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Abstract

Résumé

The free convection, along a vertical flat plate embedded in a porous medium, can be
described in terms of solutions to £ + "‘—;lff” —af'“=0, foral t € (0,400). The
purpose of this Note is to study the nonuniqueness of solutions to this problem, with the
initial conditions, f(0) =a € R and f/(0) € {0, 1}, where a € (—%, 0). No assumption at
infinity isimposed. We show that this problem has an infinite number of unbounded global
solutions. Moreover, we prove that the first and the second derivative of solutions tend to O
as + approaches infinity. To cite this article M. Guedda, C. R. Mecanique 330 (2002)
279-283. [0 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

porous media/ boundary layer / existence and nonuniqueness

Non unicité de solutions des équations différentielles pour un
probléme de couches limites en milieux poreux

Lamodéisation d' un phénomeéne de convection naturelle dans un milieu poreux, occupant
un domaine non borné, nous conduit &’ équation différentielle £/ + %f‘f” —af®=0,
dans (0, +00). Nous montrons que, pour « € (—%, 0), cette équation avec les conditions
initides £(0) =a €R, f/(0) =0 ou 1, admet une infinité de solutions globaes, dont les
dérivées d' ordre un et deux convergent vers 0 al’infini. Pour citer cet article: M. Guedda,
C. R. Mecanique 330 (2002) 279-283. O 2002 Académie des sciences/Editions scienti-
figues et médicales Elsevier SAS

milieu poreux / couchelimite/ existence et non unicité

1. Introduction

The free convection, along a vertical flat plate embedded in a porous medium, can be described in terms
of solutionsto the differential equation [1-3]

a+1

" 2 _
A —af?=0

f/// +

posed in the semi-infinite interval (0, +o00), with the boundary conditions

f©0=0, flo=1
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and
Jim @6 =0 (1.3)

Here the plate is impermeable and its temperature is assumed to be a power function of the height, i.e.,
T(x,y)ly=0=Too + Ax“, where A > 0, « € R and T is the temperature far from the plate which is the
sameattimet’ < 0. Thex-axisbeing parallel to the direction of gravity but directed upwards. For aphysical
consideration —% <a <1[12]. Eq. (1.1) with suitable boundary conditions appears also in the context of
boundary layer flow on stretching permeable surfaces with mass transfer parameter a £ 0 [4,5]. In the last
situation condition (1.2) takes the form

fO)=a, flo=1 (1.4)

Thereal a isreferred also to as the suction/injection parameter. The case a > 0 corresponds to the suction
and a < 0to theinjection of thefluid. A complete physical derivation of (1.1)—«1.4) isgivenin [6,2,4,5,3].
Results concerning problem (1.1)—(1.3) can be found in [1] in which the numerical solution has been
performedin the casewhere—% <a <0. Forthecase o > —% numerical investigationsarein [7] and [2].

The mathematical analysisis aso considered in [2]. The authors showed the nonexistence of solutions to
(L1)~L3)if « < —3 satisfying

lim /' f2(t)=0 (1.5)
1—>00
A similar argument is used in [4] to prove the nonexistence of nontrivial solutionsto (1.1), (1.3) satisfying

f(0) =0, f'(0=0 (1.6)

wherea # —1.

Very recentzly Belhachmi, Brighi and Taous [3,8] showed the nonexistence of solutionsto (1.1)—1.3) for
o< —% without condition (1.5). Among other results they proved that this problem has an infinite number
of solutionswhen a = — whereas uniqueness holdsfor 0 < o < 3.

The remainder of this Note is to give negative answer to the open questions raised in [3,8] on the
unigqueness of solution to (1.1)—(1.3) and of solutions to problem (1.1)—(1.3) supplemented with the
condition

0< /(1 <1, Vvr=0 a7

where —% < a < 0. We shall show, in particular, that condition (1.2) is sufficient to provide an unbounded
physical solution to (1.1)—(1.3); that is a solution satisfying (1.7).

For a mathematically consideration, we analyze Eg. (1.1) with more genera initial conditions. It is
proposed here to show, for —% < a < 0, that EQ. (1.1) subject to the conditions

f(0) =a, f'O=¢ (1.8)

inwhich e € {0, 1} and a isareal fixed, has an infinite number of unbounded solutions such that (1.3) holds,
at least one of which satisfies (1.7) if e =1anda > 0.

Remark 1.1.—Asitisnoticed by Brighi [9] amore general condition f/(0) = b > 0 can be transformed to
/'(0) =0, 1 by introducing a new function kf (kr) which solves (1.1).

2. Theresult

As announced before we consider Eg. (1.1) with a more general initial condition (1.8). By using the
shooting argument our main result can be formulated by
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THEOREM 2.1.— Leta eR,e=0,1anda € (—3,0). For any y > —152ae, there exists a unique global
solution, f,, to (1.1), (1.8) suchthat f)/(0) = y. Thefunction f, () goesto infinity with #, and thefirst and
the second derivative of f,, tend to O as¢ approachesinfinity.

Moreover if (in addition) y <0, ¢ = 1 we have

0<fn<1 (2.)
Remark 2.1. - The condition y > —1t2ae can bereplaced by y > —2ac if (a, e, ) # (0,0,0).

Remark 2.2. —In [3] the authors showed the existence of y, < 0 such that problem (1.1)—(1.3), (1.7) hasa
solution, f,, satisfying £,/ (0) = y., fora > —%. Moreover 0 < f.(¢) < 2/+/a + 1. Thissolutionisdifferent
from f,,. Therefore problem (1.1)—(1.3), has at least two physical solutionsif —% <a<0.

3. Proof

Let —% <a <0,a bearea and ¢ =0, 1. We consider theinitia value problem,

2
fO=a, fO=e [f'O=y
The real y is regarded as the shooting parameter. For every y € R problem (3.1) has a unique local
solution f, defined on (0, T,), T, < +oc. This solution is of class C2 on [0, T}), in fact f, € C*°. To
begin with, suppose that a is nonnegative. We shall show that, for any y > —lJE"‘as, fy is global and
condition (1.3) is satisfied. The proof will proceed via a series of lemmas. Below we give an identity which
is obtained by a simpleintegration of (3.1)1 over (0, t) [3] and will be useful in the proofs.

1+«
2

This propriety indicates that f, cannot have a local maximum. Let us note that if 7}, < +oo, then
limg sz, | fy ()] + |f}ﬁ(t)| + If)ﬁ’(t)| = +o0. Infact the existence time T, is characterized by

1
{f“ LS —af?=0 (31)

1" l+ / 30["‘1 I/
fy(t)+Tafy(t)fy(t)=y+ ag+ = /O fAs)ds, Vi<T, (3.2)

LEMMA 3.1.—If T} < +oo, thenlimyyr, | f, (1) = +o00.
The proof issimilar asin [10].

LEMMA 32.—1Ifa >0then f) >0, f, >00n (0,7,) and T, = +oc; that is f, is global. Moreover,
f}j and f];’ are bounded.

Proof. —It is not difficult to see that £, > 0, f, > 0 on (0, 7),). To demonstrate that 7}, = +co we
consider a Lyapunov function for f,

1 " o /
E0) =3 (1, 0)* =3 (f0)
which satisfies
1
Ew=—=22 5, (7)) <0

thanksto (3.1)1. Therefore E isbounded and then £, and f, are bounded, sincex < 0. Thisinturnimplies
that if 7), < oo thefunction f, isbounded whichisabsurd. O

LEMMA 3.3.—Ifa > Othen f, (r) tendsto infinity with ¢, f)j(t) and f)ﬁ’(t) tendtoOasr — oo.

Proof. — From (3.1); it follows that f)j is monotone on (71, +00), t1 large enough. Since f)j is bounded
thereexists! € R, such that lim;_, 4o f]ﬁ (t) =1. Thisimpliesin particular the existence of a sequence (z,,)
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tending to +oo with n such that lim,,_, 4« f)j’(zn) =0 and then lim;_, 4y f}j’(t) =0, by using the func-
tion E.
Next we supposethat f, isbounded, therefore!/ = 0. Subsequently
1+« 3u+1 [t

/ 2
O=y+ > ag + > A fy ) dt

Thisis impossible if o > —%. Therefore f, is unbounded and then lim;_, ;o f}, (1) = +o0. It remains

to prove that / = 0 and f,, y <0, satisfies (2.1). Suppose that / > 0. Together with (3.1)1 we get, as ¢
approachesinfinity

" 14+«

£ =al’t +o(t)

Thisisonly possibleif « =0. Then! =0.
To show that f, satisfies (2.1) for —”T"‘a <y <0, ¢ =1weprovethat f};’(t) < Oforanyt > 0andthen
0< f); (t) < 1. Thisendsthe proof in the casewherea > 0. O

3tl,

1’ + t+0(1)

Next we suppose that a < 0. The first simple consequence is that f, (r) < 0 and f}j () > 0 for small
t > 0. Since f,, cannot have alocal maximum, we have two possibilities either f,, (r) vanishes at a some
point and remains positive after this point or f, (t) < Oforall r > 0. In fact we have

LEMMA 3.4.—Assumea <Oand y > —HT“as. Then f,, has exactly one zero, say g, tends to + oo, and
the functions f, f,’ convergeto 0 ass — +oco.

Proof. — Assume on the contrary that f, () < Ofordl ¢ € (0, T;,). Since f}; > 0then T, = 4+o0 and in
view of (3.2) we have £, > 0. Therefore, lim,_, oo f) () € (a, 0] and lim,, 1~ f,, (#) = 0. Thisis absurd
since f,, is positive and increasing function. To finish the proofs of Lemma 3.4 and Theorem 2.1 we note
that

[yt =0,  f/(t0)>0
Then the new function A () = f, (¢ + o) satisfies Eq. (3.1); and
1
h(O)>0, 10> —%hm)h’m)
Thereforewe use Lemmas 3.2 and 3.3to conclude. O

Remark 3.1. —Since y isarbitrary we deduce that problem (1.1)—(1.3) has an infinite number of solutions
and it has a solution satisfying (1.7). These solutions are unbounded. This gives an answer to the open
questions of [3].

We finish this Note by two results obtained in [11].
PROPOSITION 3.1.—Lete =0,1. Forany y > —14%ae, 2 + £2 + a2 # 0, we have
thoofy(t)fy (1) =tﬂ+moo 1y ®)=0
and
: S
Amfy (0 £, () = +o00
Remark 3.2. - The situation is different if a € (=3, —3). In[3] it is shown that any possible solution, f,

to (LL)~(1.3) with o € (-3, —3) satisfies limy_, 400 ff'(1) =0.
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The following theorem shows that problem (1.1), (1.4), (1.7) has a solution for any « € (—3, —1)
providedthat ¢ > /1/(1+ «) [11].
THEOREM 3.1.— For any —% <a<0andanya > /1/(1+ @), the problem

1
f///+a_2|— ff//_af/zzo

fO=a, f(O=1 f(+o0)=0
0<f'(n<1

has at least one unbounded solution satisfying lim;—, 4 f, f,/(t) = 0, lim; fyzf)ﬁ (t) = 400.
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