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Abstract. The paper is dealing with two important subclasses of plateaued functions: bent
and semi-bent functions. In the first part of the paper, we construct mainly bent and semi-bent
functions in the Maiorana-McFarland class using Boolean functions having linear structures
(linear translators) systematically. Although most of these results are rather direct appli-
cations of some recent results, using linear structures (linear translators) allows us to have
certain flexibilities to control extra properties of these plateaued functions. In the second part
of the paper, using the results of the first part and exploiting these flexibilities, we modify
many secondary constructions. Therefore, we obtain new secondary constructions of bent and
semi-bent functions not belonging to the Maiorana-McFarland class. Instead of using bent
(semi-bent) functions as ingredients, our secondary constructions use only Boolean (vectorial
Boolean) functions with linear structures (linear translators) which are very easy to choose.
Moreover, all of them are very explicit and we also determine the duals of the bent functions
in our constructions. We show how these linear structures should be chosen in order to satisfy
the corresponding conditions coming from using derivatives and quadratic/cubic functions in
our secondary constructions.

Keywords: Boolean functions, Bent functions, Semi-bent functions, Walsh-Hadamard trans-
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1 Introduction

The classes of bent and semi-bent functions are special subclasses of the so-called plateaued func-
tions [25]. They are studied in cryptography because, besides having low Walsh-Hadamard transform
magnitude which provides protection against fast correlation attacks and linear cryptanalysis, they
can also possess other desirable properties. For their relations to coding theory and applications in
cryptography bent and semi-bent functions have attracted a lot of research.

Bent functions are nice combinatorial objects. They are maximally nonlinear Boolean functions
with an even number of variables. They were defined by Rothaus [23] in 1976 but already studied by
Dillon [15] since 1974. Open problems on binary bent functions can be found in [6]. A very recent
survey on bent functions can be found in [7]. A book devoted especially to bent functions and
containing a complete survey on bent functions (including its variations and generalizations) is [22].
The term semi-bent function was introduced by Chee, Lee and Kim at Asiacrypt’ 94 [14]. These
functions had been previously investigated under the name of 3-valued almost optimal Boolean



functions. A survey containing open problems on semi-bent functions can be found in [20]. Despite
the amount of research in the theory of bent and semi-bent functions, the classification of those
functions is still elusive, therefore, not only their characterization, but also their construction are
challenging problems. Several constructions of explicit bent and semi-bent functions have been
proposed in the literature but investigation of such kind of functions is still needed.

The concept of a linear translator exists of p-ary function (see for instance [16]) but it was
introduced in cryptography, mainly for Boolean functions (see for instance [10]). Functions with
linear structures are considered as weak for some cryptographic applications. For instance, a recent
attack on hash functions proposed in [1] exploits a similar weakness of the involved mappings. All
Boolean functions using a linear translator have been characterized by Lai [17]. Further, Charpin
and Kyureghyan have done the characterization for the functions in univariate variables from [Fpn»
to I, of the form Try ,, yp, (F'(x)), where F'(z) is a function over Fj» and T'ry ,, /r, denotes the trace
function from Fp» to F,. The result of Lai in [17] has been formulated recently by Charpin and
Sarkar [13].

For a Boolean map, linear structures or linear translators are not desirable and are generally
considered as a defect. In this paper, we show that one can recycle such Boolean functions to get
Boolean functions with optimal or very high nonlinearity. More precisely, we show that one can
obtain primary constructions of bent and semi-bent functions from Boolean maps having linear
structures or linear translator in Sections 3, 4 and 5. All the primary constructions proposed in the
paper belong to the well-known class of Maiorana-McFarland. However, an important feature of
the bent functions presented in this paper is that their dual functions can be explicitly computed.
Next, we focus on secondary constructions presented in [3] and in [4] (see also [19]). Note that
several primary constructions have been derived in [19] and in [21] from the Carlet’s result ([4],
Theorem 3) which has been completed in ([19], Theorem 4). We show how to obtain new secondary
constructions by reusing bent functions presented in the paper. Our new secondary constructions
are very explicit and they use Boolean functions (vectorial Boolean functions) with certain linear
structures (linear translators) as ingredients instead of bent or semi-bent functions. The conditions
on such linear structures (linear translators) in our secondary constructions are easily satisfied.
Finally, we show that one can construct bent functions from bent functions of Sections 3 and 4 by
adding a quadratic or cubic function appropriately chosen.

This paper is organized as follows: We provide a short background in Section 2. We present
explicit constructions of bent and semi-bent functions in Maiorana-McFarland type in Sections 3,
4 and 5. We give various secondary constructions in Sections 6, 7 and 8.

2 Notation and Preliminaries

For any set F, E* = E \ {0} and #F will denote the cardinality of E. A Boolean function on the
finite field Fon of order 2™ is a mapping from Fa» to the prime field Fy. Recall that for any positive
integers k, and r dividing k, the trace function from Far to Fyr, denoted by TrF, is the mapping
defined for every € For as Tr¥(z) := x + 22 + 2% 4+ --- + 22" . For a Boolean function f
on Fyn, the Walsh-Hadamard transform of f is the discrete Fourier transform of the sign function
xs = (=1)7 of f, whose value at w € Fan is defined as X7 (w) = Y wcFon (—1)f @) FTri(we),
Definition 1. Let n be an even integer. A Boolean function f on Fan is said to be bent if its Walsh
transform satisfies X7 (a) = £22 for all a € Fon.



Bent functions come in pairs. For a bent function f on Fan, we define its dual function f as a
Boolean function on Fa. satisfying the equation : (—1)/(®)2% = 7 (x) for all z € Fan.
The dual f of a bent function is also bent.

Definition 2. Let n be an even integer. A Boolean function f on Fan is said to be semi-bent if its
— nt2
Walsh transform satisfies X7 (a) € {0, £2 £} } for all a € Fan.

Definition 3. [25] A Boolean function f on Fon is said to be k-plateaued if its Walsh transform
satisfies x5 (a) € {0, 12#} for all a € Fon and for some fized k, 0 < k < n.

When n is even, bent functions correspond to 0-plateaued functions and semi-bent functions corre-
spond to 2-plateaued functions.

We refer to [5] for further background and important notions like algebraic representation, trace
representation and bivariate representation of Boolean functions. We will mainly use bivariate
representation of bent and semi-bent functions in this paper.

Next we recall definitions of linear translator and linear structure.

Definition 4. Let n =rk, 1 < k < n. Let f be a function from Fan to For, v € F. and b be a
constant of For. Then v is a b-linear translator of f if f(x) + f(z + wy) = ub for all x € Fon and
w€For. If f(x)+ f(x 4+ ) =b for all x € Fan, then vy is called a b-linear structure of f.

The notion of b-linear translator is well known in the literature (see for example [16]). The notion
of b-linear structure is usually given for functions f : Fon — Fo, that is k = 1 (see for example [9]).

Remark 1. Note that being b-linear translator is stronger than being b-linear structure if & > 1
and they are the same if kK = 1. For example, let f : Foa — Fa2 be a function defined as f(z) =
Tr3(z2+~yz) where v € Fys\Fa2. Then, 7 is a O-linear structure of f but it is not a 0-linear translator
of fas f(x+uy) # f(x) for u € Faz\Fs.

The notions of linear structures, linear translators and derivatives are related.

Definition 5. Let F : Fon — Fam. For a € Fan, the function D, F given by D, F(x) = F(x) +
F(x + a),Vx € Fan is called the derivative of F in the direction of a.

Note that D, f(x) = b for each € Fon if and only if v is a b-linear structure of f. Similarly,
Dy f(z) = ub for each « € Fon and each u € Fyr if and only if 7 is a b-linear translator of f.

In the literature, usually, Boolean functions are denoted by small letters (like f) and vector
Boolean functions are denoted by capital letters (like F'). Nevertheless, for the sake of simplicity
of notation, we also denote Boolean functions (vector Boolean functions) by capital letters (small
letters) when it seems more appropriate in this paper.

3 Constructions of Bent and Semi-bent Boolean Functions from the
Class of Maiorana-McFarland Using One Linear Structure

A function H : Fom X Fom — Fg is said to be in the class of Maiorana-McFarland if it can be written
in bivariate form as

H(z,y) =Tr"* (z¢(y)) + h(y) (3.1)
where ¢ is a map from Fom to Fom and h is a Boolean function on Fom. It is well-known that we
can choose ¢ so that H is bent or H is semi-bent. Indeed, it is well-known that bent functions of
the form (3.1) come from one-to-one maps while 2-to-1 maps lead to semi-bent functions.



Proposition 1. (/5,15,18]) Let H be defined by (3.1). Then,

1. H is bent if and only if ¢ is a permutation and its dual function is ﬁ(aj, y) =Trm (yqifl(ac)) +

R
2. H is semi-bent if ¢ is 2-to-1.

As a first illustration of Proposition 1, let us consider a first class of maps from Fom to itself:
¢y — y+7f(y) where v is a linear structure of f. This class has the property that it only contains
one-to-one maps or 2-to-1 maps. Therefore, by Proposition 1, one can obtain the following infinite
families of bent and semi-bent functions.

Proposition 2. Let f and h be two Boolean functions over Fom .
Let H be the Boolean function defined on Fom X Fom by
H(x,y) =Tr"(xy + vz f(y)) + h(y), v € Fam.

H is bent (resp. semi-bent) if and only if v is a 0-linear (resp. 1-linear) structure of f. Furthermore,
if H is bent, then its dual is

H(z,y) =Tr" (yz + vy f(2))) + bz +vf(x)).

Proof. Properties of ¢ : y — y+~f(y) are well-known and firstly developed in [8,9] (see also [11,16]).
Bijectivity is given by Theorem 2 of [8]. For the 2-to-1 property, see Theorems 3,6 in [9]. The proof
is then immediately obtained. Also, note that since ¢ is an involution (see also [11,12,16]), we have

H(x,y) = Tri" (yo(x))) + h(o(x)).
In order to show that the hypotheses of Proposition 2 hold in certain cases, we give the following
examples which are direct applications of Theorems 3, 4 in [8].

Ezample 1. Let v € F5,, and S € Fam such that Tr*(8v) = 0 (resp. Tr{*(8v) = 1). Let H : Fom —
Fom be an arbitrary mapping and i be any Boolean function on Fom. Then the function g defined
over Fom X Fom by

9(@,y) = Tr{"(wy +yaTri"(H(y* +vy) + By)) + h(y)
is bent (resp. semi-bent).
Ezample 2. Let 0 <i <m —1,4i ¢ {0,%} and §, v € Fam such that 521 = 71*22i. Let h be any
Boolean function on Fom and g be the Boolean function defined on Fom X Fom by
g(@,y) = Tr"(zy + 2 Trl (5y* 1)) + h(y).
If Tr (672 +1) = 0 (resp. Tr*(67%'+1) = 1) then g is bent (resp. semi-bent).

Observe that if we compose ¢ at left by a linearized permutation polynomial L, any output
has the same number of preimages under ¢ than under L o ¢. Hence, one can slightly generalize
Proposition 2 as follows.

Proposition 3. Let f and h be two Boolean functions over Fom and v € Fom. Let L be a linearized
permutation polynomial of Fom. The Boolean function H defined by

H(z,y) =Tr" (zL(y) + L(v)zf(y)) + h(y)

is bent (resp. semi-bent) if and only if v is a O-linear (resp. 1-linear) structure of f. Moreover, if
H is bent then its dual function H is given by

H(z,y) = Tri"(yL™ (@) + vy f (L7 (2)) + h(L™ (@) + 7 f (L7} (2)))-



4 Constructions of Bent and Semi-bent Boolean Functions From the
Class of Maiorana-McFarland Using Two Linear Structures

In this section we consider the functions H of the form (3.1) :

H(z,y) = Tr" (z¢(y)) + h(y) with ¢(y) = m1 (m2(y) + 7 (m2(y)) + 69(m2(y))) (4.1)

where f, g and h are Boolean functions over Fom, 7,6 € F5,., 7 # § and 71, my are permutations
of Fom (not necessarily linear). The class (4.1) contains the functions involved in Proposition 1 and
in Proposition 3 (which corresponds to the case where f = g). In the line of Section 3, we study
the cases where v and § are linear structures of the Boolean functions involved in ¢. Then one can
exhibit conditions of bentness or semi-bentness as those of Propositions 1 and 3 that we present in
the following two propositions. We indicate that, despite their similarities with Proposition 1 and
3, we obtain bent functions that do not fall in the scope of Proposition 1 and 3.

Proposition 4. Let H be defined by equation (4.1). Then H is bent if one of the following condi-
tions holds:

(i) v is a O-linear structure of f, § is a 0-linear structure of f and g,
(i) v is a O-linear structure of f, § is a 1-linear structure of f and § + v is a 0-linear structure

of g,
(i11) & is a O-linear structure of g, v is a 0-linear structure of f and g,
(iv) 0 is a O-linear structure of g, v is a 1-linear structure of g and § +y is a 0-linear structure of

s
(v) & is a 1-linear structure of f, v is a 1-linear structure of f and g,
(vi) ~v is a 1-linear structure of g, ¢ is a 1-linear structure of f and g.

Moreover, if H is bent then its dual is H(z,y) = Tr}" (yo~'(z)) + h(¢~ (z)) where g™t =m0

plom ™ and p~! is given explicitly in the Appendiz as Proposition 8. In particular, choosing

m1(x) = L(x) as a linearized permutation polynomial and wo as the identity, we get that

H(z,y) =Tr* (xL(y) + L(v)a f(y) + L(8)zg(y)) + h(y) (4.2)
is bent in the conditions above and H(z,y) = Tri" (yp™ " (LY (2))) + h(p~ (L™ ().
Proof. We give the proof for only case (i) since the proofs for the other cases are very similar. It
suffices to show that p:y — y +vf(y) + dg(y) is a permutation. Suppose that p(y) = p(z), i.e.,
y+f(y) +09(y) = 2 +f(2) + 0g(2). (4.3)

Taking f of both sides we obtain f(y +9f(y) + 6g(y)) = f(z +vf(z) + 6g(z)). Since v and ¢ are
0-linear structures of f, we have

fy) = f(2). (4.4)
Combining equations (4.3) and (4.4), we get y+9dg(y) = z+0g(z). Taking g of both sides we obtain
gy +0g(y)) = g(z + dg(2)). Since § is a O-linear structure of g, we conclude

9(y) = 9(2). (4.5)

Combining equations (4.3), (4.4) and (4.5), we reach that y = z. For the dual function, p~! is
written explicitly in the Appendix as Proposition 8 and the proof for p=! for case (i) is given.



Remark 2. The converse of Proposition 4 is not always true. For example, for f(x) = Tr3 (23 +ax),
g(z) = Tr}(ax® +a’r), v = a and § = o where « is a primitive element of Fys, ¢ is a permutation
but none of the conditions given in Proposition 4 is satisfied.

The following result shows in which cases ¢ is 2-to-1 and hence H is semi-bent.

Proposition 5. Let H be defined by (4.1). Then H is semi-bent if one of the following conditions
holds:

(i) v, 0 are 1-linear structures of f and v is a 0-linear structure of g,

(ii) & is a 1-linear structure of f and v, 0 are 0-linear structures of g,
(iti) v, 0 are O-linear structures of f and § is a 1-linear structure of g,

(iv) 0 is a O-linear structure of f and ~y, § are 1-linear structures of g,

(v) v is a O-linear structure of f, § is a 1-linear structure of f and v+ 6 is a 1-linear structure

of g,
(vi) v is a 1-linear structure of g, 0 is a 0-linear structure of g and v+ 0 is a 1-linear structure of

1.

In particular, choosing m1(x) = L(x) as a linearized permutation polynomial and 7o as the
identity, we get that H(x,y) = Tr (xL(y) + L(v)zf(y) + L(0)xg(y)) + h(y) is semi-bent in the
conditions above.

Proof. We give the proof for case (i) only since the proofs for other cases are similar. Now, we
need to show that p(y) : y — y + vf(y) + dg(y) is 2-to-1. Let p(y) = a for some a € Fym. Then,
y € {a,a+v,a+d,a+~v+ 3} As v is a 1-linear structure of f and O-linear structure of g, we
have p(a) = p(a + ) and p(a + ) = p(a + v + J). Moreover, p(a +6) = a+ 3§ +vf(a + ) +
dgla+0) =a+0+~v+vf(a)+ dg(a + &) where we use that ¢ is a 1-linear structure of f. We
observe that p(a) = a + vf(a) + dg(a) # p(a + ). Indeed, otherwise if the equality holds, then
~y+ 6+ 5(g(a) +gla+ 5)) = 0. This is a contradiction as v # ¢ and v # 0. This implies that
p~Ha) ={a,a+~} or p~t(a) = {a+ §,a +~ + d} which shows that p is 2-to-1.

Remark 3. The converse of Proposition 5 is not always true. For example, for f(x) = Tr3(a*z® +
atr), g(x) = Tri(ax® + o®z), v = a and § = o where « is a primitive element of Fys, ¢ is 2-to-1

but none of the conditions given in Proposition 5 is satisfied.

5 Constructions of Bent and k-Plateaued Functions Using Linear
Translators

In the preceding sections, we have shown that one can construct bent and semi-bent functions from
Boolean functions having linear structures, that is, having constant derivatives. An extension of
these constructions is to consider Boolean maps taking its values in a subfield of the ambient field
instead of Boolean functions in (3.1). In that case, the natural notion replacing linear structures is
the notion of linear translators. We still adopt the approach of the preceding sections and aim to
construct bent functions in the class of Maiorana-McFarland. To this end, one can apply results on
permutations constructed from Boolean maps having linear translators presented in [16] and obtain
the following infinite families of bent and plateaued functions.



Proposition 6. Let m be a positive integer and k be a divisor of m. Let f be a function from Fom
to For and h be a Boolean function on Fom. Let H be the function defined on Fom X Fom by

H(z,y) =Tr*(xy + vz f(y)) + h(y), 7€ Fom.
(i) If v is a c-linear translator of f where ¢ € Fom and ¢ # 1, then H is bent and its dual function
18 given as
s f(z) f(x)
H =Tr E— h .
(z,y) = Try <y(x+71+c L s

Moreover, H(x,y) = Tr{*(xL(y)+L(v)x f(y))+h(y) where L is an Fyr -linearized permutation
polynomaal, is also bent under these conditions and its dual is

H(z,y) =Try" (y (L—l(:c) +7f<i_+1(:))>) +h (L—l(a:) + Vf(ﬁi(cx») :

(i) If v is a 1-linear translator of f and h = 0 then H is k-plateaued with Walsh transform values

_ +omtkf Tri*(by) =0,
Xm(a,b) = {0 otherwise.

Note that Proposition 6 generalizes partially Proposition 2 (extending the condition 0-linear
structure to c-linear translator with ¢ # 1). Furthermore, one can derive from Proposition 4 and
Proposition 5 similar statements if f : Fom — For instead of being a Boolean function. Indeed, it
suffices to change the O-linear structures (resp. 1-linear structures) with O-linear translators. (resp.
1-linear translators).

6 Bent Functions not Belonging to the Class of Maiorana-McFarland
Using Linear Translators

In the following we are now interested in investigating constructions of bent functions that do not
necessarily belong to the class of Maiorana- McFarland contrary to the preceding sections. To this
end, we are particularly interested in the secondary construction of the form f(z) = ¢1(x)p2(x) +
¢1(x)p3(x) + ¢p2(x)ds(x) presented in [4] and next completed in [19]. More precisely, it is proven in
[4] that if ¢1, ¢2 and ¢3 are bent, then if ¢ := @1 + 2+ ¢3 is bent and if ) = 1+ do+ 3, then f is
bent, and f = (;51 ¢~2 + (;51 q5~3 + q§2¢~3. Next, it is proven in [19] that the converse is also true: if ¢, ¢a,
¢35 and 1 are bent, then f is bent if and only if ¢ + ¢1 + o + 3 = 0 ( where ) := ¢y + d2 + ¢3). In
this section, we show that one can reuse Boolean functions of the shape presented in the preceding
sections in the construction of [19,21].

Firstly, one can derive easily bent functions f, whose dual functions are very simple, by choosing
functions H; in the class of Maiorana-McFarland such that the permutation involving in each H;
is built in terms of an involution and a linear translator. More explicitly, each H; is a Boolean

function over Fom defined by H;(y) = Tr]" (L(y) —|—L(%)h(g(y))> where L is a For-linear involution
on Fom (k being a divisor of m); carefully chosen according to the hypothesis of [12, Corollary 2],

g is a function from Fom to Fgx, h is a mapping from Fyr to itself, and 1, 72 and ~y3 are three
pairwise distinct elements of 5., which are 0-linear translators of g such that v, +72 43 # 0. Bent



functions f are therefore obtained from a direct application of [19, Theorem 4] and [12, Corollary
2].

Secondly, we extend a result from [21] by considering two linear structures instead of one. This
result uses linear structures as in the first case of Proposition 4. Similarly, for the other five cases we
can construct bent functions and their duals. Due to space limitations these results are presented
in the Appendix as Propositions 9, 10, 11, 12, 13.

Proposition 7. Let f and g be functions from Fom to Fo. Fori € {1,2,3} set ¢;(y) == y+vif(y)+
3:9(y) where
(i) 01, 2, 03 are elements of ¥4, which are 0-linear structures of f and g;

(i) v1, v2 and v3 are elements of Fh.. which are 0-linear structures of f;
(i) v1 + 2 and y1 + v3 are 0-linear structures of g.

Then the function h defined on Fom XxFam by h(z,y) = Tri® (x¢1 (y)) Tri (qug (y)) +Tr (33({)1 (y)) Tri (x¢3 (y)) +
Tri (xqbg (y))Tr{" (a:(bg(y)) is bent and the dual of h is given by h(zx,y) = Tr}" (yqbl_l(:v))Tﬁ” (yqb;l (x)) +
T (yor ! (2) Tr (vo3 (@) + T (w03 () ) Triv (yo3™ ()

where d)i_l(x) =xz+vf(x)+ [g(x)(l + f(x)) +glx+ %)f(x)} .

Proof. Let ¥;(z,y) = Trl* (x(bz(y)) Then by Proposition 4, v; is bent for i = 1,2,3. Let v =
Y1 + 92 + 93 and § = &1 + 02 + d3. Then, ¥(z,y) = Tr{" (CU(ZU +f(y) + 59(3/))) is bent since y

is a O-linear structure of f and 0 is a O-linear structure of f and g. Now, it remains to show that
Y =ty + by + 3. = T (xqﬁ_l(y)) and ¢~ !(z) is given in Proposition 8 in the Appendix.

Note that ¢ = 1)1 + 95 + 13 if and only if g(z +v1)=g(z +12)=g(z + v3)=g(z + 71 + 72 + 73)
which means v; + 2 and 1 + 73 are O-linear structures of g.

7 A Secondary Construction of Bent and Semi-bent Functions Using
Derivatives and Linear Translators

In this section, we consider a new kind of secondary construction. That construction has been
proposed by Carlet and Yucas [3] and is presented below.

Theorem 1. Let f and g be two bent functions over Fon. Assume that there exists a € Fon such
that Dof = Dqg. Then the function h : Fon — Fy defined by h(x) = f(x) + Do f(z)(f(z) + g(x)) is
bent and its dual is h(z) = f(z) + Tri(az)(f(x) + §(x)).

In the line of Theorem 1 and of the preceding sections, we shall derive from Theorem 1 new
secondary constructions of bent and semi-bent functions in Theorem 2 and Theorem 3. To this end,
we will use the following lemma.

Lemma 1. Let b € Fom and W C Fam be an m — 1 dimensional linear subspace with b ¢ W.
Let pi : Fom — Fy be a Boolean function such that b is a O-linear structure of p. Choose arbitrary
functions hy : Fam — Fy and u : W — Fy and define the Boolean function hy : Fam — Fa by ho(w) =
w(w) 4+ hi(w) and he(w+b) = w(w) + hi(w+b) + p(w) for w € W. Then Dyhi(y)+ Dyha(y) = p(y)
for all y € Fam.



Proof. We observe that ho(w 4 b) 4+ ha(w) = hy(w + b) + hy(w) + p(w) for all w € W by definition.
Using the fact that b is a O-linear structure of y we complete the proof.

Note that Lemma 1 gives a construction of a Boolean function hs : Fom — Fo with the property
Dyhi(y) + Dy(ha(y) = p(y) for all y € Fom for given b € Fom, hy : Fom — Fy and p having b with
0-linear structure. The construction uses m—1 free variables in the form of the function u : W — Fs.

Using Lemma 1, Theorem 1 and results from Section 5, we present below a new secondary
construction of bent functions.

Theorem 2. Let 1 < k < m be integers with k | m. Let f, g be functions from Fom to TFar.
Assume that v,6 € F3. are 0-linear translators of f and g, respectively. Further assume that
b € Fom is a O-linear structure of f and g. Let a € Fam be an arbitrary element. For arbitrary
function hy : Fam — Fy construct hg : Fom — Fay satisfying Dyhq(y) = Dyha(y) + Tr® (a(vf(y +
b) + dg(y + b)) for all y € Fam using Lemma 1. Set F(x,y) := Tr{"(zy + v f(y)) + h1(y) and
G(z,y) :=Tr™(zy + dxg(y)) + ha(y). The function defined by

H(z,y) = F(z,y) + Doy F(z,y) (F(z,y) + G(z,y))
is bent and its dual is

H(z,y) =Tr" (yz +yyf(z)) + hi(z +7f(2))
+Tr1 (az + by) [Tri (y(vf (x) + 6g(x))) + ha(x +~f () + ho(x + dg(x))] -

Proof. F and G are bent by Proposition 6. Using the fact that b is a O-linear structure of f
and g we get that Dy pF(x,y) = Tr" (xb +aly+b+f(y+ b))) + Dyhi(y) and Dg,G(z,y) =
Tr(zb+aly + b+ g(y +b))) + Dyha(y). Hence Doy F(x,y) = Dy pG(z,y) and the proof follows
from Theorem 1 and Proposition 6.

Using [24, Theorem 16] instead of Theorem 1 we obtain the following secondary construction of
semi-bent functions.

Theorem 3. Under notation and assumptions of Theorem 2 we construct ho : Fom — Fo satis-
fying Dyhi(y) = Dyha(y) + Tri* (a(vf(y +b) + dg(y + b)) + 1 (instead of Dyhi(y) = Dyha(y) +
Tr(a(vf(y +b) + 6g(y +b)))) for all y € Fam. Set F and G in the same way. Then the function
defined by H(z,y) = F(z,y) + G(x,y) + Doy F(x,y) + Doy FG(z,y) is semi-bent.

Note that Theorem 3 gives a secondary construction of semi-bent functions of high degree
by choosing the arbitrary function h; : Fom — Fo of large degree. Moreover it gives a different
construction than the one given in [20, Section 4.2.5] and hence it is an answer to Problem 4 of [20].

8 A Secondary Construction of Bent Functions Using Certain
Quadratic and Cubic Functions Together with Linear Structures

In this section we consider Boolean functions that are the sum of a bent function of Section 3
or Section 4 and a quadratic or cubic function. We show that one can choose appropriately the
quadratic and cubic function so that those Boolean functions are bent again. Furthermore, the dual
functions of those bent functions can be explicitly computed as in the preceding sections. The main
results are Theorems 4, 5, 6 and 7.



Theorem 4 is based on [2, Lemma 1]. We note that the bent functions of Theorem 4 is different
from the two classes of plateaued functions in Section 6 of [2]. First of all we obtain bent functions
while two classes of functions in Section 6 of [2] produce only plateaued functions.

Theorem 6 is a further generalization of Theorem 4 using cubic functions instead of quadratic
functions.

Lemma 2. [2] Let wy, wa,u € Fom with {w1,ws} linearly independent over Fom. We have

N N N 0 if u¢ (wi,wa) = {0, w1, w2, w1 +wa},
Z (_1)Tr1 (wiz)Tri" (wa2z)+Tr{" (uz) _ om—1 Zf = {0,w1,w2}7
zEFym —2m= LG u = wy 4+ ws.

In Lemma 2, for any given Fs-linearly independent set, the Boolean function on Fom given by
x = Triv(wiz)Tr*(wex) is a quadratic function.

Theorem 4. Let wy,wa,y € Fom with {wy,ws} linearly independent over Fy. Assume that f,h :
Fom — o are Boolean functions such that wy and wo are 0-linear structures of f and h. Moreover,
we assume that 7y is a 0-linear structure of f. Then the Boolean function F defined on Fom X Fom
by

F(a,y) = Tr{"(ww)Tr]" (zws) + Tr" (zy +v2.f(y)) + h(y) (8.1)

is bent and its dual function is

F(z,y) = Tri" (yw)Tri*(yw2) + Tr* (yz + vy f(2)) + h(z +~f(x)).

Moreover, F(z,y) = Tr(zwy)Tr{"(zw2) + Tri* (xL(y) + L(v)x f (y)) + h(y) where L is a linearized
permutation polynomial of Fom is also bent under the same conditions and its dual function is

F(x,y) = Tri* (yw)Tri (ywz) + Tri* (yL ™ (@) + 9. f(L7H(2))) + AL (@) +7f (L7 (2))).

Proof. One has for every (a,b) € Fom X Fam,

)G(Chb) — Z (_1)h(y)+T7‘{"(by) Z (_1)T7‘1"(ww1)Tr1"(:Ew2)+Tr1" (wy-i—'yzf(y)—i—am)
yEFym zEFym

Let ¢(y) =y +7f(y) and S = Zmerm (—1)Trin($w1)Trin($w2)+TT1n (w(¢(y)+a)>. Then by Lemma 2,
we have
0 if¢(y) +ad {0,w1, w2, w1 +wa},
S=1¢ 277! if ¢(y) +a € {0,wy,ws},
—2m=Lif ¢(y) + a = wy + wo.

Now, f(a) = f(a+w1) = f(a+ w2) = f(a + w1 + we) since wy and wy are 0-linear structures of
f. We have two cases, namely f(a) =0 and f(a) = 1. Here, only the proof for the case f(a) =0 is
given since the proof for the other case is very similar.

Assume f(a) = 0. Then ¢(y)+a € {0, w1, ws} wheny € A= {a,a+wy,a+ ws} and ¢(y)+a =
w1 + wy when y = a + wy + wo. Hence,

)G(a, b) — 2m—1 Z (_1)h(y)+T7"{”(by) _ (_1)h(a+w1+w2)+T7"1”(b(a+w1+w2))

yeA



Since wy and wy are O-linear structures of h, we obtain
Xr(a,b) = gm—1 [(_1)h(a)+Tr1”(ba) S,
where
S, = |:1 + (_1)T7{'l(bw1) + (_I)Trin(bwz) _ (_l)Tr{”(b(wl_g_wg))} . (8.2)

Note that

S — 2 if Tr (bwy)Tri*(bwe) = 0,
L7 =2 T (bwy )Ty (bwy) = 1.

Combining these we obtain that F' is bent and its dual F satisfies that
F(a,y) = Tr"(yw)Tri* (ywz) + Tri" (yo + y7f (2)) + bz +7f(@)).

Remark 4. In Theorem 4, for given Fs-linearly independent subset {w;,ws}, the Boolean function
on Fom X Fom given by (z,y) — Tr{*(xwr)Tr*(zws) is a quadratic function, which is used as the
first summand in the definition of F'(z,y) in equation (8.1). In the proof of Theorem 4, we apply
Lemma 2 for this quadratic function. Note that if v # 0 and 1+ deg(f), deg(h) and 2 are distinct,
then the degree of F(x,y) is max {1 + deg(f),deg(h), 2}, which may be much larger than 2.

In the following we present a straightforward generalization of Theorem 4.

Theorem 5. Let wy,ws,7y,0 € Fom with {wy,ws} linearly independent over Fo. Assume that
f,9,h : Fom — Fy are Boolean functions such that wi and wq are 0-linear structures of f, g
and h. Moreover, we assume that v is a 0-linear structure of f and § is a O-linear structure of f
and g. Then the Boolean function F defined on Fom X Fom by

F(z,y) = Tri" (zw)Tri* (zwe) + Tri" (x(L(y) + L) f(y) + L(6)g(y))) + h(y)

is bent and its dual function is
F(z,y) = Tri (yw)Tri" (yws) + Tri* (yp~ ' () + h(p~" (x)) where

p~H(x) = L™ () + v (L™ (2)) + 6 [g(L7H(2)) (1 + F(L71(2))) + (L™ (2) + ) F(L™" (2))].
We now give the analogue of Lemma 2 which improves Lemma 1 of [2].

Lemma 3. Let wy, we, w3, u € Fom with {wy,ws, w3} linearly independent over Fom. We have

0 ) Zf ’U,¢ <’IU1,U)27’LU3>,
Z (_1)Tr{”(w1a:)Tr;"(wzw)Tri”(wgw)«FTr{"(uw) — 3.2m~ Zf u=0,
2m=2if we {wy, wa, w3, w1 + wa + w3},

xEFom 9 .
2 —2m=2 if u € {wy + wa,w; + w3, we + w3 }.

Proof. Let T denotes the sum in the statement of the lemma. Let 77 and 75 be the sums as

7~1 — Z (_1)TTI"(um)

zE€Fym |Tr]* (w1z)=0



and
T = Z (_l)TT{”(wgar)Tr{”(w;;ac)—&-TrI”(wc).

z€Fym |Tr (wiz)=1
We have that 7 = 71 + T5. It is clear that

T 0 if ué¢ (0,w1)={0,w},
P71 2mtif we {0,w )

Using Lemma 2 we obtain that

0 if ué¢ (w,ws,ws),
75 - 2m72 if u e {0,11)1,’[02,’103,’(1}1 +’LU2+’IU3},
—2m=2if 4y € {w1 + wa, w1 + W3, Wa +’LU3}.

Combining 77 and 73 we complete the proof.

Remark 5. This remark is analogous to Remark 4. In Theorem 6, for given F3-linearly independent
subset {wy,wy, w3}, the Boolean function on Faom X Fom given by

(@,y) = Tri" (ww)) Try" (zwa) Try" (xws)

is a cubic function, which is used as the first summand in the definition of F(z,y) in equation (8.3).
In the proof of Theorem 6, we apply Lemma 3 for this cubic function. As in Remark 4, the degree
of F(z,y) is max {1 4 deg(f), deg(h), 3} under suitable conditions, which may be much larger than
3.

Theorem 6. Let f and h be two Boolean functions on Fom. Let wi,wq, w3 € Fom be linearly
independent and v € Fom. Assume that v is a O0-linear structure of f, and wy,ws,ws are 0-linear
structures of f and h. Then, the function F defined on Fom X Fom by

F(z,y) = Tri* (zw)Tri" (ww2) Tri" (zws) + Tri" (2(L(y) + L(1) f(y))) + h(y) (8.3)

is bent and its dual is

F(z,y) = Tri(yw ) Tri (yws ) Tri (yws) + Tri (y(L (@) + v (L7 (z))))
+ h(L™H &) + 7 f (L7 (2))).

Proof. Let ¢(y) =y + vf(y). For every (a,b) € Fam X Fom,

)Z}(a, b) _ Z (_1)h(y)+TrI”(by) Z (_1)Tr{”(wlr)Tr{”(wgr)Tr{"(wgz)—o—Tr;" (m(q&(y)-&-a))'

yEFom xEFym
For the case f(a) =0,

— ¢(y) + a =0 when y = q,
— &(y) + a € {wr, ws, w3, w1 + wa + w3} when
ye A ={a+w,a+wy,a+ws,a+w +wy+ws}
— ¢(y) +a € {w1 + wa, w1 + w3, wa + w3}
when y € Ay = {a + w; + wy,a + wy + w3, a + we + w3z}.



Then, following the steps in proof of Theorem 4 and using Lemma 3, we get

)2;‘*(0,, b) _ 3.2m72(71)Tr1”(ba)+h(a) + 2m72 Z (71)Tr?’(by)+h(y)
yeA:
_gm=—2 Z (—1)Tr1" (by)+h(y)
yEeAs
—_ gm-2 |:(_1)TTI”(ba)+h(a):| S

where

S = [3 + 81 + 82] , (8.4)

m

81 — (_1)T7"{”(b'w1) + (_1)Tr{”(bw2) + (_l)TT';"(bUIg) + (_1)TT1 (b(w1+w2+ws) and

82 — (_l)Tr{n(b(wl—Q—wg)) + (_l)Tr{n(b(wl—&-wg.)) + (_I)Trfl(b(wg—&-wg.)). Let (_1)Tr1”(bw71) = ¢ where
c; € Fy, for i =1,2,3. Then, 3 + 81 + S = +4 and hence Yr(a,b) = £2™.

The proof for the case f(a) =1 is very similar.

As in Theorem 5, in the following we get a modification of Theorem 6 using two linear structures
instead of one linear structure.

Theorem 7. Let f, g and h be Boolean functions on Fom. Let wy,wo, w3 € Fom be linearly inde-
pendent and y,0 € Fom, v # 0. Assume that v is a 0-linear structure of f, § is a 0-linear structure of
f and g. Moreover, assume that wy,ws,ws are 0-linear structures of f, g and h. Then, the function
F defined on Fom X Fom by

F(z,y) = Tri*(zw)Tri" (zw) Tri* (zws) + Tri* (z(L(y) + L(v) f(y) + L(6)g(y))) + h(y)
1s bent and its dual 1s
F(z,y) = Tr (yw1) Tri (yw2) Tri" (yws) + Tri (yp~ ' (x)) + h(p~ ' (x)) where

p~H@) = L7 (@) + (L7 @) + 6 [g(L7 (@) (L + F(L7H (@) + gL (@) + N (L H(2))]-
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A Appendix

The following proposition is related to Proposition 4 in Section 4.

Proposition 8. Let H be defined by equation (4.1), v and & be defined as in Proposition 4. Then
the dual of H is H(z,y) = Tr{ (y¢~(x)) + h(¢™(2)) where ¢~ =my L op~tom ™! and p~' ()
is given as follows.

(i) If v is a O-linear structure of f, ¢ is a O-linear structure of f and g, then

p~H(x) =z +yf(2) + 8 [g(2)(1 + f(2)) + gz +7) f(2)].

(i) If v is a 0-linear structure of f, § is a 1-linear structure of f and 6 +~ is a 0-linear structure
of g, then

pH (@) =2+ [g(z) + f(2) (1 + g(2) + gl +7))] + 8 [9(x) (L + f(2)) + g(z +7)f (2)].
(it3) If 6 is a O-linear structure of g, v is a 0-linear structure of f and g, then

p~H(2) =2+ [f(@)(1 + g(x) + fla+ 6)g()] + dg(x).

(iv) If § is a O-linear structure of g, v is a 1-linear structure of g and § + v is a 0-linear structure
of f, then

P @) =z +y[f(@)(1+g(2)) + f@ + 0)g(@)] + 0 [f(@) (1 + g(2)) + (1 + f(z +8))g(=)] -
(v) If § is a 1-linear structure of f or § is a 0-linear structure of g, then

pHa) =z +y [fla)1+g(x+06) + (14 f(2))g(x)] + ().

(vi) If 7 is a 1-linear structure of g, 0 is a 1-linear structure of f and g, then

p (@) = 2+ yg(x) + 8 [f(2) A+ g(2)) + fz+7)g(2)].

Proof. We give only the proof for the case (i). Assume that v is a O-linear structure of f, § is a
0O-linear structure of f and g, then we claim that

x if f(z) =0and g(z)=0
ERDRNE I ) if f(z)=0and g(z) =1
P = T+ if f(x)=1and g(zx+v)=0 (A1)
r+y+6 iff(z)=landg(z+v)=1
Let p(y) = a. Then,
y+1f(y) +09(y) = a (A.2)

Taking f of both sides gives f(y + vf(y) + dg(y)) = f(a). Since v and ¢ are O-linear structures of
f, we get

fy) = fla). (A.3)



Note that, (f(a),g(a)) € {(0,0),(0,1),(1,0),(1,1)}. These four cases correspond to the cases in
equation (A.1). We prove only the first case in equation (A.1) and the proofs of other cases are
similar. Hence, we assume that (f(a),g(a)) = (0,0). Then, by equation (A.3), f(y) = 0 and by
equation (A.2), y 4+ dg(y) = a. Taking g of both sides and using that § is a O-linear structure of g,
we obtain that g(y + dg(y)) = g(y) = g(a). As g(a) = 0 by our assumption, we get g(y) = 0 and
putting f(y) = ¢g(y) = 0 in equation (A.2) we conclude that y = a.

Finally, the equation (A.1) can be written in the form

p~H(z) =z +7f(z) + 8 [g(2)(1 + f(z)) + gz +7) f(2)].
The following five propositions are related to Proposition 7 in Section 6.

Proposition 9. Let f and g be functions from Fom to Fo. Fori € {1,2,3} set ¢;(y) :=y+~vif(y)+
0:g(y) where

(i) v1, V2, 73 are elements of F5. which are 0-linear structures of f;
(i) 61, 62 and 03 are elements of F%.. which are 1-linear structures of f;
(iii) v1 + 01, v2 + 92, 3 + I3 are O-linear structures of g;

(iv) v1 4+ v2 and 1 + 73 are 0-linear structures of g.

Then the function h defined on Fom X Fom by

hw,y) = Tri" (261 () ) Tri" (262(y) ) + Tri (w61 (y) ) Tri (s ()
+ Ty (262(y) ) o (w0 (v))

is bent and the dual of h is given by

Rw,y) = Trit (yor (@) oy (yor " @) + Tr" (yor @) Tri (o™ ()
+ T (yoy @) T (05 (@)
where

¢ (@) =2+ [g(x) + f(@)(1+g(x) + g(z +7))]
+[g(x)(1+ f(2)) + g(x + ) f(2)].

Proposition 10. Let f and g be functions from Fom to Fo. For i € {1,2,3} set ¢;(y) == y +
Vi f(y) + dig(y) where

(i) Y1, 2, 73 are elements of F5.. which are 0-linear structures of f and g;
(i) 61, 62 and 03 are elements of F5.. which are 0-linear structures of g;
(iii) 61 + 02 and 61 + 03 are O-linear structures of f.

Then the function h defined on Fom X Fom by

hw,y) = Tri" (261(y) ) Tri" (262() ) + Tri? (w61 (1) ) Tri (s ()
+ Ty (262(y) ) o (w0(v))



is bent and the dual of h is given by
Rw,y) = Trit (yor (@) oy (yor " @) + Tri" (yor @) Tri (vo ()
+ T (yo () T (w03 ()
where ¢ (z) = 2+ [[(@)(1+ 9(@) + [(z + d)g(w)] + dg(x).

Proposition 11. Let f and g be functions from Fam to Fo. For i € {1,2,3} set ¢;(y) == y +
~vif () + 8:9(y) where

(i) V1, 72, 73 are elements of F5.. which are 1-linear structures of g;
(i) 61, 62 and 03 are elements of F%.. which are 0-linear structures of g;
(i13) v1 + 01, v2 + 92, v3 + 03 are O-linear structures of f;

(iv) 61 + 82 and 61 + 3 are 0-linear structures of f.

Then the function h defined on Fom X Fom by
h(w,y) = Tri" (261(y) ) Tri" (262() ) + Tri (w61(1) ) Tri" (s ()
+ 1" (262(y) ) o (w0 (v))

is bent and the dual of h is given by

Rw,y) = Tri" (yor ' (@)) Try" (yor ' @) + Tri" (yor ' @) Tri (vos ! ()
+ 1y (s () T (o5 (@)
where

¢ (@) =2z +v[f(@)(1+ g(x) + f(z + 6)g()]
+ 6 [f(x)A+g(@)+ (14 flz+6))g(z)] .

Proposition 12. Let f and g be functions from Fom to Fo. For i € {1,2,3} set ¢;(y) == y +
Vi f(y) + dig(y) where

(i) v1, V2, 73 are elements of B, which are 1-linear structures of f and g;
(ii) 61, 62 and d3 are elements of F5.. which are 1-linear structures of f;
(iii) 61 + 02 and 61 + 03 are O-linear structures of g.

Then the function h defined on Fom X Fom by
ha,y) = Trp" (261(0)) T (262(y)) + Tri" (261 () ) o (w05 (v))
+ Ty (262(y) ) o (w05 (»))

is bent and the dual of h is given by

ha,y) = Tri (yor " @) Tri* (yor (@) + T (yor ' (@) o (o™ (o)
+ T (yoy " @) T (yo3 ' (@)

where ¢Z-_1(x) =x+7 [f(;z:)(l +g(x+9))+ (1 —|—f(x))g(a:)} +0f(x).



Proposition 13. Let f and g be functions from Fom to Fy. For i € {1,2,3} set ¢;(y) == y +
vif(y) + 0ig(y) where

(i) v1, V2, 73 are elements of F5. which are 1-linear structures of g;
(i) 61, 62 and 03 are elements of F%.. which are 1-linear structures of f and g;
(iii) v1 + 72 and y1 + v3 are 0-linear structures of f.

Then the function h defined on Fom x Fom by
hw,y) = Tri" (261 () ) Tri" (262(y) ) + Tri (1)) Tri (s ()
+ T (262(y) ) o (w0(v))
is bent and the dual of h is given by
he,y) = Trit (yor (@) T (903 @) + T (91 @) T (o3 ()
+ Ty (yoz () T (yo3 ()

where ¢ ' (z) = & +7g(z) + 0 [f(x)(1 + g(2)) + f(z +7)g(x)].



