anisotropy and the crack-induced anisotropy. They are validated by comparison with existing
results in the case where the crack is in a symmetry plEmeite thisarticle: C. Gruescu et al., C. R. Mecanique 333 (2005).
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Résumé

Tenseur d’Eshelby pour une fissure en milieu élastique orthotropeOn présente une méthode permettant de déterminer
analytiquement le tenseur d’Eshel8you, de maniére équivalente, du tenseur de Bjilassocié a une fissure arbitrairement
orientée dans un milieu orthotrope. La fissure est modélisée comme un cylindre infini suivant un des axes d’'orthotropie, de
faible rapport d’aspect. Les résultats analytiques obtenus mettent en évidence l'intéraction entre I'anisotropie structurale du
matériau et I'anisotropie induite par la fissuration. Ils sont validés par comparaison avec des résultats existants dans le cas ou e
fissure se trouve dans un plan de syméR@ir citer cet article: C. Gruescu et al., C. R. Mecanique 333 (2005).
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1. Introduction

Microcracking is one of the basic mechanisms of inelastic deformation for a large class of materials ranging from
geologic materials (Sedimentary Rocks) to man-made materials (Concrete, Ceramics Matrix Composites). The
modelling of the mechanical behavior for such deteriorating materials is classically performed in the framework of
Continuum Damage Mechanics, using either a purely macroscopic approach or a micromechanics technique. In the
latter, the determination of the overall properties of the cracked material requires primarily the calculation of the
Eshelby tensof (or equivalently the Hill tensoP) associated to a crack. Existing works concern linear isotropic
solid matrix containing penny-shaped cracks (see for instance [1-3]). For materials exhibiting a primary (structural)
anisotropy, only few results exist and correspond to the case when the crack lies in one plane of symmetry of the
solid matrix (see [4—6]). The main difficulty comes from the lack of an analytical expressidhftorarbitrarily
oriented cracks. The objective of this note is to provide new results for the case of arbitrarily oriented cracks
embedded in an orthotropic solid matr&ummation convention on repeated indices is adopted

2. Determination of P for an arbitrarily oriented crack in an orthotropic medium
2.1. Introduction

Let us consider an orthotropic solid matrix (with a stiffness terfis9r weakened by a crack. The geometrical
modelling of the crack in it's associated local frame is given by:

g, %
;4_?:1, —00 <73 <00 (1)

That is, the crack is modelled as an infinite cylinder in the direction 3, having an elliptical section and low aspect
ratio X = b/a (see Fig. 1). Let us first note that in the local frame of the crack the components of the stiffness

tensor are obtained from usual transformation rulggy = U;, U, Uk, U;sC;q”, with:
cos® —sind O
U=|sine cosv O0]. (2)

0 0 1

Fig. 1. Crack modelled as an infinite cylinder with elliptical section; the aspect rakio=i /a.
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We note that the stiffness tensor of the crack depends on the @mdieeh defines the crack plane and presents an
apparent monoclinic symmetry. The determinatiori*d$ based on the work of Kinoshita and Mura [7] (see also
Faivre [8], Laws [4] or Willis [9]) who proved that:

21
poy =0 [ TimL2)
ij T ) a2512+b2$22

dy 3

which implies an integration over the unit circle centered at the origin, in the plan&): | £ |=1, i.e. for
& = cosyre; + sinyre,. The components of the fourth order tenSiocan be expressed:

T;jki (81, &2) = Dijii(£1, 62,0),  with: (4)
1
Diju = (& K06+ & K6+ 6K M6 + &K &) ®)

K =¢ - C- £ represents the acoustic tensor associated@iind the direction: K;i (§) = Cijué ;&

Note that the anisotropy of the elastic solid matrix affects the determinatiBritobugh the acoustic tensk.
Besides, the dependencedfon the crack’s orientation is understood from the fact that the above expressions
imply calculation in the local frame of the crack. We note that the componeriscah be put in the following
form:

1
Piji = Z[Mz’jkl + Mir + Mijic + Mjil,  where: (6)
2 _
Mo ab/” 5K
VK= J a2 + b2e2

@)

2.2. Developed methodology for the determinatiof? of

Based on the recent study of Suvorov and Dvorak [10] and following the procedure described by Ting and
Lee [11]1 we consider the two fixed unit orthogonal vectefsande, in the planetz = 0. Recalling that any unit
vector in this plane is defined §s= cosye; + sinyre,, K =& - C - & takes the form:

K = (cosy)?Q + cosy siny (R + RT) + (siny)?T (8)

By the substitutiory = cotyr, (8) can be rewritten in the following form:

K@) = (siny)?[Qz2 + z(R+R") + T] = (siny)?K (z),  with: )
K@ =z°Q+z(R+RT)+T (10)
The second order tenso@ R, andT are defined aQ =¢; - C-¢;; R=¢;-C-¢;; T =¢;,: C-¢,. In order
to evaluateP (Eg. (4)) one needs to invekt(z). Denoting|K (z)| the determinant oK (z) andK(z) it's adjoint,
one hasK(z) - K(z) = |K(2)|1, it follows that:
K(z)

K™(z) =
© =Kol

(11)

1 Note that these authors have not studied the case of an arbitrarily oriented inclusion in an orthotropic solid matrix.
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Similarly, for the tensorA = £ ® & which, with K1, enters in definition (4), it can be verified that(y) =
(SinyY)?A(z) with A(z) = z%¢; ® 1 + z(e; ® €, + €, ® €7) + €, ® e,. Moreover, we note that?s2 + b2 =
(siny)2(a?z2 + b?). By taking into account the variable changes coty, (7) can be written:

ab [ Ri@an@) 17 XRu@aue
ikl = — . = — - . 12
Mii =7 | @zrko “~ 7 | @xx90r0 % (12)

—0o0

where Eq. (9), identityK (z)| = |Q| f (z) and the aspect rati§ = g were used.

The interest of (12) lies in the fact that it allows the evaluatiotMf;i; with the help of the residues theorem,
the function to be integrated being holomorphic out of the poles that have to be determined.

An interesting observation is that= +iX are two of these poles. It is also useful to note that in the general
casef (z) is a polynomial function of degree 6, with three ‘pairs’ of complex conjugate roots. Obviously, these are
the roots ofK (z) = 0. Notingz,, (p =1, 2, 3), the roots whose imaginary part is positive, one has:

f@)=(@—z20@—721)(z—22)(z —22)(z — 23)(z — 23) (13)

The application of the residues theorem for the evaluatiooensor is detailed in the next section.

3. Analytical expression of theP tensor and validation
3.1. Analytical expression of the components of Hill's terisor

In the case of a crack with an arbitrary orientation (represented by an @ngligh respect to the symmetry
axis 1 of the material, the calculation performed in the local frame of the crack leads to a polynomial function (of
degree 6) which allows to writ¢(z) as the product of a polynomial function of degreef4(()) and a polynomial
function of degree 2f>(z)). Therefore:

K@)|=1Qlf (@) = f1(2) - f2(2) (14)
The determinaniQ| which appears in this expression takes the form:
Q| = C3§111C521(COF 6 + a SiI?6) (COSL 6 + B SINF 0)(C5p3,SIMP 6 + C3131COS 0) (15)
The analytical expressions ¢f(z), f2(z) are presented in Appendix A.1. The solutionsfgfz) =0 are:
_iJ/acosh —sinf __ iy/acosd +sind
17 Cos +iJasing’ 17 Tcosh +iasing (16)
_iy/Bcosd —sinf __ iy/Bcosd +sinb
27 Cosd +i/Bsing’ 27 T o + i/ sing
with @ andg the complex conjugate roots of the characteristic equation of the orthotropic 2D solid:
: s 3 2 ! s s
Cilllcizlzxz = (C1111C5220— Cl125” — 2C1125C1219% + Co905C1215=0 7
The roots off, =0 are:
e SIN(20)(C3p35+ C3131) + 2iy/C3935C313,C0920)
: 2(C3131C0R 0 + ClipgySIrP ) 8
me SiN(20)(C3p35+ C3131) — 2iy/C3935C313,C0920)

2(C%131C02 0 + C5p3,SIF 0)
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Then, using (16) and (18)K (z)| can be rewritten in the form:

[K@)|=1Ql(z = 20)(z = 2D (z — 22)(z — 22)(z — 23)(z — 23) (19)
The poles being assumed to be different, the expressigrl piovided by (12) can be expressed:

(iX)Ai(iX) Kjr(zi) A @)X
M; jk— / } 20
= { 20[QI(iX) ; QI () (X2 +2D) €9
Itis recalled here thafjk are the components of the adjointkof
Considering only the approximation to first orderXnat the valueX = 0, (20) gives:
040 | 2iX K ji(zi) Air (z:)
e f(O)IQI 1l ; f1@nZ?
L [# : S f(O)
2f(0) [K k(O)Azl(O)+K1k(O)A 1(0) — jk(O)Azl(O) f(O)” (21)
It is shown that the imaginary part 8#1 is null:
2X [ [ Kjr(z0)Ai(z1) K jx(z2) Ail(z2) K jx(z3) Ait(z3)
S(M; e }+9‘[—-’ }m[—f ]}
SMij) = IQI{ l[ f(z1)22 l f(z2)73 f(z3)23
1 )“
T 0)4;;(0) + K 5 (0) A, (O 0)4;;(0 0 22
+f(0)|Q|{[ K’ (0)4:1(0) + K jx(0) A, (0) — Kjr(0)Ay( )f(O) (22)
and its real part gives:
= 3
Mij =RMijn) = 7K1k(o)All(o) — Z—XJZ jk(zl)All(Zl (23)

FORI T RITE T 2

These results are associated to the local frame of the crack. A last change of basis allows to express thimtensor
the global frame defined by the symmetry axes of the solid matrix. The detailed expressions of the nine components
of P in this global frame are given in Appendix A (Egs. (A.4)).

3.2. Validation of obtained results
As a first validation of the results presented in Appendix A we consider the case of a parallel crack whose

orientation coincides with the symmetry axis 1 of the solid matrix. This configuration has been studied by Laws
[4], who gives the following non zero componentsiof

Pun= Coazo Cizspvep ~ Poyos= Loy Co200— Cipi@ + B+ Vap)
Cl111C1 VB (Ve + «/—) Co220  CoopCip1V/ @BV + /B)
Clizpt Ciano 1 VCia
P11220= Po11= 1122 X; P3p3p= X (24)
 CinCina/eB(a +/B) 4Cs3 4C5y0,7
2
P3131= ;X Pio12= 1 _ C1111C5222_ Ci122 e
4V C§232C:S’>131 4C1212 4Ci111Ci2122\/0l_ﬁ(\/& + «/B)

which corresponds to the particular cage<0) of the general expressions (A.4) established in the present Note.
The general analytical new expressions provided are easily incorporated into various homogenization schemes
(dilute scheme, Mori—-Tanaka model, self-consistent scheme) in order to determine the macroscopic properties of
an orthotropic solid matrix weakened by cracks. For application purposes in [12] a more general validation of pure
2D solutions (see [13]) is also provided.
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Appendix A. Analytical expressions of|K (z)| and the components of theP tensor
A.1. Expressions of1(z), f2(z) in [K(z)|

The two polynomial functiongi(z), f2(z) entering in (14) are respectively:
f1(2) = [C5111C51C0S)* + C05Ci014(SINO)Y + x (COSH)?(5iN6)?] 2%
+{[2€5111C3212(C089)% — 2C55,5C5 1 SING)?] — x cOS B} sin B3
+ {x[1 - 6(cos0)?(SINO)?] + BC; 1 A(C5 111+ Chp9) (COSH)?(sING)?} 22
+ [2€4111C5 212(SINO)Y? + 2C559 55 51(COSH)? + x cOS D] SN X 2

+ C5111C501o(SINO)* + C3995C521(C00)* 4 x (SiNG)2(cOsH)? (A.1)
where:x = (C111C5000— C1122 2C711,,C1219, and:
f2(2) = (C5935SIM 0 + C131C08 )22 + (Chp30+ C13) SN Z + C33,C0S 0 + Cy3,SIMF 0 (A.2)

Note that, in order to make the search of the rootsfat) = O easier, we introduced the variable change
(ucosd — sind)/(cosh + u sind), which allowed (A.1) to be written as:

4 . .
fil) = C1111C121 " + (C1311C5900 — C1122 2C1122Clzlz)” + C520,C1212

(cosd + u sing)4 (A-3)

A.2. Components df

The determination of the componemsy, is performed by combination of (6) and (23). In the frame defined
by the material symmetry axes, the following expressions are obtained:

(SiNB)2[C5,(COSH)? + Cg(SiNG)?] N X[p/a(aCls— C55) — g/B(BCEs— C5)]

1111= p g
P (C1p + Cge) (CO)*(siNG)? X (Ci,+ Ci) (Pv/o — av/P)
1122= — + 66
" C11Ce6(x — B)
p (COS9)?[C5(SiNG)? + Cis(c0s0)?]  X[(p/+/o)(Clg— aC3y) — (q//B)(Cis— BCiP]
2222= + 1
" C11Ce6(x — B)
P1112=Ssin 29{ C30(C0%)° — Ciy(sin6)° + X[rya(aCiy+ C3)) —sy/B(BCI, + C3y)] }
fn C11Coele — B)
s H 2 __ s 2 s sy s s
P2212=sin 29{ [C14(SINO)” — C1p(COSH)T]  XTr(aCyy + 6;12) : sv/B(BC3; + C1))l } (A4)
4n C11Ce6(@ — B)
Prygpe [CL(SINO)® + Cop(cosh)® — 2Ci(sind)%(cosh)®] | X(CJyChp 5D (pva — q/B)
o 4CHCee (@ — B)
(sing)?
P3131= [C44(Cose) — Cis(sing)?]

CY

(cos9)? X [Cg 5 o,
Peozp=—— - — %[Cfm(cose) — Ci5(sind)?]

sinfcosd  X,/CgsCpySiN
P3132= . 2
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In previous expressions the following notations were used for the elastic coefficients:

m = 4[C5,(cos9)? + Cigsin? 9]2; n = C11Ceq[(5ING)* + @B (COsH)* + (@ + B)(cOsH)?(sind)?]
p = [a(cosh)? — (sin6)?] /[a(cosH)? + (sind)2]% g = [B(cosH)? — (sin)?] /[B(cosH)? + (sind)?]?
r=Ja/[a(cosH)? + (sin0)?]5 s =/B/[B(cosH)? + (sin6)?]*
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