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Abstract

We consider a quasistatic problem of frictional contact between a viscoelastic body and a moving foundation. The contact
is with wear and is modeled by normal compliance and a law of dry friction. The novelty in the model is that it allows for
the diffusion of the wear debris over the potential contact surface. Such kind of phenomena arise in orthopaedic biomechanics
and influence the properties of joint prosthesis. We derive a weak formulation of the problem and state that, under a smallness
assumption on the problem data, there exists a unique weak solution for the freodét.thisarticle: M. Shillor et al., C. R.
Mecanique 331 (2003).
0 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Analyse d'un probléme viscoélastique avec compliance normale, frottement et diffusion d’usure. Nous considérons
un probléeme quasistatique de contact entre un corps viscoélastique et une fondation mobile. Le contact est avec usure et se
modélise avec compliance normale et une loi de frottement sec. La principale nouveauté du modele réside dans le fait gu'il
prend en considération la diffusion des débris d'usure sur la surface potentielle de contact. Ce phénoméme est rencontré en
biomécanique orthopédique et il influence les propriétés des prothéses. Nous présentons une formulation variationnelle du
probléme et, sous une hypothése de petitesse, nous présentons I'existence et I'unicité de la solution faible dRoarazitse.
cet article: M. Shillor et al., C. R. Mecanique 331 (2003).
0 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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Version francaise abr égée

Soit un corps viscoélastique occupant un ouvert R3, de frontiérel”, suffisamment réguliére, divisée en
trois parties disjointes et mesurablgs, I'y et I'c, telle que me@p) > 0. Soitv le vecteur unitaire de la normale
sortante & et soit[0, T'] un intervalle de tempg, > 0. Le corps est suppose fixé sur la paffie de la frontiere
alors que des forces volumiques et surfaciques de denfjtésf , agissent respectivement da@<et surl . Sur
la partieI'c le corps est susceptible d’entrer en contact avec une fondation mobile. Afin de simplifier le modéle
Nnous supposons que est un domaine régulier dans le pleg= 0, de frontiére/, alors que la fondation est plane
et se déplace dans le plag= —g < 0 avec une vitessg". Le contact est avec compliance normale et frottement
et a pour conséquence l'usure d’une paRjgde I'c, accompagné de la diffusion des débris matériels dans tout le
domainel¢. Nous supposons que le processus est quasistatique et le comportement du matériau est viscoélastique
du type Kelvin—\oigt.

Sous ces hypothéses, le probléme mécanique considéré peut étre formulé de la fagon suivante :

Probléme P. Trouver le champ des déplacements? x [0, T] — RS, le champ contraintes: 2 x [0, T] — Rk
et la densité des débris d'usurel ¢ x [0, T] — R, tels que

o=A(e@))+G(e) dans2 x (0, 7) (1)
Dive + fo=0 dans$2 x (0, T) (2)
u=0 surl'p x (0, 7) 3)
ov=fy surly x (0, T) (4)
—oy = pv(Uy — N XD, — &) surlc x (0,7) (5)
ozl < plovl; o =—u|crvlﬁ ifar #v*  surlc x(0,T) (6)
¢ —div(kVE) = kBupy R*(lie: — v*[1) XD, ] surlc x (0,T) (7
=0 sury x (0, T) (8)
u0 =uo, ¢0)=¢o dans$2 9)

Ici et partout dans ce travail le point au dessus représente la dérivée par rapport au|tgnegs)a norme du
vecteurv et les indices et T indiquent les composantes normales et tangentielles des tenseurs et des vecteurs.
L’Eq. (1) est la loi de comportement atiu) dénote le tenseur des déformations linéarisé, (2) représente I'équation
d’'équilibre, (3) et (4) sont respectivement les conditions aux limites de déplacement-traction et (5) et (6) représen-
tent respectivement les conditions de contact avec compliance normale et frottement. Précisons que le coefficient
de frottement dépend de la solution puisqu’on supposeu (¢, |li, — v*|). LEq. (7) représente I'équation de
diffusion des débris d'usure, accompagnée de la condition aux limites (8), alors que (9) sont les conditions initiales.

L'étude du probleme® est motivée par des possibles applications en orthopédie et notamment dans I'étude du
comportement mécanique des prothéses; en effet, I'usure des surfaces de contact diminue la durée de vie d’'une
prothése, voir par exemple [1,2].

Dans ce travail nous décrivons en détails le modéle mécanique ci-dessous, nous précisons des hypothéses sur
les données puis, en utilisant la formule de Green, nous obtenons une formulation variationnelle du probléme. Le
résultat central est présenté dans le Théoréme 3.1; il montre que, sous une hypothese de petitesse, le probleme
mécaniqueP admet une solution faible, unique. La démonstration est basée sur des arguments d'équations
paraboliques, d’'inéquations variationnelles elliptiques et de point fixe.
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1. The model

We model the process in which a viscoelastic body, that is acted upon by volume forces and surface tractions, is
in frictional contact with a moving foundation and, as a result, a part of its surface wears out. The wear particles are
assumed to remain and diffuse on the potential contact surface. Such situations arise, among others, in orthopedic
biomechanics of joint prostheses after arthoplasty. Since friction and wear debris influence the quality and long term
performance of artificial joints and implants, they need to be taken into account when modelling these processes,
see, e.g., [1,2] and the references therein.

Let 2 c R3 denote the domain occupied by the body andhe boundary of2, which is assumed to be
Lipschitz, and is divided into three disjoint measurable p&js 'y andI'c, such that med$’p) > 0. The body
is clamped on/p, prescribed surface tractionfsy act only and volume forcegfy act on$2. A gap g exists
between the contact surfa¢e and the foundation, and is measured along the outward nornvéé assume that
the coordinate system is such thiat occupies a regular domain in the = 0 plane, the foundation is planar and is
moving with velocityv™ in the planexs = —g < 0. Notice that our results below still hold in the case of an arbitrary
foundation provided that the gap function is positive and belongs’tdc). We assume thafc is divided into
two subdomain®, and D,, by a smooth curve*, and wear takes place only on the pBgt, while the diffusion
of the wear particles takes place in the wholelgf The boundary = dI'c of I'c is assumed Lipschitz and is
composed of two partg; andy,,. Thus,0D,, =y, U y* andd D, = y; U y*. The setting is depicted in Fig. 1.

In what followsS® will represent the space of second order symmetric tensoRomhile “-” and || - || will
denote the inner product and the Euclidean nornRérandS3, respectively. We denote hy the displacement
vector,o the stress field anel(u) the linearized strain tensor. Belaw andu, represent thaormalandtangential
displacements, respectively, white ando . represent theormal and tangentialstresses, respectiveljQ, T']
denotes the time interval of intere&t,> 0, and a dot above a variable represents the time derivative.

The wear of the surface is described by thear functionw = w(x, t) which is defined onD,, and the
diffusion of the wear debris by theear particle surface density functiagn= ¢(x, r) which is defined on¢.
Herex = (x1, x2, 0), sincel¢ belongs to the plan®x1x2. The wear functionv measures the volume density of
material removed per unit surface area, see, e.g., [3] and references therein. We asstimesthah D,,, where
B is a conversion factor from wear depth (mm) to wear particles surface density, which is assumed to be a positive
constant. This assumption simplifies the model, siace n¢ in Dy, for n = 1/8. Next, we extendv by zero to
the whole ofI¢, and thusw = n¢ xip,,; on I'c x (0, T'), whereyp,,1 is the characteristic function d,,.

The diffusion of the particles is described by the nonlinear evolutionary equation,

¢ —divk V) = Blloc [R* (e — v*[) xip,) in Te x (0,T) (10)

Here k denotes the wear particle diffusion coefficientjs the wear rate constant, amtf :R;. — R, is the
truncation operatorR*(r) =r if r < R, R*(r) = R if r > R, R being a given positive constant. We need this
operator in order to avoid some mathematical difficulties, however, from the physical point of view theRis of
not restrictive since, in practice, the slip velocity is bounded and no smallness assumption will be nkad&en
usex(p,1 on the right-hand side of (10) since the particles are produced oy, irand the rate of production is
multiplied by 8. Notice that below the wear particle diffusion coefficiéns assumed to be given, however, a more
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Fig. 1. The setting (left); contact surfaée ; wear is produced iD,, (right).
Fig. 1. Le modele (a gauche) — surface de coniact I'usure est produite ed,, (a droite).
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complicated version of the model may be obtained by takirgk(¢). We note that without diffusion, condition
(10) reduces to that of [3] for small to medium contact stresses.

Next, we describe the process of frictional contact on the suifac®&Ve use a version of thieormal compliance
condition to model the contact (see, e.g., [4—6] and references therein). Since the process involves the wear of the
contacting surfaces we need to take into account the change in the geometry by replacinggivatbap+ w.
Therefore,

—0y = pv(uu - n€X[Dw] - g) onlc¢ x (07 T) (11)

The precise assumptions gy will be given below. The friction law is

) _ *
lo-ll < ployl; if @, #v* then Utz_ﬂ|av|H onlc x(0,T) (12)
U; —v
Here,u = n(¢, li, — v*|)) is the coefficient of friction which is assumed to depend on the density of the wear
particles and on the slip rate.
To conclude, keeping in mind (10), (11) and (12), the classical formulation of the probldnctdnal contact
of a viscoelastic body with wear diffusi@as follows.

Problem P. Find a displacement field: 2 x [0, T] — R3, a stress field : £2 x [0, 7] — S and a surface particle
density fields : I'c x [0, T] — R, such that

o =A(e@))+G(e(m)) in 2 x(0,T) (13)
Dive + fo=0 in 2 x(0,T) (14)
u=0 onlp x (0,T) (15)
ov=fy onl'y x (0,T) (16)
—0oy = pu(uy — ¢ XD, ] — &) onlc x (0, T) 17)
locll <l 0x=—loul v i £0* onTe x O.T) 18)
¢ — div(kV) = kBupy R*(lite — v*[1) XD, ] onlc x (0. T) (19)
¢=0 ony x (0, T) (20)
u0) =uo, ¢0)=¢% in £ (21)

Here, (13) represents the viscoelastic constitutive law of the material in whiahd G are given nonlinear
constitutive functions which may depend enc 2 (the body may be nonhomogenuous); (14) represents the
equation of equilibrium, since the process is assumed quasistatic; (15) and (16) are the displacement and traction
boundary conditions, and (20) is an absorbing boundary condition, since once a wear particle reaches the boundary
y = oI ¢ it dissapears; finally, (21) represent the initial conditions in whigland¢o are given.

2. Variational formulation

To obtain a variational formulation for proble® we use the standard notation fbf, C, C* and Sobolev
spaces associated with the domaidsc R® and I'c c R?. Moreover, for the stress field we use the space
Q={t=(uj)|uj =1 € LAR), 1<i, j <3} = L?(£2)3*3, endowed with the canonical inner prodict),
and for the displacement field we use the spéee {v € H1(£2)3 | v = 0on I'p}. It follows from Korn'’s inequality
thatV is a real Hilbert space endowed with the inner produc)y = (e(u), e(v))o. For an element € V we
denote bw its trace on/” and byv,, = v-v andv, = v — v, v its normalandtangentialcomponents on the boundary.
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For the surface particle density function we use the sﬁ%ié“c). We denote by? ~1(I'¢) the dual och}(Fc),
and(-, ) represents the duality pairing betweBm*(I'c) and H} (I'c).

To study the mechanical problemwe make the following assumptions on the data.

Theviscosity operatord : 2 x S® — S® satisfies: there exist two constantsy > 0 andm _4 > 0 such that
(@) [AGx.e1) — A(x.e2)| <Laller—eal. Vel e2€S% aexe
(b)  (A@x,e1) — A(x,e2)) - (e1—€2) >myller — e2]?, Ve1,e2€S% aexe
(c) x> A(x,e)is Lebesgue measurable gh Ve €S
d x— Ax,00€0

(22)

Theelasticity operatoG : 2 x S® — S satisfies: there exists a constdnt > 0 such that

@ |G(x.e1)—G(x,e2)| <Lglles—e2ll, Ver,e2€S% aexe
(b) x+ G(x,¢)is Lebesgue measurable ¢h Ve € S8 (23)
© x—>Gx,0e0

Thenormal compliance functiop, : I'c x R — R satisfies: there exist two constaifits > 0 andp}; > 0 such that
@ |pv(x,u1) — py(x,uz)| < Lolur —uz|, Yui, uz€R, aexele
(b) x> py(x,un)is Lebesgue measurable 6, Yu € R
© x> py(x,u)=0 foru<O0, aexel¢
(d) pix,u)<p} VYueR, aexelc

(24)

Thecoefficient of frictionu : I'c x R — Ry satisfies: there exist two constaifits > 0 andu* > 0 such that

(b) x> u(x,a,b)is Lebesgue measurable dh, Va,beR (25)
(© ux,a,b)<u*, Va,beR, aexeclc¢

Theforces tractions particle diffusion coefficientvear rate constanand thenitial data satisfy:
@ foeC(I0, T L2(2)%), fyeC(0,T]; LATN)")
(b) kelL>®¢), k=k*>0a.e.onl¢
(c) «xeL*®UIp,), k=0ae.onp,
(d) woeV, ¢oelLl?(I¢)

(26)

Next, we define the functioif : [0, 71— V, the functionalj : L2(I'c) x V3 — R, the bilinear formu : H}(I'c) x
H}(I'c) — R and the operatoF : H}(I'c) x V3 — H~1(I'¢) by

(f@),v), = [o fo@® -vdx+ [ fy()-vdS

JGu, v, w) = [ pu(uy =g xip,1 — ©wudS + [ (¢, llve — v* 1) po @y — 0 xip,,1 — &) llwe — v*|| dS
a(¢.&) = [ kVE-VEdS

(F u,v,w),8)= [, Bru(C, lve — o) pu(uy — ng — @ R*(llwe — v*[))§ dS

forallu,v,we V, ¢, & € H}(I'c) andt € [0, T1.
Using Green’s formula leads to the following variational formulation of problem

Problem Py. Find a displacement field: [0, T] — V and a surface particle density fiefd [0, T] — Hol(Fc)
such that
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(A(e(@(n))), e(v) — €(il(t)))Q + (G(e(u(®))), e(v) — a(u(t)))Q

+iEO. u@,a@),v) — j (GO u@), a@), i) > (f@©),v—a@®), YveV,re[0,T] (27)
(¢, &) +a(c®), &) =(F(c@),u®), (), (), &) Y&e HIIc), aere(0,T) (28)
u(0) = uo, OER) (29)

3. An existence and uniqueness result
Our main result, concerning the well-posedness of proligmis the following.

Theorem 3.1. Assume thaf22)}{(26) hold. Then, there exists a constagt> 0 which depends of?, I'p, I'c, m 4,
Ly, Ly, lkllLe(p,), B and R such that, ifp} < co and u* < cp, there exists a unique solution of problem.
Moreover, the solution satisfies

ueCH(0,T; V), ¢elL?0,T; Hy(I'c))NC([0,T1; LA(Ic)), ¢ eL?(0,T; H (1)) (30)

Proof. The proof of the theorem was based on arguments for evolutionary equations, time-dependent elliptic
variational inequalities and fixed points. Full details can be found in [7].

Let now{u, ¢} denote a solution of problem, and lete be the stress field given by (1). Using (22) and (23) it
follows thato € C([0, T']; Q).

A triplet of functions{u, o, ¢} which satisfies (13), (27)—(29) is calledwaeak solutionof the mechanical
problem P. We conclude from the theorem that, if the normal compliance fungtiormnd the coefficient of
friction u are sufficiently small, then proble® has a unique weak solution.

The following features make the variational probletm a difficult mathematical problem: (a) The strong
nonlinearities in the functional and the operatoF'. (b) The dependence of the nondifferentiable functighal
on the solutiof{u, ¢} and oniz. (¢) The dependence @f on {u, ¢} and oni. (d) The strong coupling between (27)
and (28). These reasons lead to an interesting but difficult mathematical model. The case when there is no diffusion
of the wear particles was investigated in [8] where the existence of a unique weak solution has been proved without
any smallness assumptions.
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