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Abstract
In this paper, we start with a discussion of discrete Gaussian measures
on lattices. Several results of Banaszczyk are analyzed, different approaches
are suggested. In the second part of the paper we prove two new bounds for
the smoothing parameter of lattices. Under the natural assumption that ¢ is
suitably small, we obtain two estimations of the smoothing parameter:

1.

2. For a lattice £ C R™ of dimension n,

ne(£) < \/ =1+ %) ).

™

1 Introduction

An n-dimensional lattice £ C R" is an additive subgroup of R" generated by n linearly
independent vectors (a basis) by,...,b,. This basis is also denoted by the matrix
B whose columns are bq,...,b, and the lattice £ is sometimes written in a more

L(B) = {ixlbZ cx; € Z} )

The lattice £, as a Z-module, has a dual lattice (module) £ = Hom(£, Z) which can
be realized precisely by the following set:

explicit manner:

L={yeR": (x,y)eZ, Vxe L}
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Computationally infeasible problems like Shortest Vector Problem (SVP) and
Closest Vector Problem (CVP) and their variants in high dimensional lattices are
good bases for setting up cryptosystems using lattices. Lattice-based cryptography
is also believed to resist quantum computer attacks. In introducing random noises
in lattice-based cryptosystems, discrete Gaussian distribution is one of the most im-
portant choices. Given parameters s > 0 and ¢ € R", the discrete Gaussian measure

lx—el|l®
assigns a lattice vector v € L the probability value Z :EZ; where pse(x) = e ™ 2

and psc(S) = Y yeg Ps,c(x) for any countable set S. In the study of lattices, dual

lattices, and the Gaussian function p,, Fourier analysis has a great role to play. One
of the useful tools is the classical Poisson formula which gives
S'I'L

_ —2mi(y,c) L )
peelL) = Sm T /E)Ze pi(y)

yel

A study of discrete Gaussian measures on lattices was initiated by Banaszczyk. In
his seminal work [1, 2], several measure inequalities were proved and new transference
theorems were discovered. His results have been playing important roles in lattice-
based cryptography. In the first part of this paper, we shall discuss some measure
inequalities from [1, 2] by stating improvements and proposing different proofs. We
also establish a relation between the second moments of p, (L) and p1 4 (£).

In [9], Micciancio and Regev introduced a new numerical parameger for lattices
that is related to discrete Gaussian measures —the smoothing parameter. For an n-
dimensional lattice £, the smoothing parameter is defined with respect to an € > 0
and given by

Ne(L) = min{s : p%(ﬁ) <1+¢}.
Using the Poisson formula, it has been proved in [9] that the distribution defined on
R"/L whose density function is d(x) = - ps(L£ + (x — ¢)) is statistically close to the
uniform distribution on R"/L, if s > n.(L).

The first non-trivial upper bound for 7.(L£) was established by Micciancio and
Regev in [9], denoting \;(£) to be the ith successive minimum, they proved that

In(2n(1+ 1))

(L) < An(L). (1)
A bound for 7.(£) in terms of dual minimum distance in ¢*°-norm was given by
Peikert in [11]:

1n(2n(1+%))

1e(£) < Ai"’—(z) (2)

Let B = (by, by, -+ ,b,) be a basis of £ such that max; ||bf[| is smallest (such an
quantity is usually written as bl(L)), where {b}, b}, --- b’} is its Gram-Schmidt



orthogonal basis. It is known that (lemma 7.1 of [8]) there is a basis B of £ such that
max; [|[bY|| < A\n(L). Gentry, Peikert, and Vaikuntanathan obtained the first portion

following relation in [7]

1 .
— < bl(L) < \(L).
AF(£)

As a result, they gave a new bound on the smoothing parameter relative to the lattice

quantity bl(L):
R(£) < \/ I 200+ ) gy ), 3)

™

These mean that the bound (2) is the best one and (3) implies (1).

In a recent work [5], Chung, Dadush, Liu and Peikert initiated a study of the
complexity of approximating the smoothing parameter to within a factor. They
provided two novel and nearly tight characterizations of the magnitude of discrete
Gaussian sums over lattices.

In the second part of the paper, we work on improving the current bounds for
smoothing parameter directly. The goal is to getting closer to the exact value of
the smoothing parameter of a lattice. Under some natural conditions we obtain two
better bounds. The first one is for the case of £ = Z. Given € < py o(Z) — 1, we have

Our second result in the second part of the paper is to improve (3) for general n-
dimensional lattice (n > 2) by proving

(L) < \/ln =) e,

™

The paper is organized as follows. We introduce some background materials and
discuss several important results of Banaszczyk in section 2. Section 3 is devoted
to new upper bounds of smoothing parameter of lattices. The last section is the
conclusion.

2 Fourier Transform and Discrete Gaussian Mea-
sures on Lattices

[x—c||?

Recall that we used the Gaussian function psc(x) = e 7 2 to define discrete

Gaussian measure over a lattice £. For any countable set S C R", we denote p; .(5) =

ers Ps,c (X)



For any vector ¢ € R", real s > 0, a discrete Gaussian distribution over L is

defined as:

Ps C(X)
Vx €L, Dsc(x)=— )
(x) psc(L)

When s = 1 and/or ¢ = 0, the corresponding subscripts for D; . and p; . are omitted.

The Fourier transform of a rapidly decreasing smooth function f : R* — C !
defined to be

A

f) = [ ogemr e

Several relevant properties of the Fourler transform include

rg(y).

1. If f(x) = g(x +v) for some function g and vector v, then f(y) =
2. If f(x) = 2™xV) g(x) for some function g and vector v, then f(y) = §(y — v).
3. For the Gaussian function p, we have p(y) = p(y), ps(y) = s
4. For any vector v € R™, p(L +v) < p(L).

The following classical Poisson summation formula has been a useful tool in the
theory of lattice. The proof of this formula can be found in [14].

Lemma 1. For a rapidly decreasing smooth function f and an n-dimensional lattice

L=L(B)CR",
Zf vol ]R”/E Zf

XEL yGL

where vol(R"/L) = | det(B)| is the volume of the fundamental parallelepiped of L.

In the rest part of this section, we discuss some results of Banaszczyk [1, 2]. The
next two lemmas have been widely used.

Lemma 2 ([1], Lemma 1.5). Let £L C R" be a lattice. Then for any ¢ > 27r7

p(L\ B(0,cy/n))
p(L)

< (ev2me e’”CQ)n. (4)

Furthermore, for v.e R",

p((£+v)\ B(0,cy/n))
p(£)

Here B(c,r) denotes the ball in R™ centered at ¢ and with radius r.

< 2(cV2me 67“2)71. (5)

!This means that f and all its (partial) derivatives D f are rapidly decreasing in the sense that
SUPyegrn [X*DP f(x)| < oo for every a, 8 € N". Such a function is said to be in the Schwartz space.



Lemma 3 ([2], Lemma 2.4). Let L C R™ be a lattice and u € R™ a vector. For any
t >0, we have
Y px) <26 p(L), (6)

x€L+u
|z >t

The result of this lemma implies
p((L+u)\ tB>) < 2ne™™ p(L).

where B(>) is the unit ball of R™ (centered at the origin) in /o, norm. This fact was
used in [11] to prove the bound (2).

These lemmas were used to prove transference theorem for lattices [1, 2, 4]. Now
they are playing a significant role in applying Gaussian measures in lattice-based
cryptography.

It is remarked that in [17], Tian, Liu, and Xu presented an improvement of lemma
2 with a transparent proof. Their result states

Lemma 4 ([17], Theorem 3.1). Let £L C R™ be a lattice. Then for any ¢ >
v € R",

\/%7 and

p((‘c + V) \ B<O’ C\/ﬁ)) —me2\ "
(L) < (C\/% e ) . (7)

It is seen that the factor 2 is removed from (5).

Next, we would like to describe a proof of lemma 3 that is different from the
original one given in [2]. We believe that this proof reveals some information that
might be useful in improving the estimation for certain well structured lattices.
Proof of lemma 3

§ 677r||x||2 _ e*ﬂtQ § : 6771*(||x||2 t2) _ fm‘,Q § : e —m((x2—t2 )22k ])

xEL+u xEL+u x€L+u
|zg >t ok | >t |k | >t
= ey e=2mt(lzil=0) = m((Jarl 0+ 5 23) < =rt? S o (k=02 + 5 22)
xEL+u x€L+u
|xk|2t |Cck|2t

_ e*ﬂ‘tQ 2 :: e~ m((zk—t) +Z;;ﬁk5’3])+ § e —7((zr+t) +Zj¢k:c])

xEL+u x€L+u
T >t Tp<—t

< ¢ (p(L 4 (u — tey)) + p(L + (u+ ter))) < 2 p(L),

where e, is the kth vector of the canonical basis of R". O

In the last part of this section, we will illustrate a simple form of “uncertainty
principle” for the Fourier transform on lattices. The classical uncertainty principle for
continuous Fourier transform is the following inequality [15] with respect to a rapidly



decreasing function ¢ : R — C :

| aowpis [~ elboriez 1o [ ot [ 1ok

—0o0 o0

If the function is of the form Ae_BxZ, then the uncertainty principle takes equality.

An uncertainty principle for finite Fourier transform was proposed by Donoho and
Stark in [6], they proved that for a cyclic finite group G, if ¢ : G — C is a function,
then

supp(¢)| - [supp(¢)| > |G,

where supp(h) of a function h is its support. If the group is G = Z/pZ for some
prime number p, the Chebotarév theorem (see [16]) gives a stronger version of the
uncertainty principle

|supp(¢)| + [supp(¢)| > |G| + 1.

Inspired by the idea of Banaszczyk in his lemma 1.3 of [1], we can prove a simple
version of the uncertainty principle for Gaussian functions on lattices.

Proposition 1. Let L C R" be a lattice and s > 0. We have

Htzps(X) 4 1y 1101 (y) B ns?
2, T T

xeL yeﬁ pi(L» 2

Proof. Let us begin with the Poisson summation formula
> ps(x) = __ > " pi(y).
vol(Rn /L) &=""
xeL yel

Write t = 5% and define the function F : R — R as

F#) =Y pux) = 30

xeL xeL

The Poisson summation formula yields another representation of the function F'(t)

s" \/%n —rt||y||?
FO = ®o) Zpé(” ~ Vol(R"/L) Ze o

yeL yeL£



Differentiating both forms with respect to t, we get equalities

F0 = E T

xel
-2
— Lze—mny? Z||Y||2 —wtlly||”
2vol(R*/L) 4~ vol( R"/ﬁ
yeL yel
Le.,
Sn+4 ) n+2
m Il () + st ol ZHY“ p(y) 2vol ol @ /E) Zp
xeL yeL£
Dividing both sides by Wzyeﬁ p1 (y) = VOIET/L p1(L) = ps(L), we get
what we wanted.
[
Remarks.
x| p(x)

1. For a self-dual lattice £, this proposition implies that the “uncertainty” > _. HpT
can be precisely determined, i.e.,

||x|| o)
2 T

2. A proof can also be obtained by following the nice approach from [1]. By setting
a suitable function and taking second order partial derivatives, the following
interesting relation may be obtained from the proof of lemma 1.3 of [1]

472 Z fEsz W Z (27T82 - 47T284y,%) p1 (y)

xeL yeL

3 New Bounds for the Smoothing Parameter

In this section, we shall state and prove our improvement of the upper bound of the
smoothing parameter for lattices. We will first consider the one-dimensional case and
then work on the general case.

3.1 Lattices of Integers

The one-dimensional case £ = 7Z is simpler but it is of great practical importance.
For example, in discrete Gaussian sampling, one usually starts from Z and builds up
things for higher dimensions by using tools such as convolution [10, 12, 13, 18].

7



Since Z is self-dual, so
Ne(Z) = min{s : p1(Z) < 1+¢€}.

Notice that pi(Z) = 1+ 22;’016_“52j2 > 1+ 2¢™". This implies that for any

€(0,1) and s < , the inequality p1(Z) > 1+ ¢ holds. Thus
2
>
One the other hand, any of the general bounds (1), (2), and (3) would give

\/T

Now we have the current bounds for 7.(Z):

\/lrf <n.(Z) < w@. (8)

It is an interesting question whether we can get closer to the exact value of 7.(Z).

The purpose of this subsection is to improve the upper bound in (8). First, we should
note that by the Poisson summation formula,

So we may assume s > 1 and assume € < p(Z) — 1 < 0.086435.
The next result says that we can replace the summand 2 inside the natural loga-
rithm in the upper bound of (8) by the “infinitesimal” .

Theorem 1. Assume that € < 0.086435, then

ln(ﬁ + %)
—

Ne (Z) <

Proof. Given € > 0, consider the polynomial

p(z) = 2° + 22z — 1le.

Let o = 8;1‘22. It is easy to check that p(a) < 0. Since p'(z) > 0, so p(z) has

only one real zero. From the fact lim,_, . p(x) = 400, we see that p(8) < 0 for any
f<a.



€ 42
Let s > 4/ % We have e~™ < o and hence p(e‘“z) < 0. In other words,

we have .
2 (6_“52 + 56_37“2) < €.
We also observe that e™™ < % — ﬁ. Therefore
p1 (Z) — 1_'_ 2(677rs2 + 67471'32 + 87971'32 + 67257752 4 67367r32 4. )
S 1 + 2(6—7r32 4 6—776—37rs2 + 26—971'82>
2 1 2 2 1 2
< 1 ) —ms = —3ms 2 —9ms® —3ms
< I+ (e + 25¢ + Ze 50006 )
1
< 142 (6_”52 + 56_3ﬂ52> <1l+e.
. In(&+2)
This shows that 7.(Z) < |/ —2—=-. O
Remarks.

1. This bound is much more closer to the exact value of 7.(Z). Under the assump-
tion of the theorem, we have

R N £ 5L B
™ & \/Wln(ﬁ—i—

So the new bound is within % of the precise value of 1.(Z).

2. Further non-essential improvement of the bound can be achieved by some careful
manipulations.

3.2 General Lattices

In this subsection, we discuss the smoothing parameter for a general n-dimensional
lattice with n > 2. Our aim is to prove an upper bound that is smaller than (3).

Let B = (by, by, -+, b,) be an arbitrary basis of £. Its Gram-Schmidt orthogonal
basis B* = (bj, ..., b}) satisfies the relation

B =B'R

where R = (p;) € R™" is an upper triangle matrix with p; = 1 for all

1<ij<n
1=1,---,n.



In [7], Gentry, Peikert, and Vaikuntanathan obtained the following bound on the
smoothing parameter

(L) < In (2n + 22)

max [[b7|[.
(2

The main purpose of this subsection is to prove a stronger result, namely

In(n—1+42
na(ﬁ)é\/ !

for ¢ < min{1,0.086435n}.

To this end, we first establish an inequality.

6
Lemma 5. Letc>1 and 0 <z < ne (¢c—1). Then
n+142(n—2)c

(1+£)n§1+x.
cn

Proof.

T\" r In—1,z,2 1In—1n-—2 3 ln—1n—2n—-—3,z.4
(e) = O e O g )
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We shall also use the fact that for any vector v € R”,
p(L+v) < p(L).

Now let us state our main result.

Theorem 2. If ¢ < min{1,0.086435n}, then

n(L) < \/ =D+ L)

™
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Proof. To prove this, let x € £. Then there are integers zy, - -- , x, such that

X = xiby+---+2x,b,
= (214 poxe + -+ 1nTn)b] + -+ (Tt + fn—1.0Tn)b_ + x,b)
= @t BB (T + ()b + 2

Let s; = Htf:”. We have
Ps(X) = po, (n) ps, (Tn1 + pa(n)) - sy (w1 + plwg -+ 7))
Therefore
ps(L) = Z P (Tn)Ps,y (Tt + (@) - - psy (@1 + pl@2 -+ 20))
- Tn€L
— Z s, (Tn) -+ pay (20 + p(x Z psi (v1 + p(x Tn))
- En€L z1€7

Py (2 + @y w0))psy (Z A+ p(w -+ 20))

M

anZ

<

M

Psn, xn Psp— 1(5571 1+ N(In)) p2(x2 + :u(xi% T 7$n))p81 (Z)

< S pSn(Z)pSn 1(Z> Tt Psy (Z)

Using Poisson summation formula, we get
pr(£) < p1 (Z)ps (Z) -1 (D).

Let ko be such that |[by || = max; ||bj||. We have

p1(L) < (P o7, (Z)) : :

Cn\b—‘

Now consider the equation

5 1
X2 (1+3 )X—”+ —

n 6n

This equation has a negative root, so it must have a root ¢ > 1.

Thus
bnc (c 1)
€= —1).
n+142(n—2)c

By lemma 5, we see that
(1+i> <1l+e. (10)
cn

11



Note that

§+2 3(c—1) +(n~|—1—|—2(n—2)c) 2n
4 = 2(n+1+2(n-2)) 3¢ 5
3(c—1 +1)(c—1 2
c=1) (A1) oo 2
22(n+1+42(n — 2)c) 3c €
2n

n|(n— 2n
If 5 > \/Mnb;}n, then

s \/ln((n—1)+2?") ln(f_sz%).

— - Z Z cn
b5 m G

Sko

Since € < 0.086435n, so = < 0.086435. Therefore, by theorem 1, we conclude
that pe; 1 (Z) <14 £ and hence

E]

p (ﬁ)§(1+i)n<1+5.

cn

0 =

4 Conclusion

This paper concerns inequalities and parameter for discrete Gaussian measures on
lattices. The first topic of the paper is about an analysis of several seminal results
of Banaszczyk. Some different approaches are suggested, and a simple version of
uncertainty principle is illustrated.

In the second part of the paper we prove two new bounds for the smoothing
parameter of lattices. Under the natural assumption that ¢ < p(Z—{0}), the following
is proved

This bound is much more closer to the exact value of 1.(Z) with an error at most %.

For a general lattice £ of high dimension, we obtain that

ne(L) < \/ (= 1+2) ).

™

This improves the bound from [7].

12
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