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Abstract

In this paper we study the problem that when a Boolean function can
be represented as the sum of two bent functions. This problem was recent-
ly presented by N. Tokareva in studying the number of bent functions [20].
Firstly, many functions, such as quadratic Boolean functions, Maiorana-
MacFarland bent functions, partial spread functions etc, are proved to
be able to be represented as the sum of two bent functions. Methods to
construct such functions from low dimension ones are also introduced. N.
Tokareva’s main hypothesis is proved for n < 6. Moreover, two hypothe-
ses which are equivalent to N. Tokareva’s main hypothesis are presented.
These hypotheses may lead to new ideas or methods to solve this problem.
At last, necessary and sufficient conditions on the problem when the sum
of several bent functions is again a bent function are given.

Keywords : Bent functions, Sum of bent functions, Maiorana-MacFarland
bent function, Partial spread function.

1 Introduction

Boolean functions constitute important building blocks for cryptographic
systems, either as filter/combiner functions in stream ciphers or as S-boxes in
block ciphers. The security of these systems is mainly attributed to the crypto-
graphic properties of the underlying functions. In order to be resistant against
cryptanalytic attacks, cryptographic Boolean functions need to satisfy specific
criteria, such as balancedness, high nonlinearity, correlation immunity, etc. In
recent years, the research of cryptographic Boolean functions are mainly on two
problems. The first one is to study a new criteria called ” Algebraic Immunity”
which was introduced to measure the immunity of the underlying cryptographic
systems to algebraic attacks [16]. Several constructions of Boolean functions
with maximum algebraic immunity have been presented. These construction-
s include symmetric Boolean functions, rotation symmetric Boolean functions
and general Boolean functions, see [8,11,12,17,18,22], etc. The second problem
is to construct Boolean functions with high nonlinearity. Bent functions, as a
particular class of such functions, are paid much attention these years, see for
example surveys [3,21]. For many years, the focus was on the construction of
binary bent functions. This paper will be focused on the second problem.

There are still many open problems on bent functions after many years of
wide research. For example, Maiorana-McFarland bent functions and partial



spread bent functions are the two largest classes of bent functions that are now
known to us. However, they occupy only a negligible part of all bent functions
with n > 8 variables [15]. Further, the number of bent functions in n variables
is still unknown if n > 8. Moreover, there is a large gap between existing lower

n

(27/2)122"* and upper 92" "' +3(.72) bounds for this number. There are several
improvements of these bounds, see [1] and [6], but not too significant. To find
the asymptotic value for the number of all bent functions is a long-standing
hard problem closely connected to the problem of enumeration of Hadamard
matrices.

Recently, N. Tokareva presented a new way to study the number of bent
functions [20]. The idea is to study lower bounds on the number of bent functions
given by iterative constructions. Evaluation of this lower bound was then shown
to be closely connected to the problem of decomposing a Boolean function into
the sum of two bent functions. About this problem, N. Tokareva raised the
following main hypothesis [20].

Hypothesis 1.1 [20] Let n be an even positive integer. Then any Boolean
function in n variables with degree < % can be expressed as the sum of two bent
functions.

If the above hypothesis can be proved, then one can get a best asymptot-

ic value of the number of all n-variable bent functions, 22"76'“1("72) for some
constants ¢,d with 1 < ¢ < 2 [20]. Hypothesis 1.1 was verified to be true via
computer search for n < 6 in [20]. However, until now neither a proof nor an
counterexample of this hypothesis is found yet.

In this paper it is studied the problem when a Boolean function can be ex-
pressed as the sum of two bent functions. Many functions, such as quadratic
Boolean functions, Maiorana-MacFarland bent functions, partial spread func-
tions etc, are proved to be such functions. We also provide a proof of Hypothesis
1.1 for n < 6. Moreover, two hypotheses which are equivalent to Hypothesesis
1.1 are presented. These hypotheses may lead to new methods to solve this
problem. At last, necessary and sufficient conditions on the problem when the
sum of several bent functions is again a bent function are given.

The rest of the paper is organized as follows. Some preliminaries of bent
functions are introduced in Section 2. In section 3, several classes of functions
are proved to be able to be expressed as the sum of two bent functions, and
two hypotheses equivalent to Hypothesis 1.1 are also introduced. In Section
4, methods to construct such functions from low dimension ones are given. A
proof of Hypothesis 1.1 for n < 6 is given in Section 5. In Section 6 some results
on the problem when the sum of several bent functions is still a bent function
are presented. Section 7 concludes the paper.

2 Preliminaries

Let Fo be the binary finite field, and the vector space of dimension n over
IF; is denoted by 5. By a little abuse of notation, we still use 4 to denote the
addition in Fy and F3. An n-variable Boolean function is a mapping from F%
to F5. The set of all n-variable Boolean functions is denoted by B,,. For any



f € B, f can be uniquely represented as

f(X) = flzr,- yan) = Z GIH;’% ar € Iy, (1)

IC{1,n} i€l

which is called the algebraic normal form(ANF) of f. The algebraic degree of
f # 0, denoted by deg(f), is the maximum degree of the monomials in (1)
whose coefficients are nonzero. All the Boolean functions with algebraic degree
no more than 1 are called affine functions, and we use A,, to denote all the affine
functions with n variables.

The set supp(f) is the subset of F} where f takes the value 1. The Hamming
weight of f is wt(f) = |supp(f)|.- A Boolean function f € B, is called balanced
if wt(f) = 2771, If f € B, is balanced, then deg(f) < n —1. For f,g € B,
the Hamming distance between f and ¢ is given by d(f,g) = wt(f + ¢). The
nonlinearity of f, denoted by niy, is the minimum Hamming distance between f
and A,,. The Walsh transform of f is a real-valued function on Fy, whose value

at point w € FY is defined as: Wy(w) = 3 (—1)/@+w2 Tt is well-known that
z€FY

1
nlp=2""1 — 3 max{|W;(w)| : w € Fy} < 2n~1 —on/2-1,

If the above equality holds, then f is called a bent function. Bent functions
with n variables exist if and only if n is even. Denote by BT, the set of all
bent functions with n variables. It is known that if f € BT, and n > 4, then
deg f < 5. If f € BTy, then deg f = 2.

Vectorial Boolean functions are the mappings from F5 to F3*, and such a
function is called an (n, m) function. For an (n, m) function F' = (f1,---, fm), fi
is called its i-th coordinate function, the linear combinations, with non all-zero
coeflicients, of the coordinate functions of F' are called its component functions.
An (n,m) function F is called a vectorial bent function if all of its component
functions are bent Boolean functions.

From now on, we always let n = 2k be an even integer. Moreover, we assume
that n > 4 such that any n-variable bent function have algebraic degree < k.

3 Several classes of functions in X,

Let us first introduce some notations in [20]. Define the following set X,, =
{f+glf,g € BT,,} and consider the system {C¢|f € BT, } of its subsets defined
as Cy = f+BT,. So one can get X,, = Uscpr,Cy. Let ¢ be an element of X,,.
The number of subsets Cy that cover 1 we call multiplicity of ¢ and denote it
by m(¢). Then we have)_ . m(y) = [BT,|*. Tt is clear that for any I € Ay,
we have [ € X,, and m(l) = |BT,,|. It is also clear that for any ¢ € B,,, [ € A,,
¥ € X, holds if and only if ¥ +1 € X,, holds. Further, if ¢ € X,,, then m(¢) =0
mod 2"+ and m(y)) = m(¢) + 1) holds for any I € A,,. More generally, we have

Lemma 3.1 X,, and m(y) are invariant under the action of general affine
group and the addition of affine functions.

If we assume that all the functions of both X,, and BT,, are free of affine

terms, then we have
(|mn|>2 L 1%

on+1 — on+l°’



Thus we get the following result, which is a slight improvement of Proposition
3 of [20].

Proposition 3.2 BT, |> > 2""1|X,,| for any even n > 2.

Proposition 3.2 provides a new way to lower bound the number of all n-
variable bent functions [20]. If Hypothesis 1.1 is true, then instantly one can get

|BT,,| > 227@72‘Jr%("72)+nTH7 which will be the best lower bound of this number.
It should be noted that even if Hypothesis 1.1 does not hold, it is also quite
interesting to study the asymptotic value of X,, since it may lead to a bound
better than all existing results. Moreover, the research of the properties of X,
may also be helpful to the research of the properties of bent functions.

Now we introduce the first several classes of functions in X,,.

Theorem 3.3 Let ¢ € B,, with degy) < 5 = k.
1. If degy =2, then ¢ € X,,;

2. If Y = (z - mi(y) + 91(y)) + (2 - m2(w) + go(w)), where z,y,2,w € F§ such
that every element of FY can be uniquely expressed as (z,y) and also be
uniquely expressed as (z,w), both 71 and m are permutations of F%, g1, go
be any two Boolean functions with k variables. Then ¢ € X,,.

3. IfY(a,y) = x-m(y) +g(y), where z,y € FE, n(y) = mi(y) +m2(y), both m
and T are permutations of F5, g be any Boolean function with k variables.

Then ¢ € X,, and m(¢) > 22",

4o I (z,y) = (z-mi(y) +y - m2(2)) +91(y) + g2(), where v,y € F5, both m
and Ty are permutations of F5, g1, g2 be any two Boolean functions with
k variables. Then v € X,,. In particular, if ¥(z,y) = g1(y) + g2(z), then
e X,.

Proof. 1. By Lemma 3.1, we only need to prove that for any 1 < r < k,
s
fr(xi, @, yxn) = > x9;_129; € X,,. Note that k > 2 since n > 4. Tt is well
i=1
known that a quadratic Boolean function with n variables is bent if and only if
it is nonsingular.
For any 1 <r <k, and any 1 <7 < 27, let

T, if 4 is odd;
y; = r—i/2
¢ > Xiyoj, if iis even.
=0
r—1 k
Let gr(z1,22, - ,&n) = Y. Y2i—1Y2i + Tar—1(Tor + T2) + Y. @2;_1T2;, and
i=1 i=r+1
r—1 k
let hy(z1, 22, ,@n) = D Y2i—1Y2it2 + Tar—1T2 + Y. Toi—122;. It is easy to
i=1 i=rt1

verify that f. = g, + h,, and that both g, and h, are nonsingular quadratic
Boolean functions. Hence f, can be expressed as the sum of two quadratic bent
functions. We proved the first part.

2. Let fi(z,y) = - m(y) + 51(y), f2(z,w) = z - m2(w) + g2(w) be two
Maiorana-McFarland Bent functions. Then ¢ = f1 + fo. Thus ¢ € X,,.



3. In the second part, let z = x, w = y and g(y) = ¢1(y) + g2(y), then we
know ¢ € X,,. It is easy to see that m(y) > 22",

4. In the second part, let z = y and w = z, then we know ¢ € X,,. Further,
let m = mo, we have ¥(z,y) = g1(y) + g2(z) € X,,. O

The first part of the above theorem tells us that any quadratic Boolean
function with n > 4 variables can be expressed as the sum of two bent functions.
The following corollary follows from the third part of the above theorem.

Corollary 3.4 Let ¢ € B,,. If ¥ can be expressed as a Boolean function with
at most k = § wariables, then 1 € X,, and m(y) > (2k)!22k. In particular, if
Y = x1%2 - - - T, where r is an integer such that 1 <r < k, then ¥ € X,,.

Proof. In the third part of Theorem 3.3, let m; = 7 be any permutation
on F%, the result of this corollary thus follows. O

It is clear that the set of all monomials with algebraic degree < k is a basis
of the vector space of the Boolean functions with algebraic degree < k. Thus
it follows directly from Corollary 3.4 that the following hypothesis is equivalent
to Hypothesis 1.1.

Hypothesis 3.5 Let n > 4 be an even integer. Then X, is closed with respect
to addition, that is, if f,g € X,,, then f+ g € X,,.

Let f,g € X,, then there exist n-variable bent functions fi, f2, g1, g2 such
that f = f1+ fo and g = g1 + g2. To prove that f+g € X,,, we need to find two
n-variable bent functions hi, ho such that f+¢g = f1 + fo + g1 + g2 = h1 + ho.
Thus it follows that Hypothesis 3.5 holds if and only if the sum of any four
bent functions in n variables can be expressed as the sum of two bent functions
with the same variables. Further, the number of bent functions involved can be
reduced.

Hypothesis 3.6 Let n > 4 be even. Then the sum of any three bent functions
in n variables can be expressed as the sum of two bent functions with the same
variables.

Proposition 3.7 Hypothesis 1.1, Hypothesis 3.5 and Hypothesis 3.6 are all e-
quivalent. Any one holds if and only if the other two hold.

Proof. We have already known that Hypothesis 1.1 and Hypothesis 3.5 are
equivalent. Now we prove that Hypothesis 3.6 is also equivalent to Hypothesis
1.1. First, Hypothesis 3.6 can be deduced from Hypothesis 1.1 since the sum of
three bent functions has algebraic degree < k. Second, assume that Hypothesis
3.6 holds. Then it follows that the sum of any four bent functions in n variables
can be expressed as the sum of two bent functions with the same variables. Thus
Hypothesis 3.6 implies Hypothesis 3.5, and hence Hypothesis 1.1. The proof is
now completed. O

Though both Hypothesis 3.5 and Hypothesis 3.6 are equivalent to Hypothesis
1.1, they provide us different sides of the same problem. We hope that these
new hypotheses can lead to new ideas or methods to solve the problem.

Let f = g1 + g2 + g3, where f € B,, and g¢1,92,93 € BT,,. Assume there
exists hi,he € BT, such that f = g1 + g2 + g3 = h1 + hs. Then we have
ho = g1 + g2 + g3 + h1. Thus it is equivalent to find h; € B,, such that both A



and g1 + g2 + g3 + h1 are bent. Hence Hypothesis 3.6 is related to the following
questions: When the sum of four bent functions is a bent function again? When
the sum of two bent functions is a bent function again? Some results on these
two questions will be presented in Section 6.

Let k£ be a positive integer, and let

Sy = {f:Fk — F%|f = m; + w2, both 7 and 7y are permutations on F4}.
2)
According to Theorem 3.3(3), we want to investigate the set Sy for any
positive integer k. First, we recall a result by M. Hall, Jr. in 1952.

Theorem 3.8 [13] Let G = {ai1, - ,an} be an abelian additive group with
ordern, and let by, - ,b, € G. Then there exists a permutation w of {1,--- ,n}
n

such that {a1 + br1), -, an + brm)} = G if and only if 3 b; = 0.
i=1

Let f:Fk — F%. Then f € Sy, if and only if there exist two permutations
71 and w9 on Flj such that mo = w1 + f. Hence the following result follows from
Theorem 3.8.

Theorem 3.9 Let k be a positive integer, and let f : F5 — F5. Then f € Sy,
if and only if > f(x) =0, where Sy is defined in (2).

zEFE

Now all the elements of Si are determined by the above theorem. Particu-
larly, we know that all permutations of F§ are in Sy, which implies the following
result.

Theorem 3.10 Let vy be a Maiorana-McFarland bent function with n > 4 vari-
ables. Then ¥ € X,,.

We have seen that all Maiorana-McFarland bent functions are in X,,. Now we
turn to the other widely known bent class—partial spread bent function. Recall
that a partial spread of order m(an m-spread) in F} is a set of k-dimensional
subspaces Hy, - - - , H,, of Fy such that H;NH; = {0} holdsforall1 <14 < j < m.
Clearly, the order of a partial spread is less than or equal to 2¥ 4+ 1, and such a
maximal partial spread is called a spread. Let {Hy, -, H,,} be an m-spread.
Let f; : FY — Fy be the indicator function of H;, i.e. f[l(l) = H,; . The
Boolean function f = """, f; is called a partial spread function of order m or
an m-spread function. The partial spread functions of order 2= or 2¢=1 41
consists of the class of partial spread bent functions [10].

Theorem 3.11 Let v € B,, be a partial spread function of order t, 1 < t <
28 + 1. Then ) € X,,. In particular, all partial spread bent functions are in X,,.

Proof. Without loss of generality, we can assume that Fy, Ea, -+, Eoryq is a
spread of FZ and ¢ equals the sums (modulo 2) of the indicators of subspaces
Ei,Es,--+ ,E;. Let ag,bp € {0,1} and satisfying ag + by = ¢t mod 2, and let
a = =t and 5 = 72k+“°2+b0_t. Then a +s = 28! + gy and t —a+ s =
2k=1 4 by. Let f be an n-variable Boolean function such that f equals the sums

(modulo 2) of the indicators of a subspaces of Ey, Eo,--- , Ey and s subspaces
of Eyp1, Eiqa, -+, Eoryq, and let h = f+1). Then it is easy to verify that both
f and h are partial spread bent functions. We are done. (]



Two classes of bent functions have been derived in [4] from Maiorana-
McFarland class, by adding to some functions of this class the indicators of some
vector spaces. The first class, denoted by Class D, is the set of the functions of
the form f(z,y) =z -7(y) + 1g, ()1g,(y), where 7 is any permutation on Fg/2
and where Fj, Ey are two linear subspaces of IF‘S/2 such that m(Es) = Ei (15,
and 1g, denote their indicators). The second class, denoted by Class C, is the
set of the functions of the form f(x,y) = z - 7(y) + 1.(z), where 7 is any per-
mutation on IF;/ % and L is any linear subspace such that for any element a of
IF;/Q, the set 7~ 1(a + Lt) is a flat. Thus we have the following proposition:

Proposition 3.12 Let i) € B,,. If ¢ can be expressed as the sum of two func-
tions from the union of the sets Class D and Class C bent functions, then
P e X,.

The functions in the above proposition do not have an explicit form or an
explicit structure as those in the former theorems or propositions do. The
reason is the restrictions needed in constructing Class D and Class C bent
functions. Indeed, more restrictions on constructing bent functions will lead to
more complicated structure of the corresponding sum set. There are several
quite general constructions, such as Generalized Partial Spread Class in [5] or
a general class of Maiorana-McFarland’s construction in [7], etc. However, if
we use such bent functions to construct elements of X,,, we can only get some
results similar with Proposition 3.12, which provide functions with no explicit
forms. We do not introduce these results here since it may be more interesting
to construct the functions of X,, with explicit forms.

4 Constructing new functions from those with
lower dimension

In last section several classes of functions of X,, are presented. Those are
mainly coming from existing constructions of bent functions, more precisely,
from the primary constructions of bent functions. There are also some secondary
constructions of bent functions, which means recursive constructions. From
direct sum and indirect sum constructions of bent functions([9, Proposition
3.2]), we can have the following result.

Theorem 4.1 Letn and m be two positive even integers, and let f(x) and g(y)
be any functions of X, and X, respectively. Then f(x) + g(y) € Xn+m and
f(@)g9(y) € Xnpm.

Proof. Let f(z) = fi(z)+f2(2), 9(y) = 91(y)+92(y), where f1(2), f2(z) € BT,,
91(y),92(y) € BT,,. Then by the well-known direct sum construction of bent
functions, both hi(x,y) = fi(x) + ¢1(y) and hae(z,y) = fa(z) + g2(y) are bent
functions with n + m variables. Thus f(z) + g(y) = fi(z) + ¢1(y) + fo(z) +
92(y) € Xpim. Moreover, by the so-called indirect sum construction of bent
functions([9, Proposition 3.2]), we have

hMryy) = fi(@) +a1(y) + (fi(2) + f2(2)(91(y) + 92(y))
= hi(z,y) + f(2)g(y) € BTnim.



Hence f(2)g(y) = h1(z,y) + h(z,y) € Xptm. O

Theorem 4.1 can help us to build many functions of X,, from those with
lower dimensions. With this result, we can get more functions that can not be
obtained before.

Example 4.2 Let n and m be two positive even integers.

(1) Let f(z1, - ,zn) = fi(x1, -+ ,w2), and for integer 1 < r < 3, let
T T
9r(Tnt1, 3 Tntm) = D Tng2i—1Tnt2i- Then both fi(z1, -+, T2)+ ). Tnioio1Tnt2i
=1 i=1
i
and fi(z1, - 22) (X0 Tnt2i-1Tn42i) are in Xpip,.

i=1

(2) Let f(x,y) = z-7(y) +9(y), where x,y € F3, 7 is a permutation of F3,

g €Bx, and let h(z1, -+, zm) = h1(21,--+ ,zm ). Then both f(x,y)+ h(z) and
f(x,y)h(z) are in Xn+m-

The following result is a link with vectorial bent functions.

Proposition 4.3 Let r < % be a positive integer, and let F' = (f1,---, f») be
an (n,r)-bent function. Then all the component functions of F are in X,,.

Proof. Let v = > ¢;f; = ¢- F be a component function of F', where 0 # ¢ =

=1

(c1,+-+ ,¢r) € F5. Then there exists d # 0,c such that ¢ =d - F + (¢ +d) - F.
Hence ¢ € X,,. O

From Proposition 4.3, we know that any construction of vectorial bent func-
tions can provide a set of elements of X,,. All the known primary and secondary
constructions of vectorial bent functions were surveyed and studied by Carlet in
2010 [9]. The component functions of all these primary constructions belongs,
up to affine equivalence, to the Maiorana-MacFarland class of Boolean bent
functions or Partial Spread constructions or power functions. All the existing
secondary constructions of vectorial bent functions are either direct sum con-
structions or indirect sum constructions. Thus we can hardly get new elements
of X,, from existing constructions of vectorial bent functions.

5 Proof of Hypothesis 1.1 for n <6

Hypothesis 1.1 have been verified via exhaust research in [20] for n < 6. In
this section we present a proof of Hypothesis 1.1 for all n < 6. The case for n = 2
is quite trivial. If n = 4, then it follows from Theorem 3.3(1) that X4 consists
of all Boolean functions of degree not more than 2. Now we assume n = 6. It
is known that there are 34 affine equivalent classes of RM (3,6)/RM(1,6) [14].
By Lemma 3.1, to verify Hypothesis 1.1, we only need to prove that all these
representatives are in Xg. We give these results in Table 1. The follows are the
comments of the table.

1. The representatives of all the equivalent classes of RM (3,6)/RM (2,6) and
those of RM(3,6)/RM (1,6) have been listed in Table B.1 and Table D.1
of [2].

2. To simplify notation, as in [2], we use 123 to denote xjx2x3 and 1- (23+3)
to denote z - (zax3 + x3), and so on.



Table 1: Proof of Hypothesis 1.1 for n =6

Class | Representative of Representative of Proofs
RM(3,6)/RM(2,6) | RM(3,6)/RM(1,6)
fi 0 0
12 Theorem 3.3 (1)
144-23
16+25+34
f2 123 0 Corollary 3.4
14 1-(23+4)
24415 1-(2345)+4 -2
16425434 Proposition 3.10
45 1-(23)+4 5
16+45 2:(13)+5-446-1
I3 1234245 0 1-(23)+5 -(24)
13 (23+3)+5 -(24)
14 1-(23+4)+5 -(24)
16 3-(12)+5 -(24)+6 -(1)
26 1-(23)+5 -(24)+6 -(2)
26+13 1-(23+3)+5 (24)+6 -(2)
26+14 1-(23+4)+5 -(24)+6 -(2)
13415426434 Proposition 3.10
34+13+15 1-(2343+5)+4 -(25+ 3)
34+16 3-(124+4)+5 -(24)+6 -(1)
fa 123+456 0 Theorem 3.3(4)
14 2-(13+4)+5 -(1)+6 -(3)+(14);
4-(564+2)+1 (5)+3 -(6)
15+24 1-(23+4)+5 -(2)+6 -(3)+(24);
1-(445)+2 -(5)+6 (45 + 3)
34+25+16 2-(13+4)+5 -(1)+6 -(3)+(34);
4-(56+2)+1 -(5 4 6)+3 -(6)+(25)
fs 123+245+346 0 1-(23)+5 -(24)+6 -(34)
12+13 1-(23+2+3)+5 (24)+6 -(34)
15 2-(4546)+3 (46 + 5 + 6)+1 -(4);
2-(13+6)+4 -(1)+5 -(3+ 1) + (36)
12+13+4-25 1-(234+2+3)+5 (24 + 2)+6 (34)
14425 1-(23+4)+5 (24 + 2)+6 -(34)
35+26-+25+12 Proposition 3.10
+13+14
25+15+16 2-(45+5+6)+3 -(46 + 5)+1 -(4);
2-(1346)+4 -(1)+5 (34 1) + (16)
fo 123+145+246 0 1-(234+3+4)+6 -(24 + 3)+5 -(2);
1-(45+3+4)+6 (35 + 45+ 3)+2 «(5)
+356-+456 12413 1-(23424+3+6)+5 (36 + 2)+4 -(3) + (26);
1-(4546)+2 -(46 + 5 + 6)+3 -(4) + (456)
23+15+14 1-(23+6)+5 (36 + 2 + 6)+4-(3) + (23);

1-(454445+6)+2-(46 + 5)+3-(4) +

(456 + 56)




3. The proofs for the representative functions to be in Xg are listed in the
last column of the table. All of them are the results in the former sections,
such as Theorems 3.3, Proposition 3.10 etc. Proposition 3.10 is shown as
a proof for some functions since those are bent functions and the widely
known fact that any bent function with 6 variables is affine equivalent to
a Maiorana-MacFarland bent function.

Thanks to the existing affine equivalent classes of RM(3,6)/RM(1,6), we
can give a proof of Hypothesis 1.1 for n = 6. This reverified N. Tokareva’s
computer search result, which lasted 14 days by using processor Intel Core i7
3.0 Ghz 256 Gb, and running with full loading of RAM [20]. However, our
proofs can be easily checked and save much time.

6 When the sum of several bent functions is a-
gain a bent function?

As pointed out in Section 3, Hypothesis 3.6 is related to the following ques-
tions: When the sum of four bent functions is again a bent function? When
the sum of two bent functions is again a bent function? Here we present some
necessary and sufficient conditions on these questions. The following lemma is
quite well known, see for example [3].

n

Lemma 6.1 Let f € B, then f is a bent function if and only if Wy(a) = 22
mod 23+ holds for any o € Fy.

Let f17f2,f3af4 S Bna and let 8411 = 2?21 fi7 S% = Zlgi<j§4fifj; Sé =
Z?Zl [T fi st = H?:1 fj- Then it is easy to check the following equali-
ty(Note that the sums being computed in Z and not modulo 2):

fi+ fot f3+ fa = st +2s5 + 4s].

Proposition 6.2 Let fi, f2, f3, f4 € BT, and let si,s3, 53,51 be defined as
above. Then si € BT, if and only if Wala) + 2Wa(a) = 257! mod 2%
holds for any o € F%. In particular, if s3 = 0, then s; € BT, if and only if
Wa(a) =2271 mod 2% holds for any o € F3.

Sa

Proof. Let a € Fy. Then
Wi (a) + W, (a) + Wy, (a) + Wy, (a)
= Z (=D (1 =2f1(z)) + -+ (1 — 2fa())]

z€FY

= > ()" —2(si(2) + 2s3() + 4si(x))]
z€Fy

= W) +2Wa(a) + 4W(a) =3 3 (~1)°7

zeFy

= Wa(a) +2Wa(a) +4Wa(a) — 3 - 2"do(a),

where §p denotes the Dirac symbol, that is, defined by do(a) = 1 if @« = 0 and
do(a) = 0 otherwise. Since fi, fa, f3, fa € BT,, we have Wy, (a) + Wy, () +
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Wiy () + Wy, (o) =0 mod 25+ for any a € Fy. Thus W () + 2W () +
AW () = 0 mod 22! holds for any a € F4. Therefore, s} is bent if and
only if Wi (a) = 2% mod 22! holds for any « € Fy, if and only if Waa(a) +
2W (o) = 237! mod 2% holds for any o € F}. The second argument follows
similarly. OJ

Similarly, we can get the following result on the problem when the sum of
two bent functions is again a bent function.

Proposition 6.3 Let fi, fo € BT,,. Then fi+fs € BT, if and only if Wy, ¢, (o) =
25~1 mod 2% holds for any a € F3.

7 Conclusion

This paper studies on the problem when a Boolean function can be expressed
as the sum of two bent functions. Many functions are proved to be able to
be represented as the sum of two bent functions. Two hypotheses which are
equivalent to Hypotheses 1.1 are presented. We hope that these hypotheses
can lead to new ideas or methods to study this problem. At last, to find new
constructions of large classes of bent functions with ”simple” forms other than
Maiorana-MacFarland class and partial spread class are quite important to the
research of bent functions and this problem.
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