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Abstract
We present a construction of bent function f, s with n = 2m variables for any nonzero vector
a € F3' and subset S of F3' satisfying a + S = S. We give the simple expression of the dual bent
function of f,,s. We prove that f, s has optimal algebraic degree m if and only if |S| = 2(mod4).
This construction provides series of bent functions with optimal algebraic degree and large symmetric

group if a and S are chosen properly.
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1 Introduction

Let B, = {f = f(z1, - ,2n) : F} — Fo} be the ring of Boolean functions with n variables. For each
f € %, the Walsh transformation of f is Wy : Fy — Z defined by

Wiy) = S ()@ (y = (g1, ya) € F3),

z€Fy

where x -y = x1y1 + -+ - + Tryn € Fa. f is called bent function if for all y € 3,
Wi(y) = +2% =28 (~1)/ ),

Where f € %, and called the dual of f. If f is a bent function then n is even and f is also a bent
function. Bent functions were introduced by Rothaus [1] in 1976 and already studied by Dillon [2] in
1974 with their equivalent combinatorial objects: Hadamard difference sets in elementary 2-groups. Since
then, bent functions have been extensively developed for their important applications in many aspects as
cryptography(design of stream ciphers), coding theory, sequences with good correlation properties and
graph theory.

Many constructions, primary and secondary, of bent functions has been found in past forty years (See
book [3]). In the application on cryptography, we hope the bent function having large algebraic degree
deg(f). It is known that for any bent function f with n = 2m variables, deg(f) < m. If deg(f) = m, f
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is called a bent function with optimal algebraic degree. We also hope f having large symmetric group in
order to store the values of f with less space and allow faster computation of the Walsh transform. In
this paper, a symmetry of f means a permutation o of variables such that f(x) = f(o(z)). More exactly

speaking, we have the following definition.

Definition 1 Let X, be the group of all permutations on{1,2,--- ,n}. Foro € ¥, ,x = (1,22, - ,Zp) €
Fy, we define

0’(1‘) = (xU(l)v' o )xo(n)) € F3,
and for f(x) € B, we define of € B, by (of)(x) = f(o(x)). It is known that if f is bent, then of is
bent. The symmetric group of a € FYy is defined by

Sym(a) ={oc € L, : o(a) = a}
The symmetric group of a Boolean function f € A, is defined by
Sym(f) ={oc €Zn:0f=f}

We also call any subgroup of Sym(f) as a symmetric group of f.
1,2,3,---,n—1,n . . . L
Let 0 = 934 n .1 € 3,. A Boolean function f € £, is called rotation symmetric if
of = f, namely f(xo, - ,zn,21) = f(x1, -+ ,2n). Therefore, any rotation symmetric Boolean function
f € %, have a symmetric group < o >, a cyclic subgroup of ¥, with size n. More general, for any
d > 1, f is called d-rotation symmetric if 0?(f) = f. 1-rotation symmetric is just rotation symmetric.
If n = 2m(m > 1), Fy can be viewed as F3* x FJ* and any Boolean function f € %,, can be expressed

by f(z,y) : F3* x F* — Fy, where z,y € F5*. For a permutation o € ¥,,, we define o f by

(@f)(x,y) = flo(z),0(y))- (1)
Let n = 2m(m > 1). It is known that the function f(z) € %, defined by
f=1Ff(ay) F xFy - Fa, fw,y) =2y =Y ziy;, (x,y € FF)
i=1

is a bent function, and f = f(self — dual). Tt is rotation symmetric since for
12 3 - -1
o= " " €Xn
2 3 4 .- n 1
(Uf)($7y) = (O-f)(xh'" y Ly Y1y 7y7R) :f('r%'" sy Ty Y1,Y2, 7ym,371)

=X2Y2+ F TYm T YIT1 =T Y = f(xvy)

Moreover, each T € ¥, is also a symmety of f since

(T)(@,y) = f(r(2),7(y)) = 7(z) - 7(y) = x -y = f(2,y).

Therefore f has a big symmetric group generated by ¥, and . On the other hand, the algebraic degree
deg(f) = 2 is too small.

Many rotation symmetric bent functions with deg(f) = 2 have been found and it is stated in [12]
that “ any theoretic construction of rotation symmetric bent functions with algebraic degree larger than 2

is an interesting problem”. Such bent functions f with deg(f) = 3 and 4 have been presented in [4, 5] and



[6] respectively. Recently, rotation symmetric and 2-rotation symmetric bent functions with any deg(f)
from 3 to § have been constructed in [7, &].

In this paper, we present a simple construction of bent function f, g in %,(n = 2m, m > 2), where
a is any nonzero vector in F3*, S is any subset of F3* satisfying a + S = S (Theorem 1). We show that
the dual bent function fa,s has a simple expression. We give a simple criterion on f, s having optimal
algebraic degree deg(fa,s) = m (Theorem 3). We show that Sym(a) N Sym(S) is a symmetric group of
fa,s(Theorem 4) which implies that f, s has a large symmetric group if we choose suitable nonzero vector
a and subset S of F5*, such that Sym(a) = {o € 3, : o(a) = a} and Sym(S) = {oc € &, : 0(5) = S}
have a large intersection. We also construct a large class of 2/-rotation symmetric bent function for all
[(Theorem 5).

This paper is organized as following. We present the construction of bent function f, g, determine
the dual bent function and show some relationship between our construction and some previous ones
in section 2. We show a criterion for deg(f,,s) = m in section 3. Finally, in section 4 we show that
Sym(a) N Sym(S) is a symmetric group of f, g and give several examples of bent functions f, ¢ with
optimal algebraic degree and large symmetric group, some of them are d-rotation symmetric for any even
d. Section 5 is the conclusion.

2  Construction of Bent Function of f, g

In this section we fix the following notations:

n=2m (m > 2);

a : a nonzero vector in Fg*;

H=H,={0,a}* = {veFy,:v-a=0}, a hyperplane in FJ;

S: a subset of F3" satisfying a +.5 = S. Thus S is a disjoint union of ¢ cosets of {0,a} in (F5*, +),
|S|=2t, t > 1.

N=Q,s={(z,y) €eFy xFP:z e Hzx+yeS}
1, ifze U

Ity : the indicator function of a subset U in F} defined by, for z € F3, I(z) = .
0, otherwise

Theorem 1 The Boolean function f, s € %, defined by
fa,3<x7y) : }ng X F;n — IE‘2

z-y+1, if (z,y)€ Q

Jas(@y)=x-y+Ig= ‘
-y, otherwise

is a bent function and faﬁs(x,y) =f

a

s(y,x), where S=S5+1,, and 1,, = (1,1,---,1) e Fp".

Proof. For z,y € Fy', the Walsh transformation of f = f, g is,

Wilz,y) = X (-1)fotustoy
u,v€EFY”
- _ Z (_1)u-v+u~x+v-y+ Z (_1)u-v+u~x+v-y
(u,v)€Q (u,v)€0
— E (_1)u'v+u~ac+v~y_2 Z (_1)u~v+u~x+v~y.
u,vEF" (u,v)€EN

The first summation is 2™(—1)*"Y, the Walsh transformation of g(u,v) = u - v. Therefore



where

N _ Z (71)u-v+u~m+v-y _ Z (71)(u+y)~(z+u)+u~a: (Z = u+ 1))
(u,v)EQ ueH,zeS
— Y (w0t - S (CpE Y (1) GReutl)  (sinee w-u = u - 1)
ueH,zeS z€S ueH
-y > (e @t =)

z+az+y+1, e H-={0,a},z€S
— mel E (_1)yz
z€S,ze{x+y+1m,z+y+1m+a}
If24y+1, ¢ S, then {z+y+1my, 2+y+1,+a}NS = ¢ and N=0. Otherwise, {z+y+1m, 2+y+1m+a} C
S and

N = mel((_l)y.(as+y+1m) + (_1)y~(z+y+1m+a))
= 2m71((_1)y<x =+ (_1)y-(m+a)) (Since y- (y + lm) _ 0).

Therefore, if # +y ¢ S(= S + 1,,), then
Wy(o,y) = 27 (~1)7 — 2N = 2m(—1)7,
Ifx+ye S’, then

(1) — 2 (=) + (—1)retvey

(_1)y~m+y~a+1

2m
2m
B { 2m(—1)¥=+Lif 3. a = 0 which means that y € H
= am(_

1)y, otherwise.

Therefore f is a bent function and

flz,y) =

A y-x+1, ifyeHandy—f—xeS
Y-, otherwise.

Namely, f(x,y) = a’SA(y,x) where § = S + 1,, (remark that a + S = S implies a + S = S') This
completes the proof. m

Now we show some relationship between some previous constructions and the construction given by
Theorem 1. Our construction of f, s belongs to the secondary construction where from Rothaus’s bent
function f(z,y) = x -y, we give new bent function f, g with the same number of variables as f. The
vector a and the subset S of F5* can be chosen in much flexible way (just need @ # 0 and a + S = 5).

One of secondary construction was given by Carlet[] as following.

Lemma 1 (/9] also see [3] Theorem 6.0.1) Let E be a subspace of T3, b € F%, f € B, be a bent function.
Then [f* = f+ Iyrg is bent if and only if the following condition (*) holds.
(*) For any v € F3 \ E, f(x) + f(x + v) is balanced on b+ E.

For the construction in Theorem 1, f(z,y) = = -y, (z,y € FJ*,n = 2m), f* = f + I, where
Q={(z,y):x € H,x+y e S} If Qisaflat b+ E in Fy, then for any v € F§ \ E, v = (v1,v2) is a

nonzero vector and the affine function
[ y)+ flet+v,y+v)=z-y+(@+v) (y+v2) =va - +v-y+vg v

is balanced on flat 2 = b+ E. Thus the condition (*) holds and the bentness of f, s is derived by Lemma
1. But for many S, Q is not a flat of ;. So Theorem 1 can provide some new bent functions.



Another interesting secondary construction was given by Carlet [10] and S. Mesnager [1 1] which shows
that if fy, fo, f3 are bent functions in 4, satisfying certain conditions, then fifo + fofs + f3f1 is also
bent. We will show that our bent functions f; = fu5,(i = 1,2,3) fit in this secondary construction:
fifa+ fafs + f3f1 is also bent without any extra conditions on a and S;(1 < i < 3). In fact, we have the
following more general result. For Boolean functions f1,---, fy in %,,1 <t < N, we denote the t—th
elementary symmetric function of f1,---, fy by

oi(fi )= >, [l

AC{1,- ,N}i€A
|A|=t

Theorem 2 let n = 2m(m > 3), a be a fivred nonzero vector in F5', S; be the subsets of F3* such that
a+S; =5 fi = fas,,1 <i <N be the bent functions in %, given in Theorem 1. Let 1 <t < N. If
(Nj\it) 18 odd and (%:i), 1<j<t-—1, are even, then o(f1, -, fN) € Bn is bent. Particularly (N=3
and t =2), fifo+ fofs + f3f1 is bent.

Proof. Let Q; = {(z,y) : z-a =0,z +y € S;},1 <i < N. Then fi(z,y) = = -y + Ii(z,y), where
Ii(z,y) = Iq,(z,y) is the indicator function of ;. For a subset A of {1,2,--- , N}, |A| = ¢,

H fite,y) =1l (z-y+ Liz,y))

i€EA €A
= (1‘ : y)[l +0'1(Ii($,y) RS A) + -+ O't_l(Ii(ZE,y) RS A)] + 1_!4[1(1'7(1;)
ic
Therefore
Ut(fla"'va> = Z Hfl
AC{1,-,N}i€A
|A|=t
= (UCZ/)[(];[) + (JZ_ll)m(Ih“- IN) + (Zj_;)Uz(Ilw“ AN) 4
N — (t —
- (t— ((tt— 11)))@1(]1’,,. )] +ou(Dn, - In).

Since for each j,1 < j < ¢ — 1, the number of subset A(|A| =1¢) of {1,2,---, N} containing a fixed subset
of size j is (];/:jj). By assumption,

()= (42 smin ()= (32 s 15101

ot(fr.- fn) =2 -y+o(ly, -, In).
For A C{1,2,---,N},|A| =t, it is easy to see that

H IZ = H IQsi (xay) = IQS(A) (I7y)a

€A €A

We get

where S(A) = () S;. Remark that from a + .5; = S; we know that a + S(A) = S(A). Then we have
icA

Ut(Il7 o 7IN) = Z HIZ = Z IQS(A)(xvy) = IQS(t) (xay)u

AC{l,- N}i€A  AC{1.-.N}
|A|=t |A|=t



where S(t) is the “Symmetric difference” of {S(A) : |A| =t} defined by
S(t) = {v € F*: the number of A, A C {1,--- , N}, |A| =t such that v € S(A) is odd }.
From a + S(A) = S(A) for each A C{1,---, N}, |A| =t we know that a + S(¢t) = S(t). By Theorem

gt(flv"' 7fN):x'y+O-t(Ilv"' 7IN):$'y+IQS(t)(337y)

is bent. This completes the proof of Theorem 2. m

Remark By the Lucas formula, it is not difficult to see that for 1 <t < N, the conditions 2 { ( N]\i t)
and 2|(N77) for 1 < j <t —1 hold if and only if ¢ = 2™ and N = 2™*+2s + 2"+1 — 1 where s > 0 and
m > 1.

At last, we find that the second construction given by Su and Tang [7] is very closed to our construction.
Let n = 2m > 4,T be any non-empty subset of F3*, Q' = {(z,y) : v € FJ*, x4y € T'} and f : FJ*xFJ* — Fy
be the function defined by

-y, otherwise.

fly) = {x~y+1, if (z,y) €

Su and Tang proved that f(z,y) is a bent function ([7], Lemma 3). This construction is different from
our construction in Theorem 1 since for (z,y) € ', x can be any vector in FJ*, but for (z,y) € Q in our

construction, x is taken from a hyperplane of F3*.

3 The Optimality of Algebraic Degree deg(f,.s)

In this section we present a simple criterion on the bent function f, s € %, having optimal algebraic

n

degree 5.

Theorem 3 Let n = 2m, m > 3, f, s be the bent function given in Theorem 1 and |S| = 2t(t > 1). Then
deg(fa,s) = m if and only if t is odd.

Proof. Firstly we need to get the polynomial expression of f, s(x,y) = fa,s(®1, -, Tm, Y1, s Ym)
inFalz, @y y1, 0 Um)/ (27 — 2, y2 —yi (1 < i < m)). It is easy to see that for & = (21, ,Zp),y =
(yh'" aym)aa: (ala"' 7am) €]Fgﬁbv

reH & z-a=0aiz1+---+amxr,+1=1.
r+y=v= (v, ,Um) & (@4+y+ui+l)-@nt+ymntom+l)=1

Therefore f, s(z,y) =z -y + g(x,y), where

1, fre Handax+yeS
g(z,y) = .
0, otherwise.

(@z1+- - Famm+1) Y @Ay tvi 1) (@t Y+ O+ 1)
’U:(’Uh"‘,’Um,)eS

S ho(a,y), (2)

veS

where

ho(z,y) = (@z1 4+ -+ amzm + D@1 +y1+v1+ 1) (@ + Ym +0m + 1),v € S. (3)



From assumption m > 3 we know that deg(f,,s) = m if and only if deg(g) = m. Since deg(f) < m for
any bent function f € %, we know that deg(g) = deg(fa,s) < m. The monomials of degree m are

ey =@ [[wi TS{l- mpIT={1- m}\I).
iel el

Let ¢; € Fy be the coefficient of z;y; in the polynomial expression of h,(z,y) given by the right-hand
side of (3). Then
cr = the coefficient of zy in (14 3 a;x;) [[ (@i +v; +1)

Jjel icl

=1 +the coefficient of z; in (> ajz;) [ (z; +v; +1).
Jel i€l

But
O azp) [[@i+vi+1) =3 a;(1+v; + 1)y [T (@ +vi + 1)
JEI i€l Jel ;g
=Y ajvjz; [[ (@ +vi +1).
Jjel i€l
i)
Therefore

cr = Z ajv; +1
JjeI
and the coefficient of zyr in (the polynomial expression of ) hyya(2,y) is 3 a;(v; +a;) + 1. For one pair
{v,v+a} in S, the coefficient of zry; in hy(2,y) + hota(z,y) is 3 [(ajv; fll) + (ajvj +a; +1)] = 3 aj,
which is independent from v. There are ¢ pairs of {v,v + a} inj 65{ . Therefore the coefficient of J;szlj in

g(z,y) = > hy(z,y) is t > a;. If ¢ is even, then all coefficients of monomials z;y; with degree m in
veS jel

g(z,y) are zero, which implies both deg(f,,s) and deg(g) are less than m. On the other hand, suppose
that ¢ is odd, from 0 # a = (a1, - ,am) € FJ* we know that there exits i such that a; = 1. Choosing
I = {i}, then the coefficient of z;y7 in g(x,y) is ta; = 1 € Fy. Hence deg(f,,s) = deg(g) = m. This
completes the proof of Theorem 3. m

4 The Symmetric Group of f, s and Some Examples

Let %, be the group of permutations on {1,2,--- ,m},m > 2,0 € ¥,,. For a = (a1, - ,am) € FY,
S CFJ', we define
O(G) = (ao’(l)a t 7a0'(n))a U(S) = {U(U) v E S}

The symmetric group of @ and S are defined by
Sym(a) = {o € ¥, : 0(a) = a}, Sym(S) = {0 € &, : 0(5) = S}.
Let n = 2m. For o € 3, and a Boolean function f = f(z,y) € By(x,y € FY*), we define o f € £, by
(0 f)(@,y) = fo(x),0(y)).
Then {0 € ¥, : of = f} is a symmetric group of f.

Theorem 4 Let n = 2m(m > 2), fo s(x,y) be the bent function in 2B, defined in Theorem 1. Then
Sym(a) N Sym(S) is a symmetric group of f,.s and fa,s-



Proof. Suppose that o € G = Sym(a) N Sym(S). From H = {0,a}* we get Sym(H) = Sym(a).
By the definition, fo,s(z,y) =2 -y or 2 y+1, (0fas)(2,y) = fas(o(x),0(y)) = o(z) -o(y) =y or
z-y+ 1. But

fas(z,y)=z-y+1 ©arecHandz+yes
< o(zx) € Hand o(z) +0(y) =o(x+y) €S (since 0 € Sym(H) N Sym(S))
& fas(o(x),o(y) =0c(@)-oly) +1=z-y+1

Therefore, 0(fa,s) = fa,s and then, Sym(a) N Sym(S) is a symmetric group of f, g.
Finally, faﬁs(x, y) = f, 5(y,z) where S = S+1,,. Itiseasy to see that Sym(S) = Sym(S). Therefore
Sym(a) N Sym(S) = Sym(a) N Sym(S) is also a symmetric group of f, g. This completes the proof of
Theorem 4. m
The following results show that our construction (Theorem 1) can produce several d-rotation sym-

metric bent functions for all even d.

Theorem 5 Let n = 2m > 4, f, s(z,y) be the bent function in B, constructed in Theorem 1, and
Ja,s(%) € By, is defined by

ga,S(Z) = ga,S(ZhZ% Tt 7271) = fa,S(zlazSa Crt y,R2m—1yR2, %4, " 722m)~
1 2 3 - -1
Let 0 = " ") e S, and 1 <1< 2 —1. If o'(a) = a and ¢'(S) = S, then
2 3 4 .- m 1

9a,s(2) is a 2l-rotation symmetric bent function.

Proof. Suppose that o!(a) = a and o'(S) = S . By Theorem 4 we know that (o' f, s)(x,y) = fa.s(7,y).
Then we get

9a,s(Z2141, 2214257+, 220) = fa,s5(22041, 22043, 7+ 5 22-1, Z2i42, 22044, 5 221)
= fa,s(0'(2),0'(y) (x = (21,23, , 22m—1), 4 = (22, 24,7+, 22m))
= (0'fas)(@.y) = fas(@.y) = gas(21, 22, 2m),
which means that g, s(z) is 2l-rotation symmetric. m

At the end of this section, we show some examples of bent functions f, g and their dual bent function
fa, s with optimal algebraic degree and large symmetric group by choosing a and S properly.

Example 1 Let a be any nonzero vector in F5*(m > 3),S = {0,a}. Then

z-y+1, ifr-a=0and y=x orx+a

fa,S(xay) = {

-y, otherwise.

A z-y+1, ify-a=0and x=y+1,, ory+a+1,
fas(zy) = fa,s+1m(y»x)={

-y, otherwise.

By Theorem 1, 3, 4, we know that fq s and fa,g are bent functions in B,,n = 2m with optimal algebraic
degree and Sym(a) is a symmetric group for both of them. Particularly, if a = 1,,, then f1 o and flm,s

have a large symmetric group Sym(1m,) = Zp.

Example 2 Let a = 1, € F5',m > 3, S; = {v € FY" : wtg(v) = i},0 < i < m, where wty(v) is the

Hamming weight of v. It is easy to see that 1,, +S = Sp—;. Let I be the subset of {0,1,--- ,[Z51]} and
Sr=J(Si U Sm_s).
iel



Then 1, +S; = Sr and |S;| = X:I((m) + (") =2 %((T)) From Sym(S;) = X, we get Sym(Sy) =

i m—i
1€
Y = Sym(1l,,). Therefore if > (T) is odd, then f1, s, is bent function in %B,,n = 2m with optimal
i€l
algebraic degree and have ¥, as a symmetric group. Taking I = {0} and S = S; = {0, 1,,}, we get the

bent function fi,, g in example 1.

The following example shows that our construction can provide many self-dual bent functions under

some conditions on N and t.

Example 3 Let n = 2m,m > 3,a be any nonzero vector in F5" with even wty(a), H={v e FJ :v-a=
0}. Then a € H and 1,, € H since a-a = 1, - a = wty(a). Let S be an union of several cosets of
{0,a,1,, 1 +a} in H (if a = 1., then {0,a,1m, 1, +a} = {0,1,,}). Thena+S=1,,+S=S5. By

Theorem 1, fq.5 s a bent function in %, and

fa,s(%y) = fa,SJrlm (y,m) = fa,S(y7x)'

Moreover, for x,y € F3*, from S C H we know thatx € H andx+ye€ S<ye H andx+y € S.
Therefore fo.5(2,y) = fa.s(y, ) = fa.s(x,y) which means that f, s is self-dual. If a = 1,, € FJ*,m is
even and S is an union of odd number of cosets of {0,1,,} in H, then f, s has optimal algebraic degree.

The last example shows that our construction can provide d- rotation symmetric bent functions for

each even d > 2.

Example 4 Let n = 2m,m = ls. For a vector v = (vy,v2,--- ,v;) € Fh, let 7(v) = (va,v3, -+ ,v;,v1).

The period of v is the least positive integer p such that TP (v) = v. Let ¢,cx(1 < X\ < t) be nonzero vectors
toi-1
in FY such that the period of cx is 1, and |J | 7%(cx)A is a disjoint union of tl cosets of A ={0,c} in
A=14i=0

FL. (For example, we take ¢ = (1,---,1) € F5, (1 > 3),¢; = (1,0---,0),t =1 ). Let a = (c,c,--- ,c) €
—_——
1 23 -+ m-1 o1
FZ' ax = (ex,cn, -+ ,cn) € F5'. Then foro = " " €Xn,S=U U o' (ar)B
%# 2 3 4 A m Azli:o

S

is a disjoint union of tl cosets of B = {0,a},| S |= 2tl. It is easy to see that o'(a) = a and 0'(S) = S. By

Theorem 5, gq,s(x,y) is a 2l-rotation symmetric bent function. Moreover, iftl is odd, then deg(ga,s) = m.

5 Conclusions

In this paper, a large number of bent Functions with optimal algebraic degree and large symmetric group
are given. We present a new construction of bent function f, g in %, (n = 2m,m > 2) by flipping the
famous bent function f(x,y) = x -y on the direct product of H = {0,a}* and S CFJ*,a+ S = S. The
vector a and set S can be chosen in much flexible way. And the dual bent function fa,s has a simple
expression. Most surprisingly, elementary symmetric functions oy (f1,--- , fv) based on f; = f, s, are also
bent functions. We propose a simple criterion on f, s having optimal algebraic degree deg(fq,s) = m
and show that Sym(a) N Sym(S) is a symmetric group of f, s. Furthermore, our construction can
produce several d-rotation symmetric bent functions for all even d. Besides the strict demonstration of
the correctness of our construction, we also give some examples of that bent functions f, s and their dual

bent functions.
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