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Abstract

This paper reports the estimated stellar parameters of 1153 Kepler red giant branch stars determined with
asteroseismic modeling. We use radial-mode oscillation frequencies, gravity-mode period spacings, Gaia
luminosities, and spectroscopic data to characterize these stars. Compared with previous studies, we find that the
two additional observed constraints, i.e., the gravity-mode period spacing and luminosity, significantly improve the
precision of fundamental stellar parameters. The typical uncertainties are 2.9% for the mass, 11% for the age, 1.0%
for the radius, 0.0039 dex for the surface gravity, and 0.5% for the helium core mass, making this the best-
characterized large sample of red giant stars available to date. With better characterizations for these red giants, we
recalibrate the seismic scaling relations and study the surface term on the red giant branch. We confirm that the
surface term depends on the surface gravity and effective temperature, but there is no significant correlation with
metallicity.

Unified Astronomy Thesaurus concepts: Asteroseismology (73)

Supporting material: machine-readable table

1. Introduction

NASA’s Kepler mission (Borucki et al. 2008) was launched
in 2008 and collected high-quality photometry data from its
primary field for 4 yr. The mission allowed for the study of
solar-like oscillations on nearly 20,000 red giants. Studies with
the Kepler data have significantly advanced our understanding
of red giants and established asteroseismology as an essential
tool for precisely determining fundamental stellar parameters
(see reviews by Chaplin & Miglio 2013; Hekker &
Christensen-Dalsgaard 2017; Jackiewicz 2021).

The grid-based asteroseismic modeling approach has been
widely used to estimate the parameters of stars (e.g., Stello
et al. 2009; Kallinger et al. 2010; Basu et al. 2011). Previous
research has demonstrated that accurate fundamental para-
meters, such as mass, radius, surface gravity, and age, can be
determined by modeling the oscillation frequencies of stars
(e.g., Metcalfe et al. 2010). However, it is worth noting that
some estimates could be highly model-dependent, so tests for
systematic bias are crucial. With this in mind, Gai et al. (2011)
examined the model dependence using three different model
grids, which inferred that there is almost no model dependence
for inferred values of surface gravity and radius, but estimated
masses and ages are model-dependent. Later on, Silva Aguirre
et al. (2015) compared seven different pipelines and stated that
asteroseismology could characterize main-sequence stars with

precisions of ∼2%, ∼4%, and ∼10% for radius, mass, and age,
respectively.
Evolved stars with different masses are crowded into a

narrow red giant branch (RGB) on the H-R diagram, posing
the challenge of precisely determining their fundamental
parameters. Furthermore, unlike main-sequence solar-like
oscillators, red giant oscillations exhibit nonradial modes of
a mixed nature, making mode extraction and identification
more difficult. In our previous study (Li et al. 2022, LI22
hereafter), we used the radial model frequencies to determine
the masses and ages of 3642 Kepler red giants. We obtained
a median precision of 4.5% for mass and 16% for age. Fully
using all oscillations, including mixed dipole modes, allows
for even better constraints on fundamental parameters for red
giants (Kallinger et al. 2008; Deheuvels et al. 2012; Li et al.
2017). Previous research demonstrated that mixed modes can
constrain stellar masses and ages to precisions of ∼5% and
∼10%, respectively (Pérez Hernández et al. 2016; Zhang
et al. 2018; Huber et al. 2019; Hill et al. 2021; Murphy et al.
2021). However, extracting and identifying mixed modes is
time-consuming and hence difficult to apply to a large
sample of stars. To effectively use the seismic information in
the mixed modes and improve the modeling inferences, a
compromise is to use the period spacing of the gravity dipole
modes (ΔΠ) extracted from the mixed modes. The value of
ΔΠ is highly sensitive to the properties of the central core
(Montalbán et al. 2013; Deheuvels et al. 2022). Given the
core property is the key to understanding evolved stars, ΔΠ
can hence provide powerful constraints for stars on the RGB
(e.g., Mosser et al. 2011; Vrard et al. 2016). For instance, the
distinction between hydrogen-shell burning giant stars and
helium-core burning stars can be made by very different
period spacings (Bedding et al. 2011). Stello et al. (2013)
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measured the period spacings for 13,000 Kepler targets and
classified these stars into various groups such as RGB,
helium-core burning clump, and secondary clump.

In this work, we aim to improve our previous seismic
determinations for Kepler red giants by using the gravity-mode
period spacing and Gaia luminosity as additional constraints.
The rest of the paper is organized as follows: Section 2
describes our data set and modeling approach; Section 3
presents the results; we close with a summary in Section 4.

2. Target Selection and Modeling Approach

2.1. Data

In this study, the sample of Kepler RGB stars in LI22 serves
as the basis for our analysis. This initial sample is composed of
3642 RGB stars with measured radial oscillation mode
frequencies. It is worth noting that although they are classified
as RGBs by Hon et al. (2018), we cannot be certain they are all
RGBs, as asymptotic giant branch stars would have similar
period spacings and be classified as RGB. We crossmatched the
sample with the Kepler Red Giant Period Interval Catalog
given by Vrard et al. (2016, V16, hereafter) to determine period
spacings. Further, we removed stars below the so-called RGB
sequence on theΔν–ΔΠ diagram classified by Deheuvels et al.
(2022) and Rui & Fuller (2021), as these stars are assumed to
have undergone mass transfer or merging events.

Utilizing the Gaia Data Release 3 catalog (Gaia Collaboration
et al. 2016, 2021), we calculated luminosities, L. Given that Gaia
parallaxes are known to contain zero-point offsets, we used a
model from Lindegren et al. (2021) to adjust for this offset.
Additionally, the reported parallaxes have underestimated uncer-
tainties. According to external calibrations (El-Badry et al. 2021;
Maíz Apellániz et al. 2021; Zinn 2021), we, therefore, increased
them by a factor of 1.3. To correct for extinction, we used the

“direct” approach in the program ISOCLASSIFY (Huber et al.
2017; Berger et al. 2020), which incorporates the Green et al.
(2019) dust map and the bolometric corrections from MIST
models (Choi et al. 2016), to determine the luminosities by
combining the parallaxes with the Two Micron All Sky Survey K-
band magnitudes.
The final sample includes 1153 Kepler RGB stars, 887 of

which are LAMOST targets, 776 are APOGEE targets, and
510 are common sources. In Figure 1, we show the sample on
the Teff–nmax diagram. Compared with the original sample,
most stars below nmax ∼ 35 μHz are not included in this work
because their ΔΠ values were not measured.

2.2. Modeling Approach

We used the stellar model grid calculated by LI22. The grid
covers a mass range of 0.76–2.20 Me with four independent
model input parameters: mass (M), initial helium fraction
(Yinit), initial metal abundance ([M/H]), and mixing length
parameters (αMLT). However, our preliminary research demon-
strated that the grid’s mass resolution (0.02 Me) is insufficient
when we have the two additional observed constraints. For this
reason, we computed more models and decreased the mass step
to 0.01 Me.
Before further analysis, we tested whether improving the

grid resolution would significantly impact the parameter
precision given by LI22. We redid the fits of LI22 using the
new grid and found only slight decreases in the median
uncertainties of mass (from 4.5% to 4.3%), radius (from 1.7%
to 1.5%), and surface gravity (from 0.0062 to 0.0055 dex) and
a slightly larger improvement in the age uncertainty (from 16%
to 13%). This indicates the original grid in LI22 was slightly
undersampled for estimating stellar ages.

Figure 1. The RGB star samples in the Teff–nmax diagram. Gray dots indicate the original star sample studied by LI22. The blue and red dots represent the 887
LAMOST targets and 776 APOGEE targets studied in this work, of which 510 stars are in both samples.
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In this work, we adopted the same fitting method described
by LI22. We included effective temperature (Teff), metallicity
([M/H]), and luminosity (L) as nonseismic observed con-
straints and computed the nonseismic likelihood using the
following equation:
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where the subscripts “mod” and “obs” represent the model and
observations, respectively. As the reported APOGEE and
LAMOST uncertainties are random uncertainties, we add a
systematic Teff uncertainty (by adopting typical values of 2.4%
reported by Tayar et al. 2022) to the random uncertainty in
quadrature. Note that when the observed uncertainty of [M/H]
was less than 0.1 dex, we used sM Hobs[ ] = 0.1 dex because of
the [M/H] grid resolution. The seismic constraints were the
radial mode frequencies and the asymptotic g-mode period
spacing (ΔΠ). The measurement of ΔΠ is done using the
method by Vrard et al. (2016), which does not calculate ΔΠ

after extracting all mixed-mode vibration frequencies. That is,
ΔΠ does not represent vibration frequencies, so we treat it as

an observational measurement, and we calculated the seismic
likelihood function as
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where the subscript i denotes the ith mode frequency. The final
likelihood is pnon−seismic · pseismic. We estimated each stellar
parameter and its uncertainty by measuring the cumulative
values at 16%, 50%, and 84% on the marginal likelihood
distribution. Note that we adopted the two-term formula and
the method proposed by Ball & Gizon (2014) to correct the
surface term in theoretical oscillation frequencies. Corrections
to mode frequencies are defined as

dn = +-
- a v v a v v . 31 ac

1
3 ac

3( ( ) ( ) ) ( )

Here, νac is the acoustic cutoff frequency, which is considered
to be a fixed fraction of nmax (Brown et al. 1991; Kjeldsen &
Bedding 1995), and a−1 and a3 are free parameters. We use the
fractional frequency correction at nmax, i.e., dn n nmax max( ) , to
quantity the surface term in stellar models. For each star, we

Figure 2. Likelihood distributions of mass, age, radius, and surface gravity for KIC 2578581. Blue bars indicate likelihood distributions determined from effective
temperature, metallicity, and radial mode frequencies. Red bars represent the likelihood distributions determined with the addition of radial mode frequencies and the
g-mode period spacing. The solid curves show Gaussian fits. The metallicity and effective temperature are from the APOGEE survey.
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used the same method to estimate dn n nmax max( ) as we used to
estimate the stellar parameters.

3. Results

3.1. Improved Stellar Parameters

We started by inspecting the improvements in likelihood
distributions of stellar parameters due to the two additional
constraints. Figure 2 shows comparisons between the like-
lihood distributions with and without ΔΠ and L of an example

star (KIC 2578581). The two additional constraints lead to
more precise estimates of the four fundamental parameters.
In LI22, the precision for the example star was 5.4% for the
mass, 16% for the age, 0.015 dex for the surface gravity, and
1.8% for the radius. In this work, the precision is now
improved to 3.4% for mass, 12% for age, 0.009 dex for surface
gravity, and 1.2% for radius.
We estimated stellar fundamental parameters in this way

for the 1153 RGB stars in our sample. Table 1 lists the
observed constraints and estimated parameters. (We also

Figure 3. Distributions of fractional uncertainties for mass, age, radius, surface gravity, and helium core mass. Blue and black bars indicate star samples with
APOGEE and LAMOST spectroscopic constraints.

Table 1
Observed Constraints and Model-inferred Stellar Parameters

Observed Constraints Estimates

KIC Source Teff [M/H] Δν nmax ΔΠ L M τ R log g mc

(K) (dex) (μHz) (μHz) (s) (Le) (Me) (Gyr) (Re) (dex) (Me)

2578581a APOGEE 4957 −0.181 15.95 209.2 85.9 11.5 -
+1.17 0.04

0.04
-
+5.6 0.7

0.7
-
+4.30 0.05

0.06
-
+3.239 0.004

0.006
-
+0.1913 0.0013

0.0014

1027337 APOGEE 4636 0.231 6.94 74.2 70.1 27.3 -
+1.33 0.03

0.04
-
+5.4 0.7

0.7
-
+7.72 0.06

0.08
-
+2.784 0.003

0.004
-
+0.2247 0.0008

0.0008

1433803 APOGEE 4736 0.236 12.18 150.1 79.3 12.1 -
+1.31 0.03

0.06
-
+6.1 1.0

0.7
-
+5.32 0.06

0.07
-
+3.101 0.004

0.004
-
+0.2005 0.0011

0.0011

1569842 APOGEE 4820 −0.276 11.77 135.0 80.6 12.2 -
+1.03 0.02

0.02
-
+9.0 1.4

0.6
-
+5.01 0.04

0.04
-
+3.051 0.003

0.003
-
+0.1978 0.0011

0.0008

1723752 APOGEE 5011 −0.155 15.04 197.3 83.7 12.6 -
+1.27 0.04

0.04
-
+4.1 0.5

0.4
-
+4.61 0.05

0.06
-
+3.214 0.004

0.004
-
+0.1963 0.0010

0.0012

1723843 APOGEE 4960 −0.239 9.41 108.0 72.7 26.2 -
+1.43 0.05

0.05
-
+2.4 0.3

0.2
-
+6.52 0.07

0.08
-
+2.964 0.005

0.004
-
+0.2219 0.0009

0.0013

1027337 LAMOST 4614 0.167 6.94 74.2 70.1 27.0 -
+1.35 0.04

0.02
-
+4.8 1.1

0.5
-
+7.78 0.07

0.06
-
+2.787 0.004

0.002
-
+0.2247 0.0007

0.0009

1429505 LAMOST 4654 −0.152 5.76 55.8 67.9 29.2 -
+1.12 0.03

0.03
-
+6.8 0.7

0.5
-
+8.24 0.08

0.08
-
+2.654 0.004

0.005
-
+0.2277 0.0013

0.0014

1433803 LAMOST 4690 0.176 12.18 150.1 79.3 11.8 -
+1.31 0.02

0.02
-
+5.6 0.3

0.3
-
+5.32 0.03

0.02
-
+3.101 0.004

0.002
-
+0.2003 0.0007

0.0005

1576646 LAMOST 4778 0.001 7.67 84.5 69.6 24.8 -
+1.43 0.03

0.03
-
+3.6 0.6

0.5
-
+7.42 0.06

0.05
-
+2.851 0.004

0.003
-
+0.2256 0.0008

0.0008

1723843 LAMOST 4902 −0.243 9.41 108.0 72.7 25.4 -
+1.47 0.05

0.03
-
+2.5 0.2

0.2
-
+6.59 0.08

0.05
-
+2.968 0.004

0.003
-
+0.2209 0.0019

0.0011

Note.
a The example star in Figure 1.

(This table is available in its entirety in machine-readable form.)
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provide the information of the example star in Figure 1 at the
beginning). Note there are two entries for the 510 stars that
have both LAMOST and APOGEE measurements. As found

by LI22, there is good agreement between the estimated
parameters for stars with both LAMOST and APOGEE
spectroscopic constraints. Figure 3 shows the uncertainty

Figure 4. Comparison of the fitting results of the fundamental parameters from LI22 and this work. For each subplot (corresponding to a fundamental parameter), the
upper part is the comparison of the fitted results, and the middle and the lower parts are the differences in the fitting results for the APOGEE and LAMOST targets,
respectively. The blue dots are the targets of LAMOST, and the red dots are the targets of APOGEE. In addition, each figure has a black dot with error bars, the size of
which characterizes the average error of the sample.
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distribution of the five stellar parameters. Interestingly, we
obtained relatively high precision for the LAMOST targets
because their uncertainties in Teff and [M/H] are mostly
smaller than those from the APOGEE survey. Given that the
LAMOST spectra are lower resolution, the uncertainties may
be overoptimistic compared with the APOGEE high-resolu-
tion results and the typical precision determined with the
APOGEE data may be more representative for red giants. The
median uncertainty of our estimates is 2.9% for mass, 11%
for age, 1.0% for radius, and 0.0039 dex for log g. In
comparison to the previous results, adding the two new
constraints improved the precision by a significant amount.
Moreover, we estimated helium core masses, which are also
listed in Table 1. The median uncertainty of helium core mass
is 0.5%.

We compared our new determinations with the results
in LI22 to examine systematic offsets in Figure 4. We find that
our new results suggest slightly higher masses, where the
average offset is 4.4%. The other offsets are −9.3% for age,
0.005 dex for surface gravity, and 1.5% for radius. The offsets
indicate that the two additional constraints bring in systematic
effects. In Figure 5, we compared the modeling-inferred
luminosities and g-mode period spacings given by LI22 with
the observations. Apparent offsets are seen in both parameters.
Observed values are slightly large for the luminosity and
relatively small for the g-mode period spacing. For red giant
stars, the radius and the surface gravity increase with the
luminosity and are inversely proportional to the g-mode period
spacing. This explains the relatively large estimates for the
surface gravity and the radius. It follows that our estimated
masses systematically increase due to the increased radii given
the fact that the mean densities of these stars are very well
constrained by radial mode frequencies.

This work has noticeably improved parameter precision
compared to that of LI22. We also examined the contributions
from different aspects. Table 2 lists the median precision with
the old and new grids and changes for different observed
constraints. We note that having luminosity as an additional
constraint slightly improves the parameter precision and that
the g-mode period spacing (ΔΠ) has a much greater impact on
the parameter precision than the luminosity (L). Thus, the

improvements in parameter precision are mainly from the
g-mode period spacing.

3.2. Modeling-based Scaling Relations

LI22 used modeling-inferred masses and radii to correct the
scaling relations. With improved stellar parameters, we have
carried out a similar analysis. The first scaling relation, in its
standard form, is that nmax is proportional to -gT eff

0.5 (Brown
et al. 1991; Kjeldsen & Bedding 1995). We fitted the nmax
scaling relation using observed nmax, Teff, [M/H], and
modeling-inferred glog . For APOGEE and LAMOST targets,
we derived the following results:

n
n

=
-

-g

g

T

T
10 APOGEE , 4max

max,

fit eff

eff,

0.397
M H 0.008

⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( ) ( )[ ]
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-g
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T
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10 LAMOST , 5max

max,

fit eff
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0.343
M H 0.012
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( ) ( ) ( )[ ]

  

where the solar values are nmax, = 3090 μHz, Teff,e= 5777 K,
and glog = 4.44 (Huber et al. 2011). Compared to the scaling
relations in LI22, we found the same power law for the g term,
but the exponents for the Teff and [M/H] terms are marginally
different (LI22 gave −0.459 and −0.022 for APOGEE, and
−0.421 and −0.039 for LAMOST). Our updated version

Figure 5. Comparison of observed and fitted values for luminosity and period spacing. The figure shows two scatterplots with error bars, one for each variable, where
the x-axis is the result of fitting a stellar oscillation model (LI22) using radial mode frequency and spectral observation quantity, and the y-axis is the observed value
from Gaia Data Release 3 and V16 data. This figure reveals the systematic differences between models and observations, which are also the source of the systematic
differences in Figure 4.

Table 2
Changes in Median Uncertainty Estimated by Different Methods

Median Precision

M τ log g R

LI22 (old grid) 4.5% 16.0% 0.0062 1.7%
new grid 4.3% 12.2% 0.0057 1.5%
new grid + ΔΠ as an additional
constraint

3.0% 11.9% 0.0040 1.0%

new grid + L as an additional constraint 4.0% 11.9% 0.0053 1.4%
new grid + two additional constraints 2.9% 11.4% 0.0039 1.0%
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suggests values closer to the standard scaling relation, with
very little dependence on metallicity.

The second standard scaling relation is that the large
frequency separation of radial modes, Δν, is proportional to
the square root of the mean stellar density (Ulrich 1986). We
used the observed Δν and the model-determined mean density
to fit the Δν scaling relation and obtained

n
n

r
r

D
D

= , 6fit
0.507

⎜ ⎟
⎛

⎝

⎞

⎠

¯
¯

( )
 

where Δνe = 135.1 μHz. This result is identical to that given
by LI22, indicating that the Δν scaling relation is not sensitive
to the systematic offset in estimated masses.

To test the accuracy of the scaling relations after applying
corrections for various effects, we used a sample of five red
giants in eclipsing binary systems, whose masses and radii are
accurately measured by dynamical modeling. The five red
giants are KIC 8410637 (Frandsen et al. 2013), KIC 9970396,
KIC 7037405, KIC 9540226 (Brogaard et al. 2018), and
KIC 4054905 (Brogaard et al. 2022). They all have high-
resolution spectra from APOGEE, allowing us to use the
corrected scaling relations calibrated for APOGEE data. We
compared our results with those from the corrected scaling
relations of LI22. Figure 6 shows that our new scaling relations
yield masses within 1σ of the dynamical masses for three red

giants and within 1.5σ for the other two, and significantly
improve the accuracy of mass and radius estimation compared
to LI22ʼs scaling relations. Kallinger et al. (2018) used four of
the mentioned eclipsing binary red giants, KIC 8410637,
KIC 9970396, KIC 7037405, and KIC 9540226. They used
these stars to revise the scaling relations, so we use their results
as a reference for our corrected scaling relations. Figure 7
shows that our new scaling relations yield masses within 1.5σ
of the seismic masses, using the corrected scaling relations
from Kallinger et al. (2018) for these red giants.

3.3. Surface Term

The surface term in asteroseismology refers to the
differences between observed oscillation frequencies and those
of the best-fitting model (Christensen-Dalsgaard 1982). The
surface term is caused by incorrect modeling of the near-
surface layers in stellar code. Given that the properties’ near-
surface layers largely correlate to global parameters, the surface
term is expected to vary smoothly as a function of effective
temperature, surface gravity, and metallicity (Trampedach
et al. 2017; Compton et al. 2018; Jørgensen et al. 2020; Ong
et al. 2021; Li et al. 2023). The star sample in this work makes
it possible to systematically study the surface term and its
dependencies on surface features in a wide parameter range.

Figure 7. Comparison between the masses and radii of four red giants in binary systems derived from dynamical models and corrected scaling relations. The left panel
shows the difference between the two methods for the masses of each star. The right panel shows the same for the radii. The horizontal coordinate uses the corrected
scaling relations from Kallinger et al. (2018), while the ordinate uses the corrected scaling relations from this work.

Figure 6. Comparison between the masses and radii of five red giants in binary systems derived from dynamical models and corrected scaling relations. The left panel
shows the difference between the two methods for the masses of each star. The right panel shows the same for the radii. The blue points use the corrected scaling
relations from LI22, while the red points use the corrected scaling relations from this work.
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We investigated the correlations between dn n nmax max( ) and
three parameters, i.e., seismic surface gravity (g), effective
temperature (Teff), and metallicity ([M/H]), in Figure 8. We
found that the surface term strongly depends on the surface
gravity and effective temperature, but there is no significant
correlation with metallicity. We fitted dn n nmax max( ) as a
function of two surface parameters using the formula as
follows:

dn n
n

b=
b b

g

g

T

T
. 7max

max
0

eff

eff,

1 2

⎜ ⎟ ⎜ ⎟
⎛

⎝

⎞

⎠
⎛
⎝

⎞
⎠

( ) ( )
 

We used the scipy curve_fit module and found the best-
fitting parameters are [β0, β1, β2]= [−0.0014± 0.0002, −0.32±
0.04, −1.1± 0.7] with the APOGEE Teff and [M/H], and [β0, β1,
β2]= [−0.0016± 0.0002, −0.26± 0.03, −1.7± 0.4] with the
LAMOST data. We also calculated the residual between fitting
and true value. After analyzing the residual, we still failed to find
any correlation with metallicity. Moreover, the absolute value of
dn n nmax max( ) is relatively large for stars with lower surface
gravity, indicating that the surface effect increases with stars’
evolution on the RGB.

4. Conclusions

As a follow-up study of LI22, we have introduced two
additional observed constraints to improve the estimated
fundamental parameters of a sample of Kepler red giants. We
notice that the gravity-mode period spacing and Gaia
luminosity significantly improve the precision of 1153 red

giant branch stars. The typical uncertainty is 2.9% for the mass,
11% for the age, 1.0% for the radius, 0.0039 dex for the surface
gravity, and 0.5% for the helium core mass, making this the
best-characterized sample of red giant stars available to date.
With the improved stellar parameters, we rederive the

seismic scaling relations. Compared with our previous version,
the updated nmax scaling relation suggests a relatively small
dependence on the effective temperature and the metallicity.
Moreover, we systematically study the surface term for red
giant stars. The results indicate that the surface term increases
when stars become more evolved on RGB. The surface term
strongly depends on the surface gravity and effective temper-
ature, but we find no significant correlation with metallicity.
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