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Abstract. We study uncloneable quantum encryption schemes for classical messages as recently
proposed by Broadbent and Lord | |. We focus on the information-theoretic setting and give
several limitations on the structure and security of these schemes: Concretely, 1) We give an explicit
cloning-indistinguishable attack that succeeds with probability % + 1/16 where p is related to the
largest eigenvalue of the resulting quantum ciphertexts. 2) For a uniform message distribution,
we partially characterize the scheme with the minimal success probability for cloning attacks. 3)
Under natural symmetry conditions, we prove that the rank of the ciphertext density operators
has to grow at least logarithmically in the number of messages to ensure uncloneable security. 4)
The simultaneous one-way-to-hiding (O2H) lemma is an important technique in recent works on
uncloneable encryption and quantum copy protection. We give an explicit example which shatters
the hope of reducing the multiplicative “security loss” constant in this lemma to below 9/8.

1 Introduction

The linearity of quantum mechanics, leading to features like the “quantum no-cloning theorem” and the
imperfect distinguishability of non-orthogonal quantum states, has opened up several opportunities in
cryptography. In fact, the very first protocols in quantum information processing where cryptographic
applications capitalizing on the mentioned features of quantum theory, like Wiesner’s quantum money
[ | and the BB84 key exchange protocol | | (for a survey of other cryptographic applications,
see | ]). Another application of the fact that quantum information cannot be copied, called unclone-
able encryption, was recently explored by Broadbent and Lord [ |: Using a secret key, Alice encrypts
a classical message into a quantum ciphertext, which is passed to a cloner, Eve, who copies the ciphertext
into two quantum registers. These quantum registers are then provided to two separated parties, Bob
and Charlie. Alice also provides the secret key to Bob and Charlie who attempt to guess the message.
The adversaries Eve, Bob, and Charlie win if and only if Bob and Charlie both correctly decrypt the
message. Given a message drawn from some (possibly adversarially chosen) distribution p over a set of
size M, the adversaries can always win with the maximum probability that p assigns to any message,
by outputting the same fixed message as their guess. The goal is to devise an encryption scheme such
that 1) a legitimate receiver can recover the message from the ciphertext and the secret key; 2) the prob-
ability that the adversaries win does not significantly exceed the trivial success probability. Following
[ |, we call the latter requirement uncloneable-security, which is a strengthening of the confidentiality
notion using the same message distribution (e.g. one-wayness if p is the uniform distribution, and IND
if p is uniform on an adversarially chosen pair of messages).! Studying this notion of security is moti-
vated by cryptographic applications such as quantum money and the prevention of storage attack by
classical adversaries” | |. Furthermore, uncloneable encryption is fundamentally related to quantum
copy-protection | , , , ]

The adversaries can win with probability one if the ciphertext is classical and zero-error decryption
of the ciphertext is possible, by simply copying the classical ciphertext and share copies between Bob

! Gottesman studied a different definition of uncloneable encryption called quantum tamper-detection [ .

2 In this scenario, an eavesdropper Eve without quantum memory is forced to immediately measure any inter-
cepted quantum ciphertexts, without knowing the key (yet). Uncloneable security implies that these classical
measurement outcomes cannot be used to determine the message even after learning the key, because otherwise,
copying these classical outcomes and handing them to Bob and Charlie would violate uncloneable security.



and Charlie. Broadbent and Lord | | constructed two schemes with quantum ciphertexts. First, they

studied the scheme in which each bit is randomly encoded in a BB84 basis determined by a secret key.

The optimal probability of winning was shown to be (% + ﬁ) when the message is n random bits.
Second, they constructed a scheme based on a random oracle to which Alice, Bob, and Charlie have
quantum access. They prove that when a message is uniformly distributed over a set of size M and the
number of queries made by Bob and Charlie is polynomially bounded, the optimal probability of winning
is bounded by % + negl(\) where X is a security parameter.

The security proof of the scheme introduced in [ |, as well as the security proof of the copy-
protection scheme presented in | |, are based on a “simultaneous” variant of the so-called one-
way-to-hiding (O2H) lemma, originally introduced by Unruh | | (see | , ) | for

variations and improvements). A variant of that result implies that given a quantum algorithm 4 having
quantum oracle access to a random function H : X — ), the probability that the algorithm correctly
finds H(z) for a fixed input € X is upper-bounded by ﬁ + q\/p where q is the number of queries
made by A and p is the probability of obtaining x when measuring the input register of the oracle for
a randomly chosen query. In the “simultaneous” version of this problem, two non-communicating parties
with shared entanglement, run quantum algorithms A and B with quantum oracle access to the same
random function H : Y — X. In | , Lemma 21], it has been shown that the probability that both
algorithms correctly output H(x) for a fixed z is upper-bounded by

9
v poly(q., 45)v/p, (1)
where ¢4 and gp are the number of queries made by A and B, respectively, poly is a polynomial, and
p is the probability that measuring the input registers of both algorithms at two independently chosen
queries returns x on both sides.

1.1 Owur Contributions

In this article, we explore the fundamental information-theoretic limits of uncloneable encryption. In
particular, we prove the following four results.

1. When the message is chosen uniformly at random to be either an adversarially chosen message or a
default one, we construct in Section 3 an explicit cloning attack with probability of success % + &
where 1 is the maximum (over all messages) of the average (with respect to the key) of the maximum
eigenvalue of the corresponding ciphertext (see Corollary 3.3). This bound implies that in order to
have the probability of success for all attacks limited to at most 1 + negl(\) (as desired in | ,
Definition 11]), the quantity p should be negligible in A.

2. When the message is uniformly distributed over all messages, under some symmetry conditions on
the ciphertexts, we show in Section 5 that there exists an attack with the probability of winning

Q( l‘zlgMM where M is the number of messages and d is the dimension of the Hilbert space

corresponding to ciphertexts (see Theorem 5.1). This lower bound implies that under our symmetry
conditions, to ensure that the probability of winning is O (%) for all adversaries (as desired in | ,
Definition 8]), the rank of the ciphertext density operators has to grow at least as 2(log M).

3. Fixing the number of messages M and the dimension of the ciphertext Hilbert space, we partially
characterize the encryption scheme that minimizes the optimal adversarial winning probability when
the message is uniformly distributed over all possible messages (Section 4). Our characterization
involves an optimization over all probability distributions over a finite set.

In addition, we formulate a natural conjecture, that would allow removing the symmetry requirement
from 2.

4. Finally, in Section 6, we employ some of the insights from 1. above in the context of the simultaneous
O2H lemma. Here, an important open question is whether the factor 9 is an artifact of the proof
technique used in | |, or whether a probability of success of ﬁ + poly(qa, qs)\/p is, in fact,
possible? Put differently, do there actually exist algorithms A and B that simultaneously succeed
in guessing H(x) with non-trivial probability while not allowing simultaneous extraction of x from
their queries?



In this work, we answer the above question. We provide an example with p = 0 (so simultaneous
query-based extraction never succeeds), Y = {0,1} but A and B both output H(0) with probability
9/16, which is strictly larger than the trivial % This example illustrates that the simultaneous setting
is fundamentally different from the single-party setting.

2 Notation and Preliminaries

Let N denote the set of positive integers. For n € N, [n] denotes the set {1,...,n}.

With some abuse of notation, we denote the Hilbert space corresponding to the quantum system A by
A itself. |A| denotes the dimension of A. We also denote the tensor product of A and B by AB. 14 is the
identity operator over A. Let £L(A) denote the set of all linear operators from A to A, D(A) denote the
set of all density operators over A and U(A) denote the set of all unitary operators over A. A quantum
channel from the quantum system A to the quantum system B is a linear trace-preserving completely
positive map from L£(A) to L£(B). A positive operator-valued measure (POVM) over quantum system A
is a collection {P,}, .y, where & is a finite set, P, is a positive operator in £(A) for all z € X, and
> wex Pr = 1a. For a density matrix p4 € D(A), Amax(pa) denotes the maximum eigenvalue of p4.

The uniformly spherical measure and Haar measure are defined over the unit sphere in A and U(A),
respectively, as in | , Chapter 7].

2.1 Uncloneable Encryption

We recall the definition of an encryption scheme that encrypts a classical message and a classical key to
a quantum ciphertext.

Definition 2.1 (] ], Definition 4). A quantum encryption of classical messages scheme (QECM)
is a triplet of algorithms & = (KeyGen, Enc, Dec) described as follows:

— The key generation algorithm KeyGen samples a classical key k € K from the key space K with
distribution Py .

— The encryption algorithm Encg(m) takes as inputs the classical key k and classical message m € M
from the message set M and produces a quantum ciphertext ps € D(A).

— The decryption algorithm Decy(pa) takes as inputs the classical key k and quantum ciphertext p
and returns the classical message m € M.

We note that our definition of a QECM differs slightly from | |. In particular, we do not include a
security parameter in our definition of a QECM, because we only study information-theoretic security
in this article and therefore do not impose any computational assumptions on the adversary. Our results
hold for any fixed underlying parameter of the scheme.

Correctness is defined in the natural way.

Definition 2.2. A QECM £ = (KeyGen, Enc, Dec) is (perfectly) correct if for all k produced by KeyGen,
and for all messages m € M, it holds that

Pr[Dec(Enci(m)) =m] =1. (2)

Asin | |, we study two flavors of uncloneable security.

Uncloneable Security for Uniformly Distributed Messages A uniformly distributed message is
encrypted using a secret key. The adversary then “clones” the ciphertext into two quantum registers and
passes each register on to a separate party, called Bob and Charlie. Bob and Charlie then learn the secret
key and attempt to individually decrypt the message. They are successful if they simultaneously decrypt
the correct value of the message.

Definition 2.3 (Cloning Attack, | |, Definition 7). Let £ = (KeyGen, Enc, Dec) be a QECM
scheme. A cloning attack against € is a triple A = (Na_spc, {PE}, {QF,}) such that

— The quantum channel N'a_,pc describes the adversary’s cloning operation.



— For every possible key k, {P,’fl} is Bob’s POVM on B to guess the message m.

meM

— For every possible key k, {an}meM is Charlie’s POVM on C to guess the message m.

The success probability of a cloning attack A against encryption scheme £ with uniform messages is
1
Pwin-unif (5’ A) £ W Z ]EkeKeyGen (tI‘ (PTI:’:L ® anNAﬁBC(Ean (m)))) (3)

We also define the optimal probability of winning as
ptvin—unif (5) £ Sip Pwin-unif (57 A) : (4)

where the supremum is taken over all cloning attacks A.

Uncloneable-Indistinguishable Security Here, the adversary chooses a message m; € M. The
encrypted message is uniformly distributed over the set {mg, m1} for a fixed my € M. The rest of the
definition of an attack A is similar to in the previous section.

Definition 2.4 (Cloning-indistinguishability Attack, | |, Definition 10). Let £ = (KeyGen, Enc, Dec)
be a QECM scheme and fix mg € M. A cloning-indistinguishability attack against & and mg is a quadru-
ple A= (m1,Naspc, {PF},{QF}) such that

— my s a message in M\ {mo}.
— The quantum channel Na_ gc describes the adversary’s cloning operation.

— For every possible key k, {Plf}be{o 1 is Bob’s POVM on B to guess the message my,.

— For every possible key k, {Q’g is Charlie’s POVM on C to guess the message my.

}bE{O,l}

The success probability of a cloning-indistinguishability attack A against encryption scheme £ is

1
Pwin-ina (£ 4) 5 Z ErsKeyGen (tr (Pf ® ngNA%BC(Ean(mb))))' (5)
be{0,1}

We also define the optimal probability of winning as

p;kvin—ind (5) £ Sip Pwin-ind (57 A) . (6)

3 Simultaneous Guessing and Uncloneable-Indistinguishable Security

We consider the situation where two parties Bob and Charlie have quantum side information about
a classical random variable X belonging to set X, and they simultanously try to guess X by local
measurements.

Definition 3.1. For a classical-quantum-quantum (cqq) state pxpc = Y cx Px(7)|2)(x| ® phe, the
simultaneous guessing probability is defined as

Pgucss (X|B; C), = sup > Px(2) tr (P ® Qu)pc) (7)
{Pr}zg;w{Qm}zeX rEX

One of our central objects of study in this article is the following “cloning operation:”

Vaspe :|¢) — (L ®@ld)c+|d)p®|L)c), (8)

1
V2
where | L) is a unit vector orthogonal to A. Intuitively, Va_, go distributes the input state to B and C
“in superposition.”

Let p,o be perfectly distinguishable states, for example p = |0)0|,0 = |1)(1|. We now consider the
task where for a random bit X € {0, 1}, Bob and Charlie have to simultaneously distinguish the following
two cases:



— if X = 0: VpVT is handed to Bob and Charlie,
— if X = 1: VoVT is handed to Bob and Charlie.

The following lemma gives a non-trivial lower bound on their simultaneous guessing probability of X for
this task. In particular, for pure states like p = [0)(0],o = |1)(1], we obtain a lower bound of § + 1= = %.
At first sight, it seems counterintuitive that Bob and Charlie are able to succeed with probability strictly
higher than % One might think that after applying the cloning operation V4_, ¢, the state is either with
Bob or with Charlie, so the other party will succeed with probability at most % However, as one can see
from the explicit simultaneous guessing strategy that we construct in the proof of the lemma, Bob and
Charlie can exploit the quantum coherence of the state after applying Va_, pc to achieve a simultaneous

guessing probability strictly larger than l.

Lemma 3.2. Let p,o € D(A) such that po = 0 and define wxpc = 1|0)(0| x @V pVI+1[1)(1]| @V VT.
We have
1 maX(Am X(p)7 Am X(O'))
pguess (X|B C) 5 + : 16 . (9)

Proof. We consider eigen-decompositions
p= Z Ailai)(ail, o= Z pi|bi) (bl (10)
ie[|Al] ie[|A[]

such that Ay > --- > Aja; and pg > -+ = pya. We set |¢) £ /1 —alar) + v/a|L) for some parameter
€ [0,1] (to be determined below) and

|A|
£ (@) (] + Y lai)(asl. (11)
i=2
I is a projector and one can verify the following equalities by straightforward calculations:
(LUI|L) = (12)
(a1|]a1) =1 -« (13)
(@] 1) = (1| ar) = /a(l — ) (14)
(a;|a;) =1 Vie{2,---,]|A|} such that A; >0 (15)
(a;| Ly = (L|IT]a;) =0 Vie{2,---,|A|} such that \; > 0. (16)
It holds that A;p; |(as|b;)|> = 0 for all i and j since po = 0. Hence IT|b;) = 0 for all j with z; > 0 and
(bj|(1 = II)[b;) =1 (17)
(bj|(1 = ID)|L) = (L|(1 = IT)|b;) = 0, (18)

for all j with p; > 0.
Bob and Charlie both use the POVM {I1,1—IT} as their local guessing strategies for X. By definition
of Pguess (X|37 C)w’ we have

Pguess (X|B; C),, > % (tr (T VeV +tr (1 -H)® (1 - M)VaVT)). (19)
The first term on the right-hand side of Eq.(19) is
tr (T MVpVT) = > Ntr (IT @ M)V |a;)(a;|VT) (20)
ieflAll

:% > Az‘tr((f[é@13’)(\ai><ai| @ [LY(LI+ [ L) (L] @ |ai)(as] +

i€l All (21)
0} (L] @ | 1) (@] + [ L)l © [ai) (L1))
4|

Wornal - a) +aZA (22)
=a+ A\a(l —2a), (23)



where (a) follows by using Eq. (12)-(16). Similarly applying Eq. (17) and (18) yields that
tr(1-M)®1-H)VoVT) =1-a. (24)

Combining Eq. (19), (23), and (24) and seting o = 1/4, we obtain that

Pguess (X|B7 C)w 2 + = (25>

1

2 16
Finally, without loss of generality we can assume that A; > pq, and therefore, A\; = max(Amax(p), Amax(0)).
O

Applying the above lemma to the setting of uncloneable-indistinguishable encryption, we obtain the
following corollary.

Corollary 3.3. For any correct (see Definition 2.2) QECM scheme £ and arbitrary mg € M, there
exists an uncloneable-indistinguishable attack A against € and mq for which it holds that

maXme m ]Elﬁ—KeyGen (Amax(Ean (m) ))
16

1
Pwin-ind (€3 A) = 5T (26)
Proof. Letm; & ArgMAaX,, c A(\ {m} Lk KeyGen (Amax (Enck(m))). We consider the unclonable-indistinguishable
attack (m1, Vapo, {1, 1 — IT*}, {IT*,1 — II*}) where the projector IT* is IT defined in the proof of
Lemma 3.2 for p = Encg(mg) and o = Encg(mq). The claim then follows directly from the lemma. O

4 An Optimal Scheme

In this section, we provide a partial answer to the following question: For QECM schemes with finite mes-
sage set M = [M] and a d-dimensional ciphertext space A, which QECM scheme & = (KeyGen, Enc, Dec)
minimizes pl;, i (£)7 It turns out that the best QECM schemes in terms of uncloneable security are
of a simple form, formally defined in Definition 4.1. Intuitively, the optimal scheme maps every classical
message to a completely mixed state over a subspace of A, so that different messages are mapped to
states with disjoint support to ensure correctness. The key additionally specifies a Haar-random unitary
to hide the message.

For simplicity of the proof, we work with Haar-random unitaries in this section, which is a continuous
distribution and results in infinite-sized keys. In practice, one would want to work with finite key sizes
and pick the unitary from a suitably chosen two-design instead.

Definition 4.1. Fiz an orthonormal basis a = (a1),- -+ ,|aq)) for A and a random variable T taking
values in T £ {(tl, coety) ENM Nt < d}. We define a QECM scheme 5;} = (KeyGen, EEE, B\e/c)

as follows. The key generation KeyGen outputs a pair K = (T,U) where U is a random unitary over A
distributed according to the Haar measure and independent of T. Furthermore, we define

- | S
ENC((ty,tar)u) (M) = u . > lai)ail | ul (27)
m 7,:2_;":_11 t;

Decryption Dec is defined by applying u', measuring in basis a and identifying the message m.

The following theorem shows that QECM schemes of the form above are optimal in terms of unclone-
able security for uniform messages.

Theorem 4.2. For any correct (see Definition 2.2) QECM scheme £ = (KeyGen, Enc, Dec), it holds that
p:vin-unif (5) 2 Hjl,f p:vin—unif (ga\,;) ’ (28>

where the infimum is taken over all probability distributions over T and a is an arbitrary orthonormal
basis for A.



Proof. We first sketch the proof, which has two steps. First, for the QECM &, we augment the key with
a random unitary U and apply it to the ciphertext in the encryption procedure. This still results in a
correct QECM with improved uncloneable security. When U is distributed according to Haar measure,
the basis that ciphertexts were initially encoded in will be forgotten, and only their spectrum matters.
Second, we apply a random permutation of the eigenvectors of each ciphertext. This extra randomness
is not necessary to decrypt the message but makes the spectrum of each ciphertext flat.

We now provide the complete proof. Due to correctness of the QECM &, the ciphertext density
matrices Encg(1),...,Encg (M) are mutually orthogonal for a fixed k. Thus, there exists an orthonormal
basis (le1),- - ,|eq)) and real numbers {\,, ; : m € M, i € [d]} both depending on k such that

Enci(m) = Z Am,ilei) (€l (29)

and Ay, ;A = 0 for all distinct m,m’ and all i. Let S, 2 {i: Am,i > 0}. Without loss of gener-
ality we can assume that S, = {Z : 27!11 IS +1<i <300 |Sj|}. Additionally, we define t(k) =
(IS1], -+ ,|Sm]) and T as t(K) where K < KeyGen. It is sufficient to show that for any orthonormal
basis a = (Ja1),- - ,aa)), Phinunit (€) = Phin.unit (é:;/T) where 5’;} is defined in Definition 4.1. For a
function g : M — D(BC) (think of it as encryption followed by a cloning operation), we define

1
A (g) £ sup TAAl tr ((Pm 02y Qm)g(m)) ) (30)
{Pm}me/\/l’{QM}meM |M| m;/\/[

where the supremum is taken over all pairs of POVMs { P}, c v {@m F e We can write

Pwinunit (€) = SUD  Epe keyGen(A (Naspe o Ency)). (31)
B,C,NA—)BC

For a fixed unitary u, we denote by M, the quantum channel mapping p to upu'. We have

sup  Epekeygen(A(NaspecoEncy)) = sup  Epekeygen(A (NMaspe o My 0Ency))  (32)
B,C,Na_BC B,C,Na_BC

because Na_,pc = Na_pc o M, is bijection. Therefore, if U is distributed according to Haar measure
over U(A), it holds that

sup  ErekeyGen(A (Masspe 0 Ency)) = EU( sup  EpkeyGen(A (Naspe o My o Ean))) (33)
B,C,Na_Bc B,C,Na_Bc

>  sup  EpckeyGen(Ev (A (Nasspo o My oEncy))). (34)
B,C,Na_sc

Let A, be the set of permutations 7 of [d] such that 7(i) =i for all ¢ ¢ S,,,. We denote by V; the unitary
on A corresponding to the permutation 7 defined by

Vﬂ|€i> = |eﬂ(i)>. (35)

Let m,, be uniformly distributed over A,, for all m € M. For any fixed unitary v and for U distributed
according to Haar measure over U(A), Uv is also distributed according to Haar measure. We hence have

Ey(AWNaspooMyoEncg)) =Er .. ry (EU (A (NA—)BC o MUVWI»»-VWM o Enck))) (36)

=Ery i (EU (A (NAHBC oMyoMy, o---0 MV«M o Enck)))
(37)

20 (3 (Mr o (B (M, oo, o))

(38)



where (a) follows from the convexity of A(-). For a fixed m € M, we have

Eryor o (My,, 000 My, 0Ency)(m)) & Ex, (M, (Encr(m)) (39)

_E,, (z -

=Enr,, (Z Am.il€r,, (1)) (€r, (i) |> (41)
=E,, <Z /\m7ﬂm1(i)|ei><ei|> (42)
— ZEWM (At 1)) i (43)
> |\ez eil, (44)

1€Sm

eieilVy ) (40)

where (b) follows since for m # m’, My _,(p) = p for any p with support in the span of {|e;) : i € Sy, }.
Upon defining unitary vy as vg|a;) = |e;), Vi € [d], we can re-write Eq. (44) as

Erpvmas (My,, 0020 My, o Ency)(m) ) = vy (Z = ||a1><az|> = M,, (Z = |al><al|>
i€S

i€S
(45)
Combining Eq. (38) and Eq. (45), we obtain
EU(A (NAHBC o MU o Ean,)) 2 EU (A (NA%BC o MU o ka o E'Et(k))) (46)
=Ey (A (NAHBC o My, © En\ct(k)» (47)
=Ey (A (NA—>BC oMy o Erct(k))), (48)
where
1 ity
Enci(m) £ - > Jai)(adl. (49)
"i=ymte
Putting Eq. (31), Eq. (34), and Eq. (48) together, we have
* . > . -
Piineunit (€) = B,Ci\lflf—»Bc Eg+KeyGen (]EU (A (NA—>BC oMy o Enct(k)) )) (50)
= sup ET (]EU (A (NA%BCOMU oEn\cT))) (51)
BycyNA—»BC
(g p:vin-unif (50«\,;) (52)
where (c¢) follows because M,, o Enc, (m) = E;rc(t’u) (m). This completes the proof. O

We remark that if the decryption algorithm, which can be specified by a POVM on the ciphertext space,
is projective, but the QECM scheme is only approzimately correct, Equation (28) can be proven as well,
up to an additive error proportional to the square root of the correctness error. This is the case because
such a scheme can be made perfectly correct by modifying the encryption algorithm to prepare the post-
measurement state of a successful decryption measurement instead of the original ciphertext, which only
differs from the original encryption algorithm up to a small error bounded by the gentle measurement
lemma | |

We leave it as an open problem to characterize the optimal probability distribution of 7', but we
conjecture that a deterministic 7" that splits the space evenly is optimal.

Congecture 4.3. Let d and M be such that d = M/ for £ € N. Optimal uncloneable security is achieved
for £, 7 when T = (¢,--- ,£) € NM with probability one.



5 Uncloneable Security for Uniformly Distributed Message

We prove a lower bound on pk;, ..i¢ (€) for QECM schemes £ whose ciphertexts have small rank.
Theorem 5.1. Let £ be a correct (see Definition 2.2) QECM scheme satisfying the following conditions:

1. Pk is the uniform distribution over [k] for k € N.
k
2. For all k and for all m, Ency(m) = % where ITE is a projection and £ = |A| /| M|

Then there exists an absolute constant ¢ > 0.151 such that

. [log | M|
. . > .
Pwin-unif (5) zcC |M| |A‘ (53)

Remark 5.2. Although Assumption 2 in Theorem 5.1 seem restricting, according to Theorem 4.1, we

k
can always assume that Ency(m) = trgj"}c) for projection IT¥ and for all m and k. Furthermore, if

Conjecture 4.3 holds, we can assume that tr (/1)) = [M] /|A] as required in Theorem 5.1.

m

The proof of Theorem 5.1 is based on a connection between uncloneable encryption and so-called
monogamy of entanglement games (MEG) introduced and studied in | ]. This connection was
used in [ | to prove upper-bounds on the success probability of cloning attacks on a QECM. A
MEG G has three players Alice, Bob, and Charlie and is described by a set M, a random variable K
with distribution P, a Hilbert space A, and a POVM {F,’Z}m M for each realization k& of K. Bob
and Charlie prepare a tripartite quantum state p4pc and pass sub-system A to Alice. Bob and Charlie
keep sub-systems B and C, respectively, and no communication is allowed between them after state

preparation. Alice performs POVM {Fﬁl}m e On sub-system A when K = k and provides K to both

Bob and Charlie. Bob and Charlie then perform POVMs {Pﬁl}meM and {an}mej\/l’ respectively, on
their corresponding sub-system. Bob and Charlie win if all three parties obtain the same outcome from
their measurements. The probability of winning is

Eie P (Z tr(F) ® Py, ® anPABC)> . (54)

m

We denote by pZ;, (G) the maximum probability of winning that Bob and Charlie can achieve for a fixed
game G. In the next two lemmas, we establish lower-bounds on the probability of winning a MEG.

Lemma 5.3. Let G be a MEG such that K is distributed uniformly over [k] for an even integer k € N.
We have

K/2
N 1
Pyin(9) 2 31‘15 S IM] Z<¢|F;]f(k)|¢>7 (55)
; k=1

where the supremum is over all unit vectors |¢) and all functions p : [k/2] — M.

Proof. See Appendix A. O

Lemma 5.4. Let G be a MEG such that 1) K takes values in [k] for an even integer k € N, 2) FX is a
projection for all m and k, and 3) F,’ﬁLij@, =0 for all distinct m and m’ and for all k. We then have

K/2

klog | M
sup Y (| Fhl6) > o.ozstH, (56)
H7‘¢> k=1 | |
where the supremum is taken over all unit vectors |¢) and all functions u : [k/2] — M.
Proof. See Appendix B. O



We are now ready to prove Theorem 5.1. Given a QECM scheme & satisfying the conditions in
Theorem 5.1, we define a MEG G with the same M, K, and A. We also fix an orthonormal basis
(le1), -+ ,]eq)) and set

d d

Fi & (mh)" =303 (elth ej)les) (el. (57)

i=1 j=1
We define the Choi isomorphism J that maps a quantum channel M4, gc to a density operator
124
QZZMM@;‘I ®@Naspc(lei)ejl). (58)
i=1j=1

Fix Hilbert spaces B, C' and POVMs {P,’;}meM and {Q]:n}me/vl for each k over B and C, respectively.
We have

% S Y (R @ P e QhJ(Na o)) (59)

k€[k] meM

1 1 d d
== > > | FePieQn| 5> D leel@Nasso(le el | | (60)

kelx] meM P
I Z mgzi ej|Fles)tr (Pl @ QF Nape(les)(e;))) (61)
= 7; ]g[:] m;/\/[ tr (P}, ® Qv Naspe(I1},)) (62)
|M| mgw ;tr (Pr, © QpNaspo(Ency(m))). (63)

Here we have used Assumption 2. in the last step. Since the Choi isomorphism is a bijection between the
set of quantum channels and the set of density operators, we have

sup S > te(Ph © QN so(Enci(m)) (64)
Nasseo M|k meM &
= sup — Z Z tr(F* @ P* @ QX pago). (65)
PABC

Therefore pki,(G) = Phinumir (€)- Applying Lemma 5.3 and Lemma 5.4, we obtain the result.

6 Counter-Example for Simultaneous O2H

The so-called one-way-to-hiding (O2H) lemma | | is an important tool in the analysis of the quantum
random-oracle model. Informally, it states that if an algorithm has an advantage over random guessing
in determining which of two quantum-accessible oracles it has query access to, there is a reduction that
outputs an input on which the two oracles differ. The latter process is called eztraction. In | ], a
stmultaneous variant of this lemma has been presented (Lemma 21). In this setting, the starting point
is two non-communicating agents that receive (in general entangled) quantum inputs and interact with
an oracle. If the two agents simultaneously succeed in producing an output of the oracle corresponding
to an input where the two possible oracles differ, then that input can be simultaneously extracted by
each agent. In [ |, another variant of the simultaneous O2H lemma was shown. Here, like in the
single-party O2H lemma, it is only required that the two agents distinguish the two possible oracles. The
simultaneous success probability in the distinguishing task, however, needs to be close to 1 to guarantee
a non-trivial success probability forextraction. It is an interesting open question whether a simultaneous
analogue of Unruh’s O2H lemma exists that gives a non-trivial extraction guarantee whenever two agents
as described above simultaneously succeed at distinguishing two oracles.

10



In the following, we provide a counterexample, answering the above question in the negative. More
precisely, for a random function H : {0,1} — {0, 1}, we exhibit an input state |¢)) ¢ and algorithms Ap
and Ac such that the following holds. i) When provided with the registers B, and C, of |4}, respectively,
as input, the two algorithms both output H(0) simultaneously with probability > 1/2, and i) the two
O2H extractors never succeed simultaneously.

Before presenting the counterexample, let us formally state the simultaneous O2H lemma that is
implicitly proven in | |

Lemma 6.1. For L € {B,C}, let q be a nonnegative integer, Ur, a unitary and {7]},c(o0,13» be a
projective measurement. Let further [1b) be a unit vector and x € {0,1}*. Then, we have
2 9
EHHUH@) ((UBOg)QB ® (UcOg)qc> |¢>H < gn T Basac +2)apacv M (66)

where ITH @) = Wg(m) ® wg(x) and

M= EkEeEHH (1224l @ 1) (eler, ) ((UB08)" @ (Uc0H)") |1/)>H2 (67)

with and k, ¢, and H being uniformly distributed over {0, ...,qp—1}, {0,...,qc—1}, and {h :{0,1}* — {0, 1}”},
respectively.

The important thing to note here is, that the trivially achievable left-hand side for Equation (66), that

does not require querying the oracle, is 27". The inequality in Equation (66), however, provides a non-

trivial extraction guarantee only once the left-hand side is strictly larger then 9 -27". This discrepancy

also prevents a straight-forward generalization to a full search-to-decision-style simultaneous O2H lemma,

and causes the weak bound in the non-trivial generalization in this direction presented in | ]. Note

also that the above lemma can be generalized to apply to algorithms that guess only a function of the

output H(x), see Lemma 19 in | |. Therefore, a version of the above theorem with the factor 9
replaced by a constant ¢ < 2 would directly imply a search-to-decision variant.

We continue to present our counterexample that shows that Lemma 6.1 has no chance of being true
when replacing the factor 9 with any constant ¢ < % = 1.125.

Theorem 6.2. Forn =1 and qg = qc = 1, there exist Uy, and 7y, for L € {B,C} such that, with the
notation from Lemma 6.1,

Ey||117@ (U0 & UcO¥) |¢>H2 = (68)

but M = 0.

Proof. Let the registers B and C' have two qubits each, where the first one corresponds to the input to H,
the output of H will be XORred to the second qubit. Define [¢)) gc = %(|0>|0>B QD+ + D)+ ®

|0}|0)¢), where |+) = %(|0) + (1)), and set Ug = U = 1. After the two queries, the joint state is
RS
V2
Setting |¢) = |0)|H(0)) and |L) = |1)|+), we observe that

|¥1)Bc = Vaspeolg)a (70)

where V4, o was defined in Equation (8). We employ Lemma 3.2 with p = |00)00| and o = |01)01] to
conclude that there exist 7% for L € {B,C}, b= 0,1 such that

[1)Be = (05 ® O8) [¥) = —=(10)|H(0))5 ® [1)|+)c + [1)]+) 5 @ |0)|H(0))c). (69)

21 1 9
EHHHH<0> (Up0% © UcOH) |¢>H —sp— =2 (71)

2 16 16
However, the extraction measurement never succeeds. Indeed, there is only one query to “choose from”
on each side, and the computational basis measurement of the first qubits of B and C of the query input

state 1)) po defined above never returns (0,0), hence M = 0. O

11



7 Open Problems

One major question is whether there exists a sequence of QECMs {&€x}, <y such that

1
)\h~>nc}o p:vin—ind (E")\) = 5 or )\ILH;O |M)\| p;kvin—unif (E")\) =1 (72)
Analyzing the performance of the scheme defined in Definition 4.1 might answer this question. Another
open question is the validity of Conjecture 4.3, which simplifies the characterization of the optimal scheme
and justifies the assumptions that we made in Theorem 5.1.

Regarding simultaneous O2H, while our results show that the constant 9 on the right-hand side of
Eq. (66) cannot be replaced by 1, finding the optimal constant could be of interest both for uncloneable
encryption and quantum copy-protection applications. Extensions of simultaneous O2H to more than
two parties are natural to study and might also have natural applications in quantum copy protection.
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A Proof of Lemma 5.3

In this section, we prove Lemma 5.3, which we recall for the reader’s convenience.

Lemma A.1. Let G be a MEG such that K is distributed uniformly over k] for an even integer k € N.
We have

u\¢>

n/2
1

where the supremum is over all unit vectors |¢) and all functions p : [k/2] — M.

We consider Hilbert spaces B and C spanned by orthonormal bases {|m):m € M}. We also set

Pk = QF, = |m)(m|. We then have
1
Pin(0) > sup S 1S tr(Fh @ lm) (| © [m) (mlpanc) (73)
PABC m
= IS EE | @ |m><m|H (74)
k. m
= —max ; FF (75)

Now note that permuting {Fffz tm € M} depending on k does not change p%;,(G). Therefore, we have

. 1 k
Planl9) >, LD Flw)| (76)
We then have
2 2
Frll =D Fhule) (77)
3
K/2 2 K n k-1
SIS Bl + X [l 2red @l (i) (S F |19t | @9
k=1 k=r/2+1 j=1
k=1
> 2 Z Res (@] u(k)) Fugy | 19) (79)
k=r/2+1 j=1
Let M be a uniform random variable on M. For all k > /2 + 1 and all u : [k] = M, we have
k—1
E |Red (| (FE)' ZFJ Z Re{ (¢ (F, Fi | 1e) (80)
mEM Jj=1
1 k—1
:WRG (9] Fu(j) ) (81)
j=1
k—
J
WZ S1F,;)|9) (82)
j=1
1 /2
> FJ . 83
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It follows that for all k > /2 + 1 there exists u(k) such that

k—1 K/2
:
Req (0] (Fiw) | 22 Floy wa (84
=1 =1
and thus
K k—1 K/2
k T
2 ) Req (0l(Fl) Fl) Z OIF )| 0)- (85)
k=r/24+1 j=1 j=1

Combining Eq. (76), Eq. (79), and Eq. (85) yields the result.

B Proof of Lemma 5.4

In this section, we prove Lemma 5.4, which we recall for the reader’s convenience.

Lemma B.1. Let G be a MEG such that 1) K takes values in [k] for an even integer k € N, 2) FF is
a projection for all m and k, and 3) F¥ F¥, =0 for all distinct m and m' and for all k. We then have

K/2

klog |IM
(61 l6) > 0.0228|A'|, (56)
where the supremum is taken over all unit vectors |¢) and all functions p : [k/2] = M.

Proof. We assume for simplicity that M = [M] and d £ |A|. Let |[¢) be distributed according to uniformly
spherical measure on the unit sphere in A. We have

K/2 /2 9
su E max HFk H 86
qu;) ; (B F iy |d) = Epyy u(l),m,u(n/Q)I; () [¥) (86)
2

=By m(%ch K9] (87)

K/2 )
:ZMM%ﬂ%WH) (88)

k=1

Hence, it is enough to show that [y (maxm HF,’fL|¢>H2) > 0.0457% for any fixed k € [k/2]. By our
assumption on POVM {Fﬁl}me/\/t’ there exists an orthonormal basis (|eq), - , |eq)) such that F¥ =
> icz,, lei)(ei| where (Zi,---,Zy) forms a partition of [d]. Let (ai,---,aq) and (b1, -+ ,b4) be two

independent sequences of iid standard normal random variables. Define
) = > (ai + jbi)le:) (89)
i
= 1)/ |19)| (90)
Then, |¢) is distributed according to uniformly spherical measure. We also have

ZieIm (af + b?)

FE|° =
Il =2 v

(91)
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Let (X1,---,X) be independent random variables such that X, ~ Erlang(tr (F%),1/2) (See Ap-
pendix C for the definition and properties of Erlang distribution). We then have

2 maXme M Xm
Ejyy (max ||[FE[0)||7) = 1E<> (92)
(mac[F710)]°) =B 5=
(@) log M
> 0.0457 — 2 —— (93)
Z’rn:l tr (Fm)
log M
= 0.0457 Ogd : (94)
where (a) follows from Lemma C.2. O

C The Erlang distribution

In this appendix, we gather some properties of the Erlang distribution used in our work.

Definition C.1. Erlang(k, \) is a probability distribution over [0,00) characterized by two parameters
ke N and A > 0 and defined by its probability density function as

N )\kxk—le—)\w

flz) = VRS (95)
When X ~ Erlang(k, A\), we have
E(X) = k/A (96)
PHX <al =13 ewi(,”)i (97)
i=0 :
Moreover, if Xi,---, X9, are independent standard normal random variables, then Zfil |X;|? has
Erlang(k, 3) distribution.
Lemma C.2. Let Xy,---, X, be independent such that X; ~ Erlang(k;, \). We have
=(TE%) > 9
for some absolute constant ¢ > % ~ 0.0457.
Proof. We have for all a,b > 0
E(max,ie[n]Xl) > p; lmaxXi > a and i:Xi < b} (99)
Yo Xi b i€[n] pt
g‘;(ppr[%%xma] —Pr iXpr (100)
Qa (1 —Pr [maXXi < a} - Z?:NE(X)> (101)
b i€[n] b
= % (1 —Pr [?é%f]ixi < a} - z::;_)\lkl> (102)


https://en.wikipedia.org/wiki/Erlang_distribution

where (i) follows from the union bound and (i) follows from Markov’s inequality. Furthermore, by the

independence of X1,...,X,,, we have

Pr {maxXi < a] = HPr[XZ- < al

i€[n]

i=1

n k,;—l s
M-S ()\ﬁ)j

=1 j=0 :
< (1 — ef)‘a)n

_ eln(l—efxa)n

—e My

<e

Setting a = Inn/\ and b = 22%, we obtain that

<maxie[n] Xl-> < 1—e1-05Inn

Z?:l Xi - 2 > ki
_1—et—05logn
o 2log(e) Xk
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