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Abstract. In this paper, the pipeline is modeled as a curved rod in contact
with the Winkler medium. Linear oscillations of a curved viscoelastic rod
lying on the Winkler base are considered. The general formulation of the
problem of free oscillations of a spatially curved viscoelastic rod with
variable parameters is reduced to a boundary value problem for a system of
ordinary integro-differential equations of the 12th order with variable
coefficients relative to eigenstates; it can be solved by the method of
successive approximations. The relations allowing to present the solution
of the boundary value problem for the rod in an analytical form are
formulated. It is established that the dimensionless complex frequencies of
natural oscillations of a spatially curved rod, while maintaining the
elongation of the rod constant, do not depend on it. The Poisson's ratio has
little effect on the dimensionless real and imaginary parts of the natural
frequencies.

1 Introduction

In recent times, acromechanics has become one of the developing applied areas in the field
of mechanics, within which great attention is paid to the study of the strength of elements
under vibration, shock and other types of external influences [1-2]. Biomechanical
structures, in general, have a very complex structure and shape [3-4]. Their mechanical
properties depend on the individual characteristics of the organism, age, functional state,
external factors and are largely determined by the stress-strain state, since the
biomechanical system adapts to external influences. An organism, as an object of
mechanics, is a complex system in which a hierarchical organization is viewed [5].
Considering the general methods of studying complex systems, it can be argued that their
mathematical modeling requires the compilation of models of elements of the lowest level
of the hierarchy, that is, in relation to this case, bones, muscles and internal organs. From
the given examples of structuring it follows that the elements of the skeleton, i.e. bones,
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which are the main supporting elements of the structure of the organism, are an
indispensable element of modeling [6]. In the vast majority of cases, bones can be
represented as spatially curved rods of variable cross-section. In addition, the elements of
the skeleton have pronounced viscoelastic properties [7-8], varying both along the axis and
in cross-section.

The method of modal analysis (modal decomposition) is currently used to solve
problems on the dynamic behavior of viscoelastic bodies [9-10]. Its advantage is the
possibility of using both analytical and discrete models, in which there is a weak
dependence on the nature of external influence. To implement the method, the
decomposition of the motion of a viscoelastic body according to the modes of vibrations -
the functional basis — according to the forms of free vibrations of an elastic body is used.
The convenience of this basis is that it is a complete orthogonal system of functions, which
simplifies the decomposition technique [11-12].

Therefore, in this paper we consider the question of representing solutions to dynamic
problems through combinations of elementary transcendental functions, which in the limit
give strict solutions to a system of equations for forms of free oscillations. The complex
eigenfrequencies are determined by the Muller-Gauss method. Also, when the curvilinear
pipeline lying on the base of the Winkler oscillates, the present work is considered.

2 Materials and methods

2.1 Problem statement and solution methods

To derive the differential equations of motion of a curved rod, we select the elementary part
of the curved rod (Figure 1). Consider the element of a curved rod of length ds and all the
acting internal and external forces, Wthh is shown in Figure 1. In Figure 1, the following

designations are adopted: O=01 + 0. +0b where Q1= N axial force Q2=Qn —
cutting force or normal force, Q3=Qb- shearing force or components of the shearing force

M=Mi+Mh+Mpb

vector by binormals; —vector of 1nternal moments, where - M, torque

moment, M, and M, - bending moments; q qtt t4q, n +qhb

-vector of external loads,
9:>9n>D - components of the vector of external loads.

q, ds -

‘\\ l"‘h‘li:\']l:'.

o0

Fig. 1. The element of the rod of infinitely small length.
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The selected element is in equilibrium only when the sum of all forces and the sum of
moments are equal to zero, which gives two vector equations:

1
2

I r oU
dO+qgds — p——ds =0,
O+gq P 0
T T iy T
dM +dst xQ+ M ,ds =0.

Here- ]\j[{ is the main moment of inertia forces. The system of equations (1) can be

written in the following form

1 1 1 2
ON 8QH+8QI,7P 62 +6rI=0,
6s 85 asr 6 2)
dM +dM +dM, dM =0.
_ r 1 1 1 . . .. . .
Here dM:@é\l[ dﬁag@ dS+a]aMb ds 8 the main moment arising in the sections of a
A S S

curved rod; gps -- the main factor of the forces of external loads. Taking into account the
)2

Frensay—Serre formula [13], it is possible to write through projections of tangent vectors 7
,normal 77 and binormals 5 in the form of a system of three differential equations:

BN o%u
F— =0,
. kO, —p 7 4
%mv—gbr— +q":0, 3)
Q,,

+0,7— pF?3 +q,=0.

Now we write the second equation (3) in expanded form. To do this, we use the
expression of moments through displacements:
62 u ou, T
ke, S b pds @

=,

Where J,.J,,J,are moments of inertia of the rod relative to the axes.

To calculate the moments from the forces, we use the well-known ratio from vector
analysis

T T
. t n
M, =dr*xQ=|N 0, 0, (5)
u w

r our ovr owl r r r
dMQ=(t+gt+gn+ng (Q,t +an+Q,7b) (6)
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Vector multiplication (6) can be written through the components of vectors in scalar
form. Now using equations (5) and (6) we obtain three more differential equations in scalar

form:
ON 0u
ok F<liq =0,
o MG mPEGE
2
%+kN Or—-pF—+¢q,=0
os
2
%+Q”T—pF q, 0’
Os
oM, o’u, )
—L+ M, k-J, =0,
os G
oM o'u
S s Mk-M,r-0]1-J 0,
os e
oM, o’u
+M7-0l1 b=,
s O or

Thus, we obtained six differential equations with 12  unknowns:
N?Qn=Q17=Mr’Mn’Mb’u’v’W’u u,

t>%n>

U,
To obtain a closed system of equations, additional geometric and physical equations are

needed. Normal stresses at any point of the rod, taking into account the viscoelastic
properties of the rod material, are represented by Hooke's law [14-16]:

o, =E, es(r,s>—jR0E(r—r)a(r,s)dr} )

Where Ej, is instantaneous values of the modulus of elasticity, Ry (t-7) - the
relaxation core of the material, ¢ - the tension of the rod along the axial line. Deformations
along the axis:

g=g- Sy ©)

Here- & is deformation of the rod axis; y, is movement of the rod particle along the
binormal; ,, is movement of the rod particle along the normal. The deformations of the

axis of the rod are determined by (9) and takes the following form:
e=u'-kv (10)

If we use Hooke's law (8), then for internal points we get known formulas of power
factors:

N= jadFM j(adF)z

(11
M, j(adF)y,M &AS deF
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Here- r)- an arbitrary function of

E, ‘ o
GPp ()] = 2(1—+v)[(”(’) - {Rog(t - r)(p(r)dr}

time. The force factors (11) can be brought into a form convenient for calculation using the
above ratios (8)- (10):

ou ou B
Fe—F —o_F —b)_
(Fe - F, FR )
N=E,| . 5 5
—[ Ryt =) Fe(s.0)~ F, u";s,r) IS N
0 s Os
i u ou .
Fe—J —2_]J by _
( b bn aS b as )
B ou ou
Rt =) Fre =, et e Lo (12)
0 S Os |
i ou ou -
F —J no_ by _
(Fe " o e )
M” - EO r 5 5
Rt o, P, B
L o Os Os |

M, — EqyJ, Ou,(s,t) *IROE(f — ou,(s.7)
2As(1+v) Os > Os

F, = [zdF,,F, = [ ydF,,

Here 5 5

J, = [ydF,.J, = [ 2dF,.J,, = [ xydF,.J, = [ (v* +2")dF,
F £ s F axial, centrifugal and polar

moment of inertia of the section.
If we use (1), (7) and (12), then we get the following system of integro-differential

equations

2
L ko, - pFZhrq, =0,

Os
oQ o*v
—2 + kN — — pF +q,=0,
Bs Q= pPFoa* 4,
o0, O*w
— + — pF +q, =0,
8s an- p atz qh
2
M, ppg—g,p 0 o,
Os ot
15).74 o’u
s MEk—M,r—0,1—J p=tr =0, (13)
65 t b Qh np atz
oM, o’u
oy Mc—0I —J b =,
as n Qn 1 bp at2

u,—w+tv=0,

u, —vV'+ku—tw=0,
ou, _F ou,
as "o

F.(u'~kv)~F,

ou,(s,7) _F aub(s,r))driﬂio
b — Y

—|R,,, (& —T)F,(u' —kv)—F
1[ oms (& — T (u V) n os Os E,



E3S Web of Conferences 411, 01005 (2023) https://doi.org/10.1051/e3sconf/202341101005
APEC-VI-2023

ou ou
F—-kv)y—J, —o—J —b_
b(u V) bn as b ag
IRom,(t f)(Fb(u’—kv)—an%—J a”'>)ar M, 2 _p,
Os E,
F—kvy—g, Loy O _
Os Os
6 o M
J.ROWb(t T)(F, (= bn ub) ?":0,
0
2M 1+
ou (s 1) J.Rog(t 6ul(s,z-)dr_ As( V)zo.

Os E,J,

Boundary and initial conditions must be applied to the system of integro- differential
equations (13). Six conditions are placed on each end of the rod. Initial conditions are set
for displacements and velocities at t=0.

Assume that the binormal and normal vectors are directed along the central axes of
inertia of the cross-section of a curved rod. Then the static moments and the centrifugal
moment of the cross-section of the curved rod are zero.

Then the system of integro-differential equations (13) is simplified and takes the
following form

%+kN—QhT—PF%+ . =0,
%+qb:0,
agjuer Jpagz =0,
agi"Jer M,c-Q,1— ana(;;”:()’
%+MﬂernllfJ,)pi;b 0, (14)

u,—w+rv=0,

u, — V' +ku—-tw=0,

Z—Z % +hv(s,t) — jRO,,,,(t — O)(kv(s,7T) — %)m =o,
6u(vt) IROE(I T)au(vz')d 2M,2:2+V):0,
= I R}, (t— EM—J
=——j Ryt - r)(a””)d “E

Boundary and initial conditions are set to solve the problem.

Boundary (boundary) conditions. The possible boundary conditions for solving the
problem can be divided into two classes: homogeneous and inhomogeneous. For a spatial
curved rod, the total number of boundary conditions is 12 (6 conditions at the right end and
6 at the left end of the rod).
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For the cantilever rod we have the following boundary conditions:
l(uv,w) = 0,4 _(u,,u,,u,) =0 for afixed edge; a load is applied to the other end of the rod

O— b, ar =1 - Here j ;.- the specified load.

3 Results and Discussion

As an example, consider the natural oscillations of a curved rod, shown in Figure 2. To do
this, 6 boundary conditions are placed at the two ends of the rod. The above equations (15)
consist of 12 equations. To solve the system (15), the freezing method is first applied. Then
we get a system of differential equations with variable coefficients. With natural
oscillations, equations (15) in matrix form take the following form

O i

\J

P
.

Fig. 2. Elementary part of a curved rod.
dz -t
E_([BO —C() |-’ [ M -M'(O) D[R] 2=0
The solution of this equation in vector form has the following form
: ([B”fC(g)jfwz[MtM‘(g)j)g“dg
r -
r R,
L _Ce [Rn]
As an example of a viscoelastic material , we take the three — parametric Koltunov -
Rzhanitsyn relaxation kernel: g, (t)=Ae /i with parameters 4 —o,048; g =0,05 @ =0,1-

Geometric and physico-mechanical parameters take the following values:
T 1, =1,=0,9m R=0,1272;E = 2101 Tla; p = 7800z / 2.0 S0lve the problem, the methods of
freezing, orthogon: unning, the Mu ° method, the Gauss method and the method of
complex amplitudes are used. The results of calculations of the first four complex natural
frequencies, for cantilever rods, are shown in Figure 2 and in Table 1.

The second line shows the results of the frequencies of viscoelastic curved rods
obtained by the proposed method. In the larger and fourth lines, the results of De Jong [15],
Wu J.H. [16] and [17-20] for elastic curvilinear rods. It has been established that taking into
account the viscosity properties of the material of medium frequency frequencies up to
15%.
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Table 1. Comparision of the first four natural frequencies.

Fashion Number 1 2 3 4
Proposed . . . .
2 31.5243+i0.2315 | 68.2819+i0.8942 | 405.4442+i7.8864 | 501.3458+i9.7194
methodology
3 De Jong [15] 28.4581 62.1266 375.1074 480.4582
4 Wu J.H.[16] 30.2065 65.1195 387.1324 496.5243

4 Conclusion

Thus, the paper has developed a solution technique and an algorithm for studying the
natural oscillations of curved deformable rods. With the growth of its own motion, the
attenuation decrements increase in the presence of the viscosity of the rod and decrease in
the presence of the external viscosity of the Winkler base. Moreover, with an increase in
intensive dissipation, aperiodic modes (purely imaginary eigenvalues) arise, starting with
the highest eigenforms, in the case of taking into account the viscosity of the rod. By taking
into account energy dissipation, the viscoelastic rod model makes it possible to study forced
steady-state oscillations at resonances.

References

1. A.B. Einbinder, A.G. Kamerstein, Calculation of trunk pipelines for strength and
stability, Nedra, Moscow, 340 (1982)

2. A.Kudaykulov, E. Arinov, N. Ispulov, A. Qadir, K. Begaliyeva, Numerical Study of a
Thermally Stressed State of a Rod, Hindawi. Advances in Mathematical Physics, 1019,
1-9 (2019)

3. Y. Wang, L. Wang, Q. Ni, M. Yang, D. Liu, T. Qin, Non-smooth dynamics of
articulated pipe conveying fluid subjected to a one-sided rigid stop, Appl. Math Model,
89, 802-818 (2021)

4. R. Abdollahi, R. Dehghani Firouz-abadi, M. Rahmanian, On the stability of rotating
pipes conveying fluid in annular liquid medium, J Sound Vib, 494, 1158 (2021)

5. K. Yamashita , N. Nishiyama, K. Katsura, H. Yabuno, Hopf-Hopf interactions in a
spring supported pipe conveying fluid, Mech Syst Signal Pr, 152, 107390 (2021)

6. V.A. Svetlitsky, Mechanics of pipelines and hoses, Moscow Mechanical engineering,
280 (1982)

7. X.Y.Mao, H. Ding, L.Q. Chen, Steady-state response of a fluid-conveying pipe with
3:1 internal resonance in supercritical regime, Nonlinear Dyn, 86, 2, 795-809 (2016)

8. W. Chen, Z. Hu, H. Dai, L. Wang, Extremely large-amplitude oscillation of soft pipes
conveying fluid under gravity, Appl Math Mech-Engl, 41, 9, 1381-1400 (2020)

9. SJ.Li, G.M. Liu, W.T. Kong, Vibration analysis of pipes conveying fluid by transfer
matrix method, Nucl Eng Des, 266, 78-88 (2014)

10. B.H. Vasin, M.V. Vasina, In Yolks I, Chan Thanh Hai, Analysis of dynamic states of
curved rods In the collection,”"Winter School on continuum mechanics (fifteenth).
Collection of articles", UrO RAS, Perm, 174 (2007)

11. LI. Safarov, M. Teshaev, A. Marasulov, T. Juraev, B. Raxmonov, Vibrations of

Cylindrical Shell Structures Filled with Layered Viscoelastic Material, E3S Web of
Conferences, 264, 01027 (2021)

https://doi.org/10.1051/e3sconf/202341101005



E3S Web of Conferences 411, 01005 (2023) https://doi.org/10.1051/e3sconf/202341101005
APEC-VI-2023

12. LI Safarov, J.A. Yarashev, Vibration of multilayer composite viscoelastic curved pipe
under internal pressure, IOP Conference Series: Materials Science and Engineering,
1030, 1, 012073 (2021)

13. R.A. Sharipov, Course of differential geometryties, Bashkir University edition, Ufa,
211 (1996)

14. M.A. Koltunov, Creep and relaxation, Higher School, Moscow, 251 (1976)

15. I.M. Mirzaev, V.S. Nikiforovskii, Plane wave propagation and fracture in elastic and
imperfectly elastic jointed structures, Soviet Mining Science, 9, 161-165 (1973)

16. LI. Safarov, M.Kh. Teshaev, Z.1. Boltaev, Propagation of linear waves in multilayered
structural - Inhomogeneous cylindrical shells, Journal of Critical Reviews, 7, 12, 893—
904 (2020)

17. L.M. Mirzaev, Interaction between the bit and the rock, Soviet Mining Science, 11, 70—
73 (1975)

18. M. Mirsaidov, M. Teshaev, Sh. Ablokulov, D. Rayimov, Choice of optimum
extinguishers parameters for a dissipative mechanical system, IOP Conference Series:
Materials Science and Engineering, 883, 1, 012100 (2020)

19. C.A'F. De Jong, Analysis of Pulsation and Vibration in Fluid-Filled Pipe Systems. PhD
Thesis, The Netherlands: Eindhoven University of Technology, 6 (1994)

20. J.H. Wu, A.S. Tijsseling, Y.D. Sun, Z.Y. Yin, In-plane wave propagation analysis of

fluidfilled L-Shape pipe with multiple supports by using impedance synthesis method,
Int J Pre Ves Pip, 188, 104234 (2020)



