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Класичнi теоретико-числовi функцiї: кiлькiсть дiльникiв τ(n), сума дiльникiв σ(n) i добу-
ток дiльникiв π(n) числа n — узагальнюються на кiльце Z[i] цiлих ґаусових чисел. Для обчи-
слення вiдповiдних функцiй τ∗(α), σ∗

m(α) i π∗(α) одержано явнi формули, що використовують
канонiчний розклад числа α. Дослiджено ряд властивостей цих функцiй, зокрема, оцiнки згори
для функцiй τ∗(α) i σ∗

m(α) та властивостi, пов’язанi iз подiльнiстю значень цих функцiй на
тi чи iншi числа. Дослiджуються також властивостi сум добуткiв степенiв дiльникiв числа
α ∈ Z[i].

Ключовi слова: цiлi ґаусовi числа, дiльник, кiлькiсть дiльникiв, сума дiльникiв, добуток
дiльникiв.

The classical number-theoretic functions—a number of divisors τ(n), sum of the divisors σ(n) and
product of the divisors π(n) of a positive integer n—were generalized to the ring Z[i] of Gaussian
integers. For the evaluation of the corresponding functions τ∗(α), σ∗

m(α) and π∗(α), obtained were the
explicit formulae that use the canonical representation of α. A number of properties of these functions
were studied, in particular, estimates from above for the functions τ∗(α) and σ∗

m(α) and the properties
connected with divisibility of their values by certain numbers. Researched are also sums of products of
powers of the divisors for α ∈ Z[i].

Key Words: Gaussian integers, divisor, number of divisors, sum of the divisors, product of the
divisors.
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Introduction

Gaussian integers, i.e. complex numbers of
the form a + bi, where a, b ∈ Z, were introduced
by Gauss in the late 1820s in his studies of
the law of biquadratic reciprocity [1]. Then he
explored a number of their properties: relation
of divisibility, unit divisors, primality criteria for
Gaussian integers, residue classes, multiplicative
orders, primitive roots, and proved an analogue
of the fundamental theorem of arithmetic [2].
After Gauss, these numbers were used in studying
of multiple number-theoretic issues (particularly
effectively for researching solvability of certain
classes of diophantine equations), as well as in
other mathematical branches, for instance, in the
theory of elliptic functions. However, there was in
fact no systematic research of the ring Z[i], especi-
ally since in the middle of the XIX century the
much more general theory of algebraic numbers

began to develop. In particular, for Z[i] there was
no study of the properties of the natural number-
theoretic functions—the number, sum and product
of the divisors—that play a great role in classi-
cal number theory. In this paper, we partially
complete this gap.

The ring Z[i] of Gaussian integers

The ring Z[i] of Gaussian integers is a subset

Z[i] = {a+ bi | a, b ∈ Z}

of the field C of complex numbers. Further we
present (without proof) only a few properties of
this ring that we need (one may have a more detai-
led view of these properties in [3], [4], [5]).

The invertible elements of the ring Z[i] are
called units. There are exactly four of them:
1,−1, i,−i. Gaussian integers α and β are called
associates (which is denoted by α ∼ β) if β = γα,

c⃝ Н.О. Арський, 2023
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where γ is a unit. Note that associates have the
same divisors.

For a Gaussian integer α = a+bi, the number
N(α) = a2 + b2 is called the norm of α. The
complex conjugate a− bi of α is denoted by α.

They say that a Gaussian integer α is divisible
by a non-zero Gaussian integer β (or, equivalently,
β is said to divide α, which is denoted by β | α) if
there exists a Gaussian integer γ such that α = βγ.
In this case, β is called a divisor of α.

Proposition 1. A Gaussian integer β divides a
Gaussian integer α if and only if β divides α.

The divisors of α of the form ±1,±i,±α,±iα
are called trivial. All the other divisors are called
non-trivial. Gaussian integers ±1 and ±i have
exactly 4 divisors each. All the other non-zero
Gaussian integers have at least 8 divisors.

A common divisor of two Gaussian integers α
and β that is divisible by all their common divi-
sors is called a greatest common divisor. Every two
Gaussian integers α and β have exactly 4 greatest
common divisors, and these divisors are associates.
A non-zero Gaussian integer is said to be prime if
all of its divisors are units or its associates.

Two Gaussian integers are said to be relatively
prime if their greatest common divisors are units.

Theorem 1. Every Gaussian integer α with
N(α) > 1 can be factorized into primes in a uni-
que way up to the order of the factors and their
associativity.

Proposition 2. A Gaussian integer a + bi is di-
visible by 1 + i if and only if the numbers a and b
are of the same parity.

Theorem 2. Every Gaussian prime ρ satisfies
one of the following conditions:
1) ρ is an associate of 1 + i;
2) ρ is an associate of a prime positive integer
p ≡ 3 (mod 4);
3) the norm N(ρ) is a prime positive integer p ≡ 1
(mod 4).

Proposition 3. Two non-zero Gaussian integers
α and α are associates if and only if one of the
following conditions is satisfied:

Reα = 0; (1)
Imα = 0; (2)

Reα = Imα; (3)
Reα = − Imα. (4)

Proposition 4. A Gaussian integer α ̸= 0 is an
associate of its conjugate if and only if there exists
a positive integer m such that αm ∈ Z.

The number of divisors of a Gaussian
integer

Consider α ∈ Z[i], N(α) > 1. By
theorem 1, there exists a representation α =
µρa11 ρa22 · · · ρakk , where µ is a unit and ρ1, ρ2, . . . , ρk
are non-associate Gaussian primes. We call this
representation canonical.

By τ∗(α) =
∑
δ|α

1 we denote the number of di-

visors of α ̸= 0.
Theorem 3. If α = µρa11 ρa22 · · · ρakk is the canoni-
cal representation of α, then

τ∗(α) = 4

k∏
j=1

(aj + 1). (5)

Доведення. Taking into account the uniqueness
of the prime representation (theorem 1), one can
rewrite every divisor δ of the number α uniquely
as follows: δ = νρc11 ρc22 · · · ρckk , where ν ∈ {±1;±i}
and 0 6 cj 6 aj for all j.

Proposition 5 (properties of the τ∗ function).
(a) τ∗(α) is divisible by 4;
(b) τ∗(α) = 4 if and only if α is a unit;
(c) τ∗(α) = 8 if and only if α is a Gaussian prime;
(d) τ∗(α) = 12 if and only if α is an associate of
a square of a Gaussian prime;
(e) if α is a Gaussian prime and c ∈ N, µ ∼ 1,
then τ∗(µαc) = 4(c+ 1);
(f) for every positive integer c that is not equal to
1, there exist infinitely many numbers α, such that
τ∗(α) = 4c;
(g) τ∗(α) = τ∗(α).

Доведення. Propositions (a)-(f) follow from the
definition of the τ∗ function and theorem 3.
Proposition (g) follows from proposition 1.

Proposition 6. τ∗(α) is not divisible by 8 if and
only if α is an associate of a square of a non-zero
Gaussian integer.

Доведення. Necessity. Suppose α = µρa11 ρa22 · · · ρakk .
If 8 - τ∗(α), then in (5), all the factors
a1 + 1, a2 + 1, . . . , ak + 1 are odd. Hence,
a1, a2, . . . , ak are even, and α is an associate of(
ρ
a1/2
1 ρ

a2/2
2 · · · ρak/2k

)2
.

Sufficiency follows immediately from equality
(5).
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Proposition 7. For every Gaussian integer α
that is divisible by 1 + i, the following inequality
holds:

τ∗(α) 6 6|α|

with equality if and only if α ∼ 2.

Lemma 1. For all positive integers n, the
inequality 3(

√
2)n

2 > n + 1 holds with equality if
and only if n = 2.

Доведення. For n 6 3 the statement of the lemma
can be easily checked. The next part of the proof
is done using induction. Since (n+1) ·

√
2 > n+2

for all n > 3, we have

3(
√
2)n+1

2
=

3(
√
2)n

2
·
√
2 >

> (n+ 1) ·
√
2 > n+ 2.

Lemma 2. For all non-negative integers n, the
inequality (

√
5)c > n+1 holds with equality if and

only if n = 0.

Доведення. For n = 0, the statement of the
lemma is true. The next part of the proof is done
using induction:

(
√
5)n+1 = (

√
5)n ·

√
5 >

> (n+ 1) ·
√
5 > n+ 2.

Proof of proposition 7. Let α be divisible by
1+ i. Then the canonical representation of α is of
the form µ(1 + i)aρa11 ρa22 · · · ρakk , where a > 0.

If ρ is a Gaussian prime that is not an associ-
ate of 1+ i, then theorem 2 implies that N(ρ) > 5.
For this reason, |ρj | >

√
5 for all j = 1, k. Applyi-

ng lemmas 1 and 2 we obtain:

6|α| = 6|1 + i|a|ρa11 ||ρa22 | · · · |ρakk | >

> 4 · 3(
√
2)a

2
· (
√
5)a1(

√
5)a2 · · · (

√
5)ak >

> 4(a+ 1)(a1 + 1)(a2 + 1) · · · (ak + 1) = τ∗(α).

In the foregoing inequalities, equality holds if and
only if a = 2 and k = 0, i.e. if α = µ(1 + i)2 ∼
∼ 2.

Proposition 8. For every Gaussian integer α
that is not divisible by 1 + i, the inequality

τ∗(α) 6 4|α|

holds with equality if and only if α ∼ 1.

The proof of this proposition is analogous to
the previous one.

Theorem 4. For any non-zero Gaussian integers
α and β the inequality

τ∗(αβ) 6 1

4
τ∗(α)τ∗(β)

holds with equality if and only if α and β are relati-
vely prime.

Доведення. The statement of the theorem is true
if at least one of the numbers α and β is a unit.
Now suppose none of α and β is a unit and

α = µρa11 ρa22 · . . . · ρakk , β = νρb11 ρb22 · . . . · ρbkk

are their canonical representations. Then αβ =
= ϑρa1+b1

1 ρa2+b2
2 · . . . · ρak+bk

k , where ϑ = µν ∼ 1.
Since the exponents are non-negative, we have

(aj + 1)(bj + 1) = ajbj + aj + bj + 1 > aj + bj + 1
with equality if and only if aj = 0 or bj = 0, which
implies:

τ∗(αβ) = τ∗
(
ρa1+b1
1 ρa2+b2

2 · . . . · ρak+bk
k

)
=

= 4

k∏
j=1

(aj + bj + 1) 6 4

k∏
j=1

(aj + 1)(bj + 1) =

=
1

4
· 4

k∏
j=1

(aj + 1) · 4
k∏

t=1

(bt + 1) =
1

4
τ∗(α)τ∗(β).

Equality holds if and only if for all j, either aj = 0
or bj = 0, i.e. if α are β relatively prime.

Corollary 1. Two non-zero Gaussian integers α
and β are relatively prime if and only if τ∗(αβ) =
= 1

4τ
∗(α)τ∗(β).

Corollary 2. If α1, α2, . . . , αn are relatively pri-
me Gaussian integers, then τ∗ (α1α2 · · ·αn) =
= 1

4n−1 τ
∗(α1)τ

∗(α2) · · · τ∗(αn).

Corollary 3. For every positive integer m, the
inequality

τ∗(αm) 6 1

4m−1
(τ∗(α))m

holds with equality if and only if α ∼ 1 or m = 1.
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The sum of the divisors of a Gaussian
integer

For a Gaussian integer α ̸= 0 and a positive
integer m by σ∗

m(α) we denote the sum σ∗
m(α) =

=
∑
δ|α

δm of the m-th powers of the divisors of α.

Proposition 9. If m is not divisible by 4, then
σ∗
m(α) = 0.

Доведення. If β is a divisor of α, so are
−β, iβ and −iβ. Hence, the set of di-
visors of α breaks down into quadruples:
(δ1,−δ1, iδ1,−iδ1) , (δ2,−δ2, iδ2,−iδ2) , . . . ,
(δk,−δk, iδk,−iδk) , where k = 1

4τ
∗(α). If m is not

divisible by 4, then the sum of the m-th powers of
each quadruple is equal to 0.

Theorem 5. Suppose α ̸∼ 1. If the canoni-
cal representation of α is of the form α =
µρa11 ρa22 · · · ρakk , then for every positive integer m,

σ∗
4m(α) = 4

k∏
j=1

ρ
4m(aj+1)
j − 1

ρ4mj − 1
. (6)

Доведення. Every divisor of α is of the form
νρc11 ρc22 · · · ρckk , where ν ∈ {±1;±i} and 0 6 cj 6
6 aj for all j. Note that ν4m = 1.

The right-hand side of the equality (6) can be
rewritten as follows:

(1 + 1 + 1 + 1)

k∏
j=1

(1 + ρ4mj + ρ8mj + ...+ ρ
4ajm
j ).

After opening the brackets, we obtain the sum of
all numbers of the form

ν4mρ4mc1
1 ρ4mc2

2 · · · ρ4mck
k ,

where 0 6 cj 6 aj for all j, i.e. the sum of the
m-th powers of the divisors of α.

Note that (6) implies that if α ∼ β, then
σ∗
4m(α) = σ∗

4m(β).

Proposition 10 (properties of the σ∗
4m function).

(a) σ∗
4m(α) is divisible by 4;

(b) σ∗
4m(α) = 4 if and only if α ∼ 1;

(c) if α is a Gaussian prime, then σ∗
4m(α) =

= 4(α4m + 1);
(d) if α is a Gaussian prime, then σ∗

4m((µα)c) =
= σ∗

4m(αc) for any c ∈ N and µ ∼ 1;
(e) σ∗

4m(α) = σ∗
4m(α);

(f) if α and α are associates, then σ∗
4m(α) ∈ Z.

Доведення. Propositions (a)-(d) from the defini-
tion of the σ∗

4m function and theorem 5.
(e) This follows from proposition 1.
(f) Applying propositions 10.e and 10.d, we

obtain:

σ∗
4m(α) = σ∗

4m(α) = σ∗
4m(µα) = σ∗

4m(α).

Hence, σ∗
4m(α) ∈ Z.

Proposition 11. σ∗
4m(α) is not divisible by 4(1+

i) if and only if either α or (1+ i)α is an associate
of a square of a Gaussian integer.

Proof. It can be easily seen that for α ∼ 1,
this proposition holds. Now suppose α � 1 and
α = µρa11 ρa22 · · · ρakk is the canonical representation
of α.

From formula (6), we see that the number
σ∗
4m(α) is not divisible by 4(1+ i) if and only if for

all j, the sum 1 + ρ4mj + ρ8mj + · · · + ρ
4ajm
j is not

divisible by 1 + i. If ρj ∼ 1 + i, then this sum is
not divisible by 1+ i. Hence, the divisibility of the
number σ∗

4m(α) by 4(1 + i) is influenced only by
the exponents of those primes from the canonical
representation of α that are not associates of 1+ i.

If ρj � 1 + i , then (1 + i) - ρ4mj . Suppose
ρ4mj = sj + tji, where sj , tj ∈ Z. Then by proposi-
tion 2, the numbers sj and tj do not have the
same parity; hence, the numbers sj + 1 and tj
are of the same parity. Thus, by proposition 2,
(1 + i)|(ρ4mj + 1). Notice that

1 + ρ4mj + · · ·+ ρ
4ajm
j =

{
(1 + ρ4mj )(1 + ρ8mj + · · ·+ ρ

4(aj−2)m
j ) + ρ

4ajm
j if 2 | aj ;

(1 + ρ4mj )(1 + ρ8mj + · · ·+ ρ
4(aj−1)m
j ) if 2 - aj .

From this we obtain that the sum 1 + ρ4mj +

+ ρ8mj + · · ·+ ρ
4ajm
j is not divisible by 1+ i if and

only if the number aj is even. Hence, 4(1 + i) -
σ∗
4m(α) if and only if in the canonical representati-

on of α, all the primes that are not associates of
1 + i have even exponents, i.e. if and only if there
exists β such that µρa11 ρa22 · · · ρakk ∼ β2, or, equi-
valently, α ∼ (1 + i)β2.
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Proposition 12. σ∗
4m(α) is divisible by 8 if and

only if neither α nor (1 + i)α is an associate of a
square of a non-zero Gaussian integer.

Доведення. Necessity follows from the previous
proposition and the fact that 4(1 + i)|8.

Sufficiency. Suppose neither α nor (1 + i)α is
an associate of a square of a non-zero Gaussian
integer and the canonical representation of α is
of the form µρa11 ρa22 · · · ρakk . Then there exists a
number l such that ρl � 1+ i and the exponent al
is odd. The odd parity of al implies that for any
positive integer m the following equality holds:

1 + ρ4ml + ρ8ml + · · ·+ ρ4alml =

= (1 + ρ4ml )(1 + ρ8ml + ρ16ml + · · ·+ ρ
4(al−1)m
l ).

Hence, (1+ρ4ml ) | (1+ρ4ml +ρ8ml +· · ·+ρ4alml ).
Suppose ρml = s + ti, where s, t ∈ Z. Since

(1 + i) - ρml , by proposition 2, the numbers s and
t do not have the same parity. Therefore, on the
right-hand side of the equality

1 + ρ4ml = 1 + (s+ ti)4 =

= (1 + s4 + t4)− 6s2t2 + (4s3t− 4st3)i,

each of the numbers 1 + s4 + t4 and 4s3t − 4st3

is divisible by 2. Thus, 2|(1 + ρ4ml ), which implies
that 2|(1 + ρ4ml + ρ8ml + · · ·+ ρ4alml ).

Therefore, on the right-hand side of (6), aside
from 4, there is one more factor that is divisible
by 2. Hence, σ∗

4m(α) is divisible by 8.

Proposition 13. For all non-zero Gaussian
integers α and positive integers m, the following
inequality holds:

|σ∗
4m(α)| 6 |α|4m(τ∗(α)− 4) + 4. (7)

In (7), equality holds only for α ∼ 1 or α ∼ p,
where p is a prime positive integer of the form
4k + 3; and when m is even, it also holds for
α ∼ (1 + i).

Доведення. If α ∼ 1, then for all positive integers
m, we have:

|σ∗
4m(α)| = 4 = |α|4m(τ∗(α)− 4) + 4. (8)

Now suppose α � 1. Then the number α has
exactly four divisors whose absolute values are
equal to 1, and the absolute values of each of the
rest (there are τ∗(α) − 4 of them) do not exceed
|α|. Hence,

|σ∗
4m(α)| =

∣∣∣∑
δ|α

δ4m
∣∣∣ 6

6
∑
δ|α

|δ|4m 6 |α|4m(τ∗(α)− 4) + 4. (9)

To prove the second part of the proposition,
we only need to consider the case when α � 1.
Note that for each divisor δ of a Gaussian integer
α, the inequality |δ| 6 |α| holds with equality if
and only if δ ∼ α. Hence, in inequality (9), equali-
ty holds if and only if the divisors of α are the units
and the associates of α only, i.e. if α is prime.

Therefore, it only remains to check for what
primes α equality (8) holds. Since α is a Gaussian
prime, then (8) implies that

|σ∗
4m(α)| = |4α4m + 4| = 4|α4m|+ 4.

This and the triangle inequality for complex
numbers imply that α4m ∈ Z. By theorem 2, this is
possible only if α ∼ p, where p is a prime positive
integer of the form 4k + 3, or if α ∼ 1 + i.

It can be easily checked that in the first
case, the equality in (7) holds always, and in
the second case, α4m = (−4)m = (−1)m4m.
Hence, |σ∗

4m(α)| = |(−1)m4m+1 + 4|, while
|α|4m(τ∗(α)− 4) + 4 = 4m+1 + 4. Therefore, the
equality in (7) holds only if m is even.

Theorem 6. For any relatively prime Gaussian
integers α and β,

σ∗
4m(αβ) =

1

4
σ∗
4m(α)σ∗

4m(β).

Доведення. The statement of the theorem is true
if at least one of the numbers α and β is a unit.

Now suppose α = µρa11 ρa22 · · · ρakk and β =

= νξb11 ξb22 · · · ξbll are the canonical representations
α of β. Since α and β are relatively prime, all the
prime numbers ρ1, ρ2, . . . , ρk and ξ1, ξ2, . . . , ξl are
non-associate. Hence, every divisor of the number
αβ is of the form ϑρa11 ρa22 · · · ρakk · ξb11 ξb22 · · · ξbll ,
where ϑ ∼ 1. Then we have:

σ∗
4m(αβ) = 4

k∏
j=1

ρ
4m(aj+1)
j − 1

ρ4mj − 1
·

l∏
t=1

ξ
4m(bt+1)
t − 1

ξ4mt − 1
=

=
1

4
σ∗
4m(α)σ∗

4m(β).

Corollary 4. If α1, α2, . . . , αn are n relatively pri-
me Gaussian integers, then σ∗

4m(α1α2 · · ·αn) =
= 1

4n−1σ
∗
4m(α1)σ

∗
4m(α2) · · ·σ∗

4m(αn).

The product of the divisors of a
Gaussian integer

For a Gaussian integer α ̸= 0, by π∗(α) we
denote the product π∗(α) =

∏
δ|α

δ of its divi-

sors. Note that if α and β are associates, then
π∗(α) = π∗(β).
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Theorem 7.

π∗(α) =

{
α

1
2
τ∗(α) if α is not a square of a Gaussian integer;

−α
1
2
τ∗(α) if α is a square of a Gaussian integer.

Доведення. If β is a divisor of α, so is α/β. Let
β1, β2, . . . , βτ∗(α) be all the divisors of α. Then we
have:

π∗(α) = β1β2 · · ·βτ∗(α) =
α

β1
· α

β2
· · · α

βτ∗(α)
.

Hence,

(π∗(α))2 = β1β2 · · ·βτ∗(α) ·
α

β1
· α

β2
· · · α

βτ∗(α)
=

= α · α · · ·α︸ ︷︷ ︸
τ∗(α)

= ατ∗(α).

By theorem 3, the number τ∗(α) is always
even. Therefore,

π∗(α) = α
1
2
τ∗(α) or π∗(α) = −α

1
2
τ∗(α). (10)

The set of divisors of α naturally breaks down
into quadruples:
(δ1,−δ1, iδ1,−iδ1) , (δ2,−δ2, iδ2,−iδ2) , . . . ,
(δk,−δk, iδk,−iδk) , where k = 1

4τ
∗(α). Suppose

δ1δ2 · · · δ 1
4
τ∗(α) = γ. Then

π∗(α) =

1
4
τ∗(α)∏
j=1

((δj) · (−δj) · (iδj) · (−iδj)) =

= (−1)
1
4
τ∗(α)γ4. (11)

Now we consider 3 cases:
1) α is not an associate of a square of a Gaussi-

an integer. Then, by proposition 6, 8|τ∗(α), so
the number 1

4τ
∗(α) is even. Hence, (11) implies

that π∗(α) = γ4, and from (10), we obtain either
γ4 = α

1
2
τ∗(α) or γ4 = −α

1
2
τ∗(α). The second equali-

ty is impossible, since −1 is not a fourth power of
a Gaussian integer.

Thus, in this case, π∗(α) = α
1
2
τ∗(α).

2) α = iω2 (that is, α is an associate of a
square, but is not itself a square). Propositions 5.a
and 6 imply that 4|τ∗(α), but 8 - τ∗(α). Hence,
the number 1

4τ
∗(α) is odd and (11) implies that

π∗(α) = −γ4. Besides, α
1
2
τ∗(α) = i

1
2
τ∗(α)ωτ∗(α) =

= −ωτ∗(α). Therefore, it follows from (10) that
it is either −γ4 = −ωτ∗(α) or −γ4 = ωτ∗(α). The
second equality is impossible, since ωτ∗(α) is a
fourth power of a Gaussian integer, while −1 is
not.

Hence, in this case, π∗(α) = α
1
2
τ∗(α) as well.

3) α = ω2. By proposition 6, 8 - τ∗(α), so
the number 1

4τ
∗(α) is odd and (11) implies that

π∗(α) = −γ4. Relation (10) now takes the followi-
ng form: −γ4 = α

1
2
τ∗(α) or −γ4 = −α

1
2
τ∗(α). By

analogous reasoning, we now obtain that the first
equality is impossible.

Thus, in this case, π∗(α) = −α
1
2
τ∗(α).

Proposition 14 (properties of the π∗ function).

(a) π∗(α) = −1 if and only if α is a unit;
(b) π∗(α) = α4 if and only if α is a Gaussian pri-
me;
(c) π∗(α) = (π∗(α)).

Доведення. Propositions (a) and (b) follow from
the definition of the π∗ function and theorem 7.

(c) If the divisors of α are δ1, δ2, . . . , δτ∗(α),
then by proposition 1, the divisors of α are
δ1, δ2, ..., δτ∗(α). Hence,

π∗(α) =

τ∗(α)∏
j=1

δj =

τ∗(α)∏
j=1

δj = π∗(α).

Proposition 15. π∗(α) = π∗(β) if and only if α
and β are associates.

Доведення. Sufficiency follows from the fact that
α and β have the same divisors.

Necessity. Suppose π∗(α) = π∗(β). Then,
in particular, every prime divisor of α is a di-
visor of β, and vice versa. Hence, the canoni-
cal representations of α and β are of the form
α = µρa11 ρa22 · · · ρakk and β = νρb11 ρb22 · · · ρbkk , where
all the exponents are positive. Since α

1
2
τ∗(α) =

β
1
2
τ∗(β) or α

1
2
τ∗(α) =

= −β
1
2
τ∗(β), then

α
1
2
τ∗(α) = µ

1
2
τ∗(α)ρ

1
2
τ∗(α)a1

1 · · · ρ
1
2
τ∗(α)ak

k =

= ±β
1
2
τ∗(β) = ±ν

1
2
τ∗(β)ρ

1
2
τ∗(β)b1

1 · · · ρ
1
2
τ∗(β)bk

k .

Thus, for each j = 1, k, the equality ajτ
∗(α) =

bjτ
∗(β) holds. Hence, a1

b1
= a2

b2
= · · · = ak

bk
= τ∗(β)

τ∗(α) .

If the inequality τ∗(β)
τ∗(α) > 1 were true, then for

each j = 1, k, the inequality aj > bj would
hold. But then, contrary to the initial condition,
τ∗(α) > τ∗(β). In the same way, an assumption

16
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that τ∗(β)
τ∗(α) < 1 leads to a contradiction. Thus,

a1 = b1, . . . , ak = bk, and α ∼ β.

Proposition 16. π∗(α) ∈ Z if and only if α ∼ α.

Доведення. By propositions 14.c and 15, we have:

π∗(α) = π∗(α) ⇐⇒ π∗(α) = π∗(α) ⇐⇒ α ∼ α.

Sums of products of divisors of a
Gaussian integer

In this subsection, numbers k,m, n, u, v, w, a, b, c,
a1, a2, . . . , ak are positive integers, α ̸= 0, and
k 6 τ∗(α). We fix the divisors of α in a certain
order δ1, δ2, . . . , δτ∗(α), and introduce the followi-
ng notation:

s∗k,m(α) =
∑

16a1<a2<...<ak6τ∗(α)

δma1δ
m
a2 · . . . · δ

m
ak
;

p∗k,m(α) =
∑

16a1<a2<...<ak6τ∗(α)

1

δma1δ
m
a2 · . . . · δmak

.

Note that s∗1,m(α) = σ∗
m(α), s∗τ∗(α),m(α) =

= (π∗(α))m, p∗τ∗(α),m(α) = 1
(π∗(α))m .

Proposition 17.∑
16a,b6τ∗(α)

a ̸=b

δuaδ
v
b = σ∗

u(α)σ
∗
v(α)− σ∗

u+v(α).

Доведення. This follows from the equalities
below:

σ∗
u(α)σ

∗
v(α) =

∑
δ|α

δu ·
∑
δ|α

δv =

=
∑
δ|α

δu+v +
∑

16a,b6τ∗(α)
a̸=b

δuaδ
v
b =

= σ∗
u+v(α) +

∑
16a,b6τ∗(α)

a ̸=b

δuaδ
v
b .

Corollary 5.∑
16a,b6τ∗(α)a ̸=b

1

δuaδ
v
b

=
σ∗
u(α)σ

∗
v(α)− σ∗

u+v(α)

αu+v
.

Propositions 17 and 9 imply

Corollary 6. s∗2,m(α) =
(σ∗

m(α))2−σ∗
2m(α)

2 =

=


0 if m = 2n− 1;
−σ∗

2m(α)
2 if m = 4n− 2;

(σ∗
m(α))2−σ∗

2m(α)
2 if m = 4n.

Proposition 18.∑
16a,b,c6τ∗(α)
a̸=b,b ̸=c,c ̸=a

δuaδ
v
b δ

w
c = σ∗

u(α)σ
∗
v(α)σ

∗
w(α)−

−σ∗
u+v(α)σ

∗
w(α)− σ∗

u+w(α)σ
∗
v(α)−

−σ∗
v+w(α)σ

∗
u(α) + 2σ∗

u+v+w(α).

Доведення. This follows from proposition 17 and
the chain of equalities:

σ∗
w(α)

(
σ∗
u(α)σ

∗
v(α)− σ∗

u+v(α)
)
=

=
∑
δ|α

δw ·
∑

16a,b6τ∗(α)
a ̸=b

δuaδ
v
b =

∑
16a,b6τ∗(α)

a̸=b

δu+w
a δvb+

+
∑

16a,b6τ∗(α)
a ̸=b

δuaδ
v+w
b +

∑
16a,b,c6τ∗(α)
a ̸=b,b̸=c,c ̸=a

δuaδ
v
b δ

w
c =

= σ∗
u+w(α)σ

∗
v(α)− σ∗

u+v+w(α) + σ∗
u(α)σ

∗
v+w(α)−

−σ∗
u+v+w(α) +

∑
16a,b,c6τ∗(α)
a ̸=b,b ̸=c,c ̸=a

δuaδ
v
b δ

w
c .

Corollary 7.∑
16a,b,c6τ∗(α)
a ̸=b,b ̸=c,c ̸=a

1

δuaδ
v
b δ

w
c

=
1

αu+v+w

(
σ∗
u(α)σ

∗
v(α)σ

∗
w(α)−

−σ∗
u+v(α)σ

∗
w(α)− σ∗

u+w(α)σ
∗
v(α)−

−σ∗
v+w(α)σ

∗
u(α) + 2σ∗

u+v+w(α)
)
.

Corollary 8.∑
16a<b6τ∗(α)
16c6τ∗(α)
c ̸=a,c̸=b

δuaδ
u
b δ

v
c =

1

2

(
(σ∗

u(α))
2σ∗

v(α)−

−2σ∗
u(α)σ

∗
u+v(α)− σ∗

2u(α)σ
∗
v(α) + 2σ∗

2u+v(α)
)
.

Corollary 9.∑
16a<b6τ∗(α)
16c6τ∗(α)
c ̸=a,c̸=b

1

δuaδ
u
b δ

v
c

=
1

2α2u+v

(
(σ∗

u(α))
2σ∗

v(α)−

−2σ∗
u(α)σ

∗
u+v(α)− σ∗

2u(α)σ
∗
v(α) + 2σ∗

2u+v(α)
)
.

Propositions 18 and 9 imply

Corollary 10.

s∗3,m(α) =

=
(σ∗

m(α))3 − 3σ∗
m(α)σ∗

2m(α) + 2σ∗
3m(α)

6
=

=

{
(σ∗

m(α))3−3σ∗
m(α)σ∗

2m(α)+2σ∗
3m(α)

6 if m = 4n;
0, otherwise.

17
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Proposition 19.

(a) p∗k,m(α) =
s∗k,m(α)

αkm ;
(b) if τ∗(α) > k, k ∈ N, then

s∗k,m(α) =
(α)kms∗τ∗(α)−k,m(α)

(π(α))m
;

(c) if τ∗(α) > k, k ∈ N, then

p∗k,m(α) =
(α)kmp∗τ∗(α)−k,m(α)

(π(α))m
.

Доведення. (a) If δ is a divisor of α, so is α
δ .

Hence,
s∗k,m(α)

αkm
=

∑
16a1<a2<...<ak6τ∗(α)

δma1δ
m
a2 · . . . · δ

m
ak

αkm
=

=
∑

16a1<a2<...<ak6τ∗(α)

1

δma1δ
m
a2 · · · δmak

= p∗k,m(α).

(b) This follows from (a) and the chain of
equalities:

(π(α))ms∗k,m(α)

αkm
=

=
∑

16a1<a2<...<ak6τ∗(α)

δm1 δm2 · · · δmτ∗(α)
δma1δ

m
a2 · · · δmak

=

=
∑

16a1<a2<...<aτ∗(α)−k6τ∗(α)

δma1δ
m
a2 · · · δ

m
aτ∗(α)−k

=

= s∗τ∗(α)−k,m(α).

Proposition (c) follows from (a) and (b).

Proposition 20 (the recurrence formula for s∗k,m).

s∗k+1,m(α) =
1

k + 1

(
(−1)kσ∗

(k+1)m(α) +

k−1∑
l=0

(−1)ls∗k−l,m(α)σ∗
(l+1)m(α)

)
. (12)

Доведення. Let b1, b2, . . . , bk be distinct positi-
ve integers, where 1 6 b1, b2, . . . , bk 6 τ∗(α).
By q∗k,c,m(α), where c ∈ Nr {1}, we denote the
following sum:
q∗k,c,m(α) =

∑
16b2<b3<...<bk6τ∗(α)

16b16τ∗(α)
b1 ̸=b2,b1 ̸=b3,...,b1 ̸=bk

δcmb1 δmb2δ
m
b3 · · · δ

m
bk
.

Note that q∗1,c,m(α) = σ∗
cm(α). Then we have:

s∗k,m(α)σ∗
m(α) =

=

( ∑
16a1<a2<...<ak6τ∗(α)

δma1δ
m
a2 · · · δ

m
ak

)
×

×
(∑

δ|α

δm
)

= (k + 1)s∗k+1,m(α) + q∗k,2,m(α).

s∗k,m(α)σ∗
cm(α) =

(∑
δ|α

δcm
)
×

×
( ∑

16a1<a2<...<ak6τ∗(α)

δma1δ
m
a2 · · · δ

m
ak

)
=

=
∑

16b2<b3<...<bk6τ∗(α)
16b16τ∗(α)

b1 ̸=b2,b1 ̸=b3,...,b1 ̸=bk

δ
(c+1)m
b1

δmb2δ
m
b3 · · · δ

m
bk
+

+
∑

16b2<b3<...<bk+16τ∗(α)
16b16τ∗(α)

b1 ̸=b2,b1 ̸=b3,...,b1 ̸=bk+1

δcmb1 δmb2δ
m
b3 · · · δ

m
bk+1

=

= q∗k,c+1,m(α) + q∗k+1,c,m(α).

From this, we obtain the following equalities:

s∗k,m(α)σ∗
m(α) = (k + 1)s∗k+1,m(α) + q∗k,2,m(α);

s∗k−1,m(α)σ∗
2m(α) = q∗k−1,3,m(α) + q∗k,2,m(α);

s∗k−2,m(α)σ∗
3m(α) = q∗k−2,4,m(α) + q∗k−1,3,m(α);

. . .

s∗1,m(α)σ∗
km(α) = q∗1,k+1,m(α) + q∗2,k,m(α),

which imply:

s∗k,m(α)σ∗
m(α)− s∗k−1,m(α)σ∗

2m(α) + · · ·+
+(−1)k−1s∗1,m(α)σ∗

km(α) = (k + 1)s∗k+1,m(α)+

+(−1)k−1q∗1,k+1,m(α) = (k + 1)s∗k+1,m(α)+

+(−1)k−1σ∗
(k+1)m(α).

Hence,

(k + 1)s∗k+1,m(α) = s∗k,m(α)σ∗
m(α)−

−s∗k−1,m(α)σ∗
2m(α) + · · ·

· · ·+ (−1)k−1s∗1,m(α)σ∗
km(α) + (−1)kσ∗

(k+1)m(α),

which immediately implies (12).

18
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Proposition 21 (the recurrence formula for p∗k,m).

p∗k+1,m(α) =
1

k + 1

((−1)kσ∗
(k+1)m(α)

α(k+1)m
+

k−1∑
l=0

(−1)lp∗k−l,m(α)σ∗
(l+1)m(α)

α(l+1)m

)
.

Доведення. Propositions 19.a and 20 imply:

p∗k+1,m(α) =
s∗k+1,m(α)

α(k+1)m
=

=
1

(k + 1)α(k+1)m

(
(−1)kσ∗

(k+1)m(α)+

+

k−1∑
l=0

(−1)ls∗k−l,m(α)σ∗
(l+1)m(α)

)
=

=
1

(k + 1)α(k+1)m

(
(−1)kσ∗

(k+1)m(α)+

+
k−1∑
l=0

(−1)lα(k−l)mp∗k−l,m(α)σ∗
(l+1)m(α)

)
=

=
1

k + 1

((−1)kσ∗
(k+1)m(α)

α(k+1)m
+

+

k−1∑
l=0

(−1)lp∗k−l,m(α)σ∗
(l+1)m(α)

α(l+1)m

)
.

The definitions of the s∗k,m and p∗k,m functions
immediately imply

Proposition 22. If the numbers α and β are
associates, then

s∗k,m(α) = s∗k,m(β) and p∗k,m(α) = p∗k,m(β).

Proposition 23. For all α s∗k,m(α) = s∗k,m(α)

and p∗k,m(α) = p∗k,m(α).

Доведення. This follows from the fact that if the
divisors of α are δ1, δ2, . . . , δτ∗(α), then the divisors
of α are δ1, δ2, ..., δτ∗(α).

Proposition 24. If α and α are associates, then
s∗k,m(α) ∈ Z and p∗k,m(α) ∈ Q.

The proof is analogous to the proofs of
propositions 10.g and 16.

Proposition 25. If m is odd k is not divisible by
4, then s∗k,m(α) = 0 and p∗k,m(α) = 0

Доведення. Let m be odd. Consider the following
polynomial:

P (x) =
∏
δ|α

(x− δm).

By Vieta’s theorem,

P (x) = xτ
∗(α) +

τ∗(α)∑
j=1

(−1)js∗j,m(α)xτ
∗(α)−j .

Since the set of divisors of α breaks down into
quadruples:

(δ1,−δ1, iδ1,−iδ1) , (δ2,−δ2, iδ2,−iδ2) , . . . ,

(δk,−δk, iδk,−iδk) ,

where k = 1
4τ

∗(α), then the polynomial P (x)
can be rewritten as follows:

P (x) =

1
4
τ∗(α)∏
j=1

((x− δmj )(x− (−δj)
m)×

×(x− (iδj)
m)(x− (−iδj)

m)).

The odd parity of m implies that

(x− δmj )(x− (−δj)
m)(x− (iδj)

m)(x− (−iδj)
m) =

= x4 − δ4mj .

Hence,

P (x) = xτ
∗(α) +

τ∗(α)∑
j=1

(−1)js∗j,m(α)xτ
∗(α)−j =

=

1
4
τ∗(α)∏
j=1

(x4 − δ4mj ).

Thus, in the polynomial P (x), coefficients of
the terms whose exponent of x is not divisible by
4, are equal to 0. Hence, if 4 - k, then s∗k,m(α) = 0.
By proposition 19.a, p∗k,m(α) = 0 as well.

Proposition 26. If m ≡ 2 (mod 4) and k is odd,
then s∗k,m(α) = 0 and p∗k,m(α) = 0.

The proof of this proposition is analogous to
the previous one.
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Proposition 27. Suppose β | α. If δ1, δ2, ..., δτ(α
β
)

are all the divisors of α that are divisible by β, then

(a)
∑

16a1<a2<...<ak6τ∗(α
β
)

δma1δ
m
a2 · · · δ

m
ak

=

= βkms∗k,m

(
α

β

)
;

(b)
∑

16a1<a2<...<ak6τ∗(α
β
)

1

δma1δ
m
a2 · · · δmak

=
p∗k,m(αβ )

βkm
.

The proof follows from the fact that if α = βγ,
then all the divisors of α that are divisible by β
are of the form βδ, where δ | γ.
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