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THE ASYMPTOTIC SAMUEL FUNCTION OF A FILTRATION

Smita Praharaj

Professor Steven Dale Cutkosky, Dissertation Supervisor

ABSTRACT

We extend the asymptotic Samuel function of an ideal to an arbitrary filtration
of a Noetherian ring. We observe that although many properties that hold true in
the ideal case are true for filtrations, there are many interesting differences as well.
We study the notion of projective equivalence of filtrations, and consider the case

of discrete valued filtrations, which have particularly nice properties.



Chapter 1

Introduction

Let R be a Noetherian ring. For an ideal I of R, the asymptotic Samuel function of

I is defined as

d m
() = tim 2O

for any x € R

where ord;(r) = sup{k € N | r € I*} for r € R. This was first defined by Samuel
in [18]. Its basic properties and some beautiful theorems about it are proven in the
articles [18], [12], [15], [17], [9], [10] and [11] and are surveyed in the book [19].

It is also shown in [19] Lemma 6.9.2 that this limit exists. Furthermore, Corollary
6.9.1 in [19] relates the asymptotic Samuel function of an ideal with the integral
closure of the powers of the ideal, as mentioned in Lemma 3.2.

IfRV(I) = {v1,...,v} is aset of Rees valuations of I ([15], [17], Section 10 [19]),

then

vl(x):min{vl(x) ,”T(@} VzeR

This result is proven in [15] and after Lemma 10.1.5 in [19] (stated in Lemma 3.6).

Furthermore, the Rees valuations are uniquely determined by the asymptotic Samuel



function, up to equivalence of valuations. This is shown in Theorem 10.1.6 in [19]
(stated in Theorem 3.7). This also proves that the range of the asymptotic Samuel
function of I is contained in Qo U {o0}.

Ideals I and J of R are said to be projectively equivalent if there exists a € R+q
such that 7, = av,. Corollary 11.9 (ii) [10] or Exercise 10.26 of [19] provides a
characterization of projectively equivalent ideals in terms of integral closures (which
we state in Proposition 3.11).

In this thesis, we extend this notion of asymptotic Samuel function to arbitrary
filtrations of R. Let Z = {I,,}men be a filtration of ideals in R, that is, Iy = R, I,
isanidealin R, I,,.1 C I, and I, - I,,, C I,1p,, VmMm,n €N.

We show in Theorem 4.4 that for z € R, the limit lim vr(w

m—00 m

exits, where
vr(r) = max{k € N | r € I;}. We define this function as the asymptotic Samuel
function of the filtration Z, denoted by vz. If Z = {I™},,en is the adic-filtration of
powers of an ideal I then the asymptotic Samuel function 7z of the filtration Z is
equal to the classical asymptotic Samuel function 7; of the ideal 1.

The Rees algebra of a filtration Z = {I,;, }men is the graded R-algebra

R[T] =) I.t" C RIt],

meN

where R[t] is the polynomial ring in the variable ¢ over R, which is viewed as a

graded R-algebra where ¢ has degree 1. Let R[Z] = > I,t™ be the integral closure
meN

of R[Z] in RI[t].

IfZ = {I"™},en is the adic-filtration of powers of an ideal I, then R[Z] = € I™t™
meN



is the usual Rees algebra of I, and R[Z] = @N Imt™ = R[I], where T™ is the integral
me
closure of the ideal I™.
For a general filtration Z = {/,, }:nen of a Noetherian ring R, the integral closure
of the Rees algebra R[Z] is larger than the ring @ I,,t™. In fact, the integral closure

meN

of R[Z] is
RZ] =Y Jut"
where J,, = {f € R | f" € I, for some r > 0} and ZC(Z) = {J, }men is a filtration
of R. This is proven in Lemma 4.13.
Given a filtration Z = {I,,};men of R and a € R, define the twist of Z by a to

be the filtration
T = {15 Y men = {Ijam) tmen.

In Theorem 4.9 it is shown that if Z is a filtration and o € R+, then,
VI = QVz(a).

This is in contrast to the case of an ideal I in R, where range of 7; C Q> U {o0}.
The definition of projective equivalence for ideals extends naturally to filtrations.
Filtrations Z and J in a Noetherian ring R are said to be projectively equivalent if
there exists a € Ry such that vz = av.
Suppose that I and J are ideals in a Noetherian ring R and Z = {I"},en,
J = {J"}nen are their associated adic-filtrations. We have that 7; = 7z and
Uy =Ty, sotheideals I and J are projectively equivalent if and only if the associated

adic-filtrations Z and J are projectively equivalent.



Theorem 4.9 shows that given any o € Ry, and a filtration Z = {I,,, },nen of
R, the twist of Z by « is projectively equivalent to Z since U7 = aV;w). Thus,
the conclusion of the rationality of «, as shown in Proposition 3.11 for projective
equivalence of ideals, does not extend to filtrations.

We provide a necessary and sufficient condition for projective equivalence of fil-

trations in Theorem 4.9 (stated below).

Theorem 1.1. Let T = {I;,}men and J = {Jin }tmen be filtrations in a Noetherian

ring R. Then T and J are projectively equivalent if and only if 3 o, B € Ryg such

that ZC(Z'W) = ZC(JP)), or equivalently, R[I(®] = R[J®¥)].

We give an example in Example 4.20 of filtrations Z and J which are projectively

equivalent with 7z = 77 but for no « or 8 € Q do we have that R[Z(®] = R[J®)].
Thus the requirement of o, 5 € R+ int he above Theorem cannot be weakened.

In the case that Z and J are adic-filtrations of powers of ideals, we have by

Proposition 3.11 that Z and J are projectively equivalent if and only if R[Z(™)] =

R[T®] for m,n € Zso with 7z = ~ ;. In this case, RZ™)] = R[I™] and
n

R[T™] = R[J"].
We show in Theorem 4.22 that given a filtration Z, there is a unique largest
filtration K(Z) such that Z and K(Z) have the same asymptotic Samuel function

(also stated below).

Theorem 1.2. (Theorem 4.22) For a filtration T = {1, }men of ideals in R, define

KZ)m ={f€R|vz(f) >m}VmeN.



Then K(Z) = {K(Z)m}men is a filtration of ideals in R and Z C K(Z). Moreover,

vz = Uiy and K(I) is the unique, largest filtration J such that vz = .

If T = {I™}en is the adic-filtration of powers of an ideal, then K(Z) = {I™},,en,
the filtration of integral closures of powers of I (by Lemma 3.2).

In contrast, for a general filtration, it is possible for K(Z) to be larger than the
filtration ZC(Z), the integral closure of Z. Such an example is given in Example
4.23. By Lemma 4.25, the Rees algebra R[IC(Z)] is integrally closed. Thus for a

filtration Z, we have inclusions of Rees algebras

R[Z] € RZC(T)] = R[Z] € R[K(T)] = RIK(T)] (1.1)

where the two inclusions can be proper. In Theorem 4.24 we give another charac-

terization of projective equivalence.

Theorem 1.3. Suppose T and J are filtrations of a Noetherian ring R. Then T is

projectively equivalent to J with vz = a Uy if and only if K(ZW) = K(J).

In Section 5, we consider discrete valued filtrations (defined at the beginning of
Section 5). We generalize some of the theory of Rees valuations of ideals (Section
10 [19]) to these filtrations.

This result is proven in [15] and after Lemma 10.1.5 in [19]. We prove the

following Lemma, which generalizes Theorem 3.7 to discrete valued filtrations.

Lemma 1.4. Let 7 = {1I,,} where I, = I(v1)ma, N+ NI (Vs)ma, be a discrete valued



filtration of a Noetherian ring R. For f € R\ {0},

vr(f) :mmHMJ,... , {ﬂ” and 7y(f) :mm{w,... M}

ai Qg a Qg

In Theorem 5.5, we generalize to discrete valued filtrations the proof of uniqueness
of Rees valuations for ideals given in Theorem 10.1.6 [19]. We obtain the following

Corollary.

Corollary 1.5. (Corollary 5.7) Let T = {I;, }men and J = {Jpm }men be discrete val-

ued filtrations of a Noetherian ring R, where I, = () I(vi)a;m and Jp = () 1(0])aim
i=1 i=1

V' m € N are irredundant representations. If vz =V gz, then r = s and after reindex-
ing, a; = a; and v; = v}.

If Z = {L}men where I, = () I(v;)a,m, then TI is the filtration 7o =

=1

.

I(v;)ama;- This filtration is well defined (independent of representation of Z as a

=1

discrete valued filtration).

Proposition 1.6. (Proposition 5.8) Suppose that T is a discrete valued filtration of

a Noetherian ring R and o € Rsg. Then K(Z®) = Tl = KC(Z1).

In particular, the chain of inclusions of (1.1) are all equalities for discrete valued

filtrations.

Theorem 1.7. (Theorem 59) Let T = {IL,}men and J = {Jm}men be discrete
valued filtrations of a Noetherian ring R and o € Ryg. Then U7z = a U7 if and only

if J =T,



Some of the results of this thesis appear in the paper [7] by Steven Dale Cutkosky

and Smita Praharaj.



Chapter 2

Notation

Assume R is a commutative ring with identity.

N {0,1,2,...}

Lo {1,2,...}

R All real numbers

R> Non-negative real numbers

R Positive real numbers

Q>0 Non-negative rational numbers

k> Nonzero elements of a field &
RV(I) Set of Rees valuations of the ideal I
1 Integral closure of the ideal I

The largest integer less than or equal to x

The smallest integer which is greater than or equal to x



Chapter 3

The asymptotic Samuel function

of an Ideal

Definition 3.1. For an ideal I of R, define a function ord; : R — N U {oo} given

by f > sup {m | f € I"™} for any f € R. This is called the order of I.
Some observations regarding this function are as follows:
1. For any z € R\ I, ord;(z) = 0 and ord;(0) = oo.

2. For f,g € R, ord;(f+g) > min {ord;(f),ord;(g)}, and ord;(f-g) > ord;(f) +

ord;(g). So, this is not quite a valuation.

3. In fact, for n € N, ord;(f") > n - ord;(f) and this inequality could be strict.
For example : Let R = k[z,y]/(2* — y?), where k is a field and z, y are variables

over k and m = (z,%). Then ordy(z) = 1, but ord,(z*) = 3.

The asymptotic Samuel function is a normalized version of the order function
that gets around this situation in (3).

The following result has been proven in [19] Corollary 6.9.1.



Lemma 3.2. Let R be a Noetherian ring, I an ideal of R, x € R\ {0}, c € N. Then

x € I¢ if and only if limsup m

m—0o0

>c

Here I¢ denotes the integral closure of the ideal I¢ in R. Furthermore, it is also

shown in [19] Lemma 6.9.2 that

d m
Lemma 3.3. Let I be an ideal in a Noetherian ring R. For anyx € R, lim 07’1—(:6)
m—00 m
er1sts.
. _ . _ . ord(z™) .
Definition 3.4. Let 7, : R — R>qU{oo} be given by 7,(z) = lim ————=. This

m—00 m

is called the asymptotic Samuel function of I.

Proposition 3.5. For f € R andn € N, 7,(f") =n-v,(f)

Proof. Since the limit exists, any subsequence also converges to the same limit.
Thus,

3 o ordg(f™) OTdI(fnm)_l
v;(f) = lim ——=—= = lim ~n

m—00 m m—o0 nm

o ordi((fm)™)

1
m—o0 m

v,(f")

S|

Thus, 7,(f") = nv,(f). 1

Rees published a series of papers ([14], [15], [16], [17]) which culminates in the
proof of The Valuation Theorem (that relates the asymptotic Samuel function with
the Rees valuations) for any ideal in a Noetherian ring. These results are also proven
in Chapter 10, [19]. We mention these important results here (Lemma 3.6 - Lemma
3.9).

The following Lemma is proven in [19] (Lemma 10.1.5).

10



Lemma 3.6. Let I be an ideal contained in no minimal prime of a Noetherian ring

R. Let RV(I) = {vy,..., v} be a set of Rees valuations of I. Let w: R — RU{oco}

be a function satisfying the following conditions:
1. Foralln>1,I"={z € R | w(z) > n}.
2. w(z") =nw(z) for allx € R andn > 1.

Then,

Proof. Let w' : R — R U {oo} be given by x +— 112112 {Ul(x) } Observe that the

function w’ satisfies the two conditions above.
For x € R, x € I" if and only if v;(z) > nv;(I) V1 < i < [ if and only if

vi(2) >nV1<i<lif and only if min vi(2) > n, that is, w'(z) > n. Also, for
) 1<i<t | v (1)

r€ Randn > 1,

w'(z™) = min

vi(z™) . o)\ Jol)
e R D e A o SR
If w# W', then 3 x € R such that w(z) # w'(z).
If w'(x) < w(z), then 3 n € N such that w'(z") < w(z™) — 1. If w(x) < oo, set

k= |w(z™)]|. If w(z) = oo, we can set k to be an arbitrarily large integer. Since

w(z™) > k, by assumption 2 € I*, but w'(z") < w(z"), that is, w'(z") < k, so,
2™ ¢ I by Definition of w’. This is a contradiction. Thus, w'(z) > w(z).
Similarly, if w(z) < w'(z). Then 3 m € N such that w(z™) < w'(z™) — 1. If

w'(x) < oo, set r = |w'(z™)]. If w'(x) = oo, we can set r to be an arbitrarily

large integer. Since w'(z™) > r, by the Definition of w’, 2™ € I". But w(a™) <

11



w'(z™) = w(x™) < r, so, ™ ¢ I, by assumption. This is a contradiction. Thus

w(x) > w'(z), proving that w = w'. B

The proof of the following result can be found in Theorem 10.1.6 in [19].

Theorem 3.7. Let R be a ring and I be an ideal not contained in any minimal prime
ideal of R. Let vy, ..., v, be discrete valuations of rank 1 that are non-negative on R

and each infinite on exactly one minimal prime ideal of R. Let w: R — QsoU {00}

be defined by: for x € R,

w2 )

If no v; can be omitted from this expression, then the v; are determined by the

function w up to equivalence of valuations.

Corollary 3.8. For an ideal I of a Noetherian ring R, the Rees valuations of I are

unique up to equivalence of valuations.

Proof. We knows that Rees valuations exist for an ideal in a Noetherian ring. Say,

RV(I) = {v1,...,v.} and

= min v () or(z) T
w(x) = {UT(D, ’UT(I>}V €ER (3.2)

Since RV(I) is a minimal set of valuations defining I = {z € R | v(2") > nv(I) Vv €
RV(I)} Vn €N, no v can be removed from 3.2. By Theorem 3.7, the Rees valu-
ations are determined uniquely by the function w, up to equivalence of valuations.

12



Lemma 3.9. The range of T, is contained in Q¢ U {oo}.

Proof. Lemma 3.2 and Proposition 3.5 shows that the asymptotic Samuel function,

v, satisfies the conditions of Lemma 3.6. Thus,

T — min M vr(2) T
U(z) = {vl(])’ ’U'r(]>}v eR (3.3)

v; ()

Since ——= € Q> V 1 <i <r, the image of 7, is contained in Q¢ U {cc}. B

Definition 3.10. Ideals I and J of a Noetherian ring R are said to be projectively

equivalent if there exists a € Ry such that v, = a v,

Corollary 11.9 (ii) [10] and Exercise 10.26 of [19] provide a characterization of

projectively equivalent ideals in terms of integral closures (which we state below).

Proposition 3.11. Let I and J are ideals of a Noetherian ring R. Then I and J
are projectively equivalent if and only if 3 m,n € Zsq such that I™ = Jn. If so,

m _ _
a=— € Q where v; = av,.
n

Lemma 3.12. Suppose the K is a field and v : K* — Z and w : K* — 7Z are
discrete valuations. Then v is equivalent to w if and only if 3 ¢ € Q<o such that

v(a) =c-w(a)Vae K*.

Proof. Since I', and T',, are subgroups of Z, say, I', = mZ and I', = nZ for some
m,n € 7.
Assume that v is equivalent to w. Then 3 an order-preserving isomorphism

¢ : I'y — I, such that ¢(v(a)) = w(a) ¥V a € K*. If I, = {0}, then I', = {0}.

13



Without loss of generality, we can assume m,n € Z-q. Since ¢ is an isomorphism
between mZ and nZ, ¢(n) € {m,—m} and ¢ being order-preserving = ¢(m) = n.
This shows that for a € K*, if v(a) = ml for some [ € Z, then ¢(v(a)) = ¢(ml) =
nl = w(a) = nl. In other words, v(a) = = w(x) ¥ x € K*. Thus, c = % € Qso.

Now, suppose 3 ¢ € Qs such that v(a) = ¢-w(a) V a € K*. Consider the map
¢:T'y, = I, given by x + c¢-x. This is well-defined, since, any x € I, is of the form
w(a) for some a € K*, and ¢(z) = c-z = c-w(a) =v(a) € T',. ¢ is an isomorphism,
with the inverse map ¢ : 'y, — T',, given by y +— y/c. ¢ is order-preserving since if
w(a) < w(b) in I'y, then, ¢-w(a) < c¢-w(b) as ¢ > 0. This implies v(a) < v(b). We
have shown that ¢ is an order-preserving isomorphism between the value groups of

w and v proving that w and v are equivalent valuations.

14



Chapter 4

The asymptotic Samuel function

of a Filtration

We extend the asymptotic Samuel function to any arbitrary filtration of R.

Let Z = {I,,}men be a filtration of ideals in R, that is, Iy = R, I,, is an ideal in
R 1,21, yand I,,- I, C L1, VMm,n €N.

We say that a filtration Z = {/[,, }.men is a subset of a filtration J = {J,, }men

and write Z C Jif I,,, C J,, Vm € N.

Example 4.1. Some examples of filtrations are as follows:
1. T ={I"}en for an ideal I of R.
2. T = {I™} e for an ideal I of R.

3. For an arbitrary filtration Z of R, a € Z~y we define a new filtration, called the
a'-truncated filtration, Z, = {I,}men given by I,,, = I, if m < a and

Ia,m - § : Ia,i-[a,j'
0,5 >0
i+j=m

15



4. Given a filtration Z = {I,,}men of R and a € Ry, define a sequence of ideals
Il — {],Sf)}meN = {Iram] tmen. This is also a filtration in R: For m,n €
N fan] < [a(n+1)] = Taguin) € T and [a(n+m)] < [on] +[am] =

[[an] . [[amw - [[an]—&—[am} - [(oz(n—l—m)]- We call Z(a) the twist of 7 by Q.

Definition 4.2. For a filtration Z = {I,,}men in R, define a function v, : R —

NU {oo} by v,(f) =max {m | f € I,,}. We call this the order of Z.

Remark 4.3. For 2,y € R, v,(zy) > v.(z)+v.(y) and v, (x+y) > min{v,(z), v,(y)}.

Observe that v,(f) = oo if and only if f € () L.

meN
Theorem 4.4. Let T = {I,,}men be a filtration of ideals in a Noetherian ring R.

For any x € R, lim M
n— 00 n

ex1sts.

Proof. Let x € R and u := lim sup vr(a”) (which could possibly be 00).
n—00 n
If u =0, then the limit exists since 0 < lim inf M < lim sup M =0.
n—0oo n n—00 n

Assume u > 0. Let N € Ry be such that N < u. We can choose ng € Z~q such

vz (z")

o

that > N. Let n be any arbitrary positive integer. We have n = qng +r
for some ¢, € N such that 0 < r < ny.

Using Remark 4.3 it follows that

vr(z™ vz (xdotr vy (zdno vr(z” vr(x™ vr(z” vr(x™
(") _ val )ZI( )+ I()qu( )Jr I()Zqz( ).
n qno + 7 qno+r  qno+r qgno+1r  qno+r qno + 1
n no
This implies v (") > ano_ vr(@™) > a0 > _ o1y
n qno +r ng qng + 7 qng + ng qg+1

16



vz(z")

Taking lim inf on both sides, we get lim inf > liminf N.
n—r00 n n—oo q+
Clearly, hgiolgqu < 1. Since r < ny, qj—l _ nf;or_ > n ;no implying
lim inf > 1. Thus liminf g _ 1. This shows that liminf M > N for

any positive real number strictly smaller than u. Since N was arbitrarily chosen,

n n
lim inf M > lim sup v (")
n—00 n n—00 n

, proving that the limit exists. B

Definition 4.5. For a filtration Z = {I,,, } men of ideals in R, we define the function

) = lim —Uz(x")
’ n—o0 n

U7 : R — RsgU {0} by vz(x for x € R.

The asymptotic Samuel function of an ideal I in a Noetherian ring R is defined

d n
to be 77(z) = lim ord,(a")
n—00 n

where ord;(z) = sup{m | x € I"™} for z € R. Then for
any = € R, U;(z) = Uz(x), where Z is the adic-filtration Z = {I™},,cn. This follows
since ord;(z) = vz(z) for any x € R.

Thus, 77 extends the concept of the asymptotic Samuel function of an ideal to
an arbitrary filtration of a Noetherian ring. We call 77 the asymptotic Samuel

function of the filtration 7.
Remark 4.6. Let Z C J be filtrations. Then 77 < v 7.
Proof. For z € R, we have that vz(z") < vs(z") Vi € N so that vz(z) <vs(z). B

Example 4.7. In a Noetherian local ring (R, mg), consider the filtration Z =
{Ln}men given by Iy = R and I,, = mg for m > 0. In this case, T7(a) = oo if

a € mg and vz(a) =0 if a ¢ mp.

Remark 4.8. The range of 7z may not be contained in Q>¢U{oo}. This follows from

17



Theorem 4.9 below. Observe that this is different from the case when Z = {I™},,en
for an ideal I of R, in which case we do have 77 = 7; and then the range of 77 is

contained in Q>0 U {oo} (as shown after Lemma 10.1.5 [19]).

Theorem 4.9. Let Z = {1, } men be a filtration in R and o € R~q. Then, Ty = Ty,

where I(®) = {]r(r?)}mEN = {Iram] fmen-

Proof. For v+ € Rand i € N, 2 € Ifau oy (@i)]s SO vr(z') > [avgw(z')] which

gives vz(z) = lim M > lim M

‘ ‘ . Since avzw (r?) < [avpw(z')] <
1—00 1 1—00 (4

QA V7(a) (l‘l) + 1,

lim 22 (=) < lim (Oﬂ/ﬂa.)(lf")] < lim avge (') +1

i—00 2 i—$00 2 i—00 7

This implies lim M

, = Uz (x). Thus, 77(x) > aVzw (z).
1—00 1

Note that if z € I, for some k € N, then x € IHEJ aw . It follows that vz (x) >

o

| LVz(ﬂ? | |
VI@)J. Thus, V i € Z~o, VI(Q),(x) > a which implies lim VIL(I) >
« , 1 1 ‘ i—woo ]
feay | | ) vl@)
lim £ 4 ginee VZ—CC)J S0 N R NP B
1—00 7 (6% [0 1—00 1 1—00 7
vz()
_—

vr(x)

This shows Tz (x) > , thus proving the result. B
Proposition 4.10. Let Z be a filtration of R. For f,g € R,
1. 72(]”1) =N EI(f) Vnée Z>0.

2. v7(f + g) = min{vz(f),7z(9)}
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Proof. Since the limit defining 77 exists, any subsequence also converges to the same

limit. Thus,
wit) = Jim I = i P = L i U = D), e 2

This proves (1).

To prove (2), let f, g € R be such that 7z(f) > vz(g). For e > 0, 3my € Z~( such

VI(fm> > 71(9) — ¢ and VI(gm)
m m

vr((f +g)™) > i+r§1:ir7ilk{yz(figj)}, using Remark 4.3. Since i + j = mk, mk >

that V m > myq, > vz(g) —e. For all m, k € Z~o,

m {LJ +m \‘iJ > mk — 2m. Thus by Remark 4.3,
m m

url ') 2 v ) e 2 vl ) ot #) 2 | L urtrm) 4 | 2 Lostm)

For m > mo,vz(f'g’) > L%J m(vz(g)—e)+ L%J m(vz(g)—e) > (mk—2m)(vz(g)—e).
Thus, for £ >> 0,

Vz«fnjkgw ) > mk(Pz(9) ~ E)n;kzm%(g) —9_ vz(g) —€— %(71(9) —€).

Taking limits as k — oo, we get Uz(f + g) > Uz(g) — €. Since € is arbitrary,

vr(f +g) > vz(9) = min{vz(f),7z(g)}. This completes the proof. B

Lemma 4.11. Let R be a Noetherian ring and I be an ideal of R. For any x € R,

v7(z) = vo(x) where T = {I™} _. andZ = {I"} _,

€N

Proof. For x € R and i € N, 2° € ["2*) which gives vz(2') > vz(z?), by Lemma

3.2. By Proposition 4.10(a), vz(x) > w V i € Zso. This implies vz(z) >

ve(a') Z

lim = Uz(x).

Since Z C Z, by Remark 4.6, 77 = [z
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We can extend the concept to integral closure of arbitrary filtrations of a Noethe-

rian ring.

Definition 4.12. The Rees algebra of a filtration Z = {/,,},,en is the graded

R-algebra R[Z] = Y I,t™ C RJt], where R[t] is the polynomial ring in variable ¢
meN

over R, which is viewed as a graded R-algebra where ¢ has degree 1.

Let R[Z] = > I,,t™ be the integral closure of R[Z] in R][t].

meN
In [5] Lemma 5.5, there is a characterization of R[Z] when (R, mg) is a local ring

and Z is an mpg-filtration. The proof extends to the case where Z is an arbitrary

filtration of a Noetherian ring R.

Lemma 4.13. Let T = {1, }men be a filtration in R. Then R[Z] = > J,t"™ where

meN

I ={f € R| [ € Ly, for some r > 0} and ZC(Z) = {Jp }men is a filtration in R.

Proof. Using [19] Theorem 2.3.2, the ring R[Z] is graded. So, we can write R[Z] =
ZN Jmt™ where J,, is the graded component of degree m. In order to show that J,,
me

is as described in the statement of the Theorem, it suffices to show the required for
homogeneous elements. Thus, for f € R and n € Z-y we want to show that ft" is
integral over R[Z] if and only if f" € I,,, for some r > 0.

Now, ft" is integral over R[Z] if and only if there is a homogeneous relation (as

below) for some d > 0 and a; € I,;.
(ftn)d + altn(ftn)d_l NS aitm(ft”)d_i NS ad_lt"(d_l) (ftn) + (ldtnd -0

Suppose f" € I, for some r > 0. Then, there exists an equation of integral depen-
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dence over [, of degree, say d, given by,

)+ ar (I 4 a () 4 g (f) +aa =0
where a; € (I,,)" C I V 1 < i < d. Multiplying the above equation by ¢ we get:
[(FE™) ) 4 art™ [(F£) )4 - Aagt™ [ (f1) ]9 4 - ag ™ V() ) Haqt™™ = 0

This shows that ft" is integral over R[Z].

Now assume that ft" is integral over R[Z]. We will prove the needful, first, by
assuming that R[Z] is Noetherian and then, by reducing the case of an arbitrary
filtration to the Noetherian case.

Assume R[Z] is Noetherian. By [3] Proposition 3, §1.3, Chapter III, 3 r > 0 such
that I,;, = I' V i € Z~¢. By assumption, (ft")" is integral over R[Z|. So, we have a

homogeneous relation (as below) for some d > 0 with a; € I.,; = [ = I .
[(ftn)r]d+a1trn[(ftn)r]d—l_{_‘ . _{_altrnz[(ftn)r]d—z_{_ . _+ad_1trn(d—1)[(ftn)r]+adtrnd =0
which implies (f")*+ ai(f/)“ 4+ a;(f)" + -+ ag 1 (f7) +ag =0

where a; € I' ¥V 1 < i < d, proving f" € I,,.
Assume ft" is integral over R[Z] (R|Z] need not be Noetherian). Say, ft" satisfies

an integral equation of degree d over R|Z], given by
(FE)+ A () e AT e+ Ag (ft) + Aa =0

where A; € R[Z] V1 <i<d. Thus 3 a € Z-( such that ft" is integral over R[Z,],
where Z, is the a'-truncated filtration of Z. Observe that R[Z,] is Noetherian.

Thus, by above, " € I, ,, for some r € Z~( but I, ,, C I, = fr €l
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Clearly, Jo = R. For m € N, if f € J;,,11 then f" € I, (1) for some r > 0. Since

T is filtration, I,(m41) € Irpm, which implies 1,41y € Iy Thus, f7 € I, that is.,
f € Jp. This shows that J,,11 C J,, Vm € N.
Now suppose f € J, and g € J,,, for some m,n € N. Then f" € I,,, and ¢* € I,

for some positive integers r and k. Observe that

(F)* € (Trm)* € T and (6°) € (Tin)" € Tt

Thus, (f9)™ € Lk Lrkn C Lrkmtn), that is., fg € Jyiy. This proves that {J, }men

is a filtration. 1

Definition 4.14. We will call the filtration ZC(Z) (in Lemma 4.13) the integral

closure of the filtration 7.

Observe that if Z = {I™},,en for some ideal I of R, then J = {I™},en. In this
particular case, we have already shown in Lemma 4.11 that ©7; = v,. In fact, this is

true for any arbitrary filtration as well.
Theorem 4.15. Let T = {I,,}men be a filtration of R. Then Uz = Uze(z).

Proof. Let ZC(Z) = {Jm}men (as in Lemma 4.13). Since Z C IC(Z), 7z < Uze(n),
by Remark 4.6.

Suppose = € J,, for some m € N, that is, 2" € I, for some r > 0. The
ideal I,,, is a reduction of I, by Corollary 1.2.5 [19]. By Remark 1.2.3 [19], 3

n € Zso such that V k > n, 2% € (I,,,)" C I¥""" C I,,(s—n+1). This shows that
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Tk > _ . . . .
vr(z"™) > rm(k — n + 1), which implies kll)rgo 2 m s

Thus, if z € J,,,, Uz(x) > m.

Vze(z)

For i € N, since 2* € J,,. , 21y, 7z(%") > vie(z)(¢'). By Proposition 4.10, vz(z) >

vree (@)

vie (©')  _

Vi € Zso. Thus, vz(z) > lim = TUge(zy(x). This proves

/3 1—00 7

v(x) =Vre(z) Vo € R. W

Corollary 4.16. Let T = {I,,}men be a filtration in R and T = {I,,}men. Then
U = Uz

Proof. This follows from Theorem 4.15 and Remark 4.6 since I, C I, C J,, V

m € N, where ZC(Z) = {Jy }men is the integral closure of the filtration Z. B

Definition 4.17. We define filtrations Z and J in a Noetherian ring R to be pro-

jectively equivalent if there exists a € Ry, such that v; = a v,

This generalizes the classical definition of projective equivalence of ideals. Propo-
sition 3.11 in the introduction gives the beautiful classical theorem characterizing
projectively equivalent ideals. Proposition 3.11 is generalized to filtrations in The-
orem 4.18.

Suppose that I and J are ideals in a Noetherian ring R and Z = {I"},en
and J = {J™}nen are their associated adic-filtrations. We have that 7, = vz
and 7; = Uy, so the ideals I and J are projectively equivalent if and only if the
associated adic-filtrations Z and J are projectively equivalent.

Theorem 4.9 shows that given any a € R.g, there are projectively equivalent

filtrations Z and J in a ring with 7z = av . Thus, the conclusion of the rationality
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of a (for projectively equivalent ideals commented after Proposition 3.11) does not
extend to filtrations.
We provide the following necessary and sufficient condition for projective equiv-

alence of filtrations.

Theorem 4.18. Let T = {I,,}men and J = {Jp }men be filtrations in a Noetherian

ring R. Then T and J are projectively equivalent if and only if 3 o, B € R+q such

that ZC(Z'™) = ZC(JP)), or equivalently, R[I(®)] = R[JT®)].

Proof. Suppose 3 «, 8 € Ry such that ZC(Z®) = ZC(J®). By Theorems 4.9 and

4.15, U1 = aVz = AVzere)y = QVreg®) = QU0 = a%. This shows that
7 and J are projectively equivalent. Assume Z and J are projectively equivalent,
o
2 =7
g
or, @ = 3. We show that ZC(Z¥)) = ZC(J®). Using Lemma 4.13, ZC(Z#7)) =

that is, 3 v € R.g such that 77 = y7 7. Choose a, € R.o \ Q such that

{Eom }men where
Km:{fER|frewzﬁforsomer>0}

and ZC(J™) = { Ly, }men where
Lm:{fER\ftE@:mfor some t > 0}.

Recall the filtrations Z = {I,,}men and J = {J,u}men defined in Corollary 4.16.

Let v € K,,, that is, 2" € Ifgyy) for some r > 0. Then V i € N, " e

(I1gyrm1)" € I1gyrm]i» which implies vz(2™) > [fyrm]i. This gives lim vr(@”) >

1—>00 T

24



[Byrm]i

lim ————, that is, 7z(x > M,

' : ) > M By the assumption, 7(x)
1—00 I r ry

that is, lim vg (') > ny'r’mw‘

o
Suppose lim 1/7(:10) = [Byrm]
i—00 7 Ty

vg(@) _ [Byrm]

. Then, given € > 0, I ng = ng(€) € Z~o such that

< eV i>nyg. Fore:M
Y Ty

—e <

—Bm > 0, let ig = ng(e). We

10
have that € is positive since § € Q. So, —e = fm — [Byrm] < uy(x ) — [Byrm]

Ty i Yy
implying v7(2) > Bmiy, or that, v7(x) > [Bigm]. This shows that 2 € Jrgim1,

that is, x € L,,.
If i 2 5 [Brml g

1—00 /3

This

ygle?) _ [Byrm
Jo Ty
implying that v(z°) > [jo8m], so,

o € Z~go such that

r
) > jofyﬁvmﬂ S JoByrm
Ty - ry

shows that v (a7
xho € Jrjogm], or that, x € L,,. Thus, we have shown that K,, € L,, V. m € N.
Similarly, we can show that L,, C K,, ¥ m € N, proving that ZC(Z®") = ZC(J®).

Remark 4.19. In the proof above, the condition of a and 5 being real numbers
cannot be weakened, as shown in the following example, where Z and J are projec-

tively equivalent filtrations with 7z = 77 but for no a or f € Q<¢ do we have that

R[Z(®)] = R[J®]. This follows from (4.3) below, since R[Z(®] = R[J®)] implies

a = [ by Theorems 4.15 and 4.9.

Example 4.20. Let R = k[[z]], a power series ring in the variable x over a field k.
For f € R, let ordyy(f) = min{r | f. # 0} where f = > f,a™ with f,, € k.
m=0
Fix ¢ € Z+o. Let T = {I,,}men be given by Iy = R and let I, = (™) for

m € Zso and J = {J; }men be given by Jy = R and J,,, = (2™) for m € Z~q. Both

25



7 and J are filtrations in R and Z C 7.
Let f € R with ordy(f) = co. Forn € Z-o,v7(f") = ncy and vz(f™) = ncy—c

(if ncp > ¢) and = 0 (if ney < ¢).

vz(f) = lim ve(f") = lim 20" _ co and 77(f) = lim vs") = lim 29 — Co
n—o00 n n—00 n n—o0o n n—oo N
Thus Z and J are projectively equivalent with vz =7 ;.
Observe that V a € R.g, R[Z®] C R[J ()] in R[t]. We will show that
R[J)] is integrally closed in R[t] V a € Rsy. (4.1)

R[J@] C R[T®™] when a € Ry \ Q, proving that R[Z®] = R[J@].  (4.2)

R[IW] & R[J] when o € Q. (4.3)

To prove (4.1), it is enough to show it for homogeneous elements in R[t]. Let
ft" € R[t] be integral over R[J®] with ordyy(f) = co, and n € N. If n = 0 or
co > [an], then ft* € R[TW]. If ¢y < [an], since ft" is integral over R[J V)], we

have the following homogeneous equation for some d € Z-,.
(ft) + ayt"(ft™) 4 o at™ (ft) T - ag ™Y () 4 agt™ =0

where a; € J'9 = (zlmil) v 1 < < d.

In particular, the coefficient of ¢"? = 0, that is,

fAraf™+ ot afT o ag f +ag=0.
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Since ¢g < [an], ¢g < an. However ordk[[x”(fd) = dcy but
ordk[[zﬂ(aifd_i) > [ani] + (d — i)y > ani + dcy — icy > dcy.

Therefore, the above equation is not possible. Thus, if f¢" is integral over R[J (],
then ft" € R[J(®)], proving that R[J(®)] is integrally closed.

To prove (4.2), consider a homogeneous element in R[J®)], say, ft" where
ordya(f) = co > [an], and n € N, which is integral over R[Z¥]. If ¢y > [an] +c,

then ft" € R[IW]. If ¢y < [an] + ¢, since ¢y > [an] > an, we can let d € Z-g

be such that d > . Then ft™ satisfies the following integral equation over

co — an

R[I(a)]:

(ft) + agt" =0

where aq = — f%. By our choice of d, dcy > and + ¢ which implies dcy > [and] + c.
So, ordk(f*) > [and] + ¢, which shows aq € Ijand] = [7(13).
For (4.3), say a = P for some p,q € Z-y. Then 2?17 € R[T@] but ¢ R[Z()]. If
q

2Pt? were integral over R[Z(®], then for some d € Z~, we would have that
(2P) +ay(2P) L Fa(@P) T L Fag(2P) Fag =0
where ordyy(a;) > [agi]+c = pi+c. But this is not possible since ordpg (a;(2?)**) >

pitc+pld—i)>pdV¥1<i<d.

Remark 4.21. The preceding example shows that given a filtration Z = {I,, },en

in a Noetherian ring R, whose integral closure is J = {J,}nen (say), Ju & {z €
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R | vz(x) > n}. This is contrast to the case when Z = {I"},.cn, as shown by Lemma

3.2, where I" = {z € R | v,(x) > n}.
Theorem 4.22. For a filtration T = {1, }men of ideals in R, define
KZ), ={feR|vz(f) >m}VmeN.

Then K(Z) = {K(Z)m}men is a filtration of ideals in R and Z C K(Z). Moreover,

vz = Uiy and K(I) is the unique, largest filtration J such that vz = y.

Proof. Denote K(Z) by K and K(Z),, by K,, V. m € N. If f € I,, for some n € N,
then f* e (I,)" C I,; implying vz(f*) > ni V i € N, which gives, 7z(f) > n. Thus,
I, C K,VneN.

Suppose f,g € K, for some n € N, that is, z(f) > n and vz(g9) > n. For

vz(f™) vz(g™)

m

€ >0, dmg € Z-g such that V. m > my, >n—e¢and >n — e

Note that V m, k € Zwo, vz((f +¢)™) > min k{yz(figj)}, using Remark 4.3. Since
1+j=m

1+ j=mkmk>m LiJ +m LLJ > mk — 2m. Using Remark 4.3 again,
m m
vi(f'g’) > va(f') + vi(g’) = va(f™) + ve(gmtnl) > {EJ vr(f™) + L%J vr(g™).

For m > ma, (79" 2 | & (= )+ | 2 ot = 2 (k= 20— o

Thus, for k£ >> 0,

v((f +g)™) < mk(n —€) — 2m(n — ) 2
mk

Taking limits as k — oo, we get Uz(f+g) > n—e. Since € is arbitrary, 7z(f+g) > n.

This proves that f+g€ K,V f,g € K,.

28



For r € R and f € K,,, using Remark 4.3

vz(rf) = lim M > lim M + lim M =vz(r) +vz(f) > n.

i—00 1 1—00 1 1—00 1

This shows that rf € K,,, thus proving that K, is an ideal in R.
Clearly Ky = R. If f € K, 41 for some n € N, that is, 7z(f) > n+ 1 > n, then
f € K, proving that K, C K,, Vn € N.

Suppose f € K,, and g € K,, for some m,n € N. Then by Remark 4.3

vz((f9)") > Lim vr(f!) + lim vz(g") >n+m
i ' T '

1—>00 /3 17— 00 7

vz(fg) = lim

1—>00
Thus, K, K,, C K,1,. This proves K is a filtration of ideals in R.
For f € R and i € N, it follows from the definition that 7z(f") > vic(f*) since

fie K, (1. Using Proposition 4.10, vr(f) > ve(f*)

Vi € Z~y. Thus, ﬁI(f) >

]

Uk(f)V f € R. SinceZ C K, 77 < Uk by Remark 4.6. This proves 7z = Ux. For any
filtration £ of R, let K(L) = {K(L)m}men where K(L),, ={f € R | 7:(f) > m}.
If J is a filtration such that 77 = vz, then J C K(J) = K(Z). This shows that
every filtration J such that 77 = 7 is contained in IC(Z), and we have shown
earlier that Ty gy = 7z, proving that IC(Z) is the unique, largest filtration J such
that vz =77. 11

Example 4.23. In general, the integral closure ZC(Z) (so that R[ZC(Z)] = R[Z]) of
a filtration Z is strictly smaller than X(Z) (or equivalently R[Z] is strictly smaller

than R[K(Z)]). For adic-filtrations, however, ZC(Z) = K(Z), by Lemma 3.2, where

Z = {I"}en for an ideal I of R.
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Proof. We consider filtrations Z = {I,,, };neny where Iy = R and I,, = (™€) for
some fixed ¢ € Z~ and J = {J,;, }men where Jy = R and J,,, = (™) for m € Z~¢ in
R = k[[x]], a power series ring in the variable = over a field k. We showed in Example

4.20 that 7z = v7. Thus K(Z) = K(J). By a direct calculation, K(J) = J. Thus

K(Z) = J. However we have shown in Example 4.20 that the integral closure R[Z]

of the filtration Z is a proper subset of R[J] = R[J]. B

Theorem 4.24. Suppose T and J are filtrations of a Noetherian ring R. Then T

is projectively equivalent to J with Uz = a ¥ if and only if K(Z) = K(J).

Proof. 77 = avg if and only if Uy = 77 (by Theorem 4.9), which holds if and

only if K(Z®) = K(J) by Theorem 4.22. B

Lemma 4.25. For a filtration Z and the corresponding filtration IC(Z) (as defined
in Theorem 4.22) in a Noetherian ring R, the Rees algebra R[K(I)] is integrally

closed in RJt].

Proof. Tt suffices to prove the result for homogeneous elements in R[t]. Let ft" be
a homogeneous element in R[t] that is integral over R[IC(Z)]. Suppose ft" satisfies

the following homogeneous equation of degree d > 0:
(A at™ () - at™ ()T g "I (f) - agt™ =0
where a; € K(I),;, that is, 7z(a;) > ni V 1 <i < d. That gives
fldafT o raft 4 agf by =0.
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If vz(f) < n, then the above equation is not possible since vz(f%) = dvz(f) but
vr(aif*") > dvz(f) ¥V 1 < i < d since vz(a; f*") > Vz(a;) + (d — i) Uz(f) >
ni + dvz(f) —ni = vz(f). If vz(f) > n, then ft" € R[K(Z)], thus, proving that

R[K(Z)] is integrally closed in R[t]. B
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Chapter 5

Discrete valued filtrations

Let R be a Noetherian ring. Let P be a minimal prime ideal of R and let v be a
valuation of the quotient field x(P) of R/P which is nonnegative on R/P. Suppose
I, is the value group of v and O, is the valuation ring of v with maximal ideal m,,.
Note that R/P C O,. Let 7 : R — R/P be the natural surjection. We define a

map 0 : R — I', U{oco} by
~ v(m(r)) ifré¢P
o(r) =
00 ifreP

We extend the order on I', to I', U {oo} by requiring that oo has order larger
than all elements of I'y and co + 0o =g+o00 =00 V g€ l,.

v gives a well-defined map that satisfies the following properties:
o(r-s)=2o(r) + 0(s) o(r 4+ s) > min{o(r),v(s)} 7 Ho0) =P

We will call v a valuation on R. By abuse of notation, we will denote v by v.
If v is discrete valuation of rank 1, we say that v is a discrete valuation of R.
Through this, we can naturally identify I, with Z, by identifying the element of T,

with least positive value with 1 € Z.
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We define two valuations v and w of R to be equivalent if v™'(0c0) = w!(c0)
(= P, say) and the valuations v and w on k(P) are equivalent. In particular, since
we have identified the value groups with Z, if v and w are rank 1 discrete valuations,
using Lemma 3.12, v and w are equivalent if and only if they are equal, that is,

V= Ww.

Suppose that v is a discrete valuation of R. For m € N, define valuation ideals
() ={f € R|v(f) >m}=7"(mNR/P).

An integral discrete valued filtration of R is a filtration Z = {I,, },nen such that
there exist discrete valuations v, ...,vs of R and aq,...,as € Z~q such that for all
m € N,

LIy = 1(v1)may N NI (Vs)ima, -

7 is called an R-discrete valued filtration if aq,...,a, € R.y and Z is called a

(QQ-discrete valued filtration if a1, ...,a, € Q-g. If a; € R, then
[(Vi)ma, = A{f € R | vi(f) > ma;} = ](Ui)[mai]‘

We also call an R-discrete valued filtration a discrete valued filtration. If the
discrete valuations v; are divisorial valuations of x(P;), where P; are minimal primes

of R, then 7 is called a divisorial filtration of R.

Definition 5.1. Let Z = {I,,},men be a discrete valued filtration, which is repre-

sented as

Iy = 1(V1)may N+ NI (Vg)ma, Vm € N. (5.1)
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If for each i € {1,..., s}, the representation (5.1) of I, is not valid for some m when
the term I(v;)a;m is removed from I,,, then the representation of (5.1) is said to be

irredundant.

Lemma 5.2. Let Z = {I,;, }men where L, = 1(v1)ma, N -+ N I(Vs)ma. be a discrete

valued filtration of a Noetherian ring R. For f € R\ {0},

i mm[S2] [0} o - 242}

Proof. Let éz(f) == min { v J} and $;(f) = min { (f)} Let f € R\ {0}.
N

1<i<s
Since f € Ly = N I@aws(s v:(f) = az(f), which implies, vr(f) <

a;

LMJ V 1 < i < s. This shows that vz(f) < ¢z(f). For each i € {1,...,s},

uilf) u(f)

% 7

wmg[

fe ﬂ I(Vi)aip7(5) = lgz(p)- This implies vz(f) > ¢z(f), proving vz(f) = éz(f).

i=1

J, which implies ¢z(f) < , that is;, v;(f) > a;¢z(f). Thus,

Now

R )

lim = lim
n—o0 n n—oo n n—oo n

Since ¢ — 1 < |z| < x for any z € R, V n € Z-, we have that

min {M_l} . Hnw(f)J} - {nvi(f)}
1<i<s a; < 1<i<s a; 1<i<s a;

n n n

Taking limits as n — oo, we get, Uz(f) = ¢7(f). B

Corollary 5.3. Let Z be a discrete valued filtration of a Noetherian ring R. Then

K(I)=1T.
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Proof. Represent Z = {1, }men by I, = () 1(V;)ma,- By Lemma 5.2, for any nonzero
i=1

f € R, vz(f) > m if and only ifM >m, or, v;(f) >amV 1<i<s. Thisis

(2

equivalent to f € I(v;)g;m ¥V 1 <11 <s, orthat, f € [,. 1

Lemma 5.4. If v and ¥ are discrete valuations of R and a,b € R+ are such that
~!
= % (as functions of R), then © = 0" and a = b.

Q|

Proof. Since bt = at’, v~ !(00) = ©'"*(00) is a common minimal prime P of R. Thus,

v and ¥’ are induced by discrete valuations v and v’ on k(P). Let m: R — R/P be

m(f)

for some
m(g)

the natural surjection. Suppose a € k(P) is nonzero, that is, « =

f,g € R\ P. Then,

This shows bv = av’ as function of x(P)*. Since the value groups of v and v" are Z,
Jx,y € k(P)* such that v(z) = 1 and v'(y) = 1. Since bv = av’, b = av'(z) and
bu(y) = a. This implies a|b and b|a. Thus, a = b and hence, v = 7'.

Theorem 5.5. Let vq,...,vs be discrete valuations of a Noetherian ring R. Let
ai,...,as € Ryg, and define w: R\ {0} — Rsq by

vi(f) M}

w(f) :mm{—,---, (5.2)

ai Qg

U.
for f € R. If no = can be omitted from this expression, then the v; and a; are
i

(%
uniquely determined by the function w, up to reindexing of the —.
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Proof. We will say that the set {vy,...,vs} is irredundant if no % can be removed
a;
from 5.2.
If s =1, the assertion follows from Lemma 5.4.

Let s > 1. We define S C R to be w-consistent if for any m € N and fi,..., f,, €

S,

For f € R, let Sy = {f™ | m € N}. Then S is w-consistent as we now show.

Observe that for any f € R and m € N,

)= i {07 - i {0 - gy {0}t

1<i<s a; 1<i<s a; 1<i<s

FOI' Jl'tl7 . 7ftm c Sf,w(ftlft2 .. _ftm) — w(ft1+--~+tm) — (tl 4+ ... +tm) . (.U(f) —

Yoti-w(f) =D w(f"), proving that Sy is w-consistent.

i=1 i=1

Let § be the set of all w-consistent subsets of R. Clearly, § # () since it contains

the sets Sy for any f € R. Partially order § by inclusion. Let {I,},_, be a chain

of w-consistent subsets of R, then I = |J I is an upper bound for this chain. For
AEA

m € N, if we take fi, fo,..., fmn € I, 3 a € A such that fi,..., f,, € I, because

{Ix} e is a chain. Since I, is w-consistent, w(fi--- fin) = (fl) This shows

HMg

that I is w-consistent. Since every chain in § has an upper bound in §, by Zorn’s
Lemma, § has at least one maximal element.
We will provide an explicit description of all the maximal w-consistent subsets of

R.
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For each 1 <1 < s, define the sets S; = {fER ‘ w(f):vz‘(f)}'

a;

Since v;(1) =0V 1 <4 <s,w(l) =0. Thus, each S; # 0 since 1 € S;. Observe
that S; is a multiplicatively closed subset of R. Take f,g € ;.

Ui(f)’ that is, Uz(f) < M and w(g) = Ui(g), that is,
a; Q; a; i

This gives vif) + vilg) < vif) =+ vi(g)
a; a; CLj CLj

Ui(fg) < vj(fg). In other words, w(fg) = —==. This shows fg € S;.

a; a; a;

vi(g) < v;(g)

w(f) =

V1<j<s

V1< j <s. Since v; are valuations,

vi(fg)

we have

For m € N, take fi,..., fn € S;, then, fi--- f,, € S;, so that w(f;--- fin) =

vitfi - fm) =5 vilfi) = > w(f;), proving that S; is w-consistent.
a; j=1 @ j=1

U; .
By the irredundancy condition on the —, we have the following remark.

Remark 5.5.1. Fori # j, S € U S;.
J#i

Since each §; is a w-consistent subset, it is contained in some maximal w-consistent
subset of R. We show that any maximal w-consistent subset S of R equals to one

of the §;, then by Remark 5.5.1 it follows that {S; |1 < i < s} are the distinct

maximal w-consistent subsets of R.

Remark 5.5.2. If w(f) = oo for some f € R, then v;(f) =00 V1 <4 <s. Thus

Suppose S is a maximal w-consistent subset of R, and § # S; for any 1 < i < s.

Then 3 g, € S\S; V1 <i<s. Since g; ¢ S;, w(g;)) < oo (by Remark 5.5.2)

and w(g;) < M V1<i<s. Letg=gy...gs. Since S is w-consistent, w(g) =
> w(gi), but Y w(gi) < >, vs9:) V1< j < ssince w(g) < o (9:) V k # ¢ and
i=1 i=1 i=1 j Qg
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w(gi) < u(9:) (when k = i). So, we get that w(g) = iw(gi) < ivj(gi) —

a; i=1 i=1 Qaj
i(9) V1 < j < s. But that implies w(g) < min i(9) , contradicting the
Q; 1<j<s a;

definition of w. Thus, every maximal w-consistent set & equals to one of the sets
{S; |1 <i<s} Hence, {S; | 1 <i < s} are all the maximal w-consistent subsets of
R. This completes the proof that {S; | 1 < i < s} are all the maximal w-consistent

subsets of R.

In order to prove the Theorem, we will recover the valuations v; and the numbers

U.
a; € Ry from the function w. Since each — gives a distinct maximal set S; and
i

{v; | 1 <4 < s} is irredundant, the number of v; (and the number of a;) equals the
number of distinct maximal w-consistent subsets of R.

Let ¢ € R be such that v;(c¢) < co. By Remark 5.5.1, 3 z; € §;\ U S;. By the
i
v; (i) > vi(w:)

Q; a;

choice of x;, V 7 # 1,

. For a sufficiently large positive integer d, and

V 7 # i we have that

vilerf) _ wi(af) | (o)

vi(ed) _ wileat)

This gives , which in turn implies < + =
Q; a; a; Q; Q;
d

v;(cxs
M. The last inequality follows since the valuations are non-negative on R. This

a/ .

] d vi(exy) d

shows that w(czf) = ——=. In other words, cz{ € S;.

a;

What we have just shown is the following remark.

Remark 5.5.3. For ¢ € R such that v;(c) < oo and z; € §; \ |J S;, 3 a positive
J#
integer d such that cx¢ € S;. Moreover, if cxd € S;, then ca? € S; V n > d.

38



Let S = {a € R|a ¢ any minimal prime ideal of R}. S is a multiplicatively
closed set and for a € S, vj(a) < oo V1 < j < s since each v; is infinite only on

some minimal prime ideal of R. In particular, v;(a) < co V a € S.
Remark 5.5.4. The construction in Remark 5.5.3 applies to every element in S.

Consider the quotient ring K = S7'R. For each 1 < i < s, we define a function
u; : K — QU {oo} as follows:

Let « = f/g € K. Since g € S, by Remark 5.5.3, 3 a positive integer e such that
gr¢ € S;. Now, if for some large positive integer d, fz¢ € S;, then by Remark 5.5.3,
we can find a sufficiently large integer n such that fz7',gx! € S; and in that case
we define u; (g) =w(fzl) —w(gal)

Otherwise, if fa¢ ¢ S; for all positive integers d, then we define u; (i) = 00.
g

Remark 5.5.5. If fz¢ € S; for some d > 0, u; (g = vitf) = vilg) since w( fal) =

vi(fr}) _ vi(f) + vi(a}) and w(gz?) = vi(gry) _ Uz’(ﬂ)*’“i(%)‘ Since g € S,
a; a; a; a;

v;(g) < 00, so, u; (g) = oo if and only if v;(f) = oc.

Remark 5.5.6. If fz¢ ¢ S; for all positive integers d, then w(f) < co = v;(a).

The remark follows because if w(f) = 0o, by Remark 5.5.2, f € S; which implies
fxd € S; for every positive integer d since S; is multiplicatively closed, but that
contradicts our assumption. Hence, w(f) < co. If v;(f) < oo, by Remark 5.5.3, we
can find a large positive integer d such that fz¢ € S;, contradicting our assumption

again. Thus, v;(f) = co.
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We need to show that u; is well-defined, that is, it does not depend on the choice

of n, x;, f, or g. It follows from Remark 5.5.5 that u; does not depend on n.

By the definition of u; and Remarks 5.5.5 and 5.5.6, u; (i) = oo if and only if
g
vi(f) = 00. So u; (i> is independent of the choice of z; € S;\ U S; if v;(f) = oo.
g j#i

Suppose v;(f) < oo. If z; € §;\ U S;, then fz¢ € S; for a large positive integer

J#
vi(f) — vilg)

d by Remark 5.5.3, and thus wu; (5) = - , which is independent of the

choice of z; € §; \ |J S;. Thus, u; is independent of the choice of ;.
J#i
To prove that u; doesn’t depend on our choice of f and g, first we will show the

u,(i):ul(j) Vces
g cg

Let c € S, then, by Remark 5.5.4, 3 a positive integer e such that cz{ € ;.

following;:

Suppose 3 d’ > 0 such that fz¢ € S;. By Remark 5.5.3 and 5.5.4, fad, ga¢, €

S; for some d > 0, and thus, by Remark 5.5.5, wu; (i> = M
a;

9

fxd, grd cx¢ € S; (which is w-consistent), fzd-cx¢ = fex

Since

d+e

%

d
,grd-cxt = gex{tC € S;.

Thus, we have

u (_f> — uffeat) - w(geatte) = W) mloen™) _ ) — ulo)

cg a; a; a;

This proves u; (%) = u; (g), by Remark 5.5.5.

If fo¢ ¢ S; for any positive integer d then u; (i> = 0o. We show that fcx? ¢ S;
g

c
for any positive integer d, proving that u; <—f) = 00.
cg

Since cg € S, by Remark 5.5.4, 3 a positive integer d such that cgz¢ € S;. If for
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vi(fexf)  wilf) +viles) ~

some positive integer e, fcxf € S;, then w(fex§) =
a; a;

(since v;(f) = oo, by Remark 5.5.6) this implies v;(fcz§) = 0o V1 < j < s. Since
ce S, vj(c) <oo V1< j<s. Thus, vj(fex§) = v;(fz§) + v;(c) = co. This means
vj(fr§) =00V 1< j<s, orthat, w(fxf) = oo which implies fz§{ € S; (by Remark

5.5.2), contradicting our assumption. Hence, u; (i) = u; (g) VeelS.

g )
/!
Suppose S = L/ in K. Then 3 ¢ € S such that ¢(fg' — gf") = 0.
g g

Since ¢, g, € S and S is multiplicatively closed, cg, cg’ € S. Thus, we get

()= (59) = () = (0)
u | = | =w - = S =i | =)
g cgg cgg g

This proves that wu; is well-defined. Since the sets S; are determined only by

w and each u; is determined by the set S; and the function w, we have that the
functions u; are determined only by w. So, we have a well-defined function u; : K =

ST R — QU {oo} given as follows:

ui: STIR — QU {oo}
f w(fzd) —w(gxd) if fzd € S; for some d > 0
L

g 00 if fe¢¢S; vV d>0
Remark 5.5.7. The functions u; and il agree on R.
The proof of the remark is as follows:

For f € R, if fz? € S; for some positive integer d, then

u; ({) = w(fad) — w(zd) = Uz'(fﬂ) Cuile) _ vil(f).

a; a; a;
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If fr¢ ¢ S; V positive integers d, then w; (%) = oo which gives v;(f) = oo (by
vi(f) _

a;

Remark 5.5.6) and thus
It follows from Remark 5.5.7 that u; satisfies the following properties for every

f,g € R:

ui(fg) = wi(f) +wilg) and w(f +g) = min{u;(f), ui(g)}

Let P; be the prime ideal {z € R | u;(z) = oo} of R. By Remark 5.5.7, {f €
R | vi(z) = oo} = P; and w; induces a function on R/P; which is equal to & on
R/P;. Thus, P; is a minimal prime of R and u; induces a valuation on the quotient
field of R/P; which is equivalent to v;. By abuse of notation, we will denote this
valuation by w;. By Remark 5.5.7, u; = & By Lemma 5.4, v; and a; are uniquely

determined by u;. Since the u; are uniquely determined by the function w, we have

that the v; and a; are uniquely determined by the function w. B

Corollary 5.6. Let T = {1, } men be a discrete valued filtration of a Noetherian ring
R, where I, = I(v1)aym N -+ N I(Vs)aum ¥V m € N is an irredundant representation.

Then the valuations v; and a; € Rsg are uniquely determined.

Proof. Since I, = {f € R|vi(f) > a;m for 1 <i < s} and no v; can be removed

. . V; .
from this expression, by Lemma 5.2, no — can be removed from the expression
a;

vz(f) = min {M} Therefore, from Theorem 5.5 we have that v; and a; € Ryq

1<i<s a;

are uniquely determined. B
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Corollary 5.7. Let T = {I,}men and J = {Jn}men be discrete valued filtrations
of a Noetherian ring R, where I, = () I(vi)a;m and Jp = (| 1(0])arm ¥ m € N are
i=1 i=1

; ; - T _ ; ; _ 4
irredundant representations. If vz = Vg, then r = s and after reindexing, a; = a;

and v; = ;.

Proof. From Lemma 5.2 we have that min {Uz(f)} = min {

1<i<s

im}weR. The

a.

Corollary now follows from Theorem 5.5.

Suppose that Z = {I,,}men is a discrete valued filtration where I, = () I(v;)ma,
i=1

and a € R.g. Then we have the explicit description of Z(® as
T = {1} men = {Ijam) tmen Where Iram) = () 1(0:) famla, ¥ m € N,
i=1

We define a new filtration

7 = {1} men = {Lam}men where Lom = () 1(v:)ama, ¥ m € N.

i=1

Observe that Z(® is, in general, not a discrete valued filtration, but Z1° is.
The filtration Z1°! is well defined; that is, it is independent of (possibly redundant)

representation I, = [ 1(vi)a;m ¥V m € N. To prove this, we first show that
i=1

Ly = () I(0)am ¥V m €N (5.3)

=1

is an irredundant representation of Z if and only if

Il = ﬂ I(vi)aa;m Vm €N (5.4)

=1
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is an irredundant representation of Z®). This follows since (5.3) is irredundant if

/l)A
and only if no — can be eliminated from the function

| i) win)

gy
a1 o

() =min {

v

aa;

can be eliminated from the function

ol ) =i {2, 2

aaq Qag

which holds if and only if no

which is equivalent to (5.4) being irredundant. Now by Corollary 5.7, the valuations
v; and a; € Ry giving irredundant representations of Z are uniquely determined
and the valuations v; and a;a € R giving irredundant representations of Z!* are
uniquely determined. Thus the filtration Z!* is independent of choice of represen-

tation of Z.

Proposition 5.8. Suppose that I is a discrete valued filtration of a Noetherian ring

R and a € Reg. Then K(Z®) = Tl = (7o),

Proof. Since T is a discrete valued filtration of R, by Corollary 5.3, Z1*l = K(Z1e1).
Now, K(Z(®) = {K(Z),,} nen, where K(Z®)),, = {z € R | Vg (x) > m}. For
x € R, Uz (x) > m if and only if Tz(z) > am (by Theorem 4.9) if and only if

z eIy (by Corollary 5.3). Thus, K(Z(®)) = Zl*, =

Theorem 5.9. Let Z = {I,}men and J = {J tmen be discrete valued filtrations of

a Noetherian ring R and o € Rwo. Then U7 = aTy if and only if J = T,

Proof. Theorem 4.9 implies that 77 = aVpa. Thus 7z = avy if and only if

Uz = Uz. This holds if and only if I(Z®) = K(J), by Theorem 4.22. Since J
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is a discrete valued filtration, by Corollary 5.3, K(J) = J and by Corollary 5.8,

K(Z\W) =7l n
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