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Abstract

We consider the homogenization of a time-dependent heat transfer problem in a highly heteregeneous periodic medium
made of two connected components having finite heat capacitie@3 and heat conductivitiegy (x), @ = 1, 2, of order one,
separated by a third material with thickness of ordére size of the basic periodicity cell, but with conductiviiys(x) where
az = O(1) and tends to zero witle. Assuming only that; (x) > 0 a.e., such that the problem can degenerate (parabolic-
elliptic), we identify the homogenized problem following the values ef lim,_, o az/k. To cite this article: M. Mabrouk,
A. Boughammoura, C. R. Mecanique 331 (2003).
0 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Homogénéisation d’un probléme parabolique dégénéré dans un milieu fortement hétérogene. Nous considérons un
probléme de propagation de chaleur dans un milieu périodique fortement hétérogéne constitué de deux composantes connexes
ayant des capacités calorifiqugset des conductivités, comparables, séparés par une couche d'épaisseur digriitie de
la cellule de reférence, mais de conductivité, a3z d'ordre un et tendant vers zéro avec Sous I'hypothése; (y) > 0 sur
les capacités, autorisant une dégénérescence parabolique-elliptique, nous identifions les probléemes homogénéisés suivant les
valeurs de&§ = lim, sz/k. Pour citer cet article: M. Mabrouk, A. Boughammoura, C. R. Mecanique 331 (2003).
0 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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Version francaise abr égée

Dans ce travail, on s’intéresse a ’lhomogénéisation d’'un probleme parabolique dégénéré décrivant la propagation
de la chaleur dans un milieu périodique fortement hétérogéne. Il s’agit d'une suite au travail [1] de Mabrouk—
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Samadi consacré au méme modéle mais dans le cas stationnaire, dont nous gardons les notations. Nous utilisons
les idées et les résultats de [1] en les complétant dans k-eaisoco.

SoitY =10, 1[3c R3. On suppose qUE = Y7 U S12 U Yo U Sp3U Y3 0U Y1, Y2, Y3 sont trois ouverts connexes
tels quey, N Y, =@ et ous;; est la surface séparalit etY;. On suppose, pour simplifier, qug est d'épaisseur
constante, d’ordre un. On nofe, x2, x3 les fonctions caractéristiques #ig Y», Y3 et pard1, 62, 63 leurs mesures
de Lebesgue respectives supposées étre de méme ordre. Les}paetiés sont occuppées par deux matériaux
de conductivitésiy etas et de capacités calorifiques, c2 d’ordre un. Le matériau occupatiit a une conduc-
tivité qui tend vers zéro suivant un ordke= A(¢), ol ¢ est un nombre strictement positif tendant vers zéro. Si
nous reproduisons la cellulé par périodicité, géométriquement et matériellemeRfanous obtenons les trois
ouvertsE1, E2, E3 que Nous supposons connexaseépares par les surfaces réguliehgs S23. Plus précisément,
chaque ouverk; est la réunion de3-translatés de&; U (Y; N 3Y). Lhomothétie de rappowr nous donne alors
la cellule élémentair¢’® = ¢Y, les trois ouverts élémentairés de méme ordre de grandeurpgt lestrois
ouverts périodiques connexés = ¢ E; separés par les surfacgs;, S5, Soit 2 C RR3 ouvert borné connexe, de
bord 9£2 lipschitzien. On note2f = 2 N Ef, I} = §;; N £2. Etant donné&’ > 0, on définit aussi les domaines
spatio-temporel® = (0, T') x 2, Qf = (0, T) x £2;.

Soitc; (resp.a;) le capacité calorifique (resp. la conductivité) dé-BBme composante. Ce sont des fonctiBns
périodiques données sur la cellule de base, vérifiant (HY) ¢Qy) < C; < 4+00,0<ap < a;(y) < A; < +0o0 p.p.,
avecC;, A; constantes données. Soiefitx) =c; (), a; = ai(3), x € 27, a®(x) = x{(x)aj(x) + x5 (x)a5(x) +
Axs(x)az(x), c(x) = 21-3:1 x; (x)cf (x). On considére le probleme d’évolution pour la températtire

(et ut(t, x)) = div(a® () Vu (t,x)) + f(t,x) dans x R+*
u®*=0 suraf2 xR%, + «Condition Initiale »

Po=| ®

ou f* sont des sources de chaleur données. Ce probleme met en jeu une condition initiale, dans un sens assez flou
pour le moment, une condition au bord et des conditions de transmission exprimant la continuité de la température
et du flux thermique a travers les surfaces de séparation. Dans le casn@st pas identiguement nullapus

donnons un sens précis a la condition initigéa utilisant I'approche fonctionnelle développée par Showalter ([2],

pp. 136-139) pour les problemes paraboliques dégénérés. La formulation obBerawe V() continue a avoir

un sens st? =0 p.p., et permet ainsi d’englober le probleme purement quasi-statique. Ceci est précisé dans la
partie anglaise. Les résultats (Proposition 1) recouvrent ceux du probléme stationnaire, mais mettent en lumiére
d’'autres aspects, notamment un phénomeéene de mémoire dans le<cisG+oco. De plus, ils les complétent
substantiellement dans le c&s- +oc0. Si I'échange a travers la couche interstitielle est quasi-statiepge)(= 0

p.p.), nous retrouvons, dans le cas ® < +o00, le modéle bien connu de Barenblatt—Rubinstein [4,3]. Pour prouver

ces résultats, nous nous ramenons a un probléme stationnaire via la transformation de Laplace. Le choix de cette
approche a été dicté par la possibilité d'utiliser des résultats déja établis dans [1]. Enfin, nous comparons avec le cas
non dégnéré qui présente des simplifications importantes tant au niveau des méthodes que des résultats (Section 5).

1. Introduction

This paper is devoted to the homogenization of an evolution problem in a periodic composite medium made
of three components, two of them having comparable (finite) conductivities while the third one, working as an
isolating layer, have a weaker conductivity, of very low scale. In a preceding paper [1], Mabrouk and Samadi have
addressed the stationary case which amounts to homogenize an elliptic problem. Here, we continue this investiga-
tions by studying the evolutionary time-dependent case. Let us remember the geometric and material assumptions
used in [1].

We are given the basic culie= 10, 1[3 of R3, partitioned ag = Y3 U Y13U Y2 U Y23 U Y3 WhereYy, Yz, Y3
are three connected open subsets suchithatY, = @, and where;; is the interface betweel andY;; thusYs
separate¥; andY,. Without loss of generality, we assume tlfgthave constant thickness of siz€1). Let x1, x2,
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x3 be the characteristic functions Bf, Y», Y3 andéy, 62, 63 their respective Lebesgue measures supposed to be of
the same order of magnitude. The paffsandY, are made of two conducting media having finite heat capacities
and conductivities. Oppositely, the materiallip possesses a conductivity which becomes arbitrary small with a
rate . = A(g), wheree is a small strictly positive number approaching zero. If we reproduce by periodicity the
basic cell, geometrically and materially, to the wholéRSf we get the three open sefis, E», E3 which we shall
assume to be connected and separated by the smooth susfacéss. More precisely, every; is the union of

the Z3-translates o¥; U (Y; N 3Y). The homothety of ratie gives us the elementary célf = ¢Y, the three ele-
mentary subsetg® having the same order of magnitudésPand the three periodic connected open #ts= ¢ E;
separated by the surfacgs,, S5,. Let thens2 be an open bounded connected subs&ofith lipschitzian bound-
aryo2. We set2’ = 2 NE? andFs = S€ N$2,Vi,je{l,2,3}. GivenT > 0, we define the space-time domains

0=0,T)x£2,0;=(0,T) x 2f. By£ we denote the inverse Laplace transform, the indéakes the values
1,2 andC; (resp.C) is a generic constant depending (resp. independent) on

2. The mathematical model

We are now in position to state our problem.

Fori =1, 2,3, letc; (resp.a;) be the heat capacity (resp. the heat conductivity) ofi tecomponent. They
are Y-periodic functions given on the basic cell and verifying the following assumptions: (H¥)cQy) <
Ci < +00, 0<ap <ai(y) < A <+o0 a.e., whereC;, A; are given positive constants. The corresponding
e-periodic coefficients are defined by(x) = c; (), af = ai(3), x € £27. Leta®(x) = x{ (x)aj(x) + x5(x)a5(x) +
Axs (x)ag(x) andc®(x) = Z?:l x; (x)ci (x). We assume that the boundarys@fis maintained at fixed temperature
and that “an initial distribution of temperatureg(x) on £2 is given, in a sense to be precised, for everyhen
the evolution of the temperaturé(z, x) is governed by problergP,). The coefficients®, a® being discontinuous,
the equation has to be interpreted in the sense of distribution@.ofihe transmission conditions express the
continuity of the temperature and of the heat flow across the separating surfaces. The exact meaning of the initial
condition will be made belowThis problem has two interesting features: the medium is highly heterogeneous,
and the functiong; may vanishlt can degenerate to an elliptic-parabolic or even to a pure elliptic (quasi-static)
one. We shall give a weak formulation of the problem which allows us to handle general data and especially to
give a precise meaning to the initial and boundary conditions. For this, we recall shortly the functional framework
developed by Showalter for degenerate parabolic equations (see [2], pp. 136—139).

We suppose first that® does not vanish identically a.e., i.e., mpasc(y) # 0} > 0. Let thenV = Hol(sz),
Y =L2%0,T;V)andV' = H~1(£2), V' = L2(0, T; V') their dual spaces. For every> 0, let B¢, A*:V — V'
the continuous operators defined by the bilinear formd/or V: b%(u, v) = fg @) ux)vx)dx, a®(u,v) =
Joa®(x)Vu(x)Vu(x) dx. B¢ is thus the operator of multiplication by the functioh Let v be the completion of
V with the semi-norni®®(-, -))1/? and letV;* its dual. Then we havE = {u measurable onsupg): (c*)¥2u €
L?(2)} and V¢ = {(c®)Y2u, u € L?(2)}. The operatorB® admits a continuous extension frolf into V;*
denoted too byB®. Let A%, B¢ be the realization ofA®, B® as operators fron) to V', that is precisely
(A%u(t), Bu(t)) = (A®*(u(1)), B*(u(1))) for a.e.r € (0, T'). For everye > 0, we introduce the spad¥&; (0, T) =
{fueVv: %BS € V'}. Then (see [2], Proposition 6.3), if is in W5(0,T), we havew € C([0,T]; V;), B°u €
C(O. TI: ViH), llullcqorive) < Cellullwgo,ry and B ulle o, ry.vyey < Cellullwg o,r)- Conversely, if(uo, wo) €
Vy x V,¢ are given, there exists a functiare W5 (0, T') such that lim. o1 (u(z), B°u(t)) = (1o, wo). Thus, given
ugin v andwg in V¢ related bywg = c®ug, we can express the initial condition by one of the equivalent equalities

(Bfu®)(0) = B (u*(0)) =wh e Vi = ()Y’ (0) = (c¢)Y?ufyin L3($2) 2)

Given f¢ e LlOC(R; L?(£2)) or more generally in”’ and ug in V7, problem ;) can be written as an abstract
Cauchy problem
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p. - Findu in W5(0, T): %Bgu(t) + Au@)=fe) eV’ inT)
| @M = ()Y in L2(R)

Thus,ug may be given only on the support&f. The equivalent variational problem is:

. { Findu € W5(0, T) s.t. (c®)Y/2u(0) = (¢*)Y/?u§ € L?(£2) and
7 foraes: bEU' (1), v) 4 af (u(r), v) = (fE(1), vy yYveV
If ¢® =0 a.e., them3°u = 0, P, continue to be meaningful and reduces to an elliptic boundary-value problem
(depending on the parametgr V. being the corresponding variational formulation. The initial condition is then
immaterial and plays no role. Thus, every time the initial condition is invoked, this will under heaks ttha¢s
not vanish identically. Since the foraf is symmetric, continuous and coercive &n and the operatoB® is
continuous, linear, symmetric, monotone frafo V', our problemP, admits in any case a unique solutioh
Our objective is to study its behavior as> 0.
For the sake of simplicity, we shall take hesg= uo € L?(£2). Thisis allowable, since therf, € Xo = (,-o V;
by assumption (H1). The more general ca§e Xo needs slight modifications.

3. Theresults

2

Let wl.l, wf,i=1,..., N, bethe v functions verifying the cellular problems:

—divy (aa (e + Vyuwd (NN =0 inYq
(cella) ag(y)lei +Vywd]-n(y)=0 ona¥, NaYs 3)
Y wi (), aa() g wf (Vjavanay  Y-periodic

and letn;, i =1, 2, 3, the solutions of the three following cellular problems:

- pea(Mi(p. ) — 3 divy(az(y)Vyir(p, ) =1 inYs

(cel.31)  { A1(p,y)=0 ondY1NaYs, ni(p,y)=0 0ndY2Nars (4)
y h1(p.y),  ea()Eh1(p. Y)arsnay  Y-periodic

| pesiia(p. y) = 3 divy(as(n) Vyiiz(p. ) = c3(y) inYs

(cell.32) n2(p,y)=0 ondY1NaYs, n2p,y)=0 o0ndYoNaYs (5)
vy f20p.y). e3(y) = f2(p. Yjaysnay  Y-periodic

- pea()ha(p.y) — 5 divy(@3(y)VyAa(p.y)) =0 inYs

(cell.33) n3(p,y)=0 ondY1NaYrs, #nz(p,y)=1 ondY2NaYs (6)
yh3(p.y),  ca(y)Eh3(p. Y)arsnay  Y-periodic

Let ]/(\;3(]7) = for,nors a3(y)3873ﬁ,-(p, y) dS,, andAN°™ the matrices with entriesxggmz Jy, aaeywl, () +eil
x [eywl,(y) +e;]dy, and letf € L2(Q) be given. Then

Proposition 3.1. Lets =lim. ¢?/2, ¢ = [, c(y) dy, & = [y, ca(y) dy. Then
(1) 8 =0, f¢ = f. There exists: € D'(R; H3(£2)) N L2 (R; L3(£2)) with support in[0, co[ such that, for
any fixedl" > 0, the sequence® converges weakly ifi?(0, T'; L?(£2)) to u, unique solution of the homogenized

problem:

{Eu’(t, x) — divy [(ATOM + ABO™ VY u(e, x)]1 = f(t,x) InRYE x 2 @)

cu(0,x)=cuo(x) N2, u=0 onoL xR}
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(2) 0< 8 < +oo, f¢ = f and meagcs(y) # 0} > 0. There existu, € D'(R; H3($2)) N LE (R; L2(£2)),

ni € D'(R; H}[Y3]/R) N LE (R; L2(2; H}Y3]/R)) for i =1, 2, 3with supportin[0, co[ such that, for any fixed
T > 0, the sequencegiu®(z, x) converges weakly if2(0, T; L2(£2)) to the functionsie (¢, x), unique solutions
of the coupled homogenized problems

Catly (1, %) — AV, [ANO™V 11 (2, %)) — K25(t) % ua (1, x) — [ug(t, X) — ug (1, X)) % K25(t)

=0 f(t,x) — f(t,x) % K1) — K23(Ouo(x) INRY x 2, B#a (8)

Cattg (0, x) =Cquo(x) N2, uy=0 0na2 xRY
Here K 5(t) = L71K! 5(p), ni(t, y) = L~ 7 (p, y) andx is the convolution in the time variable. The sequerice
converges weakly ih2(0, T; L2(£2)) to the function

U(t,x) = (1= 62)ur(t, x) + Oaua(t, x) + f(t, %) * (1) + uo(x)7j2(t) — ua(t, x) * fip(1)

+ (w2, x) — u1(r, x)) % 73(r),  with 7; (1) =/m-(t,y)dy
Y3
(3)8 = +o0. Letv? = 4143, ¢ = 41}8 andw® = x5czu®. Then
case 1:f* = (1— x5) f. There existiy (¢, x) in D'(R; H3(£2)) N L2 (R; L%(£2)) such thatysus, — Ogite (t, X)

loc
weakly inL?(0, T; L?($2)). These functions are solutions of the two uncoupled problems

Colty (1, X) — divx[Agomqua(t, X)] =0, f(t,x) In2 xR}
Caltg (0, x) = Coquo(x) N2, uy=0 0nd2 xR}
Moreover

9

o If c3(y) > 0a.e., then? (¢, x) — Ostrongly inL2(Q),w (¢, x) — auo(x) weakly inL2(Q).
e If c3(y) =0a.e., then? (¢, x) — O weakly inL?(Q),z% (¢, x) — 0 strongly inL2(Q).
o If c3(y) > co > O a.e., thenys (x)u®(z, x) — O3uo(x) weakly inL2(Q), vé (¢, x) — 0 strongly inL2(Q).

case 2 f¢ = f. ThenxZv, — O weakly inL?(0, T; L?(£2)). Moreover

e If c3(y) > 0a.e., therw?(z, x) — O weakly inL2(Q), z (¢, x) — 0 strongly inL2(Q).

o If c3(y) = 0a.e., theny (x)z* (¢, x) — Oweakly inL2(Q), x£z° — Ostrongly inL?(Q), (v/A/&)9v¢ (t,x) — 0
strongly inL2(Q) for ¢ > 2.

o If c3(y) = co > Oa.e., theng (x)ve (¢, x) — O weakly inL2(Q), z° (¢, x) — O strongly inL2(Q).

Remark. (i) If c3(y) =0 a.e., the); are independent gf and we obtain, for & § < 400, the simplified problems:
Cattly(, %) — dive [ANO™ g (1, x)] — K35 (up (t, x) — ua(t, %)) = (0a — K23) £ (1, X) — KZquo(x)
Calte (0, x) = Euuo(x) N2, ug(r,x)=0 o0nds2,where nowkl;, K2, are pure constants

Thus we recover, in the case of a quasi-static heat exchange in the interstitial layer, the model of Barenblatt—
Rubinstein [4,3]. If moreover, = 0 a.e., the initial conditions disappear and we recover exactly the static model
of [1].

(ii) If we rescale our data ag® = == f, ug = %uo then we obtain fop® the same results as fof in the case

i NA
ff=A-x5f.

4. Sketch of proof

The proof is achieved classically in three steps:



420 M. Mabrouk, A. Boughammoura / C. R. Mecanique 331 (2003) 415-421

4.1. A priori estimates

We have
(1)8 <+oo, fE=f. Then(||qu3||Lz(QiUQ§), A||qu€||L2(Q§), u®llp20)) < C.

(2) 8§ = +o0. Letv® = @uf andz® = évf. Four cases are distinguished:

o ff=(1-x3)f,0<c3(y). Then
2 2 2 2 g2
& & & &

A

£2 &2 g2 >~
(”U ”LZ(QiUQE)’ ”va ”LZ(QiUQE)’)\'”VxU ”LZ(Qg))gcgz
Vi
8 b

2%l L2¢0) < C (”USHLZ(Qg)s 8||VU£”L2(Q§)) <C

o [*=(1—-x3)f,0<co<c3(y). Then

A
&2 &2 &2 &
(”M ”LZ(Q)! ”qu ||L2(QiUQ§)’M|qu ”LZ(Q%)) <C7 ”U ”LZ(Q) <CT
e f7=f,0<c3(y). Then

2 2 2

(”Ug ”LZ(QiUQE)’ ”vaé‘ ”LZ(Q:E[UQE)’ )\'Hvxvg ||L2(Qg)) < C
2

&
(12" 20 €IV2 l2g) S C. 107N 2py) < C+C—

A
g2 g2 £12 N
(”Z ”LZ(Q;_UQE)’ ”VXZ ”LZ(QiUQ%)’ )"“V)CZ ||L2(Q§)) g C82

e ff=f,0<co<c3(y). Then
€2 €2 €2 e \/X
(”U ||L2(Q)’ ”VXU ”Lz(QiUQ%)’ )"”VXU ”LZ(Q%)) < Ca ”Z ||L2(Q) < CT
4.2. Convergence in the Laplace space

Our analysis is based on the Laplace transform of prolenThis is quite suitable for our purpose since we
benefit from the results of the elliptic problem addressed in [1]. As in that work, our technique is the two-scale
convergence.

4.3. Results in the physical space

The return to the physical space is done using the inverse Laplace transform.

5. Complements

(1) In the generic nondegenerate case where we supposg that (y) < C; < o0 a.e., there are substantial
simplifications. The problen®. becomes a classical parabolic problem and we do not have to use the complicated
framework of Showalter. The function$ are now in the spacg: € L2(0, T; H}(2)), u' € L%(0, T; H~1(£2))}
thus u® € C([0, T]; L2(£2)) and the initial condition reduce tef(0) = ug in L?(£2). The a priori estimates
are easier to obtain. In particular, we do not need to use the results of [1], and we have the sharper estimate
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€1l oo 0,7: L2(52y) < € under the sole assumptigif = f € L2(0), ug bounded inL2(£2). We have less different
situations. The proofs of convergence remains however globally the same. Proposition 3.1 remains true, but the
convergences are now (0, T; L2(£2)) weak-star and the case= +oco becomes:

Proposition 5.1. If § = +o0, there existiq (¢, x) in D'(R; HJ(£2)) N LX.(R; L2(2)) s.t:

(i) xiut converges weak-star ih> (0, T'; L2(£2)) t0 O,u4(t, x), solutions of the two decoupled problems
Cattly (1, %) — AV [ANO™ g (1, X)] = O £ (1, %), ua(0,x) =uo(x) N2, uy=0 onds

(i) x5(x)u® converges weak-star ih> (0, T'; L2(£2)) to the functiorfsug(x).

(2) In the “asymptotically degenerate case”, wheféy) = Ac3, c3 a strictly positive constant and goes to
zero following some ratg(¢e), our study applies tod-he results obtained are exactly the same but putting formally
c3(y) =0 a.e. In particular, we recover once more the Barenblatt—Rubinstein’s model.

Remark. The mathematical problem adressed here can be used to model a lot of problems arising in transport
phenomena, for example the problem of the fluid flow in a totally fissured porous mediumc;Thada; are
respectively the porosity and the permeability of thiln component. The medium consists of two flow regions
separated by a third one which represents the porous matrix®andhe density of fluid.
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