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Abstract

Let n = 2m. In the present paper, we study the binomial Boolean functions of the form

fa,b (x) = Trn
1

(
ax2m−1

)
+Tr2

1

(
bx

2n−1
3

)
,

where m is an even positive integer, a ∈ F∗2n and b ∈ F∗4. We show that fa,b is a bent function if the
Kloosterman sum

Km

(
a2m+1

)
= 1+ ∑

x∈F∗2m

(−1)Trm
1 (a2m+1x+ 1

x )

equals 4, thus settling an open problem of Mesnager. The proof employs tools including comput-
ing Walsh coefficients of Boolean functions via multiplicative characters, divisibility properties of
Gauss sums, and graph theory.
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1. Introduction

Let Fq be the finite field of q elements, where q = pn and p is a prime. Let f be a Boolean
function from F2n to F2 in univariate trace form. It’s Walsh coefficient at b ∈ F2n can be defined as

W f (b) = ∑
x∈F2n

(−1) f (x)+Trn
1(bx) , (1)

where Trn
1(·) is the absolute trace function from F2n to F2. The function f is said to be a bent

function if its Walsh coefficients W f (b) take values ±2m only for all b ∈ F2n . Bent functions
[5, 17] are the indicators of Hadamard difference sets in elementary Abelian 2-groups. They play
important roles in symmetric cryptography, coding theory, combinatorial designs, sequences, etc.
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A Boolean (bent) function f over F2n is called hyper-bent if f (xk) is bent for every k co-prime to
2n−1. Bent functions exist for every even integer n. We shall denote n = 2m in the sequel. If f is
a bent function, then there exists a Boolean function, that we shall denote by f̃ , such that, for any b
in F2n ,

W f (b) = 2m (−1) f̃ (b) .

This function f̃ is bent too, and we call it the dual of f .
It is usually difficult to compute the Walsh coefficients of Boolean functions explicitly; some-

times, even computing the absolute values of Walsh coefficients is difficult. However, such diffi-
culties can sometimes be bypassed by divisibility considerations. In fact, the condition on Walsh
coefficients of bent functions can be weakened, without losing the property of being necessary and
sufficient [12]:

Lemma 1. Let n = 2m. A Boolean function f over F2n is bent if and only if for each b ∈ F∗2n ,
W f (b)≡ 2m mod 2m+1. In that case, the dual f̃ of f can be determined by approximations modulo

W f (b)≡ (−1) f̃ (b)2m (mod 2m+2).

For more details about bent functions and their applications in cryptography and coding theory,
see [4] and [16].

Finding bent functions in univariate trace form is in general difficult and of theoretical interest,
since it gives more insight on bent functions. Moreover, the output to such functions is often faster
to compute thanks to their particular form.

In 2009, Mesnager [13] has exhibited an infinite class of binomial Boolean functions defined
on F2n whose expression is the sum of a Dillon monomial function and a trace function of the from
Tr2

1

(
x

2n−1
3

)
. More precisely, they are of the form

fa,b (x) = Trn
1

(
ax2m−1

)
+Tr2

1

(
bx

2n−1
3

)
, (2)

where n= 2m, a∈F∗2n and b∈F∗4. When m is odd, Mesnager [13, 14] has shown that such functions

are bent if and only if the Kloosterman sum Km
(
a2m+1)= 1+∑x∈F∗2m (−1)Trm

1 (a2m+1x+ 1
x ) associated

with a2m+1 is equal to 4. Not only does such a criterion give a concise and elegant characterization
for bentness, but using the connection between Kloosterman sums and elliptic curves it also allows
fast generation of bent functions. Unfortunately, the proof of the aforementioned characterization
does not extend to the case where m is even. When m is even, the situation seems to be more
complicated than that in the odd case. In particular, we are not able to say if a function fa,b is or not
in the Partial Spread class, which is a key part in Mesnager’s proof for the odd case. Nevertheless,
it has been shown that Km

(
a2m+1) = 4 is still a necessary condition for fa,b to be bent [15], but it

is an open problem to tell whether this condition is sufficient for all even m or not (see [2, Open
Problem 3] and [3]). Further experimental evidence gathered by Flori, Mesnager and Cohen [6]
supported the conjecture that it should also be a sufficient condition: for m up to 16, fa,b is bent if
and only if Km

(
a2m+1)= 4. In the case when m≡ 2 mod 4, Flori [8] presented a link between the

bentness of fa,b and a conjecture about exponential sums involving Kloosterman sums.
We will show that the binomial function fa,b is indeed bent if Km

(
a2m+1) = 4, whose proof is

the objective of the present paper. We state our main result as the following.
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Theorem 2. Let m be an even positive integer, and let n = 2m. Let a ∈ F∗2n and b ∈ F∗4. If the K-
loosterman sum Km

(
a2m+1)= 4, then the binomial function fa,b : F2n→ F2 defined in Equation (2)

is a bent function.

The remainder of the paper is organized as follows. In Section 2, we fix our main notation and
recall the necessary background on character sums over finite fields. Next, in Section 3, we give the
proofs that the value 4 of the Kloosterman sum indeed leads to bent functions. Finally, in Section
4, we give the detailed discussions of binary weight inequality needed in the proof of our main
theorem.

2. Gauss sums and Stickelberger’s Theorem

We collect some auxiliary results on Gauss sums as a preparation for computing the Walsh
coefficients of Boolean functions.

Let p be a prime number and q = pn. Let Zp be the ring of integers in the field Qp of p-adic
rational numbers. Let Zq be the ring of integers in the unique unramified extension of Qp with the
residue field Fq. Let ωq be the Teichmüller character of the multiplicative group F∗q consisting of
all nonzero elements of Fq. For x ∈ F∗q, the value ωq(x) is just the (q− 1)-th root of unity in Zq
such that ωq(x) modulo p reduces to x. For any integer k, define the Gauss sum over Fq by

G(k) = ∑
x∈F∗q

ω
−k
q (x)ζTrn

1(x)
p , (3)

where ζp is a fixed primitive p-th root of unity in an extension of Qp and Trn
1 (x) = x+ xp + · · ·+

xpn−1
is the trace map from Fq to Fp.

Gauss sums are instrumental in the transition from the additive to the multiplicative structure of
a finite field. We have the following well-known relation between the additive characters and the
multiplicative characters.

Lemma 3. For all x ∈ F∗q, the Gauss sums satisfy the following interpolation relation

ζ
Trn

1(x)
p =

1
q−1

q−2

∑
k=0

G(k)ωk
q(x).

Let k be any integer not divisible by q−1. Then there are unique integers k0,k1, . . . ,kn−1 with
0≤ ki ≤ p−1 for all i, 0≤ i≤ n−1 such that

k ≡ k0 + k1 p+ · · ·+ kn−1 pn−1 (mod q−1).

We define the (p-ary) weight of k modulo q−1, denoted by wtq (k), as wtq (k)= k0+k1+ · · ·+kn−1.
For integers k divisible by q−1, we define wtq (k) = 0.

To get the first nonzero digit in the π-adic expansion of the Gauss sum, we can use the Stickel-
berger theorem (see [9] and [11]).

Theorem 4 (Stickelberger). For integer 0≤ k≤ q−2, write k = k0+k1 p+ · · ·+kn−1 pn−1 in p-adic
expansion, where 0≤ ki ≤ p−1. Then,

G(k)≡ −πwtq(k)

k0!k1! . . .kn−1!
(mod π

wtq(k)+p−1),
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where π is the unique element in Zp[ζp] satisfying πp−1 =−p and π≡ ζp−1 (mod (ζp−1)2). In
particular, if p = 2 the following congruence holds:

G(k)≡ 2wtq(k) (mod 2wtq(k)+1).

3. Proof of the main results

The goal of this section is to prove Theorem 2. In order to do so, we must first establish some
results concerning exponential sums over finite fields.

Lemma 5. Let n = 2m, q = 2n and a ∈ F∗2m . It holds that

∑
x∈F∗2m

(−1)Trm
1 (ax+ 1

x ) =
1

2m−1 ∑
0≤i≤2m−2

G(i)2
ω
(2m+1)i
q (a) ,

where G(i) denotes the Gauss sum ∑x∈F∗2m ω
−(2m+1)i
q (x)(−1)Trm

1 (x) over F2m with respect to the

multiplicative character ω
(2m+1)i
q .

Proof. Note that ω2m+1
q is a generator of the multiplicative character group of F∗2m . By Lemma 3,

we have

∑
x∈F∗2m

(−1)Trm
1 (ax+ 1

x )

=
1

(2m−1)2 ∑
0≤i, j≤2m−2

G(i)G( j) ∑
x∈F∗2m

ω
(2m+1)i
q (ax)ω

−(2m+1) j
q (x)

=
1

(2m−1)2 ∑
0≤i, j≤2m−2

G(i)G( j)ω(2m+1)i
q (a) ∑

x∈F∗2m

ω
(2m+1)(i− j)
q (x) .

Since ∑x∈F∗2m ω
(2m+1)(i− j)
q (x) = 2m− 1 if and only if i ≡ j (mod 2m− 1), and is 0 otherwise, we

thus have

∑
x∈F∗2m

(−1)Trm
1 (ax+ 1

x ) =
1

2m−1 ∑
0≤i≤2m−2

G(i)2
ω
(2m+1)i
q (a) ,

which completes the proof.

Lemma 6. Let n = 2m and q = 2n. Write B = ∑x∈F∗2n (−1)Trn
1(ax2m−1+cx), where a,c ∈ F∗2n . Then

(1) B = 1
q−1 ∑0≤i≤q−2 G(i)G(−(2m−1) i)ωq

(
aic−(2

m−1)i
)

.

(2) B≡ Km
(
a2m+1)+2m−1 (mod 2m+1).
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Proof. By Lemma 3, we have

∑
x∈F∗2n

(−1)Trn
1(ax2m−1+cx)

=
1

(q−1)2 ∑
0≤i, j≤q−2

G(i)G( j) ∑
x∈F∗2n

ω
i
q

(
ax2m−1

)
ω

j
q (cx)

=
1

(q−1)2 ∑
0≤i, j≤q−2

G(i)G( j)ωq
(
aic j)

∑
x∈F∗2n

ω
(2m−1)i+ j
q (x)

=
1

(q−1)2 ∑
0≤i, j≤q−2

G(i)G( j)ωq
(
aic j)

ω
(2m−1)i+ j
q (F∗2n) ,

where ω
(2m−1)i+ j
q (F∗2n) = ∑x∈F∗2n ωq (x)

(2m−1)i+ j. It is well known that

ω
(2m−1)i+ j
q (F∗2n) =

{
q−1, i f j ≡−(2m−1) i (mod q−1),
0, otherwise.

We thus have

∑x∈F∗2n (−1)Trn
1(ax2m−1+cx)

= 1
q−1 ∑0≤i≤q−2 G(i)G(−(2m−1) i)ωq

(
aic−(2

m−1)i
)
.

This completes the proof of the first assertion of the lemma.
To prove part (2), recall that wtq (−(2m−1) i) = m if i is not a multiple of 2m + 1 (see [12,

Lemma 2]). Combining Theorem 4 with the fact G(0) =−1 yields

∑x∈F∗2n (−1)Trn
1(ax2m−1+cx)

≡ ∑0≤i≤2m−2 G((2m +1)i)ωq

(
a(2

m+1)i
)

(mod 2m+1).
(4)

Observe that ω
−(2m+1)i
q (x) = ω

−(2m+1)i
q

(√
x2m+1

)
for each x ∈ F∗2n and 0≤ i≤ 2m−2. We deduce

that

G((2m +1)i) = ∑x∈F∗2n ω
−(2m+1)i
q (x)(−1)Trn

1(x)

= ∑x∈F∗2n ω
−(2m+1)i
q

(√
x2m+1

)
(−1)Trn

1(x)

= ∑x∈F∗2n ω
−(2m+1)i
q

(√
x2m+1

)
(−1)Trn

1(
√

x)

= ∑x∈F∗2n ω
−(2m+1)i
q

(
x2m+1)(−1)Trn

1(x)

= −
(

∑x∈F∗2m ω
−(2m+1)i
q (x)(−1)Trm

1 (x)
)2

,

where the last equality follows by the Davenport and Hasses lifting theorem (see Weil [18, p. 503–
505]). Substituting G((2m +1)i) in the expression (4) by −G(i)2, we have

∑x∈F∗2n (−1)Trn
1(ax2m−1+cx)

≡−∑0≤i≤2m−2 G(i)2ωq

(
a(2

m+1)i
)

(mod 2m+1).

5



Since ωq

(
a(2

m+1)i
)
= ω

(2m+1)i
q

(√
a2m+1

)
, we have

∑x∈F∗2n (−1)Trn
1(ax2m−1+cx)

≡−∑0≤i≤2m−2 G(i)2ω
(2m+1)i
q

(√
a2m+1

)
≡−(2m−1) ·∑x∈F∗2m (−1)Trm

1

(√
a2m+1x+ 1

x

)
(mod 2m+1),

where the last congruence follows from Lemma 5. Together with the fact

∑
x∈F∗2m

(−1)Trm
1

(√
a2m+1x+ 1

x

)
= ∑

x∈F∗2m

(−1)Trm
1 (a2m+1x+ 1

x ) ,

we have

∑x∈F∗2n (−1)Trn
1(ax2m−1+cx) ≡ (2m +1) ·

(
Km
(
a2m+1)−1

)
(mod 2m+1),

Since Km
(
a2m+1) is an even integer, we have

∑x∈F∗2n (−1)Trn
1(ax2m−1+cx) ≡ Km

(
a2m+1)+2m−1 (mod 2m+1),

which completes the proof of Part (2).

The most important ingredient in the proof of Theorems 2 is the following result.

Theorem 7. Let q = 22m, where m is any positive integer, and let u equal 22m−1
3 or 2 · 22m−1

3 . For
any integers a and b, if s and t satisfy

s≡ u−a+b, t ≡ u+a−b (mod 22m−1),

then wtq (a)+wtq (b)+wtq (s)+wtq (t)≥ 2m.

The proof of Theorem 7 involves graph-theory methods. To streamline the presentation of the
paper, we postpone the proof to the next section.

The following lemma establishes a congruence relation between the Walsh coefficients of fa,1
and the Kloosterman sum, which plays an important role in the proof of Theorem 2.

Lemma 8. Let a ∈ F∗2n , where n = 2m and m is an even positive integer. Let fa,1 be the binomial
function given in (2). Then for any c ∈ F∗2n we have

W fa,1 (c)≡
4−Km

(
a2m+1)

3
+2m (mod 2m+1).

Proof. Let C0 =
{

x3 : x ∈ F∗2n

}
. By noting that

Tr2
1

(
x

2n−1
3

)
=

{
0, i f x ∈C0∪{0}
1, otherwise

,
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we have

W fa,1 (c)

= ∑x∈F2n (−1)
Trn

1(ax2m−1+cx)+Tr2
1

(
x

2n−1
3

)
= 1−∑x∈F∗2n (−1)Trn

1(ax2m−1+cx) +2 ·∑x∈C0 (−1)Trn
1(ax2m−1+cx)

= 1−∑x∈F∗2n (−1)Trn
1(ax2m−1+cx) + 2

3 ·∑x∈F∗2n (−1)Trn
1(ax3(2m−1)+cx3) .

(5)

By Lemma 3, we have

∑
x∈F∗2n

(−1)Trn
1(ax3(2m−1)+cx3)

=
1

(q−1)2 ∑
0≤i, j≤q−2

G(i)G( j) ∑
x∈F∗2n

ωq

(
ax3(2m−1)

)i
ωq
(
cx3) j

=
1

(q−1)2 ∑
0≤i, j≤q−2

G(i)G( j)ωq
(
aic j)

∑
x∈F∗2n

ωq (x)
3·(2m−1)i+3 j .

Note that

∑
x∈F∗2n

ωq (x)
3·(2m−1)i+3 j =

{
q−1, if 3 · (2m−1) i+3 j ≡ 0 (mod q−1),
0, otherwise.

Since 3 · (2m−1) i+3 j ≡ 0 (mod q−1) if and only if j = 2n−1
3 `− (2m−1)i, where 0≤ `≤ 2, we

obtain

∑x∈F∗2n (−1)Trn
1(ax3(2m−1)+cx3)

= 1
q−1 ∑0≤i≤q−2 G(i)G

(
2n−1

3 − (2m−1) i
)

ωq

(
aic

2n−1
3 −(2

m−1)i
)

+ 1
q−1 ∑0≤i≤q−2 G(i)G

(
2 · 2n−1

3 − (2m−1) i
)

ωq

(
aic2· 2n−1

3 −(2
m−1)i

)
+ 1

q−1 ∑0≤i≤q−2 G(i)G(−(2m−1) i)ωq

(
aic−(2

m−1)i
)
.

(6)

Combining (5) with (6) yields

W fa,1 (c)

= 1− 1
3(q−1) ∑0≤i≤q−2 G(i)G(−(2m−1) i)ωq

(
aic−(2

m−1)i
)

+ 2
3(q−1) ∑0≤i≤q−2 G(i)G

(
2n−1

3 − (2m−1) i
)

ωq

(
aic

2n−1
3 −(2

m−1)i
)

+ 2
3(q−1) ∑0≤i≤q−2 G(i)G

(
2 · 2n−1

3 − (2m−1) i
)

ωq

(
aic2· 2n−1

3 −(2
m−1)i

)
.

(7)

When m is even, it is routine to check that

2n−1
3
− (2m−1) i≡ 2m

(
2n−1

3
+(2m−1) i

)
(mod 2n−1)

and

2 · 2
n−1
3
− (2m−1) i≡ 2m

(
2 · 2

n−1
3

+(2m−1) i
)

(mod 2n−1).
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Applying Theorem 7 with u = 2n−1
3 , a = i and b = 2m · i, we then have

wtq (i)+wtq

(
2n−1

3
− (2m−1) i

)
≥ m.

Similarly, we have

wtq (i)+wtq

(
2 · 2

n−1
3
− (2m−1) i

)
≥ m.

By Theorem 4, we have

G(i)G
(

2n−1
3
− (2m−1) i

)
≡ 0 (mod 2m)

and

G(i)G
(

2 · 2
n−1
3
− (2m−1) i

)
≡ 0 (mod 2m).

Continuing from (7), we have

W fa,1 (c)≡ 1+ 1
3 ∑0≤i≤q−2 G(i)G(−(2m−1) i)ωq

(
aic−(2

m−1)i
)

(mod 2m+1).

By Lemma 6, we get

W fa,1 (c)≡ 1+
1−Km(a2m+1)+2m

3 (mod 2m+1),

which further gives

W fa,1 (c)≡
4−Km(a2m+1)

3 +2m (mod 2m+1).

This completes the proof of the lemma.

Having dealt with these preliminaries, we can now prove the main theorem.

Proof of Theorem 2. Substituting Km
(
a2m+1) in the expression for W fa,1 (c) in Lemma 8 by 4, we

have
W fa,1 (c)≡ 2m (mod 2m+1).

Combining the above congruence with Lemma 1, the proof of Theorem 2 is concluded, by noting
that fa,b is bent if and only if fa,1 is bent [7].

Example 9. Let F26 be the finite field represented as F2[z]/(z6 + z4 + z3 + z + 1) and a = z3.

Then K6(a) = 4 and the binomial function fa,1(x) = Tr12
1

(
ax26−1

)
+ Tr2

1

(
x

212−1
3

)
over F212 is

bent. Its dual f̃a,1(x) is given by Tr12
1
(
z48x357)+Tr12

1
(
z28x147)+Tr12

1
(
z3x63)+Tr12

1
(
z62x21)+

Tr12
1
(
z60x105)+Tr4

1
(
x273)+Tr2

1
(
x1365) . However, the Boolean function fa,1(x11) is not bent as its

Walsh spectrum
{

W fa,1 (c) : c ∈ F212
}

is {0,±32,±64,±96,±128,±160} . Note that g.c.d(11,212−
1) = 1. Hence fa,1 is not a hyper-bent funcition.
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4. Proof of the weight inequality

Let
{

s j
}

j∈Z be a sequence. If for a positive integer n the terms of
{

s j
}

j∈Z satisfy s j = s j+n for
all j ∈ Z, then we say that

{
s j
}

j∈Z is n-periodic. If s j ∈ {0,1} for all j ∈ Z,
{

s j
}

j∈Z is said to be

a binary sequence. Let 0Z (resp., 1Z ) denote the sequence
{

s j
}

j∈Z with s j = 0 (resp., s j = 1) for
all j. Any sequence of length n can be extended to a periodic sequence with period n.

Given a and b, we use a modular add-and-carry method inspired by [10] to help compute the
weights of u−a+b and u+a−b that appear in the inequality in Theorem 7. The basic result we
need is a technical result related to [10, Theorem 13].

Theorem 10. Let
{

s j
}

j∈Z and
{

a(i)j

}
j∈Z

, 1≤ i≤ r, be binary sequences of period n with
{

a(i)j

}
j∈Z
6∈{

0Z,1Z
}

for some i. Let t1, . . . , tr be nonzero integers. Suppose that

s≡ t1a(1)+ · · ·+ tra(r) (mod 2n−1),

where s = ∑
n−1
i=0 s j2 j and a(i) = ∑

n−1
j=0 a(i)j 2 j. Then there exists a unique n-periodic sequence {ci}i∈Z

with terms in {t−, t−+1, . . . , t+−1} such that

2c j + s j = t1a(1)j + · · ·+ tra
(r)
j + c j−1 ( j ∈ Z),

where t− = ∑i,ti<0 ti and t+ = ∑i,ti>0 ti. Moreover, we have that

n−1

∑
j=0

c j =
r

∑
i=1

ti
n−1

∑
j=0

a(i)j −
n−1

∑
j=0

s j.

The numbers s j and c j will be referred to as the digits and carries, respectively, for the compu-
tation modulo 2n−1 of the number s.We now give the promised proof of Theorem 7.

Proof of Theorem 7. Let s and t be defined as in the theorem, and write n = 2m. Assume that a, b,
u, s and t have the binary digits a j, b j, u j, s j and t j, for j = 0, . . . ,n−1. Note that

s ≡ u−a+b (mod 2n−1),
t ≡ u+a−b (mod 2n−1).

Now apply Theorem 10 to the defining additions for s and t. In both cases, t+ = 1 and t− = −1,
hence there are carry sequences

{
c j
}

j∈Z and
{

d j
}

j∈Z with −1≤ c j,d j ≤ 1 such that

2c j + s j = u j−a j +b j + c j−1,
2d j + t j = u j +a j−b j +d j−1.

(8)

Moreover, ∑
n−1
j=0 c j +∑

n−1
j=0 d j +∑

n−1
j=0 s j +∑

n−1
j=0 t j = n. Using this relation, we see that the weight

inequality in the theorem is equivalent to

n−1

∑
j=0

(
a j +b j− c j−d j

)
≥ 0. (9)
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In order to analyze the contribution of the individual binary digits a j,b j,c j,d j to the sum
∑

n−1
j=0
(
a j +b j− c j−d j

)
, we construct the following weighted directed graph G.

The graph G will have a vertex (u′,a′,b′,c′,d′) whenever u′,a′,b′ ∈{0,1} and c′,d′ ∈{−1,0,1},
and a weighted directed arc

(u′,a′,b′,c′,d′) a′+b′−c′′−d′′−−−−−−−−→ (u′′,a′′,b′′,c′′,d′′),

whenever u′′ = 1−u′,
s′ = u′−a′+b′+ c′−2c′′ ∈ {0,1} ,

and
t ′ = u′+a′−b′+d′−2d′′ ∈ {0,1} .

Note that, according to these definitions, whenever (8) holds there is an arc

(u j,a j,b j,c j−1,d j−1)
a j+b j−c j−d j−−−−−−−−→ (u j+1,a j+1,b j+1,c j,d j),

in the graph. Therefore, there is a one-to-one correspondence between n-periodic sequences
{

u j
}

j∈Z,
where u j+u j−1 = 1 ,

{
a j
}

j∈Z,
{

b j
}

j∈Z,
{

c j
}

j∈Z,
{

d j
}

j∈Z satisfy relation (8) with the correspond-

ing sum of weights w = ∑
n−1
j=0
(
a j +b j− c j−d j

)
and the directed walks of length n in the graph for

which the sum of the weights of the arcs equals w. Thus to verify (9), it suffices to show that the
graph does not contain any walk of strictly negative weight.

We investigated the weighted directed graph G with the aid of a computer. It turns out that G,
a digraph on 72 vertices, has 33 strongly connected components. Here, two vertices of a directed
graph are said to be strongly connected if they are contained together in a directed cycle. The
relation of being strongly connected is an equivalence relation on the set of vertices; the equivalence
classes of this relation are called the the strongly connected components of the directed graph.

One of these strongly connected components has size 40 (that is, contains 40 vertices), denoted
by H, and further 32 strongly connected components have size 1. Obviously, all strongly connected
components of size 1 contain no arc at all. The weighted directed graph H has 8 arcs of weight−1,
32 arcs of weight 0, 80 arcs of weight 1, 32 arcs of weight 2, and further 8 arcs of weight 3.

So we are done if we can show that the weight of each directed walk in the directed graph
H is nonnegative. Using standard graph-theory tools of MAGMA [1] it is easy to verify that the
component H has no negative-weight walk. Note that the running time is negligible. This completes
the proof.

5. Concluding remarks

Combining our results with the work of Mesnager in [13, 14], the bentness of binomial function
fa,b(x) = Trn

1
(
ax2m−1)+Tr2

1

(
bx

2n−1
3

)
, where m is an positive integer, a ∈ F∗2n and b ∈ F∗4, has

been completely characterized: fa,b is bent if and only if the Kloosterman sum Km(a2m+1) = 1+

∑x∈F∗2n (−1)Trm
1 (a2m+1x+ 1

x ) equals 4. A related question is whether the bent function arising from
Theorem 2 is hyper-bent. We have checked by computer that the answer is no in all cases when
m = 4,6,8 and 10, and we believe that the answer is no in general.
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