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Abstract. In this paper, we propose a new concept named similar-bent function and we present
two general methods to construct balanced sequences with low correlation by using similar-bent
functions and orthogonal similar-bent functions. We find that the bent sequence sets are special
cases of our construction. We also investigate the linear complexity of the new constructed
sequences. If a suitable similar-bent function is given, the sequences constructed by it can have
high linear complexity. As examples, we construct two new low correlation sequence sets. One
constructed based on Dobbertin’s iterative function is asymptotically optimal with respect to
Welch’s bound and the other one is constructed based on Kasami function whose sequences
have a high linear complexity.

Index Terms—similar-bent function, low correlation, binary sequence, p-ary sequence

1 Introduction

Low correlation magnitude, balanceness and high linear complexity are some im-
portant randomness criteria for sequences. The good pseudo-random sequences are
widely used in the engineering applications such as CDMA systems. How to construct
the sequences with randomness properties is an interesting problem in application.

Many sequence sets with low correlation have been reported[1-9]. However, only
a few sequence sets can attain the Welch’s bound or Sidelnokiv’s bound , for example
the Kasami sequences|[1], the Gold sequences[2], the Sidelnikov sequences[3], the bent
sequences|4], and the Gold-like sequences|[6].

The binary bent functions are Boolean functions on even number of variables
whose Hamming distance to the affine function space is maximum. They have wide
applications in communication, coding and cryptography, etc[10]. Olsen et al.[4] con-
structed a family of binary sequences with optimal correlation based on binary bent
functions. Kumar et al.[11] generalized binary bent functions to p-ary bent functions

and they[5] used these functions to construct p-ary bent sequences.
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In this paper, we propose a new concept named similar-bent function, the maxi-
mum absolute value of whose walsh spectrum is small. We find that the similar-bent
functions and orthogonal similar-bent functions can also be used to construct low
correlation sequence sets. Then we present two methods to construct balanced se-
quence sets with low correlation. In the first method, we use similar-bent function
to construct low correlation sequence set. However, in the second method, we need
orthogonal similar-bent function. The binary bent sequences[4] and p-ary bent se-
quences[5] are the special cases of the first construction. When the form of the similar-
bent function is given, we get a formula to compute the linear complexity of the new
constructed sequences. Of course, the formula is also valid for bent sequences. As ex-
amples, we construct two sequence sets based on Dobbertin’s iterative function and
Kasami function. The set constructed by Dobbertin’s iterative function has the pa-
rameters (2" —1,2%,2% + 2543 4+ 271%1), which is asymptotically optimal with respect
to Welch’s bound. The other one is a (2" — 1,22,22%! + 1) low correlation sequence

set, whose sequences have a high linear complexity n + n2"i .

2 Preliminaries

In this section we firstly review some notations and well known results, then we

introduce the similar-bent functions.

2.1 Notations
Some notations throughout this paper are defined as follows:

e p is a prime;
27r\/—1)_
2

o w=exp( ;

e m is a positive integer and n = 2m;

e For a finite field Fyx, F7, denotes F \ {0};

e « is a primitive element of F,» and § is a primitive element of Fpm;

e For two positive integers k|, the trace function T} (x) from F, to F,x is defined
by Trl(x) = i%:_ol "

e For a positive integer s = S.7 " s;p’ where 0 < s; < p, let M(s) = [[75 (s + 1)
and w(s) = Y21~ s;, where w(s) is called the p-adic weight of s;

e For a p-ary periodic sequence wu, its linear complexity, denoted by LC(u), is the
length of the shortest linear feedback shift register (LFSR) that can generate it.

e For a complex number ¢, ¢ denotes the conjugate number of c.
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2.2 Sequence and Sequence Set

Let w = (ug, uy,--- ,un—1) be a sequence of period N over F,. Let N, = [{i : u; =

r,0 <i < N — 1}, then u is called balanced if max,cr, N, — minger, N, < 1.

The cross-correlation function of two p-ary periodic sequences u = (ug, w1, - ,Un_1)
and v = (vg, vy, - ,uy_1) is defined by
N-1
Cuo(T) = Z W T e Iy
i=0

If the sequences u and v are identical, then it is called the autocorrelation function
of sequence u, and we denote it by C, (7).

Let u be a p-ary sequence with period N such that N[p™ — 1. Let f(x) =

P —
i=1

representation of the sequence u, if f(x) satisfies f(3%) = u; for 0 <i < p™ — 1.

"¢zt € Fym[z] be a function from Fym to F,. Then f(z) is called the polynomial

The following results link the linear complexity of the sequence with its polynomial

representation.

Lemma 1. [10, Theorem 6.3] Let u be a sequence with period N|p™ — 1 and f(z) =

pm—1
i=1

01 <i<pm—1}.

c;w’ be its polynomial representation. Then LC(u) = w(f), where w(f) = |{c; #

Lemma 2. [10, Theorem 3.17] Let f(z) = S0 0" cia’ € Fym[z] be a function from
Fym to Fy. Let g(z) = f(Try,(x)). Thenw(g) = >_,, .o M(i), where w(g) is the number

of the nonzero coefficients of g(x).

Let V' be a sequence set containing K sequences with period N. Let 6y denote
the upper bound of the maximum out-of-phase autocorrelation and cross-correlation
magnitude. Then the set V' is called an (N, K, 6y) sequence set. Usually, we say that
V is a low correlation sequence set if 6, < ¢v/N where ¢ is a small constant.

The following lower bound of the maximum correlation magnitude of a sequence
set is due to Welch[12].

Lemma 3. Let V be a sequence set containing K sequences with period N. Let 6y, =
max{|Cy,(7)] :u,v € V,0<7<N—1, and 7 #0 if u=v}. Then
% < N(K —1)
N - NK-1
For a low correlation sequence set V' with parameters (N, K, 0y). If K > V/N and

limy o0 \9/—% = 1, then we call that the set V' is asymptotically optimal with respect
to Welch’s bound.
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2.3 Two-Tuple Balance Function

Let f(x) be a function from F,» to Fym with f(0) = 0. Let T¢(\) be a set defined
as follows
Tr(N) = {(f(x), f(Ax))|x € Fpn}, for X € Fpn.

f(z) is a 2-tuple balance function if it satisfies the following two conditions:
(1) For A & Fym, any pair (u,v) € 2, occurs once in Ty(A).
(2) For 1 # A € Fyn, there exists some v # 1 such that (u,vu) occurs p™ times in

T () for every u € Fpym.

Zierler had the following result on the two-tuple balance function.

Lemma 4. [10, Theorem 5.7 Tr) (x) is a two-tuple balance function from Fyn to Fym.

2.4 Similar-Bent Function

Let f(x) and g(x) be two functions from F,« to IF,. Then their correlation function
is defined by
Crg(N) = Y W/ A e R,
z€F 1
We call that f(z) is an orthogonal function if Cy ¢(A) = 0 holds for all A # 1.
For a function f(z) from F, to [F,, its walsh transformation is a complex-valued

function over [F,», which is defined by

Wf()\) = Z wTT}f(/\x)_f(x), A€ ]Fpk.
IEIFpk
The linearity of f is maxer,.. |[Wy(A)], denoted by LS(f). We call f(z) a bent function
if LS(f) = \/p*. If p = 2, we know that the walsh transformation of f(z) is an
integer-valued function. So there doesn’t exist bent function when p = 2 and k is an
k+1

odd integer. And at this time we call f(z) a near bent function if W;(X\) € {0,£272 }
holds for all A € F.

Definition 1. Let f(x) be a function from F,. to F,. If there exists a constant c
which is independent of k such that LS(f) < +/cp®, then we call f(x) a similar-bent

function.

It is clear that bent functions and near bent functions are subclasses of similar-

bent functions. And the well known Gold function, Kasami function, Welch function
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and Niho function etc.[13] are examples of orthogonal similar-bent functions. Their
definitions are given in the follows. We can see more results about the constructions
of bent functions and near bent functions in the papers [14-15].

Let k be an odd integer and f(x) = Tr¥(2%) be a function from Fyr to Fy. If
d=2"+1 with ged(i, k) = 1 and 1 < i < £21 then we call that f(z) is Gold function.
If d = 2% — 20 +1 with ged(i, k) =1land 1 < i < %, then we call that f(z) is Kasami
function. If d = 2"= + 3, then we call that f(z) is Welch function. If d = 2¢ + 22 — 1
with ¢ = % be an even integer or d = 2° + 2% — 1 with i = % be an odd integer,

then we call that f(x) is Niho function.

Another interesting class of similar-bent functions are the Dobbertin’s iterative
functions, which is a class of balanced Boolean functions with high nonlinearity pre-
sented in 1995[16].

Dobbertin’s Construction: Let k be an odd integer and [ = 2' - k > 4 such
that t > 1. The Boolean function f(z,y) over F} is defined by

0\+» ) lf 07
Fla) = { e )
gl(y)7 if v = 07

I
where z,y € F2, fo(z,y) is a [-variable normal bent function and g;(y) is generated

by an iterative procedure as

4 if .
gl(:c,y) _ fz+1($7y)7 1 Z 7é 0; (2)
gira1(y), if x =0,

1
where x,y € F3™" The process stops at i =t — 1. And g;(y) be a balanced k-variable

E+1

Boolean function with LS(g;) <272 .

3 Some Lemmas

In this section, we give some lemmas which are important for our constructions.

Lemma 5. Let f(x) be a function from Fym to F,. Let hy(xz) = Tri(mz)+ f(Tr](x)),
hao(x) = Tri(yex) + f(Tr](x)) , where 1 € Fpn \ Fym, € € Fym, and v2 = 71 +
e. Then the two functions hy(z) and ho(x) have the following correlation magnitude

distribution:
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p", when A\ =1 and ¢ = 0;
0, when A =1 and ¢ # 0;
|Chi (@) haa) (M)] = . (3)
0, when 1 # A € F
| <LS(f)?,  when A€ Fpn \ Fym

Proof. 1t is trivial to verify the first identity. In the following, we assume that ¢ # 0
or A # 1.
When A € Fj.., we have

ho(Ax) = Tr* (AT (x) + XeTr) (x)) + f(ATry (2)).

Since v; € Fym and T} (x) is a two-tuple balance function, we get

Chy(a) oy (N) = D wh@ =00

CCE]Fpn

_ E wTr{"(u)+f(v)—Tr{"()\u—i—)\av)—f()\v)
u,vEF,m

— E w —Tr"(Aev)+f(v)—f () E wTrl (1=XM)w)
UGFpm UGFpm

=0.

When X\ € F,m, then Ay, and A can be expressed as Ay, = booy1 + bo1, A =
blg’}/l + b117 where b”(O S Z,] S ].) € Fpm and blO 7é 0. So we have

ho(Ax) = Tri"(booTr] (v12) + b1 T () + f(b1oTr) (y1x) + b1 Trlt (x)).

Hence

z€F,n

o Z wTr{”(u)+f(v)7Tr1"(b00u+b01v)7f(b1ou+b11v)

u,vEF,m

_ Z W —Tr7(bo1v)+f (v Z W Ff(broutb11v)+Tr ((1—boo)uw)
vEF,m u€lF,m

_ Z - T (borv)+£(v) Z w—F@)HTr7(1=boo)b1g w—(1=boo)b1g b11v)
velF,m weF,m

— Z o~ T (o1 +(1=boo)big bi1)v)+£ (v) Z @) T (1=boo)byg w)
vEF,m weF,m

= W (bor + (1 = boo)byg b )W ((1 — boo)bry ).
The result thus follows. O
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Lemma 6. Let f(x) be an orthogonal function from Fym to F,, hy(x) = Tr(nx) +
f(Trl(z)) and let ho(x) = Tri(vez) + f(Tr](z)) , where 71 € Fyn \ Fpm, € € Fym

and vy = ey1. Then the two functions hy(x) and ho(z) have the following correlation

magnitude distribution:

|Chi (@) ha(a) (A)] =

p", when A =1 and € = 1;
0, when A =1 and ¢ # 1; 0
0, when 1 # X € IF;,,L;
< LS(f)% when\ € Fpn \ Fym.

Proof. This proof is similar to the proof of Lemma 5. We also assume that ¢ # 1 or

A # 1 in the following.
When A € FJ.., we have

ho(Ax) = Tri*(NeTr] (1x)) + f(NTr! ().

Note that f(x) is orthogonal, thus

Chi(@),ha(2)(A) =

Z whl(at)—hg()\x)

.IEFpn

Z wTr{”(u)—l—f(v)—T’r{”()\eu)—f()\v)
u,vEF,m

T W00 § )
verm UE]Fpm

=0.

When A & Fpm, then Ay, and A can be expressed as Aya = booy1 + boi, A =
bioy1 + b11, where b;;(0 < i,5 <1) € Fym and byg # 0. So we have

hg()\l') = TTT(booTT'Z,L(’}/lﬂj) —+ bolTTfn(ﬂf)) -+ f(bloTTZl(")/ll') -+ bllTTZL(Q]))

Hence

Chy (@) ha(@y(A) = Y @@ =ha00)

xE]FPn

= Wy (bor + (1 — boo)big bi1)Wr((1 — boo)brg )-

We finish the proof.
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4 Construction Based On Similar-Bent Function

Construction I: Let f(z) be a similar-bent function from Fym to F, and LS(f) <
V/cp™. For any given 7y € Fyn \Fpm, then we can construct a sequence set V/ = {s.|e €

F,m }, where the sequence s. = (-, Sc1,- - ) is defined by
5.0 = Tri((v +e)a’) + f(Tr,(a')). (5)

Theorem 1. Let Vf{7 be the sequence set defined in Construction I. Then Vf{7 s a

(p" — 1,p™, cp™ 4 1) low correlation sequence set.

Proof. Let h.(z) = Tri((y+e)z)+f(Trl(x)) for e € Fym. Then h.(x) is the polynomial

representation of the sequence s.. For any two sequence s.,, S., € Vf{w we have that

CSEI,SEQ (T) = Chgl(m),h52(x)(047-) — 1.
Then ones can get the following results from Lemma 5.

(1) If €1 # €9, then |Cy, o, (7)| < LS(f)* 4+ 1< c¢p™+1 holds for all 0 < 7 < p™ — 1;
(2) If e; = &9, then |Cy, ., (1) < LS(f)*+1 < ¢p™+1 holds for all 0 < 7 < p" — 1.

The theorem then follows. O

Theorem 2. Let Vf{7 be the sequence set defined in Construction I. Then all the

sequences in the set Vf{7 are balanced.

Proof. Let h.(x) be the function as defined in the proof of Theorem 1. We only need
to prove that the function h.(x) is balanced for any given ¢ € F,m. Note that 777 (z)

is a two-tuple-balance function, we have

I
—

Z wha(x) — Z wTrlm(u)Jrf(v) — 0= S Niwi,

z€F,n u,vEF,m =0
where N; denotes #{z € Fyn|h.(x) = i}. Since {1,w?,- - ,wP~2} are linear independent
in Z[wl|, we have Ny = N; = --- = N,_1. The proof is now finished. O
Theorem 3. Let f(z) = f:l_lcixi be a similar-bent function from Fym to F,, and

Vf{,y be the sequence set defined in Construction 1. Then all of the sequences in the
set V}_ have the same linear complezity n + D w(iy>1,ci20 M (1), where w(i) denotes the

p-adic weight of i.
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Proof. For any given sequence s. € V/_, let h.(x) = Tri((y + e)z) + f(Tr},(x)) be
its polynomial representation. According to Lemma 1, we only need to prove that
w(he(z)) =n+ Zw(i)>17ci7£0 M ().

Let fi(z) = Z;.":_Ol cpa? and fo(r) = > w(iys1 G’ Then we have

he(z) = Tri((y + e)x) + f(Tre(x))
=Tri((v+e)x) + fi(Try(z) + f2(Try,(x))

S e+ N0 + AT )

Note that Lemma 2 and v + ¢ + cz;nfj 2 0 holds for 0 < 7 < m — 1, thus

w(he(z)) = 3 M(p") + w(f2(x))

=2m+ > M)

w(i)>1,¢;#£0

=n+ > M)

w(i)>1,¢;7#0

We are done. O

Olsen, Scholtz, and Welch[4] constructed a family of binary sequences called bent
sequences. Subsequently, Kumar, Scholtz and Welch[5] generalized this construction

to p-ary sequence. Their results are introduced in the following theorem.

Theorem 4. Let n = 2m and « be a primitive element of Fpn. Let (n1, 12, , )
be a basis of Fym over F, and v € Fyn \ Fpm. Let f(x1, 22, -+ ,x,) be a bent function
from IF;"‘ toF,. Let e; = (€1, - ,e€im) run through over all the elements of le as i

varies between 1 and p™. Then a family of binary sequences is defined by
V= {se, ()1 <i <p™},

where se,(t) = f(tri(ma’), - tri(nma’)) + >0, eijtri(nja’) +tr(val). The size of
the family is p™ and the bound of the correlation magnitude is p™ + 1.

There are few reports about the linear complexity of bent sequences. Kumar and
Scholtz[17] researched the linear complexity of the binary bent sequences. They have

the following results.
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Theorem 5. Let k > 1 be a positive integer, n = 2m = 4k and 2 < d < k. Let
f(z1, 29, ) be a bent function from FY to Fy with algebraic degree d. Let u be a

bent sequence constructed by using f(x). Then the linear complexity of u satisfies the

<& () (- % ()

i=1 i=1

following equation

And there exist bent sequences constructed by using bent function of algebraic degree
d, whose linear complexity can achieve the lower bound
m 12 /m
LC(u) > 24 4 = 2! + .
Wz (e (1)

The above bent function can also be regarded as defined over F,m because Fm
and F}* are isomorphic. In Construction I, if f is a binary bent(p-ary bent) function,
then we get binary bent (p-ary bent) sequences. Thus our construction includes bent

sequences as subclasses. But if the function f in Construction I is not a bent function,

we may get new sequence sets. The following is an example.

Example 1. Let k > 1 be an odd integer and m = 2k. Let f(x) be the Dobbertin’s
iterative function[16] from Fam to Fy. Let V/_ be the sequence set defined in Construc-

k+1

tion I. According to Theorem 9 in [16], we can get that maxyep,m |[W;(\)| < 28 +272 .
Then V{_ is a (2" —1,2™,2% + 2%+3 + 241 low correlation sequence set. And Vi

is asymptotically optimal with respect to Welch’s bound.

5 Construction Based On Orthogonal Similar-Bent Function

Construction II: Let f(z) be an orthogonal similar-bent function from F,m to
F, and LS(f) < /cp™. For any given v € Fyn \ Fym, then we can construct a sequence

set foé = {s.|e € Fym}, where the sequence s. = (s, 5c1," ) is defined by
sei = Tri(vea’) + f(Try, (). (6)
The following theorem comes from Lemma 6.

Theorem 6. Let foé be the sequence set defined in Construction II. Then Vflﬁ S a

(p" — 1,p™, cp™ 4 1) low correlation sequence set.

Theorem 7. Let VfI{Y be the sequence set defined in Construction II. Then all the

sequences in the set Vfl,ﬁ are balanceable.
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Proof. Let h.(z) = Tr}(yex) + f(Tr)(x)) for ¢ € Fym. Then h.(x) is the polynomial

representation of the sequence s.. Note that f(z) is orthogonal, so we have

Z o) — Z W/ @ @) — Z P! = 0.

:L‘GFpn mGFpn UE]Fpm

Then sq is balanceable. The proof for the other sequences is similar to the proof
Theorem 2. 0

Theorem 8. Let f(x) = f:lfl c;z' be an orthogonal similar-bent function from Fpym

to Fp, and Vf]é be the sequence set defined in Construction II. Except for sg, all the
other sequences in the set VfI{Y have the same linear complexity and their linear com-
plexity is n+ 3, i)=1.c0 M(8), where w(i) denotes the p-adic weight of i. And the

linear complezity of s s 3, .o M(i).
Proof. This proof is similar to the proof of Theorem 3. We omit it here. 0

As we know, Gold function, Kasami function, Welch function and Niho function
etc. are all orthogonal similar-bent functions. We can use these functions to construct
sequence sets and get their corresponding parameters. However, the sequences con-
structed based on Kasami function may have better linear complexity, as the following

example shows.

Ezample 2. Let m be an odd integer, f(z) = Tr7*(az?) be the Kasami function from
Fan to Fa, where d = 2% — 2/ 4+ 1, ged(i,m) = 1. Then LS(f) = 2*5". Let V/! be
the sequence set defined in Construction II. Then V7! is a (2" — 1,2™,2™%! + 1) low
correlation sequence set. The linear complexity of sq is m2*!, and other sequences’
linear complexity is n+m2!. Especially, if we let i = mT_l, then the linear complexity

of these sequences can attain n + n2 i except for sq.

Remark 1. We can easily verify that the sequence set V/_ is different from V/I con-

structed by the same similar-bent function.

6 Conclusion

Based on similar-bent functions and orthogonal similar-bent functions, we give
two constructions of low correlation sequence set. And all the new constructed se-
quences are balanceable. In the first construction, we can get the bent sequences if

we choose bent function as the similar-bent function. But we can get new sequence
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sets if we choose other similar-bent functions. A formula for computing the linear
complexity of these sequences is given. If a suitable similar-bent function is cho-
sen, the new sequences can have a high linear complexity. As examples, we give two
new sequence sets. One is constructed by Dobbertin’s iterative function, which is a
(2" —1,2m, 25 +2% 15 4 23+1) low correlation sequence set and is asymptotically opti-
mal with respect to Welch’s bound. The other one is constructed by Kasami function,

which is a (27 —1,2™,22 %! + 1) low correlation sequence set.
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