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Abstract. The problem of robust extrapolation for discrete linear system with unknown input and uncertain interval 

parameters in system and model of observations is considered. The probabilistic approach is used, which is based  

on replacing uncertain parameters of interval type by independent random variables with uniform distribution in  

recursive Kalman schemes. The LSM algorithms and nonparametric smoothing procedures are applied for estimating 

unknown input. The proposed algorithms can be used in control systems with incomplete information. Simulation  

results are presented and discussed. 
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Аннотация. Рассмотрена задача робастной экстраполяции для дискретного объекта с неизвестным вхо-

дом и интервальными параметрами в модели объекта и наблюдениях. Используется вероятностный подход,  

в основе которого лежат замена неопределенных параметров интервального типа независимыми случайными 

величинами с равномерным распределением, алгоритмы оценивания неизвестного входа, рекуррентные схе-

мы экстраполяции на один такт (экстраполятор Калмана), метод наименьших квадратов и сглаживающие не-

параметрические процедуры. Представлены результаты моделирования. 
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Introduction 

 

The problem of synthesis of filters, extrapolators and observers for dynamical systems with uncertain 

parameters, in particular, with interval parameters, was considered in [1–5]. These papers use methods  

of robust data processing. The robust Kalman filter is obtained for time-varying discrete-time linear systems 

by solving an optimization problem such that the upper bound on the variance of estimation error to be mini-

mized [1]. In [2], the problem of state estimation and determining at any moment the smallest set containing 

all the possible values of the state vector, simultaneously compatible with the state equations and with a priori 

known bounds of the uncertain parameters, is considered. In [3], a problem was considered in the case when 

all the matrices of both the system and the observations model are subjected to norm-limited parametric  

uncertainties. The robust regularization is implemented using the penalty function method. Robust Kalman 

filter is proposed in [4], where the problem was solved by using a linear matrix inequality optimization prob-

lem. In [5], was proposed the robust Kalman filtering framework for systems with probabilistic uncertainty 

in system parameters. The uncertainty is propagated using conditional expectations and polynomial chaos 

expansion framework. Methods of data processing using estimates of unknown input are given in [6, 7].  

In these papers Least Squares Method (LSM) was used to obtain estimates of unknown input. In [8–10]  

it was proposed to use a compensatory approach to calculate estimates of unknown input. In [11, 12] there 

were used additionally the algorithms of nonparametric smoothing to increase the accuracy of estimating 

unknown input. 

This paper considers the problem of robust extrapolation in discrete systems with additive perturba-

tions with unknown input and with interval parameters. It is based on a probabilistic approach to solving 

problems for model with interval parameters, which consists in the fact that the interval parameter is replaced 

by a uniformly distributed random variable [13]. 

The results of the work generalize results of the paper [14] to the case of the presence interval parame-

ters not in the systems model only but in the observations model also.  

 

1. The problem statement 

 

Consider the linear discrete system with interval parameters, described by the difference equation 

  0( 1) ( ) ( ) ( ), (0) ,x k Ax k f k Bq k x x      (1) 

where ( ) R nx k   is the state vector at time instant k, f(k) is the unknown input vector; x0 is the random vector with 

known mathematical expectation and covariance matrix T

0 0 0 0 0E[( )( ) ]N x x x x   ; A  is the state transition 

matrix with interval uncertainty (with the given lower and upper bounds of A  and A , respectively), 1( ) Rnq k   

is the random perturbations with the following characteristics: E[ ( )] 0q k  , E[ ( ) ( )] ,kjq k q j I B    is the 

perturbations transition matrix with interval uncertainty (with the given lower and upper bounds of B  and ),B  

I is the identity matrix. Here kj  is the Kronecker symbol. 

The observations  model is determined by the formula 

  ( ) ( ) ( ),y k Sx k Fv k   (2) 

where ( ) R ly k   is the observations vector, S  is the observations transition matrix with interval uncertainty 

(with the given lower and upper bounds of S  and S ), 1( ) R lv k   is the observations noise ( E[ ( )] 0v k  , 

TE[ ( ) ( )] δ ),kjv k v j I F  is the observations transition matrix with interval uncertainty (with the given lower 

and upper bounds of F  and F ). 

It is assumed that the sequences q(k), v(k) and x0 are mutually independent, system (1), (2) is observa-

ble under parametric perturbations of the dynamics matrix A  and observations matrix S . Using the infor-
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mation available to the time [0; ],k T  it is required to construct the forecast ˆ( 1)x k   by minimizing the fol-

lowing criterion 

  
0

ˆ ˆ(0; ) E[ ( ( ) ( )) ( ( ) ( ))].
T

k

J T x k x k x k x k



    (3) 

 

2. Robust Extrapolator 

 

To solve the problem, we will use the recurrent extrapolator Kalman (EK), while using the probabilistic 

approach to find its transition matrix. The essence of the method lies in the fact that the interval parameters 

are replaced by independent random variables that are uniformly distributed over the uncertainty intervals.  

Then, using the probabilistic approach, we will replace the uncertain interval matrices A, B, S, F  by the 

matrices whose elements depend on random variables  

 

1

1 2 31 2

1 1 2

1 1

1 1

( ) ( ), ( ) ( ),

( ) ( ), ( ) ( ),

m mm

i i i i

i i m

m m m mm m m

i i i i

i m m i m m m

A A A B B B

S S S F F F



  

   

      

       

       

 

 

 (4) 

where i  are independent uniformly distributed random variables according on the interval [1, +1]  

( 1 2 31 1( 1, )i i = m m m m       ). We will assume that the random variables i  are independent of 0x , 

q(k) and v(k). In (4), the matrices 1
2
( ),A A A   1

2
( )B B B  , 1

2
( )S S S   and 1

2
( )F F F   are the me-

dians of the interval matrices , ,A B S  and .F  The matrices , ,i i iA B S  and iF  can be set so that one element 

corresponding to the uncertain element of the matrices , ,A B S  and F  remains nonzero. Its value can be  

determined by the width of the interval uncertainty of the elements of the matrices , ,A B S  and F . 

In this case, the model of the system (1) and observations (2) takes the form 

  0( 1) ( ) ( ) ( ) ( ) ( ), (0) ,x k A x k f k B q k x x      
 (5) 

  ( ) (θ) ( ) (θ) ( ).y k S x k F v k   (6) 

However, we restrict ourselves to characterizing the first two moments of x(k) as defined below, since we 

apply the EK. To obtain the estimate, we use the recurrent algorithm 

 0
ˆ ˆ ˆ ˆ( 1) ( ) ( ) ( )( ( ) ( )), (0) ,x k Ax k f k K k y k Sx k x x       (7) 

where the matrix of the extrapolator transition coefficients K(k) is determined by the optimization of criteri-

on (3), taking into account the type of distribution of the parameter θ and assuming that the vector f(k)  

is known.  

Using the property of the trace operation ( T Ttry Ay Ayy ) and the rules for differentiating the trace 

function from the matrix multiplication [15]: 

 
tr tr

, ,
AXB A XB

A B BA
X X

 
  

 
 

 (8) 

from the equation 

 
(0; )

0
J T

K





, (9) 

we obtain an analytical expression for the matrix K(k) 

 -1( ) ( ) ( ( ) ( )) ,K k AN k S FF SN k S V k      (10) 

where the matrix V(k) is determined by the formula 

 
1 2 31 2 1 2

1 1 1 2

1 1 1
3 3 3

1 1 1

ˆ ˆ( ) ( ) ( ) ( ) ,
m m m mm m m m m m

i i i i i i

i m m i m m i m m m

V k S N k S S x k x k S F F
     

   

         

      (11) 
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and N(k) satisfies the difference matrix equation  

 
2

1 1
3 3

1 1

1
03

1

ˆ ˆ( 1) ( ( ) ) ( )( ( ) ) ( ) ( ) ( )

( )( ( ) ( )) ( ) , (0) .

m m

i i i i

i i

m m

i i

i m

N k A K k S N k A K k S A N k A A x k x k A

BB B B K k FF SN k S V k K k N N

   

 


    

 

      

     

 



 (12) 

In model (5) due to the fact that the median of the interval matrix A  is used as the dynamics matrix EK,  

the vector of the unknown input will change (this vector is denoted by r(k)) 

  
1

( ) ( ) ( ),
m

i i

i

r k f k A x k


    1 1( 1, )i i = m    , (13) 

where the second term is an additional unknown input arising from the uncertainty of the state transition matrix.  

As an algorithm for estimating the unknown input r(k), we will use the LSM method, in this case, the 

estimate can be constructed on the basis of minimizing the additional criterion [6, 7] 

 
 2 2

1

1

ˆ( ) ( ( 1) ( 1)) ( 1) ,
k

С D
t

I y t S Ax t r t r t


        (14) 

In (14) ,C D  are positive definite weight matrices. The LSM estimates of the unknown input, based on the 

minimization of criterion (14), will take the form 

  
LSM 1ˆ ˆ( ) [ ] [ ( ) ( 1)].r k S CS D S C y k SAx k       (15) 

To increase the accuracy of estimating an unknown input, we will additionally use nonparametric  

algorithms [11, 12] for smoothing the innovation process ˆ( ) ( 1)y k SAx k   

  
NP 1 ˆˆ ( ) [ ] ,r k S CS D S C      (16) 

where the j component of the vector ˆ ( )k  can be calculated by 

  
1

1

1
ˆ[ ( ) ( ( 1)]

ˆ ( ) .
1

k

j

t j

j
k

t j

k t
y t S Ax t G

k
k t

G





  
   

  
 

  
 
  





 (17) 

In formulas (17) ( )G   is a kernel function, j  is a bandwidth parameters. 

Robust extrapolation estimates in discrete systems with interval parameters were determined from the 

recurrent equation  

 0
ˆ ˆ ˆ ˆ ˆ( 1) ( ) ( ) ( )( ( ) ( )), (0) ,x k Ax k r k K k y k Sx k x x       (18) 

where the matrix transition coefficients K(k) was calculated by formulas (10)–(12), and the estimates of ˆ( )r k  

was determined by formulas (16), (17). Note that the medians of the matrices ,A S  are used to calculate the 

estimates of ˆ( )r k . 

 

3. Simulation Results 

 

The simulation was performed for the following data 1 2 3( 2, 1, 2, 2):m m m m     

1 2 3

0 1 1 0 0 0 0 0 0,05 0
, , , , ,

0,02 0,73 0 1 0 0,4 0,04 0 0 0
A S A A S

         
             
           

4 5

0,1 0 0,05 0 0 0
, , ,

0 0.15 0 0 0 0,1
B B B

     
       
     

         

6 7

0,5 0 0,4 0 0 0
, , ,

0 0,6 0 0 0 0,4
F F F
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1 0 0,1 0
, ,

0 1 0 0,1
C D

   
    
   

 

0,1 0,25sin(0,1 )
( ) .

0,1 0,2sin(0,15 )

k
f k

k

 
  

 
 

The initial conditions are: 

2 0 0,1 0
ˆ(0) , (0) , (0) .

3 0 0 0,1
x x N

     
       
     

 

In (17), a Gaussian kernel function was used.  

Fig. 1 shows the results of comparing the standard errors of the deviations of the estimates of the state 

vector 

2

1

ˆ( ( ) ( ))

, ( 1,2)
1

N

i i

k
i

x k x k

i
N





  



 

for five algorithms (with different implementations of the components of a random vector θ): 

 optimal EK for systems with median matrices A, B, S and F, when f(k) is known (OEK); 

 optimal EK for systems with median matrices A, B, S and F, when f(k) is unknown, estimate f(k)  

is not used (OEKUN); 

 optimal EK for systems with median matrices A, B, S and F, LSM method (15) was used to 

calculate estimates of an unknown input, nonparametric smoothing was not applied for estimate unknown 

input (EK-LSM); 

 optimal EK for systems with median matrices A, B, S and F, LSM method and nonparametric 

smoothing (formulas (16), (17)) was applied (EK-LSM-NP); 

 proposed robust EK (10)–(12) for systems with interval parameters, LSM method and 

nonparametric smoothing were used (REK). 

The table presents 10 realizations of the values of the components of the random vector θ distributed 

with uniform density. Simulation results are obtained for extrapolation algorithms (N = 200) and by averag-

ing 100 realizations. 

Realizations of the values of the components of the random  

vector θ distributed with uniform density 

n/n θ1 θ2 θ3 θ4 θ5 θ6 θ7 

1 –0,97 0,99 –0,39 –0,73 –0,63 –0,24 0,35 

2 –0,83 0,84 0,07 0,39 0,15 –0,18 –0,02 

3 –0,82 0,30 0,57 –0,06 0,25 –0,48 0,18 

4 –0,18 0,88 –0,56 –0,24 0,52 0,08 0,72 

5 0,12 0,07 0,01 –0,73 –0,71 –0,04 0,38 

6 –0,87 –0,06 0,25 0,19
 

–0,03 –0,73 0,92
 

7 –0,48 0,57 –0,15
 

–0,87 –0,98 –0,84 0,64 

8 –0,80 0,38 –0,69 –0,94 0,08 –0,08 –0,94 

9 0,56 0,72 0,08 –0,80
 

0,59 –0,13 0,92
 

10 0,13 –0,20 0,45
 

–0,85 –0,07 –0,77 –0,25 

 

Fig. 1 shows that the procedures with robust extrapolation (REK) have the advantages in the accuracy 

compared to the known algorithms using the LSM estimates and LSM estimates with nonparametric smoothing. 

The advantage (REK) in accuracy compared to the (EK-LSM-NP) algorithm is from 3% to 15%.  

The worst results were obtained using estimates of an unknown input using the LSM method without 

smoothing (EK-LSM). The reason for this is the high level of intensity of measurements errors, which was 

used in the example, which led to a low quality of the estimation of f(k) by the LSM method and, as a conse-

quence, to a low accuracy of the estimation of the state vector. Smoothing the innovation process and pro-

posed robust algorithm improve accuracy estimates of the state vector. 
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a                                                                                                        b 

Fig. 1. Standard errors for extrapolation algorithms for ten simulation results 

a) first component, b) second component 
 

The algorithm (OEK) determines the potential capabilities of the EK algorithm, but algorithm (OEK) 

requires the exact values of the input vector f(k). In our problem, the input vector f(k) is not available for  

observation.  

 

Conclusions 

 

Using the probabilistic approach, algorithm for the synthesis of the robust extrapolator for discrete 

systems with unknown input and with interval parameters in the model and observations is proposed. 

The problem is solved using recurrent algorithms, the LSM method and nonparametric smoothing  

procedures. The proposed method implements a decrease in the influence of uncertainties in the model and 

observations using replacing an interval uncertainty by the probabilistic uncertainty and taking into account 

estimates of the unknown input with additional smoothing. 

The numerical example shows that the joint use of smoothing algorithms and robust approach can  

improve the estimation accuracy of the state vector. 
 

References 

 

1. Abolhasani, M. & Rahmani, M. (2017) Robust Kalman filtering for discrete-time systems with stochastic uncertain time-varying 

parameters. Electronics Letters. 53(3). pp. 146–148.  

2. Ichalal, D., Marx, B., Maquin, D. & Ragot, J. (2018) State estimation of system with bounded uncertain parameters: interval multi-

model approach. International Journal of Adaptive Control and Signal Processing. 32(3). pp. 480–493. 

3. Rocha, K.D.T. & Terra, M.H. (2021) Robust Kalman filter for systems subject to parametric uncertainties. Systems and Control 

Letters. 157. Art. 105034. 

4. Abolhasani, M. & Rahmani, M. (2018) Robust Kalman filtering for discrete-time time-varying systems with stochastic and norm-

bounded uncertainties. Journal of Dynamic Systems, Measurement, and Control. 140(3). Art. No. 030901. 

5. Kim, S., Deshpande, V.M. & Bhattacharya, R. (2021) Robust Kalman filtering with probabilistic uncertainty in system parameters. 

IEEE Control Systems Letters. 5(1). pp. 295–300. 

6. Janczak, D. & Grishin, Yu. (2006) State estimation of linear dynamic system with unknown input and uncertain observation using 

dynamic programming. Control and Cybernetics. 4. pp. 851–862. 

7. Witczak, M. (2014) Fault diagnosis and fault-tolerant control strategies for non-linear systems. Chapter 2. Unknown input observers 

and filters. Lecture Notes in Electrical Engineering. Springer International Publishing. Switzerland. pp. 19–56. 

8. Smagin, V.I. & Smagin, S.V. (2011) Filtering for linear not stationary discrete system with unknown disturbances. Vestnik 

Tomskogo gosudarstvennogo universiteta. Upravlenie vychislitelnaya technika i informatika – Tomsk State University Journal  

of Control and Computer Science. 16(3). pp. 43–50.  

9. Smagin, V.I. (2014) State estimation for linear discrete systems with unknown input using compensations. Russian Physics  

Journal. 57(5). pp. 682–690. DOI: 10.1007/s11182-014-0291-x 

https://www.sciencedirect.com/science/article/abs/pii/S016769112100164X#!
https://www.sciencedirect.com/science/article/abs/pii/S016769112100164X#!


Smagin V.I., Kim K.S. Robust extrapolation for systems with unknown input and interval uncertainty  

91 

10. Smagin, V.I. & Koshkin, G.M. (2015) Kalman filtering and control algorithms for systems with unknown disturbances and  

parameters using nonparametric technique. Proceedings 20th  International Conference on Methods and Models in Automation 

and Robotics (MMAR 2015). Miedzyzdroje. Poland. pp. 247–251. 

11. Koshkin, G.M. & Smagin, V.I. (2016) Kalman filtering and forecasting algorithms with use of nonparametric functional estimators. 

Springer Proceedings in Mathematics & Statistics. 2nd Conference of the International-Society-for-Nonparametric-Statistics 

(ISNPS). Vol. 175. pp. 75–84. DOI: 10.1007/978-3-319-41582-6_6 

12. Smagin V., Koshkin G. & Udod V. (2015) State estimation for linear discrete-time systems with unknown input using nonpara-

metric technique. Proceedings of the International Conference on Artificial Intelligence and Control Automation (AICA 2015). 

Atlantis Press, Bangkok, Thailand. pp. 675–677. DOI: 10.2991/cisia-15.2015.184 

13. Barmish, B.R. & Polyak, B.T. (1996) A new approach to open robustness problems based on probabilistic predication formulae. 

Vol. H. Proceedings 13th World IFAC Congr. San Francisco. USA. pp. 1–6. 

14. Kim, K.S. & Smagin, V.I. (2022) Robust extrapolation in discrete systems with interval parameters using algorithms for estimating 

unknown input. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie vychislitelnaya technika i informatika – Tomsk 

State University Journal of Control and Computer Science. 59. pp. 47–54. DOI: 10.17223/19988605/59/5 

15. Athans, M. (1968) The matrix minimum principle. Informat. and Contr. 11. pp. 592–606. 

 

Information about the authors:  

Smagin Valery I. (Doctor of Technical Science, Professor, National Research Tomsk State University, Tomsk, Russian Federation). 

E-mail: vsm@mail.tsu.ru 

Kim Konstantin S. (Candidate of Physics and Mathematics, National Research Tomsk State University, Tomsk, Russian 

Federation). E-mail: kks93@rambler.ru 

 

Contribution of the authors: the authors contributed equally to this article. The authors declare no conflicts of interests. 

 

Информация об авторах:  

Смагин Валерий Иванович  профессор, доктор технических наук, профессор кафедры прикладной математики Нацио-

нального исследовательского Томского государственного университета (Томск, Россия). E-mail: vsm@mail.tsu.ru 

Ким Константин Станиславович  кандидат физико-математических наук, доцент Высшей IT школы Национального  

исследовательского Томского государственного университета (Томск, Россия). E-mail: kks93@rambler.ru 

 

Вклад авторов: все авторы сделали эквивалентный вклад в подготовку публикации. Авторы заявляют об отсутствии 

конфликта интересов. 

 

Поступила в редакцию 16.10.2022; принята к публикации 01.03.2023 

 

Received 16.10.2022; accepted for publication 01.03.2023 
 

 


