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Abstract

We study the flow of a viscous fluid through a pipe with helical shape parameterized,\ith = (x1,a cos%, a sin%),
where the small parameterstands for the distance between two coils of the helix. The pipe has small cross-sectionesof size
Using the asymptotic analysis of the microscopic flow described by the Navier—Stokes system, with respect to the small parame-
ter ¢ that tends to zero, we find the effective fluid flow described by an explicit formula of the Poisseuile type including a small
distorsion due to the particular geometry of the pifeecite thisarticle: E. MaruSi¢-Paloka, |. PaZanin, C. R. Mecanique 332
(2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Ecoulement effectif d’un liquide visqueux dans un tube hélicoidal. On considére un écoulement dans un tube de section
circulaire et de forme hélicoidale paramétré patc1) = (xl,acos%,asin %), ou ¢ est la distance entre deux tours de la
spirale. Le rayon de la section du tube est lui aussi supposé éga partir de I'écoulement microscopique décrit par le
systeme de Navier—Stokes et dilisant I'analyseasymptotique par rapport a ce petit parameton obtient I'écoulemment
effectif décrit par une formule explicite de type Poiseuille associée a une petite déviation due a la géometrierdurtehier
cet article: E. MaruSi¢-Paloka, |. Pazanin, C. R. Mecanique 332 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version francaise abr égée

Nous allons étudier un écoulement dans un tube de section circulaire et de forme hélicoidale, mince (ou long)
pour déterminer la loi effective qui décrit cette situation physique. Dans ce but on étudie par I'analyse asymptotique
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le systeme de Navier—Stokes incompressible dans un tube hélicoidal dont la courbe centrale est une hélice décrite
par la paramétrisation. (x1) = (x1,a cos%, asin%). Le tube est de petite section égale aussi @e probleme
apparait dans de nombreuses applicatiomsiroe par exemple le réfrigérant de Liebig.

Comme précisé plus haut, I'écoulement microscopique est régi par les équations de Navier—Stokes (2). On
définit d’abord la base de Fréngt, n,, b,) de I'hélice (1). En omettant les termeéx2), on ecrit les équations
de Navier—Stokes dans cette base dans (3)siAbn fait apparaitre le petit paramétrexplicitement dans les
équations, ce qui est pratique pour notre anal@sea deux échelles spatiales et on cherchera dang.) sous
la forme d’un développement asymptotique (4). On obtient une suite d’ Egs. (5) et (7) définissant les termes dans
le développement (4). En utilisant la séparation desatses, on trouve des solutions pour les Egs. (5) et (7) sous
la forme (6), (9), (10) et (11). On peut alors écrire notre approximation asymptotique sous une forme de type
Poiseuille V, = &2¢, je’{a‘éi (2 + x5 — 2 (L — 2)te(x1), Qe = qo+ LF0(x1 + 822—3). Finalement on obtient
I'estimation d’erreur :

Théoréme 0.1. Soit (ug, p.) une solution du systéme des équations de Navier-S{@kessoit(V, Q), Ve =
3V, une approximation donnée pét1)et(12). Alors il existe une constanté > 0 indépendante de telle que
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SV <Ce?,  |pe— Poll: <Ce
£
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Corollaire0.2. Supposons que la vitesse soit prolongée par zéro en dehors du tube. Alors

e%u, — a1 faible* dansM (10, ¢ x R?)
e7>(U, -i) —~ Az faible* dansM (10, ¢ x R?)

ol A1 etip sont des méasures concentrées sur le cylindre de raydéfinie par
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M|y = qesz KL //(wz(xl,aco&,asint) sint — ¥3(x1, a cOSt, a sing) cost) dr dxg
Koo
€ 2w
(halyr) = _qéz_ qon/ ¥ (x1,acost, asint)drdxy, ¥ € Co(10, €[ x R?)®
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1. Introduction

The goal of this Note is to study the fluid flow through a thin or long pipe with a helical shape (Fig. 1). When
the problem is written in an adimensionalised form, suitable for an asymptotic analysis, three important geometric
parameters appear: the pipe’s thickness, the distance between two coils of the helix (helix step) and the helix
diameter. We suppose that the pipe’s thickness and the helix step have the same smalkortievhile the
diameter of the helix is larger, of order 1. To get the result we generalize the method proposed in [1-3]. Such pipes
appear in many devices as for instance the Liebigeodlhey are frequently coupled with the heat conduction
equation, but such coupling takes place on a higher order asymptotics, due to the smallness of the viscous friction.
Thus we concentrate here on the hydrodynamic part only and we suppose that the flow through the pipe is governed
by the pressure drop between pipe’s ends. Our goal is to find the effective behavior of the flow using the asymptotic
analysis with respect to the small parametefhe idea is to write the equations in a Frenet basis related to a
helix and to perform a classical asymptotic analysis on such equations. However, such basis depends on our small
parameter too, and proving the convergence of the appropriate components would be meaningless. Only the
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Fig. 1. Helical pipe.

convergence of the complete vector of the velocity has a meaning. Indeed the tangent and the normal vectors on
such helix are weakly converging to zero. Only the binormal is constant (up to a term uniformly converging to
zero) and it is pointing in the direction of the helix central axis. Thus, in the weak limit the helix transforms into
the curved part of the cylinder’s surface over which the helix was wrapped and the weak limit of the velocity gives
the averaged mass flux along that surface.

1.1. The geometry

Let (i,j, k) be the standard Cartesian basis. We consider a helix given by a parameterizétiorn= x1i +
a cos%j +a sin%k, wherex; € [0, £]. We can now compute the Frenet basis

r’ (x1) 1 < X1, x1 >
te(x1) = =2 = ei —asin—j +acos—k 1
OV = ol T Va2 e e @
t/ . . 1 . . .
N (x1) = f(xl) :—COSEJ —smﬂk, be(x1) = — <a|+8$|ﬂﬂj —scosﬂk>
Ite (x1)] € e W21 62 £ B

With a unit circleB(0, 1) ¢ R? and a small parameterf¢ < 1 we define an undeformed pipe
T = {x = (x1,x2,x3) € R3: x1€10,¢[, (x2,x3) € eB(O, 1} =10,¢[ x B(0,¢)

We now define the mapping. : 7. — R3 by ®,(x) = r(x1) + x2Nns (x1) + x3b,(x1) and we putP, = ®.(7;).
Such domain is our helical thin pipe, filled with Newtonian viscous incompressible fluid, governed by a pressure
drop between the pipe’s ends. It is important to notice ¢hgtare not Cartesian but curvilinear coordinates.

1.2. The equations
The equations of motion can now be expressed:
—uAU; + (U VU, +Vp, =0, divu, =0 inP;
u:=0 onl;=®.(10,¢[ x dB(0,¢)) ()
Ue xte =0, po=q; onxf=®.({i} x B(O,¢)), i=0,¢

Such problem has a solutien € H1(P;)3, p, € L?(P.). The pressure is determined only up to a constant, regard-
less of the boundary condition. Furtherra@uch solution is unique in some b&k, = {¢ HY(P,)3; divp =
0, ¢=00nr%, |Vl 2p,) < Ro} fore « 1 (see, e.g., [4,5] or [6]). FurthermoRy remains bounded as— 0.
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2. Asymptotic analysis
2.1. A careful choice of basis

We now write system (2) in a basis that will allow an asymptotic analysis with respect to the small pacameter
In this context, the usual idea is to use a pair of covariant and contravariant basis for the mBppmdjto write
our system using those two dual basis. However, both basis turn out to depend on the small parameter
inconvenient way (contain negative powersdfThus we go back to the Frenet's badis n., b,) and modify it
in a natural way. Indeeb; — i uniformly in x1 and|t, 4+ e;| — O uniformly inx1, where

. X1, X1
€ = e (x1) =sin—j — cos—k
& &

Therefore, the natural choice for our analysis is a b@sis,, i) which is the one appropriate for further asymptotic
analysis. The Navier—Stokes system in such basis (we write only the terms of ordee li@ndeglect the terms

with higher powers ot ) reads:

?vE  a%v} a Vi 1 ., 2 [3aV? a V2
- + — = Vv, —_— =
x2 x5 a?+e2dxp a?+e? F a?+e2\0x1 a?+ 62 dx3
3 1 1 1
av, av, e dV,
a V2V1+ & V€2+ a Vlvz a & 3 a & Vl

- @ J’_i —
(@2+2)2°¢ ¢ " jxo a?+¢e2 % °  Ja24e203x3 © a?+e?20xy °

L avi | ae 0P, & 3P _
VaZ1e20x3 ° a?+620x1  Ja2+ g2 0x3
3°v2  a%v? a V? 1, 2¢ 3V}
o ax2 ax2  a?+e20xp a?+4e2 F a?+6? 9n
1yl 8V€2V2+ a V2 s, ¢ oVZ 1
(@+e2)2°F  dx2 ° JaZ4e20x3 T a?+ 2 0x3
e av2 e dP,

C JaZre2oxs © a?+€2 % ° 7 9xp
3°v3  a%v3 a V3 2¢ 3V}
8x22 8x?2, a’+¢2 9xa  a?+¢2 dxy

+ 8V€3 V2+ a 8V€3 3 ae 8V€3V1+ & 8V€3 1
0x2 © Ja2+e2dxz ¢ a?+4+e20x1 ° a2+ g2 0x3
& 11,2 a an
- VIVt ———=0
a’?+e2 ° % JaZ {2 0x3
av2 a V3 a o, as 3Vl e IVl

- ¢ _ Ve — - < — =
0x2  Ja?+e2dx3 a’+e2 % a?4e209x1  JaZ+ &2 x3
2.2. Asymptotic expansion

We look for an asymptotic expansion in the form
VA =63V (x1, 22, 58) 4 64V (xg, 22, 28) -
Vi) =eVi(x1, 2, 2) +&5V] (x1, 2, 8) +..., i =2,3 (4)

P (x) = Po(x1) +83P]_()C]_, 2 %)y
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Denotingy, = %, « =2, 3, substituting the expansion in system (3) and collecting the terms with equal powers
of ¢ we get

19 Po 10Vy
C—uA VI 20, s divyVo+——==0
& KAy Yo a 0x1 y'ro a dy3
18V0 . 0P
DA, Vi =0, —nuAyVi4+—==0 i=273 5
L+ a dyz K3 0+8yi l ®)

wherey’ = (y2, y3), divy W =2 ayz 2y 3:;’33 Ay W = %+ aavg,forW (W1, w2, w?3). Taking into account the
boundary conditions, we obtain

qc — 40 1 2 .2 X1 2
Vo= 7 w(y", w(y’)=47u(1—yz—y3), Po=qo+(ar—q0,  Vg=0
3 q¢—4qo 14 qe 1 1 1
Vo :_TU)()’/)Z_;VO, P = 20 )73+ Pl(xl) Vl Z—E)’ZVO (6)
We need to compute one more term in the incompressibility equation
1 19vy 10vi
4. divy, 1——V0———0+——1:O )

a 0x1 a dy3
According to (6) functionsvo2 =0 andVOl do not depend on so that (7) implies

vz avd: 1 a%

e S 8
dy2 ~ dy3 4a2” 2 9ys ®)
Eq. (8) will be satisfied if we take
1 1
2_ 3_ 1_ 1
Vi=0, Vi=avVo=-_Vi 9)
Following (4), (6) and (9) we get the expansion of the form
qc¢—4q0 €
Vs1 = 837 w(®) (1 - Eyz), Vs2 =0 (10)
q¢ — 40 € q¢ — 40 X3
Vs3=—847w(y’)(1— Ey2>, Q:=qo+ 7 (x1+82;> (11)
To get a better idea of our approximation we write it in the form
q¢—4q0 X2
Ve=eey - 2, (* §+x§—ez)<1— E>ts(x1> (12)

wheret, = E,/1+ 2 stands for the length of the pipe.

Remark 1. We see that (12) has the form of the Poiseuille flow in direction tangential to the central line of the pipe,
except for the small deviation caused by the telm 2) =1+ O(e). Sincel, = 0( ), that small deviation term

is of ordere?, as it can be seen from (4). Due to tb)e{s) term the flow profile is not exactly parabolic as in the
case of Pmseuﬂle flow. The pressupe is the Poiseuille pressure, except for the tezuzn"-‘t1 0(3). It is worth
noticing that the pressur@, = O (1) while that velocityV, = 0(¢3), so that the difference in ordersd(¢3) and

not O (¢?) as in the case of classical Poiseuflav through a straight thin pipe.
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3. Convergence

It remains to prove the error estimate for the formally derived asymptotic approximation. We use the similar
tools as in [2] but adapted to our complex geometry. It leads to the following result:

Theorem 3.1. Let (ug, p.) be the solution of the Navier-Stokes sys{@pand let(V,, Q.), V. = €3V, be the
approximation given byl1)and(12). Then there exists a constafit- 0 independent from such that

<Ce?,  |pe— Poll: <Ce (13)

&

Yy
g3 ¢

—_1 .
Where” : ”8 = m' |L2(Pg)'
As an easy consequence we get:

Corollary 3.2. Suppose that the velocity is extended by zero outside the pipe. Then

e, — 11 weak* inM(]0, ¢[ x R?)
e72(Ug 1) — Az weak* inM(10, ¢ x R?)

whereiiandi; are the measures concentrated on cylinder of radiugdefined by

¢2n
(Aly) = %n //(lﬂz(xl,aCOSt,aSint) sint — ¥3(x1, a cost, a sint) cost) dr dxs
oo
027
(Aolypr) = _$” //w(xl,acosnasint) drdx1, ¢ € Co(10, €[ x R2)3
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