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When an emitter ensemble interacts
with the electromagnetic field, dipole-
dipole interactions are induced between
the emitters. The magnitude and shape
of these interactions are fully determined
by the specific form of the electromagnetic
field modes. If the emitters are placed in
the vicinity of a nanophotonic waveguide,
such as a cylindrical nanofiber, the com-
plex functional form of these modes makes
the analytical evaluation of the dipole-
dipole interaction cumbersome and nu-
merically costly. In this work, we provide a
full detailed description of how to success-
fully calculate these interactions, outlining
a method that can be easily extended to
other environments and boundary condi-
tions. Such exact evaluation is of impor-
tance as, due to the collective character
of the interactions and dissipation in this
kind of systems, any small modification
of the interactions may lead to dramatic
changes in experimental observables, par-
ticularly as the number of emitters in-
creases. We illustrate this by calculating
the transmission signal of the light guided
by a cylindrical nanofiber in the presence
of a nearby chain of emitters.

1 Introduction

An ensemble of emitters coupled to a common
environment displays collective behaviour. This
includes the enhanced and inhibited emission of
photons from the ensemble (so-called super and
subradiance, respectively) [1, 2, 3], and the emer-
gence of induced dipole-dipole interactions among
the emitters [4, 5, 6]. The rates associated with
these processes can be modified via the specific

choice of the environment and its boundary con-
ditions, which may be tailored in order to obtain
desirable properties. For example, introducing a
dielectric or metallic structure in close proximity
to an atomic gas, modifies the local electromag-
netic spectrum and hence the collective behaviour
of the ensemble [7, 8, 9, 10, 11]. This effect was
noticed by Purcell in 1950 [12] and has later been
verified in various experiments involving atoms
or electrons in cavities, and molecules coupled to
dielectric structures [13, 14, 15, 16].

Among these structures, so-called nanopho-
tonic waveguides, such as single mode optical
nanofibers [17, 18] or integrated photonic nanos-
tructures [19, 20, 21, 22], particularly stand out
since they provide strong and homogenous cou-
pling between the emitters and long coherence
times [23], and also due to the confined or
guided field modes carried by these nanostruc-
tures, which can lead to propagation-direction-
dependent (chiral) emission [24]. The translation-
ally invariant nature of these guided modes gives
rise to infinitely ranged coherent dipole-dipole in-
teractions and incoherent couplings between the
emitters. These all-to-all interactions have re-
cently facilitated, for example, the observation of
super- and subradiance [25, 26, 27], the study of
non-trivial topology [28, 29, 30], the realization
of long-lived photon storage and multiple pho-
ton bound states [31, 32, 33, 34, 35] and the in-
vestigation of new dynamical phases and phase
transitions [36, 37]. The modes propagating in
the space outside of the nanostructure are often
referred to as radiation or unguided modes. Un-
fortunately, since these modes can propagate in
any direction in space, their contribution to the
coherent and incoherent interactions between the
emitters is highly non-trivial, containing, for ex-
ample, frequency integrals that either converge
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very slowly or not at all. Hence, they are often
approximated by the free-space modes [26, 38], an
approximation that, however, inevitably breaks
down when the emitters are close to the nanos-
tructure. A number of works have nicely provided
expressions for these contributions in terms of
complex integration contours or calculated them
numerically under strong approximations, like
low-frequency cut-offs [31, 39, 40, 41], but up to
now how to compute these contributions exactly
remains an open challenge.

In this paper, we address precisely this chal-
lenge by not only providing a comprehensive
guide for the analytical calculation of guided
and unguided mode contributions to the dipole-
dipole interactions and collective dissipation in-
duced among emitters trapped near a single mode
optical nanofiber, but also supplying –to the best
of our knowledge for the first time– a method
for the numerical calculation of the exact con-
tribution of the radiation modes that overcomes
convergence issues that typically make their ac-
curate numerical determination extremely chal-
lenging. The method that we outline here can
be generally used for the calculation of dipole-
dipole interactions induced by other nanostruc-
tures, given that the mode profile functions are
known [11, 42, 10, 32, 43]. We show that, due to
the presence of the nanofiber, the radiation field
in its vicinity can be significantly altered, giving
rise to contributions to the dipole-dipole inter-
actions that significantly differ from the free-field
counterparts. Owing to the collective character of
both coherent and incoherent interactions, when
measuring experimentally observable properties
such as the transmission signal of fiber-guided
light, these differences are even more evident as
the number of emitters is increased.

2 System and master equation

We consider an ensemble of N identical emitters
placed near the surface of a nanophotonic waveg-
uide (see Fig. 1a). Each emitter is modelled as a
two-level system with ground and excited states
|g⟩ and |e⟩, respectively, separated by an energy
ℏωa. Within the dipole and Born-Markov ap-
proximations, the dynamics of the reduced den-
sity matrix ρ, which contains the internal degrees
of freedom of the emitters, is determined by the

Figure 1: Dipole-dipole interactions between emit-
ters next to a nanofiber. a): N emitters in vacuum
are placed in the vicinity of a nanofiber with radius rf .
Each emitter is a two-level system with an excited (|e⟩)
and a ground (|g⟩) state separated by an energy ℏωa.
b): Due to their coupling to the electromagnetic field
modes, the emitters interact through the exchange of
virtual photons. c): These interactions have contribu-
tions stemming from the guided (V gd) and the radiation
(V rd) modes.

master equation [10, 38]

ρ̇ =i
∑
α ̸=β

Vαβ[σ†
ασβ, ρ]

+
∑
α,β

Γαβ

(
σβρσ

†
α − 1

2{σ†
ασβ, ρ}

)
,

(1)

where σα = |gα⟩⟨eα| is the spin-1/2 ladder op-
erator for the α-th emitter. The first term in
the master equation describes dipole-dipole or ex-
change interactions, which are mediated by the
exchange of virtual photons between the emitters
(see Fig. 1b). The exchange rate between the
α-th and β-th emitter is given by the magnitude
of the coefficient Vαβ . The second term of (1) de-
scribes incoherent photon emission or dissipation
in the system, which in general possesses a col-
lective character. Here, the diagonal terms of the
dissipation matrix Γαβ describe the single-emitter
spontaneous decay rates, which for the α-th emit-
ter is thus given by Γαα. The sign and magnitude
of the off-diagonal elements Γαβ for α ̸= β are re-
sponsible for the collective character of the emis-
sion, its landmark being the well-known super-
and subradiant photon emission [44, 45].

Our aim is to obtain the coefficient matri-
ces Vαβ and Γαβ , which in turn fully determine
all properties in the system. These can be de-
termined via the electromagnetic Green’s tensor
Ḡ(rα, rβ, ω) of the environment evaluated at the

Accepted in Quantum 2023-08-13, click title to verify. Published under CC-BY 4.0. 2



emitter positions rα and rβ as [10, 11, 46]

Vαβ = 1
πℏϵ0c2 P

∫ ∞

−∞
dωω2 d∗

αIm{Ḡ(rα, rβ, ω)}dT
β

ω − ωa
,

Γαβ = 2ω2
a

ℏϵ0c2 d∗
αIm{Ḡ(rα, rβ, ωa)}dT

β ,

where P denotes the principal value and dα is
the transition dipole moment for the α-th emit-
ter. The electromagnetic Green’s tensor is the
solution to the wave equation

[k2ϵ(r, ω)−∇×∇×]Ḡ(r, r′, ω) = −δ(r−r′)1, (2)

where k = ω/c and ϵ(r, ω) is the dielec-
tric constant of the medium. The Green’s
tensor satisfies the Schwarz reflection principle
Ḡ∗(r, r′, ω) = Ḡ(r, r′,−ω∗) and the Onsager reci-
procity, ḠT (r, r′, ω) = Ḡ(r′, r, ω). As discussed in
Appendix A, the complex function ω2Ḡ(r, r′, ω)
is by definition holomorphic in the complex up-
per half-plane and bounded at infinity. Hence,
the dipole-dipole interaction may be written in
terms of the real part of the Green’s tensor

Vαβ = ω2
a

ℏϵ0c2 d∗
αRe{Ḡ(rα, rβ, ωa)}dT

β ,

where we have made use of the Kramers-Kronig
relations.

As shown above, for the calculation of the
dipole-dipole and dissipation matrices we need to
be able to separate the real and imaginary compo-
nents of the Green’s tensor, respectively. As the
Green’s tensors we consider are in general writ-
ten as integrals over the frequency, to do so we
introduce a small imaginary shift to the frequency
Ḡ(r, r′, ω) = limϵ→0+Ḡ(r, r′, ω + iϵ) [47] and use
the Sokhotski–Plemelj theorem applied on the
real line to find the imaginary part and compute
the real part using the Kramers-Kronig relation.
However, as discussed in Appendix A, this is valid
only when the function we consider is well-defined
and holomorphic in the frequency complex upper
half-plane (including the real line). Decompos-
ing the Green’s tensor into its longitudinal and
transverse components one can see that, while
the transverse component is indeed well-behaved,
the longitudinal component is singular at ω → 0
[48]. To illustrate this, let us consider the case
where the medium is the vacuum (i.e. free space
with no boundaries). Here, ϵ(r, ω) = 1 every-
where and the solution to the wave equation (2)

is known analytically and given by

Ḡ0(r, r′, ω) = keikr̃

4π

{
(1 − ˆ̃r2)
kr̃

(3)

+(3ˆ̃r2 − 1)
[

1
(kr̃)3 − i

(kr̃)2

]}
,

where r̃ = r − r′, r̃ = |r̃|, and ˆ̃r = r̃/r̃. Decom-
posing the vacuum Green’s tensor into its longi-
tudinal and transverse components as Ḡ0(ω) =
Ḡ0∥(ω) + Ḡ0⊥(ω) [49, 50] (see Appendix A), we
observe that, while the transverse component is a
holomorphic function in the complex upper half-
plane, the longitudinal component is not, as it
contains a second order pole at ω = 0. This in
turn means that the usual form of the Kramers-
Kronig relation cannot be used to find the real
part of the full vacuum Green’s tensor. It can
rather only be validly applied to its tranverse
part. With this, we find that

Re{Ḡ0(ω)} = 1
π

P
∫ ∞

−∞
dω′ Im{Ḡ0(ω′)}

ω′ − ω
+ Ḡ0∥(ω),

where we have used the fact that the longitudinal
part is purely real. We will consider this relation
when treating the more complicated situation of
a cylindrical nanofiber.

3 Green’s tensor for a cylindrical
nanofiber

The Green’s tensor can be expressed in terms of
the eigenmodes of the positive frequency part of
the electric field as

Ḡ(r, r′, ω) =
∑

n

En(r, ω)E†
n(r′, ω)

λn
.

Here, En(r, ω) are the eigenvectors of the her-
mitian operator H = [k2 − 1

ϵ(r,ω)∇ × ∇×] with
eigenvalues λn. This representation allows us
to easily split the contribution to the Green’s
tensor coming from the eigenmodes guided by
the waveguide and the unguided (or radiative)
ones as Ḡ(r, r′, ω) = Ḡgd(r, r′, ω) + Ḡrd(r, r′, ω)
[51, 52, 53], which leads in turn to the decomposi-
tion of the dipole-dipole and collective dissipation
matrices: Vαβ = V gd

αβ +V rd
αβ and Γαβ = Γgd

αβ +Γrd
αβ ,

see Fig. 1c. Let us analyze these contributions
separately for the case of a cylindrical dielectric
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nanofiber of radius rf characterized by a refrac-
tive index n1 placed in an infinite vacuum of re-
fractive index n2 = 1. To do so, we will use a
cylindrical coordinate system (r, ϕ, z), centered in
the fiber core with the z-direction being along the
fiber (see Fig. 1a).

3.1 Guided modes
Using the expression for the guided modes of the
electric field given in Appendix B, the guided con-
tribution to the Green’s tensor is given by

Ḡgd(r, r′, ω′) = 1
2π
∑
fl

∫ ∞

0
dβ

e(µ)(r)e(µ)†(r′)
k′2 − (β2 − q2)

× eil(ϕ−ϕ′)eifβ(z−z′),

where (µ) ≡ (β, l, f) are the labels of the guided
modes. Here, l = ±1 is the polarization of the
mode, f = ±1 is the propagation direction for
the guided modes in the fiber and e(µ)(r) are the
guided profile functions (note, that we assume
that the nanofiber supports only the fundamental
HE11 guided mode). In addition, β is the longitu-
dinal propagation constant in the fiber, which for
each value of ω is determined via the fiber eigen-
value equation (see Appendix B), q is a variable
associated to the field outside the nanofiber and
k′ = ω′/c. The expression for the Green’s tensor
may be written in terms of the mode frequency
ω by using the relation q2 = β2 − k2, such that

Ḡgd(r, r′, ω′) = c2

2π
∑
fl

∫ ∞

0
dω

e(µ)(r)e(µ)†(r′)
ω′2 − ω2

× β′(ω)eil(ϕ−ϕ′)eifβ(ω)(z−z′),

where β′(ω) = dβ
dω .

The guided contribution to the Green’s tensor
is purely transverse. We can therefore apply the
Sokhotski–Plemelj theorem to find its imaginary
part

Im{Ḡgd(r, r′, ω)} = c2

4ω
∑
fl

e(µ)(r)e(µ)†(r′)

× β′(ω)eil(ϕ−ϕ′)eifβ(ω)(z−z′),

which gives a guided contribution to the collective
decay matrix that reads

Γgd
αβ =ωaβ

′
a

2ℏϵ0

∑
fl

d∗
α · e(βalf)(rα)dβ · e(βalf)∗(rβ)

× eilϕαβeifβazαβ ,

with βa = β(ωa), zαβ = zα − zβ and ϕαβ = ϕα −
ϕβ .

The real part of the guided Green’s tensor is
found by using the usual Kramers-Kronig relation

Re{Ḡgd(ω)} = 1
π

P
∫ ∞

−∞
dω′ Im{Ḡgd(ω′)}

ω′ − ω
.

The principal value integral in this equation can
be calculated analytically choosing an appropri-
ate contour [26, 38], and one finds that

V gd
αβ =iωaβ

′
a

4ℏϵ0

∑
fl

d∗
α · e(βalf)(rα)dβ · e(βalf)∗(rβ)

× sgn(fzαβ)eilϕαβeifβazαβ ,

is the guided contribution to the dipole-dipole in-
teraction.

3.2 Radiation modes
The radiation modes of the electric field can be
both transverse and longitudinal, and the radia-
tion contribution to the Green’s tensor may be
decomposed as Ḡrd(ω) = Ḡrd⊥(ω)+ Ḡrd∥(ω). On
the other hand, one can also separate the Green’s
tensor as a sum of the vacuum modes and the ones
scattered by the nanofiber as Ḡrd(ω) = Ḡ0(ω) +
Ḡsc(ω). The scattered modes are, however,
purely transverse, allowing to replace the lon-
gitudinal radiation Green’s tensor with the well
known longitudinal part of the vacuum Green’s
tensor and write

Ḡrd(r, r′, ω) = Ḡrd⊥(r, r′, ω) + Ḡ0∥(r, r′, ω).

Using the expression for the transverse radia-
tion modes of the electric field given in Appendix
C, the radiative contribution to the Green’s ten-
sor is given by

Ḡrd(r, r′, ω′) =
∑
ml

∫ ∞

−∞
dβ

∫ ∞

0
dq

e(ν)(r)e(ν)†(r′)
k′2 − (β2 + q2)

× eim(ϕ−ϕ′)eiβ(z−z′) + Ḡ0∥(r, r′, ω′),

where (ν) ≡ (β, q,m, l) are the labels of the radi-
ation modes, with l = ±1 and m = 0,±1,±2, ...
labelling the polarization and order of the mode.
In contrast to the guided mode case, β = k cos θ
is here a continuous variable for each value of the
frequency ω and the variable q = k sin θ is char-
acteristic of the field outside the nanofiber. Fi-
nally, e(ν)(r) is the radiation profile function of
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the transverse electric field. The Green’s tensor
may be rewritten in terms of the mode frequency
ω and the angle θ as

Ḡrd(r,r′, ω′) =
∑
ml

∫ ∞

0
dωω

∫ π

0
dθ

e(ν)(r)e(ν)†(r′)
ω′2 − ω2

× eim(ϕ−ϕ′)ei ω
c

cos θ(z−z′) + Ḡ0∥(r, r′, ω′).

Note, that, as explained in Appendix C, we have
chosen specifically the eigenmode decomposition
adopted in [53], which differs from, for example,
the one adopted in [38] in the accompanying nor-
malization factors. However, let us point out that
the two formulations are equivalent and hence
give the same results.

Similarly as for the guided modes, we use the
Sokhotski–Plemelj theorem to find the imaginary
part of the radiation Green’s tensor using the fact
that the transverse component is holomorphic in
the upper half complex plane and well-behaved
on the real frequency axis. The imaginary part
becomes then

Im{Ḡrd(r, r′, ω)} =π

2
∑
ml

∫ π

0
dθe(ν)(r)e(ν)†(r′)

× eim(ϕ−ϕ′)ei ω
c

cos θ(z−z′),

such that the corresponding contribution to the
dissipation matrix reads

Γrd
αβ = πω2

a

ℏϵ0c2

∑
ml

∫ π

0
dθd∗

α · e(βaqaml)(rα)

dβ · e(βaqaml)∗(rβ)eimϕαβeiβazαβ ,

where now βa = ωa
c cos θ and qa = ωa

c sin θ are
both functions of the angle θ.

We use the imaginary part of the Green’s ten-
sor evaluated at ω = ωa to illustrate in Fig. 2
how much the presence of the nanofiber disturbs
the field around a point dipole compared to the
situation where the dipole is in free space. In
particular, we can clearly observe that the field is
most dramatically modified when the dipole mo-
ment is perpendicular to the axis of the nanofiber
(y and x directions, second and third row in Fig.
2).

The real part of the radiation Green’s ten-
sor can be found by applying the (modified)
Kramers-Kronig relation to the transverse part
of the radiation Green’s tensor,

Re{Ḡrd(ω)}= 1
π

P
∫ ∞

−∞
dω′ Im{Ḡrd(ω′)}

ω′ − ω
+Ḡ0∥(ω),

0 0.5 1

Figure 2: Modified radiation field near a nanofiber.
Diagonal component of the imaginary part of the Green’s
tensor Im{Gii(r, r′, ωa)} with i = x, y, z (bottom, mid-
dle and upper row, respectively, all in arbitrary units)
around a dipole placed at r′ = 0 as a function of the co-
ordinate r in the zx-plane (left and middle column) and
in the yx-plane (right column). The cross in the middle
of the dipole should be interpreted as the dipole pointing
into the plane. The left column shows Im{G0

ii} in vac-
uum (free field), while the middle and right columns dis-
play Im{Grd

ii } at a distance of 100 nm from the surface
of a silica nanofiber with rf = 250 nm. The frequency
ωa = 2πc/λa corresponds to the D2 transition in Cs,
with λa = 852 nm. The refractive index of the silica
nanofiber is modeled using a Sellmeier equation [54].

such that the radiation contribution to the dipole-
dipole interaction is given by

V rd
αβ = ω2

a

πℏϵ0c2 P
∫ ∞

−∞
dω

d∗
αIm{Ḡrd(rα, rβ, ω)}dT

β

ω − ωa

+ ω2
a

ℏϵ0c2 d∗
αḠ

0∥(rα, rβ, ωa)dT
β . (4)

Due to the complicated frequency dependence of
the imaginary part of the radiation Green’s ten-
sor, an analytical treatment of the principal value
integral in equation (4) is nontrivial and requires
the introduction of branch cuts and the applica-
tion of contour integration techniques [31]. Due
to these complications, in the literature typically
this contribution is approximated by its free-field
counterpart, which is known analytically [26, 38].
However, as illustrated by Fig. 2, the field might
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actually be strongly modified by the presence of
the nanofiber, and these modifications, even when
small, may lead to large differences in observables
when treating systems with many emitters. For
these reasons, in the following we describe how to
efficiently calculate numerically the exact value of
V rd

αβ .

3.3 Numerical evaluation of the radiative
dipole-dipole interactions
The first challenge one encounters to evaluate nu-
merically the integral in (4) is the singularity in
the integrand, happening at ω = ωa. This sin-
gularity can be avoided by using a fast Fourier
transform, as introduced in Refs. [55, 56], and
using the Schwarz reflection principle, such that
V rd

αβ may be written as

V rd
αβ = 2ω2

a

πℏϵ0c2

[ ∫ ∞

0
dωd∗

αIm{Ḡrd(rα, rβ, ω)}dT
β

×
∫ ∞

0
dτ cos (ωaτ) sin (ωτ) (5)

+π

2 d∗
αḠ

0∥(rα, rβ, ωa)dT
β

]
.

However, the main obstacle for the calculation
of V rd

αβ lies in the imaginary part of the Green’s
tensor, in particular in its behavior at large values
of ω. To illustrate this, let us consider again the
Green’s tensor in vacuum (3). In the limit of large
ω, i.e. when kr̃ ≫ 1, the imaginary part of this
tensor yields

Im{Ḡ0(r, r′, ω)} ≈ 1
4πr̃

[
(1 − 3ˆ̃r2)cos kr̃

kr̃

+ (1 − ˆ̃r2) sin kr̃
]
.

Here we can see that the integrand in the fre-
quency integral in (5) for large ω ≫ ωa is an
oscillating function with period proportional to
ωaλa/rαβ , where λa = 2πc

ωa
is the transition wave-

length. The amplitude of the oscillations either
decays very slowly, as 1/ω (e.g. in vacuum when
the dipoles are aligned with the displacement vec-
tor, i.e. |d̂α · ˆ̃rαβ| = 1, see Fig. 3a), or is con-
stant. In the former case, reaching convergence of
the integral over frequency requires then an ex-
tremely high cut-off frequency ωc ≫ ωaλa/rαβ ,
which grows the closer the emitters are to each
other. Moreover, in general, even a large value

-0.5
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0

2

4

0 5 10 15 20
-2

-1

0

1
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3

4

5

6

0.2 0.4 0.6 0.8 1
0

2

4

Single cut-offAveraging

Figure 3: Numerical integration. Imaginary part of
the Green’s tensor in vacuum (in arbitrary units) as a
function of ω/ωa for two dipoles at a distance a from
one another pointing a) parallel and b) perpendicular to
the displacement vector between them for a/λa = 1 and
a/λa = 1/2 (black and blue solid lines, respectively).
The insets show the relative error in % when calculating
the vacuum dipole-dipole interaction V 0

αβ as a function
of a/λa by using a direct numerical integration with a
single cut-off frequency ωc/ωa = 10λa/a (black dashed)
and using the averaging method with a range of cut-offs
ωc/ωa ∈ [2λa/a, 10λa/a]. The sharp peaks occur at the
zeros of V 0

αβ .

for ωc does not necessarily ensure convergence
(see e.g. Fig. 3b for emitters in the free-field
with |d̂α · ˆ̃rαβ| = 0, where the amplitude of the
oscillations remains constant for large ω).

In addition to this issue, note that for the nu-
merical calculation of the imaginary part of the
Green’s tensor in the presence of the cylindrical
nanofiber, in principle an infinite sum of modes
m should be considered. In practice, the sum is
truncated at some finite value mc. However, for a
fixed distance of the emitters with respect to the
nanofiber surface, the amount of modes necessary
to ensure convergence grows dramatically with in-
creasing ω. This means that the computational
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cost of increasing the cut-off frequency is enor-
mous. In order to circumvent this problem, we
make use of the periodic nature of the integrand
in the limit of large ω. This allows us to ap-
proximate the result of the frequency integral as
the average of the outcomes for a range of cut-off
frequencies comprising a few oscillations. This re-
sults in a much faster convergence of the integral
when the integrand decays as 1/ω, as the maxi-
mum cut-off frequency necessary for convergence
is relatively low. Most importantly, when the am-
plitude of the oscillations remains constant, this
allows to obtain convergence which would remain
otherwise elusive.

In order to illustrate the power of this ap-
proach, we have applied it to calculate numer-
ically the dipole-dipole interactions in vacuum.
We show in the insets of Fig. 3 the relative er-
ror of the numerical calculation compared to the
exact one (known analytically in this case), using
a "single cut-off" direct integration of (4) and an
"averaging" method for the frequency integration
in expression (5). It is evident that the second ap-
proach gives dramatically better results, particu-
larly when the dipoles are perpendicular to their
displacement vector. This encourages us to ap-
ply this numerical method to the nanofiber case,
where the main features of the Green’s tensor as
a function of the frequency are similar to the vac-
uum ones.

We have made publicly available a code that
follows this recipe to calculate both guided and
radiation contributions to both dipole-dipole and
incoherent interactions in [57].

3.4 Modified dipole-dipole interaction between
two atoms near a nanofiber

We apply here the numerical method presented
above to the simple case of two identical two-
level atoms placed at a fixed distance from the
fiber surface xa, fixed azimuthal angle ϕ = 0 and
fixed separation a. Figure 4 shows the radiation
contribution to the dipole-dipole interaction V rd

for distances xa = 50nm and xa = 100nm from
the fiber surface compared to the vacuum coun-
terpart V 0 as a function of a/λa for three differ-
ent dipole orientations. The dipole-dipole inter-
action in all cases is normalized by the single-
atom spontaneous decay rate in vacuum, γ =
|d|2ω3

a/(3c3πϵ0ℏ).
As expected from the results for the imaginary

0

2

-1

-0.5

0

0.2 0.4 0.6 0.8 1
-1

-0.5

0

1

Figure 4: Modified dipole-dipole interactions. The
radiation contribution to the dipole-dipole interaction
V rd (in units of the single particle decay rate γ) for
a distance of xa = 50 nm (red dotted) and xa = 100
nm (blue dashed) from the fiber surface as a function
a/λa. The black solid line is the analytic solution in the
case of vacuum. Each panel displays the results for a
different orientation of the dipoles with respect to the
surface of the nanofiber: parallel, binormal and normal
for the upper, middle and lower panel, respectively. The
parameters are identical to those used in Fig. 2.

part of the Green’s tensor (Fig. 2), the most
important modifications of the dipole-dipole in-
teractions are found when the atomic dipole mo-
ment orientation is perpendicular to both the axis
and the surface of the nanofiber (bottom panel).
Here, the differences between the calculated ra-
diation components and their vacuum counter-
parts are not only large (e.g., 70% difference at
a/λa = 1), but also persist at large distances be-
tween the atoms i.e. at a ≥ λa.

Finally, to further illustrate the power of our
approach, let us consider a pair of dipoles sepa-
rated by a = λ parallel to the displacement vector
(Figs. 3a and 4a). Using our numerical method,
here we calculate the vacuum interaction to a pre-
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cision of 0.004% error using an upper cut-off fre-
quency of ωc = 10ωa. To get the same precision
using a standard numerical integration method, a
cut-off frequency of ωc = 40ωa would be needed.
For ω = 10ωa we have to include around mc = 90
modes, while for ω = 40ωa around 260 modes are
needed (needing about six times longer to calcu-
late the imaginary part of the Green’s tensor at
that frequency point alone).

4 Effect of the collective interaction on
the transmission of fiber-guided light
The effect of the modifications that we find in the
dipole-dipole interaction between a pair atoms
becomes greatly amplified when considering ob-
servables in a large ensemble of many emitters.
The key to understand this amplification is that
the emitters couple collectively to its environ-
ment. This in turn means that each of the N2

terms Vαβ and Γαβ of the dipole-dipole and dis-
sipation matrices play a role in the (collective)
coherent and incoherent dynamics of the system.
Hence, small variations of the coefficients Vαβ and
Γαβ in the master equation (1) have a large effect
on observables such as the photon emission rate
or the spectrum of the light that is absorbed and
emitted from the ensemble.

We illustrate this now by investigating the
transmission signal of fiber-guided light when a
periodic chain of N atoms is placed in the vicin-
ity of the fiber surface (see Fig. 5). Here, in the
cylindrical coordinate system, the coordinates of
atom α are given by rα = (xa, 0, (α − 1)a). The
system is driven by a weak probing field of fre-
quency ωp detuned from the atomic resonance
frequency by the detuning ∆ = ωp − ωa and
with Rabi frequency Ω. The light field enters
the nanofiber from its left, is guided through the
nanofiber, interacts with the atomic chain, and
its transmitted signal is measured at a position z
to the right of the chain in the fiber as [10, 31]

T = ⟨ψ|Egd†
R (z)Egd

R (z)|ψ⟩
Ω2 . (6)

Here Êgd
R is the right propagating component of

the guided probe field, given by a sum of the input
and scattering components as

Egd
R (z) = Ωeiβz + i

γgd

2

N∑
α=1

Θ(z − zα)eiβ(z−zα)σα,

where γgd = Γgd
αα is the single-atom decay rate of

each atom into the guided modes.

In the single excitation sector, the atomic wave
function may be written as |ψ(t)⟩ = cG(t)|G⟩ +∑N

α=1 c
α
e (t)|eα⟩, where |G⟩ = |g1⟩ ⊗ |g2⟩ . . . |gN ⟩

and |eα⟩ = |g1⟩ · · ·⊗|eα⟩⊗. . . |gN ⟩. In the low sat-
uration regime (weak probe laser), cG(t) ≈ 1, and
inserting the ansatz into the master equation (1),
the time evolution of the probability amplitude
coefficients cα

e (t) can be found to be determined
by

ċe(t) = i

(
∆ + i

Γ
2 −Heff

)
ce(t) + iη,

where the components of η are ηα = Ωeiβzα

and Γ = Γαα is the total single-atom decay rate
(sum of the decay rates into guided and radiation
modes). Finally, the effective Hamiltonian Heff

given by

Heff
αβ = −Vαβ − i

Γαβ

2 ,

has been introduced for α ̸= β.

In Figure 5, we show the guided light transmis-
sion signal (6) as a function of ∆ in the stationary
state [where ċe(t) = 0] when a periodic chain of
N = 5, 10 and 20 atoms with nearest neighbor
separation a/λa = 0.1 is placed at xa = 50, 100
and 200 nm from the surface of the nanofiber. We
compare in all cases the transmission with the re-
sult obtained under the approximation that the
radiation component of the dipole-dipole interac-
tion is given by the free-field V 0

αβ . One can easily
observe here that indeed large deviations arise in
the transmission spectrum. These differences be-
come more evident the closer the atoms are to the
nanofiber (where each element V rd

αβ differs more
from V 0

αβ , see Fig. 4) and the larger the number
N of atoms in the chain (where more elements
V rd

αβ participate in the collective dynamics). In
all cases one can observe, not only measurable
shifts of the (subradiant) narrow and (superra-
diant) broad resonance peaks, but an overall de-
formation of the spectrum as N increases. Note,
that in current experiments typically several hun-
dreds of atoms can be trapped near the nanofiber
[58], making the spectra differ even more substan-
tially.
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Figure 5: Modified transmission signal. Transmission signal T in the stationary state of fiber-guided light driving
the atoms with Rabi frequency Ω and detuning ∆ for a chain of N atoms with lattice constant a = 0.1λa placed
at a distance xa from the surface of the nanofiber. The black solid line represents the transmission T 0 using the
vacuum instead of the full radiation dipole-dipole interactions.

5 Conclusions and outlook

We have provided a detailed recipe for the an-
alytical and numerical calculation of the inter-
action of an ensemble of emitters in the pres-
ence of a cylindrical nanofiber. In particular,
we have shown that the dipole-dipole interac-
tions mediated by the radiation modes outside
the nanofiber differ significantly (up to a 70% in
some of the cases considered) from the ones ob-
tained in vacuum, specially when the emitters’
transition dipole moments are oriented normal
or binormal to the fiber surface. These differ-
ences affect substantially the collective properties
of the system, such as the transmission signal of
fiber-guided light, where large shifts in the res-
onances are observed as the number of emitters
is increased. Note, however, that we have cal-
culated the transmission in the single-excitation
limit (linear optics regime). Beyond this limit, we
expect that, while features related to superradi-
ance will not dramatically affected by modifica-
tions in the dipole-dipole interactions [59], these
will become crucial when studying the excitation

and description of many-body long-lived (subra-
diant) states, e.g. for the realisation of quantum
memories [60, 61].
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A The Green’s tensor and the applica-
bility of the Kramers-Kronig relation
In this Appendix we discuss the applicability of
the Kramers-Kronig relation for the Green’s ten-
sor.

The application of the Kramers-Kronig relation
to a complex function χ(ω) requires that the func-
tion satisfies two conditions. The function has to
be holomorphic in the upper half plane, i.e. the
function contains no poles in the complex upper
half plane and the function has to converge to a
finite value as |ω| → ∞ in the upper half plane.

The Green’s tensor converges as |ω| → ∞ in
the upper half plane, but it can have poles on
the real line at ω = 0. Hence, the Green’s tensor
does not in general satisfy the conditions for the
Kramers-Kronig relation. However by multiply-
ing the Green’s tensor by ω2, the small and large
frequency limits may be applied [62]

lim
|ω|→0

ω2

c2 Ḡ(r, r′, ω) = −1δ(r − r′),

lim
|ω|→∞

ω2

c2 Ḡ(r, r′, ω) = M̄,

where the components of M̄ are Mij < ∞, which
is exactly the Kramers-Kronig conditions. There-
fore, the Kramers-Kronig relation may always be
applied to the function ω2Ḡ(r, r′, ω), but not al-
ways to the Green’s tensor itself.

However, the singular part of the Green’s ten-
sor at ω = 0 may be isolated by decomposing the
Green’s tensor into its transverse and longitudi-
nal components

Ḡ(r, r′, ω) = Ḡ⊥(r, r′, ω) + Ḡ∥(r, r′, ω).

The transverse Green’s tensor is in general holo-
morphic in the complex upper half-plane includ-
ing the real line and hence satisfies the conditions
for the Kramers-Kronig relation, while the longi-
tudinal part is singular in ω = 0. The transverse
and longitudinal part of the Green’s tensor may
be found by means of the transverse and longitu-
dinal projection operators [48, 63]

Ḡ⊥(k, ω) = Π̄⊥Ḡ(k, ω)Π̄⊥,

Ḡ∥(k, ω) = Π̄∥Ḡ(k, ω)Π̄∥,

where the projection operators are defined as

Π̄⊥
ij = δij − kikj

|k|2
, Π̄∥

ij = kikj

|k|2
.

As an example, let us now decompose the vacuum
Green’s tensor into its longitudinal and transverse
components as [49, 50]

Ḡ0∥(r̃, ω) =(3ˆ̃r2 − 1) 1
4πr̃3k2 ,

Ḡ0⊥(r̃, ω) =
{

(3ˆ̃r2 − 1)
[

1
(kr̃)3 − i

(kr̃)2

]

+ (1 − ˆ̃r2) 1
kr̃

}
keikr̃

4π

− (3ˆ̃r2 − 1) 1
4πr̃3k2 ,

where r̃ = r − r′, r̃ = |r̃| and ˆ̃r = r̃/r̃. Here,
we can see that, while the transverse component
of the Green’s tensor is a holomorphic function
in the complex upper half-plane, the longitudinal
component is not, as it contains a second order
pole at ω = 0.

B Guided modes

The guided modes of the nanofiber are denoted
by (µ) = (β, l, f), where β is the longitudinal
propagation constant, l = ±1 is the polarization
and f = ±1 is the propagation direction in the
fiber. The guided modes of the electric field at a
position r = (r, ϕ, z) may be expressed as

E(µ)(r) = e(µ)(r)eilϕeifβz,

where e(µ)(r) is the guided profile function of the
fiber with components in cylindrical coordinates,
for r < rf , given by

e(µ)
r (r) =iC q

κ

K1(qrf )
J1(qrf ) [(1 − s)J0(κr)

− (1 + s)J2(κr)],

e
(µ)
ϕ (r) = − C

lq

κ

K1(qrf )
J1(qrf ) [(1 − s)J0(κr)

+ (1 + s)J2(κr)],

e(µ)
z (r) =C 2fq

κ

K1(qrf )
J1(qrf ) J1(κr),

and for r > rf

e(µ)
r (r) =iC[(1 − s)K0(qr) + (1 + s)K2(qr)],

e
(µ)
ϕ (r) =Cl[(1 + s)K2(qr) − (1 − s)K0(qr)],

e(µ)
z (r) =C 2fq

β
K1(qr).
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Here, κ2 = k2n2
1 − β2 and q2 = β2 − k2 charac-

terizes the field inside and outside the fiber re-
spectively, k = ω/c is the free space propaga-
tion constant and n1 is the refractive index of the
fiber. The longitudinal propagation constant β of
the fiber may be determined by solving the fiber
eigenvalue equation

J0(κrf )
κrfJ1(κrf ) = n2

1 + 1
2n2

1

K ′
1(qrf )

qrfK1(qrf ) + 1
κ2r2

f

−
[(

n2
1 − 1
2n2

1

K ′
1(qrf )

qrfK1(qrf )

)2

+ β2

n2
1k

2

 1
q2r2

f

+ 1
κ2r2

f

2 ]1/2

.

The functions Jm(x) and Km(x) are the Bessel
function of first kind and modified Bessel func-
tion of second kind respectively, which has the
following form in the asymptotic limit (|x| ≫ 1)

Jm(x) ≈
√

2
πx

cos
(
x− mπ

2 − π

4

)
,

Km(x) ≈
√

2
πx
e−x.

The primed Bessel functions are their derivatives
J ′

m(x) = d
dxJm(x), K ′

m(x) = d
dxKm(x). The pa-

rameter s is defined as

s =
1

κ2r2
f

+ 1
q2r2

f

J ′
1(κrf )

κrf J1(κrf ) + K′
1(qrf )

qrf K1(qrf )

.

E(µ)(r) are eigenvectors of the Hermitian op-
erator H = [k2 − 1

ϵ(r,ω)∇ × ∇×] with eigenvalues
λ(µ) = k2

0 − (β2 − q2), where k0 = ω0/c and ω0
is the argument frequency of the guided Green’s
tensor.

The profile function of a guided mode is

e(µ)(r) = e(µ)
r (r)r̂ + e

(µ)
ϕ (r)ϕ̂ + e(µ)

z (r)ẑ,

and is normalized∫ 2π

0
dϕ

∫ ∞

0
ϵ(r, ω)|e(µ)|2rdr = 1.

The components of the guided profile function
has the following symmetry relations

e(βlf)
r = e(βl−f)

r = e(β−lf)
r ,

e
(βlf)
ϕ = e

(βl−f)
ϕ = −e(β−lf)

ϕ ,

e(βlf)
z = −e(βl−f)

z = e(β−lf)
z .

C Radiation modes
The radiation modes of the nanofiber are denoted
by (ν) = (β, q,m, l), where β is the longitudinal
propagation constant, m = 0,±1,±2, ... is the
mode order and l = ±1 is the polarization. The
characteristics of the field inside and outside the
fiber are κ2 = k2n2

1 −β2 and q2 = k2 −β2 respec-
tively. Unlike for the guided modes, the variables
β and q for the radiation modes are continuous
variables for each value of k and may be expressed
in terms of an angle θ

β = k cos θ, q = k sin θ.

The radiation modes of the electric field at posi-
tion r = (r, ϕ, z) may be expressed as

E(ν)(r) = e(ν)(r)eimϕeiβz.

We will only consider the transverse modes of the
radiation electric field, ∇ · [ϵ(r)E(ν)(r)] = 0. In
this case, e(ν)(r) is the transverse radiation profile
function of the fiber with components in cylindri-
cal coordinates, for r < rf , given by

e(ν)
r (r) = iβ

κ
AJ ′

m(κr) −m
ωµ0
κ2r

BJm(κr),

e
(ν)
ϕ (r) = −m

β

κ2r
AJm(κr) − i

κ
ωµ0BJ

′
m(κr),

e(ν)
z (r) =AJm(κr),

and for r > rf

e(ν)
r (r) =

∑
j=1,2

iβ

q
CjH

′(j)
m (qr)

−m
ωµ0
q2r

DjH
(j)
m (qr),

e
(ν)
ϕ (r) =

∑
j=1,2

−m
β

q2r
CjH

(j)
m (qr)

− i

q
ωµ0DjH

′(j)
m (qr),

e(ν)
z (r) =

∑
j=1,2

CjH
(j)
m (qr).

The functions Jm(x) and H
(j)
m (x) are the Bessel

function of first kind and Hankel functions of j-th
kind respectively, which takes the following form
in the asymptotic limit (|x| ≫ 1)

Jm(x) ≈
√

2
πx

cos
(
x− mπ

2 − π

4

)
,

H(1)
m (x) ≈

√
2
πx
ei(x− mπ

2 − π
4 ),

H(2)
m (x) ≈

√
2
πx
e−i(x− mπ

2 − π
4 ).
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The prime denotes the derivative of the functions,
J ′

m(x) = d
dxJm(x) and H ′(j)

m (x) = d
dxH

(j)
m (x).

The coefficients Cj and Dj are related to the
coefficients A and B

Cj = (−1)j iπq
2rf

4 (ALj + iµ0cBVj),

Dj = (−1)j−1 iπq
2rf

4 (iϵ0cAVj −BMj),

where ϵ0 and µ0 is the vacuum permittivity and
permeability respectively, and

Vj = mkβ

rfκ2q2 (1 − n2
1)Jm(κrf )H(j)∗

m (qrf ),

Mj = 1
κ
J ′

m(κrf )H(j)∗
m (qrf )

− 1
q
Jm(κrf )H ′(j)∗

m (qrf ),

Lj = n2
1
κ
J ′

m(κrf )H(j)∗
m (qrf )

− 1
q
Jm(κrf )H ′(j)∗

m (qrf ).

E(ν)(r) are eigenvectors of the Hermitian oper-
ator H = [k2 − 1

ϵ(r,ω)∇ × ∇×] with eigenvalues
λ(ν) = k2

0 − (β2 + q2), where k0 = ω0/c and ω0 is
the argument frequency of the radiation Green’s
tensor.

The profile function of a radiation mode is

e(ν)(r) = e(ν)
r (r)r̂ + e

(ν)
ϕ (r)ϕ̂ + e(ν)

z (r)ẑ,

and is normalized according to∫ 2π

0
dϕ

∫ ∞

0
drrϵ(r, ω)

× [e(ν) · e(ν′)∗]β=β′,m=m′ = δll′δ(ω − ω′).

By choosing the constant B = ilηA, the nor-
malization of the profile function leads to the
equations

η = ϵ0c(
|Vj |2 + |Lj |2

|Vj |2 + |Mj |2
)1/2,

and

1 = 16π2k2

q3

(
|Cj |2 + µ0

ϵ0
|Dj |2

)
.
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