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Streszczenie

W pracy przedstawiono wyniki badan nad efektami zwigzanymi z nieporzadkiem w zimnych
gazach atomowych. Kazdy z rozdzialéw stanowi zwigzle podsumowanie wynikéw zawartych
w publikacjach autora dotaczonych do rozprawy.

Pierwszy rozdziat pracy poswigcony jest wprowadzeniu do zjawiska lokalizacji
Andersona oraz omawia wlasSciwosci statystyczne potencjaléw przypadkowych realizowanych
w eksperymentach z zimnymi gazami atomowymi.

Drugi rozdzial poswigcony jest koncepcji lasera przypadkowego dla fal materii. Pierwsza
czg$¢ rozdziatu zawiera wprowadzenie do zagadnienia optycznych laseréw przypadkowych,
w  ktérych za selekcje spektralng modéw odpowiada koherentne wielokrotne rozpraszanie.
Budujac analogi¢ dla fal materii zbadaliSmy teoretycznie mozliwo$¢ zaobserwowania emisji
waskiego spektralnie pakietu falowego, ktérego wtasciwosci zdeterminowane sa przez wlasciwosci
statystyczne optycznego potencjatu przypadkowego.

Rozdzial trzeci zawiera wyniki badan nad lokalizacja Andersona jednowymiarowych
solitonéw w kondensacie Bosego-Einsteina. We wstgpie oméwiono efektywna jednoczastkowa
teori¢ opisujaca kwantowo-mechanicznie §rodek masy solitondw w kondensacie
Bosego-Einsteina znajdujacego si¢ w zewngtrznym potencjale przypadkowym. Kolejny paragraf
rozdzialu poswigcony jest oddzialujacym jasnym solitonom w  potencjale przypadkowym.
W ramach rachunku zaburzen oraz przeprowadzajac symulacje numeryczne zbadaliSmy wptyw
oddzialywann na lokalizacj¢ Andersona solitonéw. Nastgpny paragraf omawia mozliwo$¢
zaobserwowania lokalizacji Andersona Srodka ciemnego solitonu. W ostatniej czgSci paragrafu
przedstawione sa wyniki badan nad wieloczastkowa lokalizacja Andersona wielocialowego
uktadu z oddziatywaniami przyciagajacymi.

Rozdziat czwarty poswigcony jest analizie wynikéw eksperymentu ze spinorowym
kondensatem Bosego-Einsteina w  zewne¢trznym niejednorodnym polu magnetycznym. Po
rozseparowaniu sktadowych kondensatu spinorowego i dokonaniu pomiaru gestosci atomdéw
obserwowane sa prazki. Wielokrotna realizacja eksperymentu z takimi samymi warunkami
wskazuje na ich przypadkowe potozenie. W rozdziale przedstawiono model teoretyczny
ttumaczacy przypadkowe polozenie prazkéw oraz oméwiono jego implikacje dla innych uktadéw
eksperymentalnych.

Rozdzial piagty zawiera podsumowanie najwazniejszych wynikéw przedstawionych

W rozprawie.
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Abstract

The dissertation presents the results of the research on disorder effects in cold atomic gases.
Each chapter provides a concise summary of the results of the publications attached to the
dissertation.

The first chapter constitutes an introduction to the Anderson localization phenomenon and
discusses statistical properties of disorder potentials that can be realized in experiments with cold
atomic gases.

The second chapter is devoted to the concept of a random laser for matter waves. The first part
of the chapter contains an introduction to optical random lasers where emitted radiation is the result
of a coherent multiple scattering. Building an analogy for matter waves, we examine theoretically
a possibility for emission of spectrally narrow wave packets whose properties are determined by
statistical properties of an optical disorder potential.

The third chapter contains the results of the studies of the Anderson localization of solitons
in a Bose-Einstein condensate. We discuss the effective one-body theory that describes
quantum-mechanically the center of mass of a soliton in a Bose-Finstein condensate. In the
framework of the perturbation theory and with the help of numerical simulations we examine
the influence of the interaction between a pair of solitons on the Anderson localization. We also
discuss a possibility of the Anderson localization of dark solitons. Last part of the chapter presents
the research of the Anderson localization of a many-body system with attractive interactions.

The fourth chapter is devoted to the analysis of the experiment with a spinor Bose-Einstein
condensate in the presence of an external inhomogeneous magnetic field. Atomic density
measurement reveals that fringers appear in the wave packets corresponding to different spin
components. Repeated preparation of the experiment with the same conditions indicates
that the fringes position is random. This chapter presents a theoretical model that explains
random positions of the fringes and discusses its implications for other experiments with spinor
Bose-Einstein condensates.

The fifth chapter contains summary of the main results presented in this dissertation.
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1. Wprowadzenie

W  rozdziale przedstawimy koncepcj¢ lokalizacji Andersona oraz omdéwimy potencjaly

przypadkowe realizowane w eksperymentach z zimnymi gazami atomowymi.

1.1. Lokalizacja Andersona

Koncepcja silnej lokalizacji (lokalizacji Andersona) zostata zaproponowana w pracy P. W.
Andersona z 1958 [1], w ktérej rozwazano przejscie przewodnik - izolator na sieci. Anderson
rozwazal model ciasnego wiazania dla nieoddziatujacych ze sobg elektronéw mogacych tunelowaé
z jednego oczka sieci do sasiedniego, w ktérym nieporzadek pojawiat si¢ jako losowa energia

elektronu w oczku. Hamiltonian ciasnego wiazania ma postaé

H =Y "ali)(il+ Y JIi ], (1.1)
i i#]
gdzie ¢; jest losowa energia w oczku, a J amplituda tunelowania.  Anderson badat
prawdopodobienistwo pozostania elektronu w danym oczku sieci pokazujac istnienie pewnej
krytycznej warto$ci amplitudy nieporzadku, dla ktérej wspétczynnik dyfuzji elektronu wynosi
zero. Zanik transportu elektronowego zwigzany jest ze zmiana charakteru funkcji falowej
nos$nikéw tadunku - od rozciagnigtej wzdluz catego uktadu po eksponencjalnie zlokalizowana.
Lokalizacja Andersona zwigzana jest z efektami interferencyjnymi pomigdzy petlami, po ktérych
moze poruszaé si¢ elektron. Rozwazmy efekty interferencyjne dwoch pakietéw falowych, ktore
poruszaja si¢ po dwdch niewiele rdzniacych si¢ od siebie zamknigtych petlach (innymi stowy
po czasie t powracaja do punktu startowego). Oznaczajac amplitudg prawdopodobienstwa
przejScia czastki z punktu ro po zamknigtej petli C) jako A, a po innej petli Cy jako A,

prawdopodobienstwo powrotu czastki do punktu startowego wynosi:

P = |A; + Ag)® = JAL]? + | A5 + 2R(ATAy). (1.2)



Dla kazdych dwdéch petli wyraz interferencyjny moze by¢ dodatni badz ujemny. Gdy A, jest petla

odwrécong w czasie, A, = A7, to prawdopodobienstwo powrotu do punktu wyjscia wynosi
P = 44, (1.3)

co wplywa na zredukowanie transportu w uktadzie. Efekt ten nazywany jest w literaturze
stabq lokalizacjq [2, 3], ktéra jest prekursorem lokalizacji Andersona. Biorac pod uwage efekty
interferencyjne od kolejnych petli transport w uktadzie moze by¢ catkowicie wstrzymany i mamy
wtedy do czynienia z silng lokalizacjq - 1okalizacja Andersona.

Rozwazmy falg o dtugosci A i liczbie falowej & = 27” Gdy $rednia droga swobodna [,
tzn. odlegtos¢ ktéra pokona fala pomigdzy kolejnymi rozproszeniami, jest duzo wigksza od jej
dhugosci A, to transport ma charakter dyfuzyjny. W sytuacji gdy [ jest rzgdu A pojawiaja sig¢ efekty
interferencyjne 1 opis dyfuzyjny zatamuje si¢. Jednym z kryteriéw zajscia lokalizacji Andersona

jest stosunek Sredniej drogi swobodnej [ do dtugosci fali A, tzn.:
k< (kD). (1.4)

gdzie (kl). = const. jest stata rzedu jednosci. Warunek ten nazywany jest kryterium Ioffa-Regel’a
[4]. Gdy k > 1/I fale propaguja dyfuzyjnie, natomiast gdy k& < 1/l fale sa zlokalizowane
w matym obszarze przestrzeni. Obszar parametrow [ i A pomigdzy obszarem zlokalizowanym
a dyfuzyjnym, tzn. (kl)., nazywany jest obszarem krytycznym. Jak przekonamy si¢ w dalszej
czgSci rozdziatu takie przejsScie pomigdzy obszarem zlokalizowanym, a dyfuzyjnym ma miejsce
jedynie dla wymiaru d > 3, w nizszych wymiarach wszystkie stany sa zlokalizowane.

Definicj¢ lokalizacji Andersona mozna wprowadzi¢ analizujac stany wilasne hamiltonianu
z nieporzadkiem. Rozwazmy hamiltonian postaci H— fIOJrV, gdzie ﬁo jest kinetyczna czegscia, a
V jest potencjatem przypadkowym, ktérego stany wiasne oznaczmy jako ), (v}, gdzie n numeruje
wartosci wtasne, a {V'} oznacza konkretng realizacj¢ nieporzadku. Mdwimy, iz lokalizacja
Andersona w pewnym zakresie energii ma miejsce, gdy dla stanéw z tego zakresu energii oraz
prawie wszystkich realizacji nieporzadku {V'} istnieja potozenia r, {1 oraz wspétczynniki C,, (v}
spetniajace

lr =7, (vyl

[V, ()] £ Cppvye Poe (1.5)




gdzie parametr [;,., nazywany dlugoscia lokalizacji Andersona, nie zalezy od realizacji
nieporzadku. Powyzsza definicja ma ciekawe konsekwencje dla dyfuzyjnego transportu pakietu
falowego w nieporzadku. Usredniony po wielu realizacjach nieporzadku Sredni kwadrat potozenia
jest ograniczony z gory, tzn.

{(r*) < const, (1.6)
co implikuje zanik wspétczynnika dyfuzji D w d wymiarowym uktadzie

1 y (r?)

DZQ_th?o n

= 0. (1.7)

Lokalizacja Andersona zalezy od wymiarowosci uktadu. W pracy [5] badano lokalizacjg
w skonczonym uktadzie otwartym o rozmiarze L. Funkcja falowa moze wyptywac z uktadu,
zatem mozna wprowadzi¢ skoficzony czas zycia stanu 7 = h/0L, gdzie energia 0 FE (“Thouless
energy”) wynosi 0F = hD(FE)/L? a D(E) jest wspélczynnikiem dyfuzji dla czastki o energii
E. Thouless pokazat, iz wtasciwosci transportu w d wymiarowym uktadzie zalezne sa od
relacji pomigdzy 0 F, a rozseparowaniem energetycznym stanéw AFE. Wygodnym parametrem

rozrézniajacym zakres lokalizacji od zakresu dyfuzyjnego jest tzw. “liczba Thoulessa”

9= 35— hug(E)D(E)L42, (1.8)

przy czym AL = 1/[vy(F)L?] jest $rednig odlegto$cia energetyczna migdzy stanami w uktadzie, a
1p(E) jest gestosceia stanéw. Dla g > 1 stany przekrywaja si¢ i wspomagaja transport w uktadzie,
natomiast dla g < 1 stany sa silnie energetycznie oddzielone od siebie, nie przekrywaja si¢ 1 nie
wspomagaja transportu. W skoriczonym uktadzie otwartym kryterium dla lokalizacji Andersona
jest

g <g.>~1. (1.9)

W pracy [6] postulowano, iz wielkos$¢ ¢ jest jedyna wielkoScig potrzebna do opisu transportu
w uktadzie. Wychodzac z tego zatozenia, mozna zdefiniowac funkcje skalowania 3(g) niezalezng
od mikroskopowych wiasciwosci uktadu, a nastgpnie badaé zachowanie funkcji skalujacej
w zaleznoSci od wymiarowos$ci uktadu i jego rozmiaru. Zaktada sig, ze wlasciwosci uktadu

na wigkszej skali dtugosci mogg by¢ otrzymane poprzez wprowadzenie parametru skalujacego b:

g(L + bL) - f(ng(L))P (1.10)



Zapisujac iloraz réznicowy dla g

g(L+0bL) —g(L)  f(b,g(L)) —g(L)
bL - bl ’ (11D

a nastgpnie przechodzac z b — 0 otrzymujemy réwnania Gell-Mana - Low’a, w ktérym funkcja

skalowania jest pochodng logarytmiczng przewodnictwa ¢ po rozmiarze uktadu L

~ dlng
dInL’

B(g) (1.12)

Kryterium Thouless’a dla ¢ > ¢g. mdwi nam, ze przewodnictwo dane jest przez (1.8), natomiast
dla ¢ < g. przewodnictwo maleje eksponencjalnie z rozmiarem uktadu g ~ e~L/lec gdzie Iy,

jest dlugoscig lokalizacji. Asymptotyczne zachowania daja nam ograniczenia na funkcije 3(g):

d—2 g > g
Blg) = : (1.13)
In g+ const g < g.

Zaktadajac ciaglos¢ i  monotoniczno$¢ funkcji $(g) mozliwe jest jej jakoSciowe zbadanie
w funkcji rozmiaru L uktadu dla kazdego wymiaru d z osobna. Poniewaz dla wymiaréw d < 2
funkcja 5 < 0 teoria skalowania przewiduje, ze wszystkie stany sa zlokalizowane 1 zwigkszanie
rozmiaréw uktadu zawsze prowadzi do eksponencjalnie zanikajacego przewodnictwa. W jednym
wymiarze wszystkie fale dla dowolnie matego nieporzadku lokalizuja si¢ na skali dlugosci rzgdu
Sredniej drogi swobodnej [, = 20 [3]. W dwdéch wymiarach réwniez wszystkie stany sa
zlokalizowane, jednak dtugos¢ lokalizacji zalezy eksponencjalnie od Sredniej drogi swobodnej
loe ~ le3, co w praktyce oznacza iz dla skoficzonego uktadu fale o duzych pedach sa
praktycznie zdelokalizowane [3]. Jednak odpowiednio zwigkszajac rozmiar uktadu wszystkie
stany wykaza andersonowski profil. Dla wymiaru d > 3 istnieje krytyczna warto$é ¢. (8(g.) =
0) rozdzielajaca stany zlokalizowane od niezlokalizowanych. Diugos¢ lokalizacji Andersona
dla stanéw zlokalizowanych wynosi [, ~ (Mﬁ’ gdzie (kl). jest wartoscia krytyczna (1.4)
rozdzielajaca obszar zlokalizowany od dyfuzyjnego [3].

Lokalizacja Andersona, bgdaca jednoczastkowym efektem interferencyjnym, zostata

zaobserwowana dla wielu rodzajow fal, np. dla fal dzwigkowych [7] czy mikrofal [8, 9].



1.2. Optyczny potencjal przypadkowy

Kondensat Bosego-Finsteina jest idealnym narzg¢dziem do badania lokalizacji Andersona.
Oddziatywania migdzy atomami moga by¢ wytaczone dzigki rezonansom Feshbacha [10, 11],
a bezposrednia mozliwo§¢ pomiaru gestosci atoméw pozwala bezposrednio zaobserwowac
lokalizacj¢ Andersona [12, 13, 14]. Kolejna zaleta zimnych gazéw atomowych jest pelna kontrola
nieporzadku realizowanego w eksperymentach.

Potencjat przypadkowy odczuwany przez atomy pochodzi od $wiatta laserowego
rozpraszanego na matoéwce. Atom odczuwa obecnos¢ zewngtrznego pola elektromagnetycznego
E(r) 0 czgstosci wy, poprzez sprzgzenie swojego momentu dipolowego d z tymze polem.
Sprzezenie to powoduje zalezne od polozenia przesunigcie poziomow energetycznych atomu,
dzigki ktéremu mozliwe jest np. jego putapkowanie. Potencjatl oddziatywania atomu z polem

opisywac bgdziemy przy uzyciu potencjatu

3720 1
Vir) = ;ng, % (1.14)

gdzie wy jest rezonansowa czestoscia przejscia ze stanu podstawowego do stanu wzbudzonego
atomu, /" jest odwrotnoscia czasu rozpadu stanu wzbudzonego, 6 = wy, — wy jest odstrojeniem
pola elektromagnetycznego od przejscia rezonansowego, a I(r) = |E£(r)|? jest natgzeniem pola
elektromagnetycznego. Gdy 0 > 0 méwimy o odstrojeniu ku niebieskiemu (ang. “blue -
detuning”) i oddzialywanie jest odpychajace, gdy ¢ < 0 méwimy o odstrojeniu ku czerwieni
(ang. “red-detuning”) i oddzialywania sg przyciagajace.

Fala elektromagnetyczna postuzyé moze do wygenerowania potencjalu przypadkowego
odczuwanego przez atomy jezeli przepuScimy ja przez porowata powierzchni¢ (zwang dalej
matowka). Zgodnie z zasada Huygensa, kazdy punkt matéwki staje si¢ Zrédlem nowej fali
kulistej, ktéra posiada przypadkowgq fazg. Emitowane fale interferuja ze soba i w punkcie r pole
elektromagnetyczne jest suma wielu fal kulistych z przypadkowymi fazami. W dalszej czgsci

rozdzialu oméwimy wilasciwosci statystyczne optycznych potencjatéw przypadkowych.

WiasnoSci statystyczne optycznych potencjaléw przypadkowych

Liniowo spolaryzowane monochromatyczne pole elektromagnetyczne w punkcie r potozonym

daleko za matdéwka jest liniowa superpozycja amplitud z przypadkowymi fazami od K



niezaleznych zrddet rozpraszania znajdujacych si¢ na matéwce, tzn.:

B(r) — % S Jagle® = RIE®)] +i S[EE)) (1.15)

Zgodnie z  Centralnym Twierdzeniem Granicznym [15] dla K — oo rozktad

prawdopodobieristwa czesci rzeczywistej i urojonej £ (r) wynosi

PRIE(r)], S[E(r)) — 27302 -5 (1.16)
Dokonujac zamiany zmiennych I(r) = |E(r)]? = [R[E®)]]® + [S[E(r)]]? oraz ¢(r) =

ArclTan (g%:ﬂ) otrzymujemy rozktad prawdopodobienstwa dla natgzenia i fazy pola

elektromagnetycznego:

1

P(I,¢$) = He—f/%z (1.17)
2w

Py = /O P(I,gzﬁ)dgzﬁ%ﬂe_l/%z (1.18)
0 1

P(¢) = /O P g)dl = . (1.19)

Rozktad fazy jest rozktadem jednorodnym, natomiast Srednia warto$¢ natezenia wynosi I —

I P(I)IdI = 20°, a wariancja Al = /1> — [? = .

Wiasnosci statystyczne optycznego potencjatu przypadkowego o rozktadzie gaussowskim dane

sa przez dwupunktowa funkcje korelacji [15] nat¢zenia pola elektromagnetycznego, ktéra wynosi

TOI) = [EOPIEEP = [EOF [BEP + BOEr) B mE®. (1.20)

Pamigtajac, ze Srednie natgzenie pola definiujem jako I = |F(r)|2, powyzsze wyrazenie mozem
P jemy j powy y y

zapisaé w postaci

I()I(r'y = I(1 + Jw(r — )|, (1.21)
gdzie wyraz
Ex(r+r)E(r)
w(r) = (1.22)
| £(r)?
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nazywamy funkcja korelacji pola. Natgzenie /(r) mozemy wyrazi¢ jako fluktuacje J(r) wokét

wartosci Sredniej I, tzn. I(r) =1 + J(r)i J(r) = 0, wtedy
Iy =1 + J(r)J(r). (1.23)

Poréwnujac (1.21) z (1.23) otrzymujemy dwupunktowa funkcj¢ korelacji fluktuacji natgzenia
Swiatta:

Plr,v) ™ Ty I () = T lw(r — ¥)]2 = V2C(p) = P(p), (1.24)

gdziep =r—r., Vo =1i C(p) = |w(p)?>. Funkcja C(p) méwi nam o dwupunktowej funkcji
korelacji potencjatu przypadkowego, w ktérym znajduja si¢ zimne atomy.
Zgodnie z twierdzentem Wienera — Chinczyna [16] spektrum mocy stacjonarnego procesu

jest d - wymiarowg transformata Fouriera funkcji korelacji

~ 1

2 +o0 .
Pl) -~ g [ PO dp — 8 [ Clolewdp - viCta).  (.25)

Pamigtajac o zwiagzku splotu dwéch funkeji f(r) i g(r)

40

[/ * gl(r) = f(p)g(r — p)dp, (1.26)
z ich transformatg Fouriera
— . too
f(r)g(r) =1f=*gl(a) = f(k)g(q — k)dk, (1.27)
réwnanie (1.25) mozemy zapisa¢ w postaci
. %2 +o0 . .
P(q) = ) /_Oo w(k)w(q — k)dk. (1.28)



2. Atomowy laser przypadkowy

W rozdziale oméwimy nowa koncepcje dla fal materii - Atomowy Laser Przypadkowy
(ang.“atom random laser”, ARL), ktdra stanowi nowe polaczenie pomigdzy optyka kwantowa
a fizyka fal materii. Omoéwimy wyniki naszych badan nad ARL w jednym wymiarze oraz

przedstawimy przewidywania dla dwoch wymiaréw.

2.1. Wstep

Konwencjonalny laser wymaga dwdéch sktadnikéw: osrodka wzmacniajacego oraz rezonatora
odpowiadajacego za selekcje modéw. Swiatto odbijane pomiedzy przeciwlegtymi $cianami
rezonatora wzmacniane jest za kazdym razem gdy propaguje wzdtuz wnegki po czym opuszcza
uktad przez czg¢sciowo przepuszczajace lustro. Gdy wzmocnienie optyczne jest na tyle duze, iz
kompensuje straty w wyniku emisjii absorpcji materiatowej pojawia si¢ akcja laserowa.

Rozpatrzmy oSrodek wzmacniajacy z nieporzadkiem. Wielokrotnie rozpraszajacy si¢ foton
wykonuje btadzenie przypadkowe, przez co zwigksza si¢ czas oddzialtywania z oSrodkiem.
Zazwyczaj akty rozproszenia prowadza do strat, ktére chcemy minimalizowac, jednak gdy ilos§¢
centréw rozpraszania jest bardzo duza pojawia si¢ cickawy scenariusz: niepotrzebna jest wngka
rezonansowa, gdyz oSrodek wzmacniajacy sam pulapkuje i wzmacnia Swiatlo. Letokhov w swojej
pracy [17] analizowat dyfuzj¢ $wiatla ze wzmocnieniem. Catkowite wzmocnienie w uktadzie
jest proporcjonalne do jego objetosci podczas gdy straty do powierzchni. Gdy objgtos¢ osrodka
osiagnie krytyczna warto§¢ wzmocnienie Swiatla moze by¢ wyzsze od strat i zachodzi akcja
laserowa.

Model Letokhova dyfuzji ze wzmocnieniem zaniedbuje zjawiska interferencyjne.
W optycznym laserze przypadkowym Swiatto zachowuje faz¢ wskutek wielokrotnego
rozproszenia 1 zjawiska interferencji nie moga by¢ zaniedbywane. W laserze przypadkowym
za strukturg emitowanych modéw odpowiadaja efekty wielokrotnego koherentnego rozpraszania
[18]. W wigkszosci materiatéw nieuporzadkowanych natgzenie $wiatta jest zdelokalizowane

w calej objgtoscei, jednak istnieja materiaty, w ktorych Swiatto moze ulec lokalizacji bgdacej
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analogiem lokalizacji Andersona [19, 20]. Intuicyjny obraz lokalizacji fotonéw mozna otrzymac
wyobrazajac sobie, ze prawdopodobiefistwo powrotu Swiatta do miejsca w osrodku, w ktdrym
uleglo rozproszeniu jest rézne od zera, a foton moze obiegaC zamknigte petle w  przestrzeni.
W  ten sposéb pojawiaja si¢ zlokalizowane eksponencjalnie mody w uktadzie, w ktérych
Swiatto jest sputapkowane 1 efekty emisji laserowej ulegaja wzmocnieniu [21, 22]. Akcja lasera
przypadkowego zostata eksperymentalnie zaobserwowana w pracach [23, 24, 25, 26].

W pracy [27] rozwazaliSmy odmienng sytuacje. OsSrodkiem rozpraszajacym jest optyczny
potencjal przypadkowy, natomiast emitowana bedzie koherentna wiazka fal materii w kondensacie
Bosego-Finsteina. Odpowiednia konstrukcja optycznego potencjatu przypadkowego, w  ktorej
zachodzi ekspansja kondensatu Bosego-Einsteina prowadzi do okna pgdowego atomdw, w ktdrym
nie zachodzi lokalizacja Andersona. Atomy z tego okna opuszczaja obszar nieporzadku podczas
gdy pozostate atomy lokalizuja si¢ w nim. Za emisj¢ spektralng fal materii odpowiadaja efekty

wielokrotnego koherentnego rozproszenia.

2.2. Odpowiednik optycznego lasera przypadkowego dla fal materii

W standardowym laserze atomowym analogiem wngki rezonansowej lasera optycznego jest
putapka harmoniczna. Makroskopowe obsadzenie stanu podstawowego przez atomy stanowi
kondensat Bosego-Einsteina.  Stopniowe wypuszczanie atomow z  pulapki jest realizacja
standardowego lasera atomowego [28]. Pojawia si¢ zatem pytanie, czy mozna przygotowac uktad,
w ktérym wihasciwosci statystyczne potencjatu przypadkowego zdeterminuja emitowany mod fal
materii. W tym paragrafie pokazemy, iz optyczny potencjat przypadkowy moze by¢ przygotowany

w taki sposéb, ze atomy o pewnym waskim zakresie pegdow nie ulegng lokalizacji Andersona.

Apertura ukladu i spektrum mocy

Rozwazmy liniowo spolaryzowane Swiatto laserowe padajace na matéwke. Zgodnie z zasada
Hyugensa kazdy punkt do ktérego dociera czoto fali, staje si¢ Zrédlem nowej fali kulistej. Pole
elektromagnetyczne pochodzace od monochromatycznej fali ptaskiej o dtugosci A rozproszonej
na matéwce obserwowane w punkcie P = (x,y), ktdry jest oddalony od matéwki na dystans z

duzo wigkszy niz jej rozmiar R (z > R) mozna przedstawié jako funkcje apertury A(n, &) oraz
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funkcjg odpowiedzi h(x,y,n, &) [29], tzn.:

Ele,y) - / " by, ©)A(y, Onde, @1

o9}

gdzie funkcja (7, &) to wspétrzedne punktu na matéwee i A(n, &) znika poza matdéwka, tzn. dlar =
V2 4+ &% > R. W przyblizeniu przyosiowym funkcja odpowiedzi moze zostaC przedstawiona
jako

1 .
h(ZC, Y1, 5) r~ mezk\/z2+(m—7})2+(y—€)2) (22)

gdzie k = 27” jest liczba falowa padajacego Swiatla. Pamigtajac, ze 2 > R,z > x—n, 2 > y—&
dokonujemy rozwinigcia wyktadnika w eksponencie oraz zaniedbujemy wyrazy kwadratowe w 7

i &, dostajac

ikz

? 6%<12+y2)—2($7]+y£>] (2.3)
IAZ

h(z,y,n,§) ~

Mozemy teraz zapisaé wyrazenie na pole elektryczne w punkcie (z,y) daleko za matéwka

W postaci:
Bl = et [ A9t ang @4
IAZ _

7. powyzszego wynika, iz w przyblizeniu przyosiowym pole elektromagnetyczne daleko za
matéwka jest transformata Fouriera funkcji apertury A(n, £).

Dwupunktowa funkcja korelacji pola £ (x, y) wynosi:

E (0 ) E@ ) ——gge 620

oo 4 (2.5)
| T GGATEE e g

Zaktadajac drobng struktur¢ powierzchni matéwki pole elektryczne w  jej obszarze jest

nieskorelowane, tzn.:

A, Q) AW, &) o< 1(n, )0 (n — 1)6(€ — &), (2.6)

gdzie I(n, &) = Vor(n, &) jest natgzeniem pola w plaszczyznie matéwki z funkcja x(n, &) réwna

zeru poza obszarem matéwki i réwna jednosci na jej powierzchni. Biorac pod uwage réwnania
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(1.22), (2.5) oraz (2.6) otrzymujemy dwupunktowg funkcj¢ korelacji:

+oo (LN rPe— o 2
I(n, &)e” E=aDnty=-v)el gpq
Cle—a',y—y) = lw(x—2' .y —y)I* = Jo 10 i)oo S , @7
S22 I(n, §)dnde

ktora zalezy od natgzenia Swiatta w plaszczyznie matowki. Algorytm numerycznej implementacji

optycznych potencjatéw przypadkowych opisany jest w dodatku A.

Atomowy laser przypadkowy w jednym wymiarze

Rozwazmy sytuacje, w ktorej przygotowujemy kondensat Bosego-Einsteina w  putapce
harmonicznej.  Pulapka harmoniczna zostaje wytaczona, a nastgpnie wiaczamy potencjal
przypadkowy.  Chmura atomowa rozszerza si¢ w  obecnosSci nieporzadku, ktéry dzigki
odpowiedniej modyfikacji apertury uktadu dziata jak filtr Srodkowo-przepustowy. W efekcie
atomy nalezace do waskiego przedziatu pedéw, propagujace si¢ niemal bez rozproszen, opuszcza
obszar nieporzadku. W takiej sytuacji otrzymujemy realizacj¢ pewnych elementéw atomowego
lasera przypadkowego, tzn. wielokrotne koherentne rozproszenie decyduje ktére fale materii beda
emitowane z oSrodka.

Rozpatrzmy na poczatku typowa sytuacj¢ eksperymentalna, w ktérej wytwarzany jest
przypadkowy potencjat dla atoméw. W stabym nieporzadku atom o pedzie & w  wyniku
koherentnego rozproszenia ulega lokalizacji Andersona.  Odwrotno$¢ dlugosci lokalizacji

w przyblizeniu Borna jest proporcjonalna do spektrum mocy nieporzadku ll;i x ]5(2k) [3], gdzie

A +oo
Py = [ Lt —a) 28)

>

to spektrum mocy, a w(k) jest transformata Fouriera funkcji korelacji. W standardowym

przypadku nat¢zenie Swiatta na matéwce o rozmiarze R wynosi
I(z) = O(R — |2|), (2.9)
gdzie O jest funkcja Heaviside’a, co w sytuacji jednowymiarowej prowadzi do funkcji korelacji
w(k) = morO(1 — |kogl), (2.10)
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gdzie op jest dlugoscia korelacji nieporzadku. Dla takiej apertury spektrum mocy maleje liniowo
i wynosi zero gdy k > % Atomy o pegdach powyzej granicznej wartosci %, w przyblizeniu
Borna, nie lokalizujg si¢. Wydawaé by si¢ mogto, iz stoi to w sprzecznosci ze stwierdzeniem
o lokalizacji Andersona wszystkich atoméw o dowolnym pedzie w  jednym wymiarze [30].
W rzeczywistosci lokalizacja nadal ma miejsce, ale dtugo$¢ lokalizacji staje si¢ bardzo duza dla
k > %, o czym mozna si¢ przekona¢ uwzgledniajac kolejne rzgdy rachunku perturbacyjnego [31].

Przeanalizujmy teraz co sig¢ stanie, gdy zaczniemy modyfikowac aperturg. Modyfikujac funkcje
I(z) poprzez wstawienie nieprzepuszczajace]j przeszkody o szerokoséci p < R posrodku matéwki

otrzymujemy

i) =7 (L= ) 1601 - ko) - €41 - ko, ) @.11)

OR Oy
gdzie o, o< p~. Gdy szerokos¢ wstawionej przeszkody spetnia p > R/3 interferencja Swiatta po
przejsciu przez taka matéwke prowadzi do ciekawego rezultatu: pojawia si¢ dodatkowy zakres
pedow o' — o' < k < 20!, dla kiérych spektrum mocy wynosi zero, a zatem dhugosé
lokalizacji Andersona staje si¢g bardzo duza, atomy nie lokalizuja si¢ 1 moga opusci¢ oSrodek
z nieporzadkiem.

Wistawiajac kolejna przeszkodg mozemy zwigkszyC ilo$¢ przedziatéw pedéw z rozbiezna,

w ramach przyblizenia Borna, dtugos$cia lokalizacji. Zmodyfikowana apertura ma postac
I(z) = O(R = |2]) = ©(p — |2]) + ©(C = |2]), (2.12)
gdzie ( < p oraz

mmﬂ(i-5+i)4@u—mwm

OR Op a¢

—O(1 = [kop[) + O(1 — |kac])], (2.13)

zo:=afC.

Na rysunku (rys. 2.1) przedstawione sa przyktadowe realizacje nieporzadku w wyniku
modyfikacji apertury oraz stowarzyszone z nimi dtugosci lokalizacji Andersona (w przyblizeniu
Borna oraz otrzymane numerycznie metoda macierzy transferu (ang. “Iransfer Matrix”, TM,
dodatek B)).

PrzeprowadziliSmy symulacj¢ eksperymentu, w ktérym chmura atomowa uwolniona z putapki

harmonicznej ewoluuje w odpowiednio przygotowanym nieporzadku. ZbadaliSmy spektrum
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Rysunek 2.1: Na rysunkach (a) i (b) przedstawione sa przyktadowe realizacje nieporzagdku odpowiednio
dla jednej oraz dwdéch przeszkdéd umieszczonych na matéwkach. Na rysunkach (c) i (d) przedstawione
sg dtugosci lokalizacji Andersona w funkcji pedu w przyblizeniu Borna (czarna przerywana linia) oraz
otrzymane numerycznie (czerwona linia). Rysunek pochodzi z pracy [27].

Rysunek 2.2: Rozklad pedéw atoméw, ktére opuscity nieporzadek (czerwone linie) oraz ktére zostaty
zlokalizowane (czarne przerywane linie). Rysunki (2) i (c) pokazujg rozktad pedow w roznych chwilach
czasowych ewolucji atoméw w nieporzadku przygotowanym z jedna przestona na matowce. Analogicznie
rysunki (b) i (d) dla dwdch przeston. Mozna zaobserwowac wyrazne piki odpowiadajgce atomom, ktére
opuszczajg nieporzadek. Potozenia pikéw zgadzajg sie z oknami pedowymi, dla ktorych dtugosc lokalizacji
jest rozbiezna. Rezultaty zostaty otrzymane w wyniku numerycznego catkowania réwnania Grossa -
Pitajewskiego. Rysunek pochodzi z pracy [27].
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atomoéw, ktére opuscily obszar nieporzadku oraz spektrum atoméw, ktére ulegly lokalizacji (rys.
2.2). Zaobserwowane rozktady pedéw zgadzaja si¢ z przewidywaniami teoretycznymi pokazujac,
iz procesy koherentnego rozpraszania moga determinowaé ktére atomy, tzn. o jakich pedach, sa

emitowane z osrodka.

Atomowy laser przypadkowy w dwoch wymiarach

W dwoéch wymiarach dtugos¢ lokalizacji Andersona, w przyblizeniu Borna, eksponencjalnie

zalezy od Sredniej drogi swobodnej [g [3]

lioe = Lpe™ M2 (2.14)
1 n do - .9
S P2 e 2.1
s kol 27T( cos(¢p)) < kaRsm2> , (2.15)

przy czym parametr 7 = Vi /L, jest stosunkiem amplitudy nieporzadku do charakterystycznej

skali energii, tzw. energii korelacji £,, = o3°.

Srednia droga swobodna zalezy od spektrum
mocy nieporzadku, a wigc réwniez od apertury. Na rysunku (rys. 2.3) przedstawiamy Srednig
droge swobodna i dtugosé lokalizacji Andersona, w przyblizeniu Borna, w dwdéch wymiarach

dla zmodyfikowanej apertury opisanej przez
I{r) = O(R —[r]) = O(p = [r]) + O = |r]). (2.16)

Modyfikacja polega na nalozeniu na matéwke dwoch nieprzepuszezajacych Swiatta
wspdtosiowych pierScieni.  Niemonotoniczne zachowanie S$redniej drogi swobodnej jest
eksponencjalnie wzmocnione w dtugosci lokalizacji Andersona. Prace nad symulacja numeryczna

eksperymentu trwaja.

2.3. Podsumowanie

W naszej pracy [27] badaliSmy odpowiednik optycznego lasera przypadkowego dla fal materii.
PokazaliSmy, iz dla odpowiednio przygotowanego nieporzadku dlugos$¢ lokalizacji Andersona
jest niemonotoniczng funkcja pgdu. Podobne niemonotoniczne zachowanie dtugosci lokalizacji
Andersona przedstawiono w pdzniejszej pracy [32], w ktorej zamiast modyfikacji apertury

wykorzystano dwie wspotbiezne nakladajace si¢ wiazki laserowe padajace na matéwkg.
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Rysunek 2.3: Na gérnym rysunku przedstawiona jest sSrednia droga swobodna a na dolnym dtugosscs
lokalizacji Andersona w dwdéch wymiarach dla przyktadowej modyfikacji apertury.  Jak widac$
niemonotoniczne zachowanie IB jest eksponencjalnie wzmocnione w diugossci lokalizacji Andersona.
Rysunek pochodzi z pracy [27].

2.4. Publikacje zwigzane z rozdziatem

— M. Plodzien, K. Sacha,
Matter-waves analog of an optical random laser,
Phys. Rev. A84, 023624 (2011)

Wszystkie wyniki zostaty otrzymane przez doktoranta.



3. Solitony w potencjale przypadkowym

Solitony w kondensacie Bosego-Finsteina to rozwiazania réwnania Grossa-Pitajewskiego,
ktére nie zmieniaja swojego ksztalttu w czasie ewolucji. Odpowiednio poprawiony opis
Sredniopolowy przewiduje, ze w obecnosci potencjatu przypadkowego Srodek masy solitonu
moze by¢ andersonowsko zlokalizowany. W rozdziale przedstawiono omdwienie wynikdw prac

nad efektami zwigzanymi z lokalizacja solitonéw w kondensacie Bosego-Einsteina.

3.1. Wstep

Teoria Sredniego pola dla kondensatu Bosego-Einsteina

Kondensat Bosego-Einsteina to uklad N bozondw znajdujacych si¢ w  tym samym

jednoczastkowym stanie kwantowym:

Q}(Tl,...,TN) cho('rl)...wo(’r]\[). (31)

W obecnosci oddziatywan migdzy atomami powyzsza postac funkcji falowej uktadu jest jedynie
przyblizeniem rzeczywistego stanu podstawowego. Chcemy, aby w  obecnosci oddziatywan
(oddziatywania kontaktowe) nasz wybér funkceji ¢y jak najlepiej przyblizat stan podstawowy.

Korzystajac z metody wariacyjnej minimalizujemy energi¢ uktadu:

e[ {h—wwo( V@ + Lol a (32)

gdzie gp 47Th

g, a to dtugos¢ rozpraszania, m to masa atomu, V (r) potencjat zewngtrzny.
Naktadajac warunek normalizacji funkcji falowej ¢y do liczby czastek N i dokonujac wariacji
wzgledem ¢ dostajemy réwnanie Grossa - Pitajewskiego (GP):

—h— —V 29o(r) + V(r)do(r) + goltbo(r)Pio(r) = pbo(r), (3.3)

20



gdzie i jest potencjatem chemicznym, co tatwo sprawdzi¢ z definicji:

oFE

= o (3.4)

L

Réwnanie GP w  swojej strukturze jest réwnaniem Schrodingera z nieliniowym wyrazem
odpowiadajacym za oddziatywanie pojedynczego atomu z potencjatem pochodzacym od chmury
%

atomowej oo Gdy g9 < 0 to potencjat jest przyciagajacy, dla gy > 0 potencjat jest

odpychajacy.

Jasny soliton w kondensacie Bosego-Einsteina

Rozwazmy putapke harmoniczng, w ktorej czestoS¢ w kierunkach poprzecznych spetnia
hwi > p. Mamy wéwczas do czynienia z efektywnie jednowymiarowym uktadem.

Jasnym solitonem nazywamy rozwigzanie réwnania GP w jednym wymiarze
7 przyciagajacymi oddziatywaniami gy < 0. Wprowadzajac nowe jednostki energii, dtugosci

1 czasu:

Ey = 4mwiad®,
h
ly, = ——, (3.5)
2|a|mw,y
o=
0 4a?mw?’

funkcjonat energii i réwnanie GP w jednym wymiarze przyjmuja postac:

1 1
B [ |31 = il — ] = 36)

1
i) = =500 — [PI*Y, (3.7)

Interesuje nas rozwiazanie stacjonarne 1) — e~ *4)y, gdzie 1)y wynosi [33]:

, N
Yolz —1) =¢ 2cosh[N(z—r)/2]
—+o00
v / |¢0(z)|2dZ, (3.8)
_]O\;g
pe g
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gdzie r i ¢ to arbitralne parametry okreslajace potozenie Srodka masy solitonu oraz jego globalng

fazg, wielkosS¢ 2/N jest szerokoscig solitonu.

Teoria Bogoliubowa dla jasnego solitonu

Rozwazajac jasny soliton w zewngtrznym stabym potencjale V(z) spodziewamy sig¢
niewielkiej modyfikacji jego profilu oraz energii. Standardowa metoda pozwalajaca policzy¢
poprawki do funkcji falowej 1 energii polega na linearyzacji réwnania GP. Rozwazenie

postulowanego rozwiazania postaci:

) = e [ihy + 6] (3.9)

prowadzi nas do dwdch sprz¢zonych rownan Bogoliubowa dla 07 i dy* w pierwszym rzedzie

w Si V [34,35],

) ) S
10y v =L v + , (3.10)
oY oY* —Sx
gdzie
PO
5 302+ 20¢ho]® +

S=V(zholz —1).

Rozwiazan poszukujemy w bazie prawostronnych wektoréw wtasnych operatora £. Wszystkie
wektory wtasne (u,,v,) do niezerowych energii maja swoje mody sprzgzone, ktére sa

lewostronnymi wektorami wtasnymi operatora £, natomiast dwa mody zerowe:

) [ ) 3.11)
(2 (o
w0 (3.12)
v, (o

maja swoje mody sprzgzone postaci [34, 35]:

sp
Yo\ g ) (3.13)
U¢p g
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(i z—r [ o

=1 (3.14)
o N -
Zaburzenie solitonu mozemy roztozy¢ w kompletnej bazie:
) r_ u wy
L N L p "
o t Vg vy
r_ U, us?
TR + B (3.15)
? v, vsP

*

YRR

n,E,>0 Un U

S =

gdzie ¢' i r’ sa przesunigciami fazy i potozenia.

Deformacja ksztattu solitonu opisana jest zmiennymi zespolonymi b, w réwnaniu (3.15).
Wstawiajac (3.15) do (3.10) i rzutujac na wektory sprzg¢zone otrzymujemy réwnanie ruchu dla
bn:

10¢b,, = Enby + S, (3.16)

Sp = (up|S) + (v, ]S™). (3.17)

Rozwiazujac powyzsze réwnania z zatozeniem, ze poczatkowo soliton jest niezaburzony, tzn.

b,(0) = 0, otrzymujemy:

S S P = Duale =) 4 (P = o= )] (3.18)
n, F,>0
Pierwszy wzbudzony mod Bogoliubowa ma energi¢ rowna F; = |u| = N?Z, oznacza 1o,

7ze pomigdzy stanem podstawowym, a pierwszym stanem wzbudzonym jest duza przerwa
energetyczna.  Zatem dla stabego nieporzadku, Vi < p, zmiana ksztaltu solitonu jest
zaniedbywalna. Nie rozwazaliSmy jeszcze jednak jak zachowuje si¢ Srodek masy solitonu, gdy
pojawia sig¢ staby potencjat V' (z). Zachowanie §rodka masy opisane jest modem zerowym (3.12),

poniewaz mod ten opisuje przesunigcie solitonu.
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Ziamanie i przywrocenie symetrii dla jasnego solitonu

Pelny kwantowomechaniczny hamiltonian N atoméw komutuje z operatorem translacji, co
implikuje istnienie wspdlnej bazy wlasnej operatoréw. Rozwiazanie Sredniopolowe tamie t¢
symetri¢, gdyz zalezy od arbitralnej wartosci potozenia Srodka masy solitonu r. Analogiczna
sytuacja ma miejsce dla operatora e ¢, gdzie N jest operatorem liczby czastek, a ¢ jest globalng
faza solitonu.

Problem tamania symetrii w teorii Sredniego pola mozna ominaé poprzez nieperturbacyjny
opis potozenia Srodka masy oraz fazy solitonu , traktujac je jak zmienne dynamiczne. Zamiast
przygotowywac linowe rozwinigcie wokét d¢ = ¢/ — ¢ oraz dr = ' — r potraktujmy ¢ i r jak

zmienne dynamiczne [36]:

T CE T R U R A N RCIEE
v Uyl —1) o= 1) oz 1)

(3.19)
N Z - un(z — 1) Ty vi(z =)

n,FEn,>0 Un(z - T) ’LL:;(Z - T)

Wstawiajac (3.19) do funkcjonalu energii i ograniczajac si¢ do wyrazow kwadratowych w Py,

P., b, 1 V otrzymujemy hamiltonian uktadu w obecnosci potencjatu przypadkowego:

2 2

H = ot [Vl -l L (3.20)
= o Doz — r)|7dz 2 .

2P (OntolVijo) + > (Enbibn + (bn + b})sn),

n,K,>0

4 e

~ masa” zwiazang z faza.

gdzie m, — N jest masa solitonu (réwng liczbie czastek), a my — —
Przechodzac do kwantowomechanicznego hamiltonianu H widzimy, ze ped zwiazany z faza
komutuje z hamiltonianem, tzn. [Py, H| = 0, gdzie P, = N — N = —i8,;. Mozemy zatem
wybraé stan z ustalong liczba czastek | V) taki, ze ]5¢|N ) = 0. Nastgpnie obliczajac warto$¢
oczekiwana hamiltonianu 7 dla | N) w stanie prézni Bogoliubowa (N: 05| | N; 05) otrzymujemy

hamiltonian efektywny dla srodka masy solitonu:

. p?
H, = 2]([ + /V(z)mo(z —7)|2d=. (3.21)
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Rysunek 3.1: Gdrny rysunek przedstawia pojedynczg realizacje optycznego potencjatu przypadkowego
odstrojonemu ku niebieskiemu. Rysunek dolny przedstawia wygtadzony potencjat przypadkowy

odczuwany przez srodek masy jasnego solitonu Vr = ¥ V/(z)|o(z — r)|2dz. Rysunek pochodzi z pracy
[37].

Srodek masy solitonu nie odczuwa potencjatu zewnetrznego bezposrednio, ale odczuwa

wygtadzony potencjat bedacy splotem potencjatu przypadkowego z wiasnym profilem (rys. 3.1).
W pracach [34, 35] pokazano, ze jesli V(z) jest potencjatem przypadkowym to stany wiasne

(3.21) wykazuja profil andersonowski.

Ciemny soliton w kondensacie Bosego-Einsteina

Ciemnym solitonem nazywamy rozwigzanie réwnania GP w jednym wymiarze dla go > 0.

Whprowadzmy jednostki energii, dtugosci i czasu:

to = —, (3.22)

gdzie po jest gestoscia czastek, a £ = hA/mgopo jest dtugoscia zabliznienia. Potencjat chemiczny
uktadu wynosi ™o = gopPo. Rozwigzaniem réwnania GP opisujgcym stacjonarny ciemny soliton
jest

No(z — r) = e-i~r7po tanh(z - ), (3.23)

gdzie jest globalna faza, a r jest potozeniem solitonu. Nalezy zauwazyc, iz ciemny soliton

w przeciwiensstwie do jasnego solitonu jest stanem wzbudzonym réwnania GP.
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Podobny rachunek jak w przypadku jasnego solitonu prowadzi do nastgpujacego efektywnego
kwantowego hamiltonianu opisujacego polozenie ciemnego solitonu w obecnosci stabego

zewngtrznego potencjatu:

F pr2 2
H, = _2|Mr| +/V(z)|¢o(z—r)| dz
P M, V(2)
SR A 2 3.24
<2|]\47«|Jr 4 / ZcoshQ(z—T) ’ -2

ktéry ma strukture taka sama jak w przypadku jasnego soliton (3.21). Réznica migdzy opisem
efektywnym jasnego i ciemnego solitonu zwigzana jest z inng masg efektywna ciemnego solitonu
wynoszaca M, = —4py. Masa efektywna rowna jest podwojonej liczbie czastek w  bruzdzie

solitonowej (w jasnym solitonie réwna jest liczbie wszystkich czastek w uktadzie).

3.2. Oddzialujace jasne solitony w potencjale przypadkowym

W uktadach fizyki fazy skondensowanej nie jest mozliwe bezposrednie badanie wplywu
oddzialtywann migdzy czastkami na lokalizacj¢ Andersona. Ciekawym uktadem, w ktérym
mozemy badac zachowanie zlokalizowanych andersonowsko stanéw pod wptywem oddziatywan,
sa jasne solitony w kondensacie Bosego-Einsteina. Solitony mozemy traktowaé jako czastki
kwantowe posiadajace masg.

W pracy [37] badaliSmy zachowanie zlokalizowanych andersonowsko stanéw w obecnosci

oddziatywania migdzy nimi. RozwazaliSmy uktad opisany hamiltonianem

H=H, + H, +U
y (3.25)
U= —N3cos(Ap)e™ 24",

gdzie H, maja posta¢ (3.21), a U jest potencjalem oddziatywania migdzy solitonami
o masie N zaleznym od ich wzajemnej odlegtosci Ar oraz wrzglednej fazy A¢ [38].
Przeprowadzajac niezalezny od czasu rachunek zaburzef oraz przygotowujac ewolucje w czasie
uktadu dwoéch solitonéw opisanych hamiltonianem (3.25) badaliSmy wptyw potencjatu U
na poczatkowo andersonowsko zlokalizowane solitony. W wyniku oddziatywania solitonéw
gestosci prawdopodobienstwa stanéw wtasnych pelnego hamiltonianu (3.25) nie wykazuja

eksponencjalnego profilu. Mechanizm zaniku andersonowskiej lokalizacji jest inny od tych
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Rysunek 3.2: Rysunki gorne przedstawiajg, dwa zlokalizowane stany wiasne efektywnego hamiltonianu
Srodka masy jasnego solitonu (3.21). Rysunki dolne przedstawiaja gestosc prawdopodobierstwa solitonéw
bez oddziatywali (czarna linia) oraz jednoczastkowe gestosci otrzymane w rachunku perturbacyjnym
(czerwona linia). Andersonowskie ogony znikaja, jednak pik w gestosci prawdopodobienstwa znalezienia
solitonu nie zmienit swojego potozenia. Rysunek pochodzi z pracy [37].

znanych w literaturze [39, 40]. Gdy oddziatywanie zalezy jedynie od wzglednej odlegtosci
mie,dzy cza,stkami, w rachunku perturbacyjnym diagonalizujemy macierz zaburzenia, a szukane
stany wiasne sa kombinacja liniowa stanow wiasnych hamiltonianu (3.21). Otrzymane gestosci
prawdopodobienstwa sa suma, eksponencjalnie zlokalizowanych gestosci. W  przypadku
jasnych soliton6w posiadaja,cych dodatkowy stopiens swobody, tzn. faze,, poprawka do energii
w pierwszym rzedzie rachunku zaburzen znika, gdyz U a cos(™). Niezerowy przyczynek
pojawia sie, dopiero w drugim rzedzie. Wysokoenergetyczne stany wiasne maja, bardzo
du/a dlugosc lokalizacji Andersona co w praktyce oznacza, iz w skonczonych uktadach
sa, one zdelokalizowane. Sprze,gnie,cie standéw niezaburzonych z takimi wysoenergetycznymi
stanami prowadzi do delokalizacji jasnych solitonébw. Na rysunku (rys. 3.2) przedstawione
sa, przyktadowe zlokalizowane stany wilasne efektywnego hamiltonianu ssrodka masy solitonu
(3.21) oraz zredukowane gestossci prawdopodobiensstwa otrzymane w  rachunku zaburzens.
Andersonowskie ogony znikaja, jednak pik w gestosci prawdopodobienstwa potozenia kazdego
z soliton6w nie zmienit swojej pozyciji.

Przeprowadzajgc rachunek zaburzen zmuszeni bylismy do zatozenia stabego oddziatywania
miedzy solitonami. Chcac wyjsc poza przyblizenia rachunku perturbacyjnego przygotowalismy
ewolucje czasowa, stanu kwantowego dwoch niezaleznych andersonowsko zlokalizowanych

solitondw znajdujacych sie blisko siebie. Catkujac w  czasie rownanie Schrodingera

27



Rysunek 3.3: Zredukowana gestosc prawdopodobieristwa dla wzglednej fazy solitonéw dla roznych chwil
czasowych. Czarne kotka odpowiadajg rozktadowi fazy w chwili poczatkowej. Na lewym rysunku
rozktad fazy wycentrowany wokét = 0 pozostaje niemal niezmieniony w czasie ewolucji, co oznacza
iz przyciagajacy charakter oddziatywali miedzy solitonami nie zmienia sie. Inna sytuacja ma miejsce na
prawym rysunku, gdzie poczatkowy odpychajgcy charakter oddziatywan w czasie ewolucji zmieniat sie,
tzn. prawdopodobienstwo przycinania i odpychania sie solitondw byto niemal réwne (niebieska linia).
Rysunek pochodzi z pracy [37].

z hamiltonianem (3.25) uwzgledniajgcym oddziatywania miedzy solitonami przygotowalismy
symulacje dla dwoch przypadkéw oddziatywali, tzn. gdy stan poczatkowy opisujacy wzgledna
faze solitondw jest wycentrowany w = 0 - oddziatywanie jest przyciagajace orazw = n
- oddziatywanie jest odpychajace (rys. 3.3). Rozkiad fazy wycentrowany wokét zera pozostaje
niemal niezmieniony w czasie trwania ewolucji uktadu, co oznacza, iz solitony caty czas sie
przyciagaja. Odmienna sytuacja ma miejsce gdy poczatkowy rozktad fazy wycentrowany jest
w = Nn. Rozkiad ten zmienia sie w czasie ewolucji, co oznacza, iz charakter oddziatywali
miedzy solitonami zmienia sie w czasie - od niemal jedynie odpychajgcych po sytuacje, w ktorej
solitony odpychaja sie i przyciagaja z podobnym prawdopodobienstwem. Efekty delokalizaciji,
tzn. rozmycie zredukowanej gestosci prawdopodobieristwa potozenia solitonu, sa duzo wieksze dla
drugiego przypadku (rys. 3.4). Aby poréwnac efekt ilosciowo na rysunku (rys. 3.5) przedstawiono
ewolucje czasowa skali dtugosci, na ktorej srodek masy solitonu jest zlokalizowany (ang. “Inverse
Participation Ratio”, IPR).

Podsumowujgc, w pracy omowilismy nietypowy mechanizm delokalizacji wynikajacy
z oddziatywali zaleznych zaréwno od odlegtosci, jak i wzglednej fazy solitonéw. Wyniki prac sa

wskazowka dla grup eksperymentalnych chcacych badac lokalizacje Andersonajasnych solitondw.
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Rysunek 3.4: Zredukowana gestosc prawdopodobienstwa potozenia kazdego z solitondw dla roznych chwil
czasowych. Czarna linia odpowiada chwili poczatkowej, niebieska chwili koncowej ewolucji. Rysunki (a)
i (b) odpowiadajg sytuacji, gdy solitony w chwili poczatkowej sie przyciagaja. Rysunki (c) i (d), gdy
solitony w chwili poczatkowej sie odpychajg. Rysunek pochodzi z pracy [37].

Rysunek 3.5: Ewolucja czasowa skali dtugosci, na ktérej zlokalizowany jest srodek masy kazdego z dwaéch
oddziatujgcych solitonéw. Rysunki (a) i (b) odpowiadajg poczatkowym oddziatywaniom przycinajgcym.
Rysunki (c) i (d) poczatkowym oddziatywaniom odpychajgcym. Rysunek pochodzi z pracy [37].
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Aby zaobserwowac wspomniany efekt nalezy unika¢ wzbudzen wielosolitonowych (tzw. “soliton

trains’) [41].

3.3. Lokalizacja Andersona ciemnego solitonu

W przeciwienistwie do jasnego solitonu, bedacego stanem podstawowym réwnania GP, ciemny
soliton to kolektywnie wzbudzony stan ukladu, w ktérym aby zmniejszyC energi¢ nalezy
przyspieszy¢ soliton. Oznacza to, ze energetycznie korzystniejsze dla uktadu jest wzbudzenie
stopnia swobody zwiazanego z potozeniem solitonu.

Jak zostalo pokazane w [34, 35] Srodek masy jasnego solitonu moze ulec lokalizacji
Andersona w potencjale przypadkowym jesli jego amplituda jest znacznie mniejsza od potencjatu
chemicznego uktadu. Efektywny hamiltonian H, opisujacy polozenie ciemnego solitonu jest
bardzo podobny do hamiltonianu dla jasnego solitonu. Mozna oczekiwal, ze dla ciemnego
solitonu réwniez zajdzie lokalizacja Andersona. Nalezy jednak pamigtaé, iz z powodu malejace]
do zera, wraz z rozmiarem uktadu, przerwy energetycznej odpowiadajacej wzbudzeniom fonondéw
nie mozemy otrzymac trwatego zlokalizowanego ciemnego solitonu, poniewaz rozpada si¢ on
emitujac fonony z charakterystycznym czasem zycia. Istotne staje si¢ wyliczenie czasu zycia
takiego zlokalizowanego stanu.

W pracy [42] przedstawiliSmy przyktady andersonowsko zlokalizowanych stanéw wtasnych
hamiltonianu opisujacego potozenie ciemnego solitonu (rys. 3.6 ) oraz oszacowaliSmy ich czasy
zycia. Otrzymane czasy zycia sg rz¢du czasu zycia kondensatu w standardowych eksperymentach,
co stanowi wazng informacj¢ z doswiadczalnego punktu widzenia. Eskperymentatorzy maja
wystarczajaca ilo$¢ czasu aby wzbudzi¢ ciemny soliton, poczekac az jego Srodek masy ulegnie

lokalizacji Andersona, a nastgpnie dokona¢ pomiaru ggstosci.

3.4. Porownanie efektywnego opisu lokalizacji Andersona jasnego solitonu
z w pelni wielocialowymi symulacjami numerycznymi
Przewidywania lokalizacji Andersona solitonéw, ktére przedstawitem do tej pory, bazowaty
na efektywnym kwantowym opisie potozenia solitonu w obecnosci nieporzadku. W niniejszej

czgsel przedstawig krétko wyniki numeryczne symulacji wielociatowych, otrzymanych przez

wspdtautoréw mojej pracy [43], ktére potwierdzaja poprawnos¢ stosowanego przeze mnie opisu
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Rysunek 3.6: Przykladowy andersonowsko zlokalizowanych stanéw wiasnych efektywnego hamiltonianu
(3.24) opisujacego potozenie ciemnego solitonu w obecnosci nieporzadku. Rysunek pochodzi z pracy [42].

efektywnego. Pozwalaja one takze rzucic $wiatto na problem co dzieje sie z oddziatujgcym
uktadem N-ciat, gdy obserwujemy lokalizacje Andersona.

Rozwazamy jednowymiarowy uklad N bozonéw z  przyciagajacymi oddziatywaniami
kontaktowymi. W formalizmie drugiej kwantyzacji hamiltonian ukfadu ma postac (zaktadamy

m=h=1)

H= dz~(2) —2dzz + (20 NM2)+ 2 /7dz™N(2) (2) N2)

(3.26)

gdzie g < 0 jest miarg sity oddziatywan, a V(z) jest zewnetrznym potencjatem. Bez potencjatu
zewnetrznego dla duzej ilosci atomoéw w opisie sredniopolowym stan podstawowy ukiadu

odpowiada sytuacji kiedy kazdy atom znajduje sie w stanie jednoczastkowym bedacym jasnym

solitonem
/N e—
Noczy = 3.27
°® 2f cosh z/£ (3:27)
0 szerokosci £ = —Ng, globalnej fazie 0 i potencjatem chemicznym = —N2g2/8. Anzatz

Bethe'go [44] daje nam doktadny stan podstawowy wielociatowego uktadu w jednym wymiarze.
Rozwigzanie takie przewiduje jednorodna gestosc atoméw. Zrodiem rdznic pomiedzy opisem
wielociatowym, a sredniopolowym jest sposdb opisu srodka masy uktadu. We wiasciwym opisie
srodek masy musi byc opisany kwantowym operatorem potozenia. Poprawnosc efektywnej teorii
dla dtugich czasow zycia uktadu nie jest oczywista, a kazdy nieuwzgledniony wielociatowy efekt

moze zniszczy¢ lokalizacje Andersona. Jednoczastkowy opis nie daje réwniez jasnej odpowiedzi
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Rysunek 3.7: Gestosc prawdopodobienstwa potozenia Srodka masy solitonu w koricowej chwili czasowej
ewolucji otrzymana w symulacji wielociatowej (linia ciagta, usredniona po 96 realizacjach nieporzadku)
oraz w ramach opisu jednoczastkowego (linia przerywana usredniona po 1000 realizacjach nieporzadku).
Czerwona kropkowana krzywa na dolnym rysunku przedstawia przewidywanie 1/|q| teoretyczne dla
jednociatowej teorii. Rysunek pochodzi z pracy [43].

w jaki spos6b lokalizacja Andersona srodka masy ujawni sie w eksperymencie. Celem pracy
byto przygotowanie symulacji numerycznych uktadu wielociatowego i odpowiedz na pytanie
czy lokalizacja Andersona przezywa w obecnosci oddziatywali oraz w jaki sposob ujawni sie
w eksperymencie.

W pracy [43] przy pomocy petnego wieloczastkowego hamiltonianu z nieporzadkiem
numerycznie przeanalizowano uktad N bozonéw w jednym wymiarze i pokazano, ze lokalizacja
Andersona przezywa w obecnosci przyciggajacych oddziatywali miedzyczastkowych. Nie
zaniedbujgc zadnego procesu fizycznego mozna wysymulowac wynik pomiaru potozen wszystkich
atomOw w eksperymencie.

Poczatkowo, srodek masy solitonu dany jest gaussowskim pakietem bedacym stanem
podstawowym putapki harmonicznej, ktéry po jej wylgczeniu rozszerza sie w  obecnosci
nieporzadku. Kazda ze skladowych energetycznych pakietu scharakteryzowana jest wiasna
diugoscia lokalizacji. Caty pakiet, bedacy superpozycja zlokalizowanych stanéw, wykazuje
algebraiczna lokalizacje na duzych odlegtosciach [35]. Na rysunku (rys. 3.7) przedstawiono
poréwnanie wynikéw ewolucji srodka masy solitonu w opisie wielociatowym i efektywnym
jednoczastkowym. Zgodnosc opisu efektywnego i pelnego wielocialowego jest bardzo dobra

i potwierdza poprawnosc stosowanej przeze mnie metody.
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W przypadku jasnego solitonu oddziatywania migdzy atomami sg przyciagajace. Cickawym
pytaniem jest czy oddziatywania przyciggajace wspomagaja czy nie wspomagaja lokalizacje
Andersona ? Aby odpowiedzie¢ na to pytanie, poréwnaliSmy dlugos¢ lokalizacji Andersona
srodka masy przyciagajacych si¢ czastek z dtugoscia lokalizacji Andersona pojedynczej czastki
w tym samym nieporzadku dla takiej samej energii przypadajacej na czastke oraz dla tego samego
wektora falowego przypadajacego na czastkg k/N. Dla pedow k < 1/0p oraz dla stabego

nieporzadku stosunek wynosi:

Ll(k/N)NQ{ k¢ r 1 — ko (3.28)

Ly (k) sinhwk] 1—koo/N’

Czynnik N? mocno faworyzuje lokalizacje solitonu i odzwierciedla kolektywne zachowanie N
przyciagajacych si¢ bozonéw. Kolejne wyrazy wptywaja na delokalizacjg, co odzwierciedla fakt,
iz Srodek masy solitonu odczuwa wygtadzony nieporzadek, ktéry mniej efektywnie lokalizuje
czastkii skutkuje wigkszg dlugoscia lokalizacji Andersona. O tym, czy wygraja efekty lokalizacji
czy delokalizacji decyduja wartoSci parametréw N, k& oraz kog, zatem nie mozna udzielié
jednoznacznej odpowiedzi czy oddzialywania przyciagajace wspomagaja czy nie wspomagaja

lokalizacje Andersona.

3.5. Publikacje zwiazane z rozdziatem

— M. Plodzien, K. Sacha,
Breakdown of Anderson localization of interacting quantum bright solitons,
Phys. Rev. A 86, 033617 (2012)
Wszystkie wyniki zostaty otrzymane przez doktoranta.

— M. Mochol, M. Plodzien, K. Sacha,
Dark soliton in a disorder potential,
Phys. Rev. A 85, 023627 (2012)
Kwantowy opis ciemnego solitonu oraz symulacje numeryczne w sekcji III stanowia
osiagni¢cie doktoranta.

— D. Delande, K. Sacha, M. Plodzien, S. K. Avazbaev, J. Zakrzewski,
Many-body Anderson localization in one dimensional systems,

New J. Phys. 15 (2013) 045021
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Wyniki symulacji w ramach efektywnej teorii jednocialowej przedstawione na rys. 5 zostaly

otrzymane przez doktoranta.



4. Kondensat spinorowy w niejednorodnym

zewnetrznym polu magnetycznym

W rozdziale wprowadzimy pojecie kondensatu spinorowego oraz oméwimy pokrétce jego
wlasnosci.  Nastgpnie oméwimy wyniki przeprowadzonego eksperymentu z kondensatem
spinorowym o spinie F' = 2 atoméw rubidu-87 w zewne¢trznym niejednorodnym polu
magnetycznym.  Przedstawimy model teoretyczny tlumaczacy wyniki doswiadczenia oraz

oméwimy jego przewidywania dla innych uktadéw eksperymentalnych.

4.1. Wstep

Kiedy kondensat Bosego-Einsteina jest sputapkowany w putapce magnetycznej spin kazdego
atomu zorientowany jest wzdluz kierunku lokalnego pola magnetycznego, zatem spinowe stopnie
swobody sa zamrozone i w przyblizeniu pola Sredniego idealny kondensat opisujemy funkcija
skalarng. Odmienna sytuacja ma miejsce, gdy kondensat spulapkowany jest w optycznej
putapce dipolowej. Kierunek spinu kazdego atomu moze zmienia¢ si¢ w wyniku oddziatywan
migdzyatomowych. Funkcja falowa opisujaca kondensat ma 2/ 4 1 wyrazéw, ktére zaleza od
polozeniai czasu. Kondensat, w ktérym nie zaniedbujemy spinowych stopni swobody nazywamy
kondensatem spinorowym [45]. Funkcj¢ falowa idealnego kondensatu spinorowego N atomow

mozemy zapisaC W postaci:

Uiy (72)

| Vo (73) |

gdzie ¥,,,,. to jednoczastkowe funkcje odpowiadajace atomom o rzucie spinu mp = {—F, ..., I'}

na wybrang o§ kwantyzacji.
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W opisie Sredniopolowym jednoczastkowa energia atomu bez oddziatywan wynosi:

1= /dr Z

mp=—2,2

{——V2 +V(r) — pmp + gmp /8

gdzie wspotczynnik p = —gupgB zwiazany jest z liniowym efektem Zeemana, a wspdélczynnik
q= @ z kwadratowym efektem Zeemana, gdzie energia [, ¢ jest rozszczepieniem struktury

nadsubtelnej. Energia spinowych oddziatywan dwuczastkowych ma postac:

Bt = d[— SRR 21A
: /r2n+2||+2||

przy czym n = ZmF |9m |2 jest gestoscia wszystkich atoméw w kondensacie. Wyraz

1
A= ﬁ(wgw_g — Wy + U5, (4.1)

jest amplituda pary singletowej spinu, a kwadrat amplitudy operatora spinu |F|? =

> Fu(r) Fu(r) sktada si¢ z elementow

> G (M E gy O, (1), 4.2)

7
mp,mp

gdzie F), sa macierzami operatoréw rzutu spinéw w bazie wiasnej |mp),. W naszym przypadku

rozwazamy atomy o spinie /' = 2, zatem

(001 0 0 0]
10 /2 0 0
F,— 0\/§ 0 \/go , 4.3)
0 0 20 1
(000 0 1 0]
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0 —i 0 0 0
z‘O—i\/g 0 0
B=1o /i o —iy/i o] 4.4)
0 0 i/ 0 -
0 0 0 i 0
(200 0 0 |
010 0 0
F,F=l0o00 0 o0 4.5)
000 -1 0
(000 0 -2

Réwnania GP dla komponentu mp otrzymujemy wykonujac pochodna wariacyjna energii

Eo + Eini PO Yy,
ot oy, (r)

co prowadzi do nastgpujacych réwnan opisujacych ewolucje w czasie komponentéw spinora:

4.6)

", h?V2
ih gzﬂ = {— i + V(r) F2p+4q + con £ 2¢, F, } Yo
+ e Fear + %Alﬁpm
0 h2v?
ih gzﬁl{— 5N +V(r)FptgtantakF, Mﬂ,
4.7)
6
+ <§F¢¢o + F:I:¢:I:2> — %Awil
) h2V2
gio _ {_ B + V(r) + con — u} o
6
+ §C1(F+¢1 + Fovp_q) + %A%;
gdzie
Fy = F2 = 2(3¢b + 95 190-2) + V6(ihidho + ¢gp-1), (4.8)
= 2t l* — [—al*) + [t =[] (4.9)
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Rysunek 4.1: Komponenty kondensatu spinorowego (od |mr = +2)z na samej gorze, do |mr = —2);
na samym dole) po réznym czasie spadku t1 w niejednorodnym polu magnetycznym przestrzennie
rozseparowane przez silny impuls Sterna-Gerlacha dziatajacy w kierunku osi z. W kazdym komponencie
obserwujemy prazki interferencyjne, ktorych ilosc zwieksza sie wraz z czasem oddziatywania kondensatu
z polem niejednorodnym Bd. Rysunek pochodzi z pracy [46].

W ramach teorii pola $redniego w kolejnej czesci rozdziatlu rozwazymy oddziatywanie
spinorowego kondensatu Bosego - Einsteina o spinie F = 2 z zewnetrznymi stabymi

niejednorodnymi polami magnetycznymi.

4.2. Eksperymenti model teoretyczny z atomami w niejednorodnym polu

magnetycznym

Eksperyment - Niejednorodnos$¢ pierwszego rzedu

W pracy [46] omawiamy eksperyment z kondensatem Bosego-Einsteina atoméw rubidu-87
w stanie = 2,mr = 2)x w putapce wydtuzonej horyzontalnie w kierunku X. Pole
magnetyczne putapki zastgpiono przez stabe, niejednorodne pole magnetyczne Bd, w ktorym
kondensat swobodnie opada w polu grawitacyjnym przez czas tj, a nastepnie skladowe
mMr kondensatu sa przestrzennie rozseparowane przez silny impuls Sterna-Gerlacha wzdtuz
prostopadiej osi z, po czym nastepuje pomiar absorpcyjny. Wyniki eksperymentu przedstawione
sa na rysunku (rys. 4.1), w ktérym kazdy z paneli odpowiada réznym czasom oddziatywania t/
spadajacego kondensatu z niejednorodnym polem magnetycznym Ba.

Kazda sktadowa |mr)z kondensatu spinorowego posiada prazki interferencyjne, ktérych
ilossc§ wzrasta wraz z czasem oddziatywania ti atoméw z polem niejednorodnym Bud.
Potozenie prazkéw jest przypadkowe, o czym mozna sie przekonac przygotowujac wiele

realizacji eksperymentu z takimi samymi warunkami poczgtkowymi i usredniajac po wszystkich

38



Rysunek 4.2: (a) Piec r6znych realizacji eksperymentu z takimi samymi warunkami poczatkowymi oraz
(b) usrednienie po 72 realizacjach. Rysunek pochodzi z pracy [46].

realizacjach. Na rysunku (rys. 4.2) w czesci (a) przedstawiono piec realizacji eksperymentu

z takimi samymi warunkami poczatkowymi, a w czesci (b) usrednienie po 72 takich realizacjach.

Model teoretyczny

Podczas wylaczania putapki magnetycznej przy przechodzeniu pola magnetycznego przez
zerowa wartosc nastepuje mieszanie Majorany stanow |mr)x [47]. Nastepnie atomy w réznych
stanach ImrF)x w niejednorodnym polu wzdtuz osi X poruszaja sie z réznymi predkosciami
wzglednymi, co prowadzi do obrazu interferencyjnego po zmianie osi kwantyzacji z osi X na
0s§ Z wskutek impulsu Sterna-Gerlacha.

W modelowaniu zjawiska zatozylisSmy, bez straty ogdlnosci, iz wszystkie atomy znajduja sie
w zerowym stanie pedowym w kombinacji liniowej stanéw |mF)x, ktéra odpowiada mr = 2)z.

Stan poczatkowy kondensatu ma postacs:

Nt = 0)) =X, 2)mF = 2)z = M(X,2) QIMF = 2)x — 1mF = 1)x

(4.10)
Imr = O)x (4.11)
Niejednorodne pole magnetyczne wzdtuz osi X postaci Ba = (Bdo + dxBax)x oddziatuje

z atomami przez czas t1. Kazdy komponent nabywa faze me$ = mrge"sBdoti/h oraz ped
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mpk = mFgFuB t;/h Po czasie t = ¢; stan uktadu wynosi:

WYt — 1) 1%(9; ot e — 2), — w,ﬂ(x ot e — 1)t @.13)

\/777&]@0 l’ Z, t] |mF — O> (414)

% (2, t) mp = = 1), + W (@, 2, tr)|mp = —2)a, (4.15)
gdzie kazdy z komponentéw mp opisany jest stanem
Yk, (T, 2,8) |Mp)r = ek o) Y 4.16)

Komponenty poruszajace si¢ z réznymi predkoSciami ulegaja zmieszaniu przy zmianie osi
kwantyzacji z x na z, co skutkuje obrazem interferencyjnym podczas rzutowania funkcji falowe;j

|¥(t;)) nardzne stany |mp),

P2 = 256 ‘ka +4¢k1 +6¢k0 +4¢k 1 +¢k 2‘ )
Po= sz + 2¢k1 - 2¢k71 - @kaz‘ )
2
po — 128 ‘wkZ 2¢k0 + ¢k72‘ )
2
pP-1 = = sz - 2¢k1 + 2¢k71 - @kaz‘ )
P2 = 5 [ — A0, 6, — A, (.17)
gdzie
P (,2) = o mp W (D) (4.18)

Wyniki przedstawionego prostego modelu zgadzaja si¢ z petnymi symulacjami
numerycznymi, ktore przeprowadziliSmy zakladajac stan poczatkowy atoméw jako profil
Thomasa-Fermiego, a nast¢gpnie catkujac w  czasie roéwnanie Schrodingera uwzglgdniajac
jedynie oddziatywanie atoméw z polem magnetycznym [45]. W symulacjach zaniedbaliSmy
oddziatywania migdzy atomami, gdyz w eksperymencie po wylaczeniu pulapki gestosé atomow
szybko staje si¢ niewielka. Wyniki symulacji dla réznych czaséw oddzialtywania atomoéw
z niejednorodnym polem przedstawione sa na rysunku (rys. 4.3). Mozemy zaobserwowac jasna

antysymetri¢ pomigdzy sktadowymi £mp, ktéra widac rdwniez w wynikach eksperymentalnych.
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Rysunek 4.3: Komponenty kondensatu spinorowego (od [mF = +2)z na samej gorze, do |mr = —2);
na samym dole) po réznym czasie spadku ti w niejednorodnym polu magnetycznym przestrzennie
rozseparowane przez impuls Sterna-Gerlacha. W kazdym komponencie mozna zauwazyc pr~zki
interferencyjne, ktérych ilosscs zwie,ksza sie, wraz z czasem oddziatywania kondensatu z polem
niejednorodnym Bd. Rysunek pochodzi z pracy [46].

W celu ilossciowego porownania wynikéw eksperymentu z symulacjami numerycznymi na
rysunku (rys. 4.4) przedstawiamy odlegtosc miedzy prazkami dla sktadowej Imr = +2},
w funkcji czasu oddziatywania ti atoméw z polem Bd. Zgodnosscs z eksperymentem jest bardzo
dobra.

Przesuniecie pr"zkéw o potowe okresu przestrzennego stowarzyszone jest ze zmiana fazy
0 N. Dla warunkéw w przeprowadzonym eksperymencie taka zmiana fazy ma miejsce, gdy pole
magnetyczne zmieni sie 0 wartosc ABdso ~ 10-4G, ktora jest bliska stabilnosci uktadu cewek
generuja,cych pole magnetyczne. Zatem niestabilnosscs uktadu generuja,cego pole magnetyczne

prowadzi do przypadkowego potozenia pr*zkow w réznych realizacjach eksperymentalnych.

Niejednorodnos¢ drugiego rzedu

Gdy niejednorodnosc pola jest niewielka, ale czas oddziatywania z nim jest duzy, efekty
interferencyjne maja, miejsce i moga, zaburzycs badane zjawisko. Zaktadaja,c eliminacje, wszystkich
gradientdw nie mozna zaniedbac niejednorodnosci wyzszych rzedéw. Rozwazmy przypadek
jednowymiarowy w obecnossci putapki harmonicznej bez zewne,trznych po6l magnetycznych.
Wszystkie atomy odczuwaja, ten sam potencjat putapkuja,cy. Gdy uwzgle, dnimy niejednorodnosscs
pola magnetycznego drugiego rze,du, tzn. gdy zewne,trzne pole magnetyczne wynosi =d =
(Bo + ax2/2)X, kazdy z komponentdw |mMr3=x odczuwa inny potencjat putapkujacy w ramach
liniowego efektu Zeemana. Skutkuje to wzglednym ruchem komponentéw |mr)x, co w wyniku

wyrzutowania standéw na os z ukaze strukture interferencyjna.
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Rysunek 4.4: Eksperymentalne i teoretyczne odlegtosci miedzy prozkami dla [mF = +2)z w funkcji czasu
oddziatywania. Rysunek pochodzi z pracy [46].

PrzeprowadziliSmy symulacje numeryczna ukfadu, w ktérym jednowymiarowy kondensat
spinorowy ewoluuje w obecnosci putapki harmonicznej z uwzglednieniem oddziatywali
spinowych oraz w obecnosci zewnetrznego pola magnetycznego z niejednorodnoscia drugiego
rzedu. W tym celu catkowalismy numerycznie rownania (4.7). Parametry symulacji odpowiadaja
parametrom z pracy [48], w ktorej badano dynamiczna niestabilnosc w kondensacie spinorowym.
W pierwszym przypadku w symulacjach uwzglednilismy obecnosc putapki harmonicznej oraz
krzywizne pola magnetycznego. W drugim przypadku zaniedbalismy obecnosc krzywizny pola.
Przypadek bez krzywizny jest dramatycznie rézny od przypadku z krzywizna, w ktorym struktury
interferencyjne pojawiaja sie duzo wczesniej niz efekty zwigzane z dynamiczna niestabilnoscia.
W ostatniej symulacji rozwazylismy obecnosc krzywizny, jednak podczas rzutowania nie
zmienialismy osi kwantyzacji. Jak nalezato sie spodziewac struktury interferencyjne nie byty

widoczne.

4.3. Whnioski

W rozdziale przedstawiamy wyniki eksperymentu ewolucji kondensatu spinorowego
w niejednorodnym polu magnetycznym [46] oraz model teoretyczny thlumaczacy obserwacje.
Pojawiajgca sie struktura interferencyjna w kazdym komponencie mr kondensatu wynika ze
wzglednej predkosci komponentow wyrzutowanych na os prostopadtg do kierunku wektora ich

predkosci.
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PokazaliSmy réwniez, iz nawet w obecnosci putapki harmonicznej, gdy oddzialywania migdzy
atomami sa istotne, skompensowanie jedynie gradientéw zewnetrznych pol magnetycznych
nic usuwa efektéw interferencyjnych w  eksperymencie, gdy ten trwa przez dlugi czas.
PokazaliSmy, iz obecno$¢ krzywizny pola magnetycznego, ktéra wptywa na efektywna czgstosé
putapki odczuwana przez kazdy z komponentéw mp, prowadzi do wzglgdnego ruchu atomow
1 w efekcie pojawiaja si¢ efekty interferencyjne, ktdére moga by¢ mylone z efektami dynamicznej
niestabilnosci.

Wyniki naszych badan stanowia wazng informacj¢ dla grup eksperymentalnych, ktére nie
moga zaniedbaé efektéw zwiazanych z czasem trwania eksperymentu, stabilnoScig uktadow
generujacych pola magnetyczne oraz uktadéw kompensujacych zewnetrzne niejednorodnosci

wyzszych rzedow.

4.4. Publikacje zwiazane z rozdzialem

— M. Witkowski, R Gartman, B. Nagoérny, M. Piotrowski, M. Plodzien, K. Sacha, JI.
Szczepkowski, J. Zachorowski, M. Zawada, W. Gawlik,
“Matter-wave interference versus spontaneous pattern formation in spinor Bose-Einstein

condensates”,

Phys. Rev. A 88, 025602 (2013)

Caly teoretyczny opis eksperymentu oraz symulacje numeryczne stanowia osiagni¢cie doktoranta.



5. Podsumowanie

W pracy oméwiliSmy wyniki badan nad efektami nieporzadku w zimnych gazach atomowych.

PrzedstawiliSmy koncepcj¢ lasera przypadkowego dla fal materii. PrzedstawiliSmy propozycije
eksperymentu wraz z przewidywaniami teoretycznymi w uktadzie jedno- i dwuwymiarowym.

Omoéwilismy zagadnienie wptywu oddziatywan pomigdzy jasnymi solitonami na lokalizacjg
Andersona. Wynik pracy stanowi wskazéwke dla grup eksperymentalnych chcacych badaé
lokalizacj¢ Andersona jasnego solitonu w kondensacie Bosego-Einsteina. Aby zobserwowaé
badane zjawisko nalezy unika¢ wzbudzen wielosolitonowych, gdyz oddziatywania miedzy
solitonami niszczg lokalizacj¢ Andersona.

ZbadaliSmy mozliwo$¢ lokalizacji Andersona ciemnego solitonu oraz obliczyliSmy czas
zycia andersonowsko zlokalizowanego stanu. Otrzymany czas zycia jest rzedu czaséw zycia
kondensatéw w standardowych eksperymentach, co daje nadziej¢ na eksperymentalne zbadanie
lokalizacji Andersona ciemnego solitonu.

ZbadaliSmy wplyw migdzyczastkowych oddzialywaid przyciagajacych na lokalizacje
Andersona. Wyniki pracy stanowia réwniez dowdd poprawnosci efektywnego opisu
jednocialowego dla jasnego solitonu w kondensacie Bosego-Einsteina.

Ostatnia czg$¢ pracy poswigcona byta zachowaniu spinorowego kondensatu w obecnosci
zewngtrznych niejednorodnych pél magnetycznych. Na podstawie naszego modelu teoretycznego
wyjasniliSmy Zrédto przypadkowego potozenia prazkéw interferencyjnych w réznych realizacjach

eksperymentalnych oraz wskazali$my implikacje dla innych uktadéw eksperymentalnych.
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A. Implementacja numeryczna optycznego

potencjatu przypadkowego

Optyczny potencjat przypadkowy w dwoch wymiarach mozna otrzymaé numerycznie wg

nastgpujacej procedury [49, 50, 51]:

1.

Dtugos¢ korelacji otrzymanego potencjatu przypadkowego wynosi ¢ =

Tablicg I/ o wymiarach N x N wypelniamy zespolonymi liczbami losujac czeS¢ rzeczywista
1 urojong z rozktadu normalnego - jest to zespolone pole elektromagnetyczne.

Przechodzimy do przestrzeni pedéw wykonujac Dyskretng Transformate Fouriera (Discrete
Fourier Transform, DFT, [52]) £ = DFT[E|. Kazdy punkt E(m;,m;) przemnazamy
przez funkcje obcigcia k(my, ma) = O(R — r(my,my)), gdzie R jest promieniem matéwki,
a r{my,my) odlegtoscig liczona wzglgdem Srodka tablicy, © jest funkcja Heaviside’a.
Otrzymujemy Ecuto If-

Wracamy do przestrzeni rzeczywistej poprzez odwrotng transformat¢ Fouriera: FE =
DFT ' Eeutors]-

Potencjat przypadkowy otrzymujemy wyliczajac V (4, j) = |Eeutorr (7, 7)]?-

V przesuwamy i normalizujemy tak aby §rednia warto$¢ wynosita V' = 0, a odchylenie
standardowe std(V) = 1.

Tablice V' przemnazamy przez zadana przez amplitud¢ nieporzadku V; - w ten sposéb
wygenerowali$my potencjat przypadkowy z funkcja korelacji zdefiniowana poprzez funkcije

k(m1, my) podobnie jak w réwnaniu (2.7).

N

5 5- Chcac otrzymac

uktad jednowymiarowy dokonujemy analogicznej procedury dla tablicy /2 o dlugosci N.
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B. Numeryczne obliczanie dlugosci lokalizacji

Andersona

B.1. Dhlugos¢ lokalizacji Andersona w jednym wymiarze

Rozwazmy zdyskretyzowane stacjonarne rownanie Schrodingera

—Jani1+ an_1 — 2a,] + Viea, = Ea, (B.1)

hZ
2m(06z)2?

gdzie J = 0z jest krokiem dyskretyzacji, F jest energia wilasna, a V), jest wartoscia
potencjalu przypadkowego w punkcie z,. Powyzsze rOwnanie mozna przepisaC w postaci

rekurencyjne;j

V,—FE
U1 = < 7 + 2) Ay, — Up—1, (B.2)

Przepisujac powyzsze réwnanie w postaci macierzowej otrzymujemy

anJr 1 Ap,

=1, ; (B.3)
Qn, Ap—1
gdzie
YWl y 2 —1
T, = , (B.4)
1 0
co prowadzi do
ay, i a
=TI (B.5)
Qp, i=1 Qo

Macierz M = [[;_, T; nazywamy macierza transferu, ktéra jest produktem n losowych macierzy

sparametryzowanych energia £ i konkretna realizacja nieporzadku {V'}. Twierdzenie Oseledec’a

[53] i Furstenberg’a [54] méwi, ze wektor poczatkowy (ag,a;)? asymptotycznie zachowuje
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sig jak e dla n — oo, gdzie v/(E) jest dodatnia, nielosowa wielko$cia. Dla zadanej
amplitudy nieporzadku V wielkos¢ v(F) = ~/(F)/dz jest wyktadnikiem Lapunowa opisujacym
eksponencjalne zachowanie a. Dla kazdej realizacji nieporzadku {V'} istnieje doktadnie jeden
wektor eksponencjalnie zanikajacy z n — oo [55], a otrzymany wyktadnik Lapunowa jest
odwrotnoscia dtugosci lokalizacji l;,. = v(F) ™.

Eksponencjalny wzrost elementéw macierzy M uniemozliwia proste iteracyjne obliczanie jej
warto$ci wlasnych, w zwiazku z czym wymagana jest regularyzacja macierzy transferu w trakcie

iteracji. Dla uktadéw w jednym wymiarze wygodniejsza metoda obliczania dtugosci lokalizacji

Andersona jest analizowanie wielkosci R,, = f '(F) dany jest przez

~(E) mn—E)m% (B.6)

N—)oo

gdzie R, spetnia rekurencyjna zaleznos¢

1
B = Vo= B = 5 (B.7)

Iterujac powyzsze réwnanie oraz sumujac w kazdym kroku In R,, zgodnie z (B.6) otrzymujemy

odwrotnos¢ dtugosc¢ lokalizacji Andersona.

B.2. Dlugos¢ lokalizacji Andersona w dwdch wymiarach

W pracy nie prezentuj¢ wynikéw numerycznego wyliczania dlugosci lokalizacji Andersona
w dwoch wymiarach, gdyz rachunki sa dopiero w fazie wstgpnej. Mimo to przedstawiam metode
pozwalajaca wyliczy¢ dtugos¢ lokalizacji Andersona w przypadku dwuwymiarowym ufajac, ze
niniejszy dodatek stanowi¢ begdzie uzyteczng informacje dla oséb, ktére zetkng si¢ z moja praca
1 bgda zainteresowane analiza lokalizacji Andersona w uktadach wielowymiarowych.

W uktadach dwuwymiarowych obliczenie dlugosci lokalizacji Andersona jest duzo bardziej
ztozone numerycznie niz w przypadku jednowymiarowym. Wynika to z faktu eksponencjalnej
zaleznosci dlugosci lokalizacji od energii. W  paragrafie tym przedstawimy, bazujacy
na jednoparametrowej teorii skalowania, algorytm pozwalajacy otrzymaé dlugos$é lokalizacji
Andersona [56]. Pomyst polega na dyskretyzacji przestrzeni i analizowaniu pasa skladajacego

sig z N plastréw o dtugosci M, gdzie M < N, i obliczaniu efektywnej dtugosci lokalizacji Ay,
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w takim pasie. Nastgpnie analizujac zachowanie wielkosci A = 24 w zaleznosci od dhugosci

M

plastra M, energii czastki /2 1 amplitudy nieporzadku V1, jesteSmy w  stanie otrzymaé dtugosé

lokalizacji Andersona w dwoch wymiarach.

Funkcja Green’a

Dla hamiltonianu ciasnego wiazania w  jednym wymiarze otrzymujemy rdéwnanie

Schrédingera w postaci (B.2), tzn.:

Apy1 — (E - V;z)an — Qn—1.

Spodziewamy sig, ze dla wymiaréw d > 1 istnieje jego uogdlnienie postaci

An+1 - (E - Hn)An - An—l-

(B.8)

(B.9)

Dla wymiaru d = 2 macierz H,, jest hamiltonianem w n-tym plastrze o dtugosci M niesprzgzonym

do plastréw n — 1 oraz n + 1. Ponizej przedstawimy wyprowadzenie rownania (B.9).

Rozwazmy hamiltonian dla NV plastréw, kazdy o dlugosci M, tzn.:
N N
H(N) =Y _H)+> Hj=H}+ Hy,
n=1 n=2

gdzie HY jest hamiltonianem w plastrze n
M
Hy =Y lensln, j)(n, gL+ J(n j)n g+ 1]+ e,
7=1
a H jest zwigzany z tunelowaniem migdzy plastrami
M
H] =" J(n,j){n—1,j] + h.c.).
7=1

Dodajac do uktadu N + 1 plaster otrzymujemy

M M

(B.10)

(B.11)

(B.12)

H(N +1) = HIN) + ) en 1IN + LN + 151+ > (N + 1), j| + h.c), (B.13)

j—1 j=1
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w ktérym mozemy wyszczegolnic

Ho(N +1)=H(N)+ Z entig| NV A+ LN + 1, 4],
LM
v (B.14)

H' =Y " J(N +1,5){N,j| + h.c).

Jj=1

Ostatecznie hamiltonian dla N + 1 plastréw zapisujemy w postaci

H(N +1)= Hy(N+1)+ H'. (B.15)
Interesuje nas rezolwenta G(/N -+ 1) hamiltonianu H (N + 1), czyli rozwiazanie réwnania

(z— H(N + 1))G(N + 1) = 1. (B.16)
Zajmijmy si¢ jednak najpierw rezolwenta operatora Hy(N + 1), ktdra spelnia réwnanie

(z — Ho(N + 1))Go(N + 1) = 1. (B.17)

Korzystajac z G = ﬁ => . % mozemy zapisaé

1 1
Go(N + 1) = = - -
NI = TN T HON) =Sy e N T LN § 1]
L g N LN L
Z — H(N) 1 Z — EN41,5 (B18)

NN QLA IERY |

Z JE— .
1 ENA1,5

Wracajac do G(N + 1) i korzystajac z tozsamosci

1 1 1

5 (B.19)

1
A
gdzie

A:Z —Ho—Hl,
(B.20)
B==z —Ho,
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otrzymujemy réwnanie na rezolwentg hamiltonianu H (N + 1):
G(N +1) = Go(N + 1) + Go(N + 1)) H'G(N + 1). (B.21)

Interesuje nas funkcja Green’a sprzg¢gajaca pierwszy i ostatni plaster w pasku, zatem musimy

obliczy¢ element macierzowy

(1, iGN + DN + 1,k) = (1,i|Go(N + 1)|N + 1, k) + (1,4|Go(N + 1) H'G(N + 1)|N +1, k).
(B.22)

Pierwsze wyrazenie po prawej strony znika, gdyz

=0
. . (1i|N + 1,5)(N + 1,4|N + 1,k
(1,i[Go(N + 1)|N + 1, k) = (1,i|G(N |N+1k+Z N+ L) N 4+ 1IN + >)

-0 =1 “ T eNL
(B.23)
zatem
N+1 N+1,
<1,z’|G(N+1)|N+1,k><1,i|< Z' LN+ 3') 'GIN + DN + 1, k)
& T €N+

= (1, i|G(N)H'G(N+ DIN+1,k)

(1,4|G(N ZJ [N+ 10N, 3]+ [N, GHN + 1, ) G(N + 1)|N + 1, k)

M
= J{LAGN)IN, GHN + 1, jIG(N + 1)|N + 1, k).
7=1
(B.24)
WprowadZzmy operator rzutowy na podprzestrzen zwiazang z N + 1 plastrem
M
P=>"IN+1,5)(N+1,j, (B.25)
j=1
oraz
Q=1-—P (B.26)
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Wykorzystujac te operatory mozemy zapisac

P
PG(2)P =
AP = PP PRAID
gdzie
R(z) = H'+ 1T < i
z— QHo(N +1)Q — QH'Q
Zatem

H(N+1)=Ho(N+1)+ 1,

HN+1 = PH()(N + 1)P,

_ P Q :
PR(z)PfPHZ_Q(HOJFHI)QHP
. 1

= J(N,j|G(N)|N, k).
Wprowadzajac oznaczenia

G17N+1 — <17]|G(N+ 1)|N+ 17k>7

GN+1,N+1 — <N+ 17]|G(N+ 1)|N+ 17k>7

otrzymujemy

Gl,N+1 — JGl,NGNJrl,NH;
1
FE - HN+1 - J2GN,N

GNt1,N+1 =

oraz

Ginii(E — Hyyy — J*Gyy) = JGin.
Wstawiajac Gy n = %Gi}v_lGLN otrzymujemy

1

Ginyi(BE — Hyyr — J2J
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GrN_1Giy) = JGin.

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)



. . P . . -1 . -1 .
Mnozac powyzsze réwnanie z lewej przez Gy, oraz z prawej przez Gy otrzymujemy

(F— Hyp— JGI N Gun)Gry = JGy

(B.34)
(B — Hyv)Giy = JGiny + JGLN_1-
Definiujac Ay 41 = G ) otrzymujemy
(E — Hyny1)Any1 = JANny2 + J A, (B.35)

co jest rownowazne uogdlnieniu réwnania Schrodingera (B.8) dla hamiltonianu ciasnego wiazania

w jednym wymiarze

A =1 (B.36)

Przyjmijmy J = 1.

Dlugosé lokalizacji w pasie

Dtugos¢ lokalizacji Andersona Ay w pasie o n plastrach, kazdy o dtugosci M, definiujemy
jako
2

1
= — — lim —Tr|G4,|?, (B.37)
A n—oo N

gdzie G, jest funkcja Green’a sprzegajaca pierwszy plaster z ostatnim [56]. Aby otrzymac
Ay nalezy iterowaé réwnanie (B.36). Jednak trudnos$¢ zwiagzana z eksponencjalnym wzrostem
elementéw macierzowych A, = Gii_l przy n — oo wymaga od nas regularyzacji macierzy
A, w trakcie procedury iteracyjnej, podobnie jak miato to miejsce w jednym wymiarze.
Wprowadzmy macierz jednostkowg By = 11 rozwazmy kolejne kroki iteracyjne réwnania (B.36).

I. n—=1
AQ — (E - Hl)Al - Ao. (B38)
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Wykonujac prawostronne mnozenie réwnania (B.38) przez A7' otrzymujemy

Ay = (B — H)A — Ay, (B.39)
gdzie
Ay = A AT
A =1, (B.40)
ZO — A()Al_l.

Zdefiniujmy zregularyzowana macierz 3y jako

— 1
By = BoA' -, (B.41)
1
gdzie b; jest norma macierzy B, tzn.
bi = | BoAT'* = AT (B.42)
Norma macierzy C' zdefiniowana jest jako ||Cf| = /37, 5 |C; ;12 = /Tr|C[2.
. n=2
Postgpujac analogicznie jak w kroku poprzednim wykonujemy:
Ay = (BE—H)A - A, /x4, (B.43)
otrzymujac
A = (B — Hy) Ay — A
Ay = A4,
jg — 1
T A (B.44)
= ——1
BQ — BlA2 1—
ba

— ——1 1 =1 1 _ _ 1, .-
bg = [[B14, ||2 - 2 | Bo Ay 1142 ||2 - ?”30141 1141142 1”2 - ?||A2 1”2
1 1 1
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Ay — A,
Az =1 (B.45)
= = ——1
A = AQA,
= = =11
Bg — BQA?) T
bs
= =1 I = ——1,~4 ——1,_ 1 — T
02 = [BoAy |2 = 5lBiA, (A, )72 = SIBi A, |)? = %) 2||Bo A |17
b3 b3 bsb
Pamigtajac, ze
Zg — AgAl_l, (B46)
otrzymujemy
by = bzbz Az (B.AT)

Latwo teraz zauwazy¢, ze zachodzi

||A;}r1||2 - biﬂbi---b%;

(B.48)
lnTT|GLn|2 =2(Inbpy1 +1Inb, + ... +Inby).
Dtugosc¢ lokalizacji w pasie o n plastrach, dlugosci M kazdy, wynosi
p\pJ— (B.49)
Cn+1

gdzie ¢, 1 = ¢, + In b, 1. Iteracje nalezy przeprowadza¢ tak dtugo, az wzglgdna doktadnos¢
¢ wielkosci A§Z> zostanie osiggnigta. Procedury regularyzacji nie trzeba przeprowadzaé dla
kazdego kroku. f.atwo mozna pokazac, ze wyniki sg zgodne dla regularyzacji dokonanej co

no krokdéw. W praktyce ng = 10.

Skalowanie

Rozwazmy potencjat przypadkowy, o amplitudzie V5, losowany z rozktadu jednorodnego
z zakresu [—V,/2,V,/2]. Dla fali o energii £ w nieporzadku o amplitudzie V, oznaczmy

dtugos¢ lokalizacji w pasie o szerokosci M jako Ay = lim, n,... )\ﬁf}). Zdefiniujmy nastgpnie
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Rysunek B.1: Rysunek (a) przedstawia zbiéor A w funkcji dlugosci plastra M =
{8,16,32,64,128,256} dla fali o energii E = 0 dla réznych amplitud nieporzadku Vo =
{15,14,13,12,11,10,9,8, 7,6.5,6, 5.5, 5,4.5,4} (krzywa na samym dole odpowiada najwiekszej
wartoséci Vo, krzywa na samej goérze odpowiada najmniejszej wartossci Vo). Na rysunku (b) przedstawione
jest dopasowanie wielomianu trzeciego stopnia w £/M (zielona linia) dla danych odpowiadajgcych
maksymalnej amplitudzie nieporzadku i energii fali E = 0 (niebieskie kétka). Uzyskana warto$¢ £
ustanawia absolutna pozycje krzywej skalowania.

efektywna dtugos¢ lokalizacji wyrazona w jednostkach diugosci plastra M

A(M,E, Vo) = wM.. (B.50)
Zgodnie z hipoteza skalowania istnieje funkcja T spetniajaca
A(M,E,Vo) = fi(E,V..)/M], (B.51)

gdzie
i(E,Vo) = Mf-1(A(M,E, Vo)), (B.52)

to szukana dtugosc lokalizacji, ktéra jest parametrem skalujgcym charakterystycznym dla zadanej

energii fali E oraz zadanej amplitudy nieporzadku Vo. Gdy A 1 to dtugosc lokalizacji w pasku

Am jest duzo mniejsza od jego szerokosci, zatem Xm zbiega sie do £(E, Vo) i F(X) = x.
Nanoszac na wykres wielkosc A(M, E, Vo) w funkcji M otrzymujemy zestaw krzywych

scharakteryzowanych r6znymi energiami fal E oraz amplitudami nieporzadku Vo (rys. B.1 (a)).
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Rysunek B.2: Rysunek (a) przedstawia dane przed przesunieciem (niebieskie linie) oraz krzywa skalowania
(czerwona linia). Rysunek (b) przedstawia dtugosc lokalizacji w funkcji amplitudy nieporzadku Vo dla
energii E = 0.
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Naszym calem jest znalezienie przesuni¢cia kazdej krzywej, wzdtuz osi poziomej, o parametr
In¢&; (gdzie j numeruje kolejne pary parametréw (Fj, Vo)) tak aby wszystkie dane utozyty si¢ na
jednej krzywej skalowania. Absolutne potozenie krzywej otrzymamy fitujac wielomianw £/M do
zbioru danych (M, A) dla najmniejszej energii £ i najwigkszej amplitudy V4 (rys. B.1 (b)). Majac
ustalong absolutna pozycje krzywej skalowania mozemy minimalizowaé wariancje In M —1In £(F)

dla kazdego punktu dla kazdej wartosci A:

S =37 | Dol My — € VP — | S My — (0| | B33

, N; &

J J
gdzie i przebiega po wszystkich wartosciach A, j po wszystkich parach (E,V;), a M;; jest
interpolowang dtugoscia pasa dla zadanej pary (I, ;). Przesuwajac wszystkie dane wzdtuz osi
poziomej, o znaleziong wartoSci In§(£;, Vg, ), otrzymujemy krzywa skalowania (rys. B.2 (a)).
Na rysunku (rys. B.2 (b)) przedstawione sa otrzymane dtugosci lokalizacji w funkcji amplitudy
nieporzadku Vj dla zadanej energii fali /v = 0.

Przy ustalonej amplitudzie nieporzadku V5 analogiczna procedura pozwoli otrzymac zaleznos¢

dtugosci lokalizacji Andersona od energii czastki £+,
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The accumulation of atoms in the lowest energy level of a trap and the subsequent out coupling of these atoms
is a realization of a matter-wave analog of a conventional optical laser. Optical random lasers require materials
that provide optical gain but, contrary to conventional lasers, the modes are determined by multiple scattering
and not a cavity. We show that a Bose-Einstein condensate can be loaded in a spatially correlated disorder
potential prepared in such a way that the Anderson localization phenomenon operates as a bandpass filter. A
multiple scattering process selects atoms with certain momenta and determines laser modes which represents a

matter-wave analog of an optical random laser.

DOI: 10.1103/PhysRevA.84.023624

Conventional optical lasers require two ingredients: mate-
rial that provides optical gain and an optical cavity responsible
for coherent feedback and selection of resonant laser modes.
However, it is also possible to achieve laser action without the
optical cavity provided the gain material is an active medium
with disorder [1]. Forty years ago Letokhov analyzed a light
diffusion process with amplification and predicted that gain
could overcome loss if the volume of a system exceeded a
critical value [2]. Random lasing (i.e., light amplification in
disordered gain media), achieved in a laboratory in the 1990s,
attracts much experimental attention and offers possibilities
for interesting applications [1,3-7]. Theoretical understanding
of this phenomenon is still imperfect. Although the Letokhov
model of diffusion with gain is useful in predicting certain
properties of random lasers, it neglects coherent phenomena.
There are various theoretical models of random lasing but it
is widely accepted that interference in a multiple scattering
process determines the spatial and spectral mode structure of
arandom laser[1].

Bose-Einstein condensation (BEC) of dilute atomic gases
is @ macroscopic accumulation of atoms in the lowest energy
level of a trap when the temperature of the gas decreases
[8] This tendency of occupying a single state through the
mechanism of stimulated scattering of bosons is an analog
of mode selection in optical lasers due to the stimulated
emission of photons. Gradual release of atoms from a trapped
BEC allows for the realization of a matter-wave analog of a
conventional optical laser [9-14]. The atom trap is an analog of
the optical cavity. The lowest mode of the trap is a counterpart
of an optical resonant mode. In conventional optical lasers
the output coupler is usually a partially transmitting mirror. In
atom lasers it involves, for example, a change of the internal
state of the atom by means of a radio-frequency transition.

In the present paper we propose the realization of a matter-
wave analog of an optical random laser. Suppose the BEC of
a dilute atomic gas has been achieved in a trapping potential.
That is, we begin with the accumulation of atoms in a single
mode of the resonator (i.e., the lowest eigenstate of the trap).
Then, let us turn off the trap and turn on a weak disorder
potential. Starting with a BEC we have a guarantee that the
disorder medium is pumped with coherent matter waves. We
would like to raise the question of whether it is possible to
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prepare spatially correlated disorder potential in such a way
that narrow peaks can be observed in the spectrum of atoms
that are able to leave the area of the disorder potential? In other
words: if the multiple scattering of atoms in a disorder medium
can lead to a selective spectral emission of matter waves from
the medium?

In cold atom physics a disorder potential can be realized by
means of an optical speckle potential [15,16]. Transmission
of coherent light through a diffusing plate leads to a random
intensity pattern in the far field. Atoms experience the presence
of the radiation as an external potential V(r) a x |E(r)|2
proportional to the intensity of the light field E(r) and atomic
polarizability x whose sign depends on the detuning of the
light frequency from the atomic resonance. Diffraction from
the diffusive plate onto the location of atoms determines
correlation functions of the speckle potential. We assume
that the origin of the energy is shifted so that V(r) =0
where the overbar denotes an ensemble average over disorder
realizations. Standard deviation of the speckle potential Vo
measures the strength of the disorder.

Let us begin with a one-dimensional (1D) problem. In a
weak disorder potential atoms with k momentum undergo
multiple scattering, diffusive motion, and finally localize with
an exponentially decaying density profile due to the Anderson
localization process, provided that the system size exceeds the
localization length [17-19]. Taking the Born approximation
to the second order in the potential strength, the inverse
of the localization length is [20] 1— = (mVo/h2k)2P(2k),
where the Fourier transform of the pair correlation function
of the speckle potential is

P(k) = 7 2nY(a)Y(k - ), )

and y (k) = FdzY(z)e—kz is the Fourier transform of the com-
plex degree of cOherence Y(z) = E*(z + z))E(z’)/|E(2)|2 =
FdyA(y)elzy/a/ £ dyA(y). A(y) describes the aperture of the
optics and a is a constant dependant on the wavelength of
the laser radiation and the distance of the diffusive plate
from the atomic trap. In Ref. [21], where the experimental
realization of the Anderson localization of matter waves is
reported (see also [22]), a simple Heaviside step function
A(z) = ©(R — |z|) describes the aperture. The corresponding

©2011 American Physical Society
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Y(k) = naRO(1 — |kor|), where or = a/R is the correlation
length of the speckle potential. Consequently the power spec-
trum (1) decreases linearly and becomes zero for |K| > 2/or.
Thus, the Born approximation predicts an effective mobility
edge at |k|=1/0r, that is, atoms with larger momenta do
not localize [21,23] (actually higher order calculations [24]
show they do localize but with very large localization lengths,
much larger than the system size in the experiment). Hence,
neglecting atom interactions, if the width of the initial atom
momentum distribution exceeds the mobility edge particles at
the tail of the distribution avoid the Anderson localization and
may leave the disorder area.

Let us modify the experiment reported in Ref. [21]by
introducing an obstacle at the center of the diffusive plate
so that the aperture is now described by A(z) = ©(R — |z]) —
©(p — |z]) where p < R. It implies that

YK=n 1-- [6(1 kor|)—©O( —kop])], (2)

OR Op

where op = a/p. If the size of the obstacle p>R/3, inter-
ference of light passing through such a double-slit diffusive
plate creates a peculiar speckle potential. That is, the power
spectrum (1) disappears for |K| > 2/or as previously but it
is also zero for 4. - 0% < |k < o Thus, according to the
Born approximation there is a momentum interval where
the localization length diverges. It implies that the Anderson
localization process is able to operate as a bandpass filter
letting particles with specific momenta leave the region of the
disorder. Detection of escaping atoms should reveal a peak in
the momentum spectrum corresponding to the interval where
the localization length diverges.

Introducing two (or more) obstacles in the diffusive plate we
can increase the number of momentum intervals with diverging
lloc. In Fig. 1 we present examples of the speckle potentials in
the single obstacle case and the case of two obstacles located
symmetrically around the plate center. In the latter case the
aperture is described by A(z) = ©R — |z]) — ©(p — |z|) +
©(Z — |z|) where Z < P and

Y(k) =n — + [©1
Or Op 0z

—©(l Ao )+ O — [kaf[)], 3)

with oz = a/Z. Figure 1 also presents localization lengths
obtained numerically in the transfer-matrix calculation [24]
that confirms the Born predictions.

To simulate an experiment we follow the parameters
used in Ref. [21] where Anderson localization of matter
waves has been observed. We assume that a BEC of N =
1.7 x 104 87Rb atoms is initially prepared in a quasi-1D
harmonic trap with longitudal and transverse frequencies
«/2n =54 Hz and « /2n =70 Hz, respectively. In the
following we adopt the harmonic oscillator units E0 = h,
10 = Vh/m«, and t0 = 1/« for energy, length, and time,
respectively. When the trapping potential is turned off and
the speckle potential is turned on the expansion of the atomic
cloud is initially dominated by the particle interactions until
the density drops significantly and the atoms start feeling only
the disorder potential. This initial stage of the gas expansion
sets the momentum distribution of the atoms which may be

kor |
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FIG. 1. (Color online) Examples of the speckle potential
(top panels) and the corresponding localization length (bottom panels)
obtained within the Born approximation (dashed black curves) and
numerically in the transfer-matrix calculations (solid red curves).
Panels (a) and (c) show the results for the single obstacle in
the diffusive plate where = 0.066 (0.31 pm), oR/op = 0.4 and
Vo = 3.5. Panels (b) and (d) correspond to the case of two obstacles
with the same or and Vo but or/0p = 0.7 and or/0z = 0.1. The
results are shown for 87Rb atoms. Red detuning of the laser radiation
from the atomic resonance is assumed. All values are presented in
the harmonic oscillator units, that is, energy Eo = h« and length
lo = ~h/m« where «/2n = 5.4 Hz.

approximated by an inverted parabola with an upper cutoff
kmax = 2yp = 12.7 where p is the initial chemical potential
of the system [23,25].

The disorder potentials we choose are attainable in the
experimentreported in Ref. [21], that is, they extend 862 units
(4 mm) along the z direction with the correlation length
or = 0.066 (0.31 pm). We consider the potentials obtained
by introducing one or two obstacles in the diffusive plate
that are presented in Fig. 1. If the atomic cloud starts at
the center of the disorder potentials and if the cutoff of the
momentum distribution is kmax < 13 then we may expect that
time evolution leads to emission of atoms with |k] ~ 5.5 in
the single obstacle case [cf. Figs. 1(a) and 1(c)] and with
|k| 9 in the case of two obstacles [cf. Figs. 1(b) and 1(d)].
In the latter case we may expect also a small leakage of
atoms with |k| 3.5. For |k 3.5 the localization length
shown in Fig. 1(d) reaches locally a maximum value of
lloc  120. Before the particle interactions become negligible
the gas spreads over a significant range of the disorder region.
Therefore the Anderson localization is not able to diminish
completely the leakage of atoms with |k] ~ 3.5.

Starting with the ground state of the stationary Gross-
Pitaevskii equation [9-15] in the presence of the harmonic trap,
we integrate the time-dependent Gross-Pitaevskii equation
whenthetrapisturnedoffandadisorderisturnedon.Figure2
shows momentum distributions of atoms that escaped from the
disorder region and those that are localized for the disorder
potentials corresponding to Fig. 1 at different moments in
time. The expected selective spectral emissions of atoms are
apparent in the figure. Interestingly in Fig. 2(d), that is, for
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FIG. 2. (Color online) Momentum distributions of the atoms
localized in the disorder potential (dashed black lines) and the atoms
which escaped from the disorder area (solid red lines). Panels (a)
and (c) show the results for a single experimental realization of the
disorder with parameters as in Figs. 1(a) and 1(c) while panels (b) and
(d) are related to the parameters as in Figs. 1(b) and 1(d). Panel (a)
corresponds to the evolution time t = 100 (2.9s), panel (b)tot =70
(2 s), panels (c) and (d) to t = 200 (5.7 s). Fraction of atoms that
escaped the disorder region is about 9% in (a) and (b), and 20% in (c)
and (d). In order to take into account experimental resolution all data
have been convoluted with Gaussian of Ak = 0.3 width. All values
are presented in the harmonic oscillator units, that s, energy Eo = h,
length lo = y/h/ma>, and time to = 1/« where a>/2n = 5.4 Hz.

longer evolution time, small peaks around |k| 3.5 become
visible.

Finally let us consider a possibility of the realization
of an atom analog of an optical random laser in 2D. The
Boltzmann transport mean-free path Is is the characteristic
spatial scale beyond which memory of the initial direction
of the particle momentum is lost. In 2D lloc = IBenkle/2 and
thus the localization length is much larger than Is which is in
contrast to the 1D case where these two quantities are nearly
identical lloc = 2lg [19]. For the circularly shaped diffusing
plate with the radius R the classical transport mean-free
path [25,26], to the second order in the potential strength,
reads

1 _n2

2n(1l - cos<£)P "2koR sin O @)
Ib kar,

where n = V0/Eo is the ratio of the potential strength and cor-
relation energy Eo = h2/(mor) with or = a/R. The power
spectrum P (k) of the optical speckle potential disappears for
k > 2/or. Nevertheless, the IB (and consequently also lloc)
is always finite. In the bulk 2D system an initially prepared
atomic wave packet follows a diffusive motion at short time
but eventually the dynamics slow down and freeze due to the
Anderson localization process [25-27].

By introducing obstacles in the diffusive plate we are able to
shape the power spectrum ofthe speckle potential. On one hand
thefactthatP (k)maydisappearatcertainmomentumintervals
does not mean divergence of the corresponding transport
mean-free path (4). On the other hand any nonmonotonic
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FIG. 3. (Color online) The Boltzmann transport mean-free path
(a) and the localization length (b) for atoms in the 2D speckle potential
created by transmission of a laser beam through the circularly shaped
diffusive plate with the obstacle in the form of a ring, that is, the
aperture of the optics is described by ©(R — |r]) — ©(p — |r]) +
©(Z — |r]) with or/op = 0.99 and aR/al = 0.15. The potential
strength corresponds to n = 0.15. The quantities presented in the
figure are dimensionless.

behavior of Is(k) is dramatically amplified in the behavior
of lloc(k) because the localization length is an exponential
function of Ie.InFig.3 we present an example related to the
obstacle in the form of aring, that is, the aperture ofthe optics is
described by A(r) = ©(R — |r]) — ©(p — |r]) + ©(Z — |r|).
At kor 0.4 both IB and lloc show a maximum. However,
while the transport mean-free path changes by only a few in
the neighboring region the localization length changes by four
orders ofmagnitude. Ifthe width ofthe momentum distribution
of a BEC loaded in such a disorder potential is smaller than
0.6/0r and the radius of the disorder medium is greater than
1030r but less than 1050r the multiple scattering process leads
to an isotropic emission of atoms with k  0.4/or.

We have outlined a proposal for the realization of a
matter-wave analog of an optical random laser. Spatially
correlated disorder potential for atoms with a peculiar pair
correlation function can be created by transmitting a laser
beam through a diffusive plate with obstacles. The resulting
Anderson localization length reveals nonmonotonic behavior
as a function of particle momentum. It allows for filtering
momenta of particles that leave the area of the disorder, if the
size of the disorder medium is suitably chosen. The disorder
medium is assumed to be initially loaded with a BEC which
guarantees that the matter waves emitted from the medium
are coherent. We have restricted ourselves to the 1D and 2D
cases but the atom analog of an optical random laser can
be also anticipated in 3D. In 3D the loffe-Regel criterion
discriminates between waves that are Anderson localized
(k1B < 1) or not [19,28]. Thus, a spatially correlated disorder
potential for which the loffe-Regel criterion is not fulfilled for
specific momenta should allow for selective emission of matter
waves in 3D.

Our proposal is directly applicable to atomic matter-wave
experiments. From the point of view of the optical random
lasers our analysis is not complete because it is restricted to
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passive random materials without gain. There is an interesting
question whether a disorder with properties similar to those
analyzed here play a role in optical random lasers and
which modes are important when the gain is included in a
system.

The nonmonotonic behavior of the localization length
resultsinthe appearance of amultiple effective mobility edge if
a disorder system is finite. Wave transport is then unusual and
interesting on its own. A shallow nonmonotonical behavior
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The center of mass of a bright soliton in a Bose-Einstein condensate may reveal Anderson localization in
the presence of a weak disorder potential. We analyze the effects of interactions between two bright solitons on
the Anderson localization phenomenon. Perturbation calculus shows that even very weak interactions modify
localization properties of the system eigenstates. For stronger interactions (i.e., when the solitons are close to
each other), the localization is totally broken. It implies that in order to experimentally observe the Anderson
localization effects, a single bright soliton has to be prepared and excitation of soliton trains must be avoided.

DOI: 10.1103/PhysRevA.86.033617

I. INTRODUCTION

Fifty years ago Anderson discovered that the transport
of noninteracting particles can be totally suppressed in the
presence of adisorder [1]. Waves fail to propagate in a disorder
medium, due to destructive interference, and become expo-
nentially localized. Anderson localization possesses different
properties in different dimensions [2]. In one dimension any
amount of a diagonal disorder leads to Anderson localization.
Particles propagating with momentum k in a disordered
medium multiple scatter, undergo diffusive motion and finally
localize with an exponentially decaying density profile [3-7].
Anderson localization is a single-particle phenomenon. Inter-
action between particles can break the localization [8-11]. In
addition, long-range correlations of a disorder [12-15] or the
presence of nonlinear terms in wave equations [16-18] can
be responsible for the transition from localized to extended
states.

Ultracold atomic gases are ideal systems to theoretically
and experimentally investigate quantum many-body phenom-
ena. Anderson localization of such matter waves was realized
in a laboratory first in one dimension [19,20] and recently also
in three dimensions [21,22]. In these experiments, in order
to get rid of particle interactions, either Feshbach resonances
were employed or a low atomic density limit was reached.
Particle interactions, which are harmful to experiments with
Anderson localization of atomic matter waves, become vital
to realize solitonic states in Bose-Einstein condensates (BEC).
In ultracold atomic gases both dark and bright solitons were
demonstrated experimentally [23-29]. An analysis ofquantum
character of the degree of freedom that describes position of
the solitons allows for invention of interesting ideas for exper-
iments. Bright soliton scattering on a potential barrier leads to
a superposition of macroscopically distinct objects [30-32].
Interaction between two bright solitons allows for preparation
of quantum entanglement of a pair of such macroscopic
particles [33]. Bright or dark solitons can Anderson localize
in the presence of an external disorder potential [34-37].

In the present article we concentrate on the Anderson
localization phenomena of a pair of bright solitons in the
presence of an optical speckle potential. Two bright solitons
interact between each other and the interaction can lead to
delocalization of their centers of mass. The soliton interaction
is unusual as compared to typical particle interactions. Apart
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from the relative distance, the interaction potential also
depends on the relative phase between solitons.

The paper is organized as follows. In Sec. Il we describe
shortly an improved version of the Bogoliubov approach
that allows for the description of quantum bright solitons.
In Sec. Il we present an effective quantum Hamiltonian
for two interacting solitons in a weak disorder potential.
Analysis of the delocalization effects using time-independent
perturbation theory and by means of numerical integration of
the Schrodinger equation is described in Sec. IVV. We conclude
in Sec. V.

11. QUANTUM BRIGHT SOLITON IN A DISORDER
POTENTIAL

Letus consider a Bose-Einstein condensate in an effectively
one-dimensional (1D) box of size L with attractive interactions
between atoms. In the mean-field description, an N-body
guantum state is a product (z1,t(=2,t)... ~(zN,t), where

(z,t) fulfills the 1D Gross-Pitaevskii equation (GPE) [38,39]:

idey(z,t) = —2dV(z,1) - |A(Zz,D)|2A(z,1). ()

In Eg. (1), and in the entire paper, we have adopted the
following units for energy, length, and time,

h h
E0 = 4m«2a2, 2
2|ajm«x 4aZm«? @
where denotes a transverse harmonic confinement fre-

guency, a is the atomic s-wave scattering length, and m stands
for the mass of the atoms. The ground-state solution of the
GPE is a bright soliton that describes a localized wave packet
which evolves without changing its shape,

(zt) = e—~~o(z-1), 3)

. N

Aoz =) = el ) ohiz — IN/2] @
where the chemical potential = —N2/8. We assume that
the norm of the solution equals the total particle number (i.e.,
(*m0]™0) = N). The soliton has two degrees of freedom (i.e.,
the center-of-mass position r and the phase 0). The bright
soliton can be considered as the N-body bound state where an
ionization of a single particle costs energy || [40].

©2012 American Physical Society
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In the Bogoliubov description of the system there appear
two zero modes. The first is related to the global gauge sym-
metry; the other originates from the translational symmetry
of the N-particle system [41,42]. Both these symmetries are
broken by the classical solution (4) where a specific phase
of the wave function and a concrete position of the soliton
center are chosen. In order to recover the symmetries and
describe degrees of freedom related to the zero modes in a
nonperturbative way, we follow the Dziarmaga's approach
[44]. This approach allows us to obtain a simple Hamiltonian
that describes the center of mass of the soliton and its phase in
the presence of a weak external potential V (z),

N\ —
HH H ome POJ V(z) dn|™o(z - 1) 2 dz, 5)
with
SZ f

Hr = 2™+ V(2)|™(z - r)|2dz, (6)

where ™0 is the solution (4) and m~ = —4/N. The Hermitian
operator,

Pr = —dr, (7

is the momentum operator of the soliton center of mass. The
other Hermitian operator, related to the soliton phase, is the
particle number operator,

P~ = -/d0 = N — N. ®)

We may restrict ourselves to the Hilbert space with exactly N
particles, where = 0, because [P",?7] = 0.

The external potential V(z) also couples the center-of-mass
degree of freedom with the Bogoliubov quasiparticles. How-
ever, this coupling has been neglected because if the strength of
the potential is much smaller than the modulus of the chemical
potential of the system, excitations of the quasiparticles can
be omitted. Indeed, the lowest quasiparticle energy equals
|~ = N2/8 and for |V(2)| |/r| the perturbation is not able
to ionize a particle from the solitonic bound state [35,36].

The eigenstates of the N-particle system can be written as
follows:

B = X(r) In(<A) [0>b, ©

where |0>b is the Bogoliubov quasiparticle vacuum state,
IN(0) = 1~/2n ensures that we describe the system with
precisely N particles (i.e., PAfN = 0),and x (r) is an eigenstate
of the center-of-mass Hamiltonian (6). The single particle
density can be approximated, to the leading order in N,by

p(z) = 0At2)"A(z)> vy |x(r)]2 |™0(z — r)|2 dr, (10)

where $(z) is the bosonic field operator.

Equation (6) shows that the mass center of the soliton
experiences a potential which is a convolution of the orig-
inal external potential with the soliton profile. When the
external potential is a disorder potential (e.g., an optical
speckle potential [17,19]), the center of mass of the soliton
becomes Anderson localized [34]. The eigenstates of the
Hamiltonian (6) have a shape with an overall exponential
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envelope,

X(N2aexp —" — , (11)

where r0 is the mean position of the soliton and 10 is the
localization length. In the Born approximation and for the
soliton momentum Pr > N/(2n) but smaller than the inverse
of the correlation length of the original speckle potential, the
localization length increases exponentially with Pr [34]:

10 a exp (nr) (12)

Similar effects are also predicted in the dark soliton case [37].
The position of a dark soliton becomes Anderson localized in
the presence of a disorder.

111. QUANTUM DESCRIPTION OF A PAIR OF
BRIGHT SOLITONS

Let us consider a pair of identical bright solitons where one
is located at ri and the other at r2.1f|rl — r2| is much greater
than the soliton size, a superposition of wave functions (4)
is a good approximation for the double soliton solution of
the GPE (1). In the quantum description, following a similar
approach as in the single soliton case, we obtain the quantum
Hamiltonian that describes the centers of mass and the phases
of two independent solitons in the presence of a weak external
potential:

2 P2 r
flo=2#& H +2~~+Pri V() dnVo(z - )2 dz
1 2mo, J

13)

where s stand for the phases of the solitons and r;'s for the
positions of their mass centers. The operator is

Po, =-id0. = Ni — N, (14)
and = —4/N. The Hamiltonian is
P2 .
Hr. = N7+ V(2)|™0(z - r;)|2dz, (15)
where Pr, = —9r;. The independent solitons can Anderson

localize in the presence of a weak disorder potential. However,
in order to analyze the localization properties ofthe solitons we
have to take into account their mutual interaction. One soliton
experiences the presence of the other one because the tails
of their profiles overlap. It results in an interaction potential
which drops exponentially with an increase of the solitons
relative distance [45]:

W = -NB3cos(™ - "2)e—Njra—ra|/2. (16)

Interestingly, the character of the interaction depends on the
solitons relative phase. For Oi — <2 0 they attract each other
but if the relative phase is close to n there are repulsive
interactions. The Anderson localization of the noninteracting
solitons takes place in the r1 and r2 space only because there
is no external disorder in the Oi and <2 space. We will see
that because the interaction potential depends on the phases,
the interaction-induced delocalization is different as compared
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to a typical situation where only relative particle distance
determines an interaction potential [8-11].

The total particle number is a constant quantity. In order
to take advantage of this constant of motion let us express the
Hamiltonian of the system in terms of the average and relative
phases:

* = iL+i2‘ 17
V =" -y, (18)
with the corresponding momenta,
P~=P,+4=N+N - 2N, (19)
P> = Pn — P~ = N - Na. (20)

The final Hamiltonian of two interacting bright solitons in the
presence of a weak external potential reads

7/ = THo + U, (1)

where
P2
Ho = 771 + Hz + (22)

with
771 = Hi = B V(2) dN|™b(z - ri)2dz, (23)

772 = Tl + Ppy V(z) dN|™o(z - 12)12 dz,  (24)

and mp = —2/N. In the derivation of the Hamiltonian (22)
we have restricted it to the 2N-particle Hilbert space where
Pe = 0 that is allowed because [P<j,77] = 0. Contrary to Pe,
the operator Pp does not commute with 77 and particles can
be transferred between the solitons during the time evolution
of the system.

Having a quantum state  (ri,r2,p), obtained from the
diagonalization of the Hamiltonian (21),weareableto
calculate the single-particle density which, in the leading order
in N, reads

P(2) [|™o(z - ri)|2 +hAo(z - r2)|2]
X|P(rnr2,p)|2 dridr2dip. (25)

IV. IMPACT OF SOLITON INTERACTIONS ON
ANDERSON LOCALIZATION

In the presence of an external disorder potential V(z)
the center of mass of a quantum bright soliton may reveal
Anderson localization. When two such solitons are prepared
in the presence of a disorder, the localization effects can
be destroyed due to mutual interaction between them. In
the following we analyze the impact of the interaction
on the Anderson localization phenomenon within the time-
independent perturbation approach and by means ofnumerical
integration of the Schrodinger equation generated by the
Hamiltonian (2i).

We will consider a finite system of length L and focus
on a disorder potential corresponding to an optical speckle
potential [i7,i9]. Such a potential can be created by shining
laser light on the so-called diffusive plate. In the far field
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FIG. i. (Top panel) An example of an optical speckle potential
V(z) for correlation length an = 0.0i and strength Vo = i.i25.
(Bottom panel) Disorder potential experienced by a center of mass
of a bright soliton, that is, after convolution with the soliton profile,
vi=/ V(2)|">(z - r)|2, for N = 60.

the light intensity fluctuates in space which is experienced
by atoms as an external disorder potential. The potential is
characterized by zero mean value V(z) = 0, where the overbar
denotes an ensemble average over disorder realizations,
standard deviation V0 = [V(z)2]i/2 and autocorrelation func-

tion V(z)V(z +2) = W2 where a0 is the correlation
length of the disorder. An example of an optical speckle
potential is plotted in Fig. i. Interestingly, properties of a
speckle potential can be easily modified. Especially, one can
create a disorder where Anderson localization operates as a
band-pass filter that allows for the realization of a matter-wave
analog of an optical random laser [46,47].

A. Time-independent perturbation approach

In this section we investigate eigenstates of the Hamil-
tonian (2i) treating the interaction potential |7 as a small
perturbation. The energies and eigenstates of the unperturbed
system (U7 = 0) read

Em)]znp = Eninp + Enan + Enp;

0 (26)
Nn2np (ri,rZ,P) = Xninp(ri)annp(l’Z)fnp (PL
where |,.p(p) is an eigenstate of the Pp operator related to
the eigenvalue np. The energy Enp is an eigenvalue of the
Pp/(2mp) operator. We assume that the numbers of particles
that form each of the two solitons is equal to N. Thus, the
unperturbed system is characterized by np = 0 and f0(p) =
i/ 2n. The states Xmnp(ri) and Xnznp(r2) are eigenstates
of the Hamiltonians (23) and (24), respectively, and Eninp
and Enanp are the corresponding eigenenergies with np = 0.
These eigenstates are Anderson localized in the presence of
the disorder.

The first-order energy correction vanishes,

E 0 A
Er(&)nzo = r(n)nzo ‘¥ "nm20\= 8 (27)
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This is because U ~ cos <p. The only states _'ﬁqﬁ‘zﬁlA coupled by

the interaction potential to W®),0 correspondto nv = 1. The
lowest order energy correction is of the second-order Ein 0.
In the lowest nonvanishing order the system eigenstates read

Prnd o + N> @ningt Oy (28)
+tap g—fanAz_iL (29)
where e
o g0 “
e (Pnini—1LU|~nn20) 3i)

EQo —£59.

Reduced probability density for finding the first soliton
localized at rt is

Ki(rt) = y [+mn20(r1,r2,)|2d~dr2
2

E aninz1Xnal(r1)
R n

— IXmo(r1)|2 +

2
+EI1E aﬂ'ip{g—lxn'l—l(rl)l , (32)
n2 N
and the probability K2(r2) for finding the second soliton at r2
can be calculated analogously.

As an example we choose parameters of an optical speckle
potential like in Ref. [19] where Anderson localization of
a BEC has been realized. The length of the system, in the
units (2), L = 28 (i.e., 4 mm), the transverse harmonic con-
finement corresponds to = 2n x 70 Hz and the correlation
length of the disorder a0 = 0.01 (i.e., 1.32 ~m). We assume
that each of the two solitons consists of N = 60 85Rb atoms
with the modified s-wave scattering length by means of a
Feshbach resonance (i.e., a = -5.77 nm). The optical speckle
potential is created by blue detuned light with an intensity
which results in the disorder strength V0 = 1.125that is 400
times smaller than the chemical potential of the system.

Diagonalization oftheHamiltonians (23) and (24) allows us
to obtain unperturbed Anderson localized eigenstates xni0(rl)
and xnz0(r2). We have chosen two pairs of these eigenstates
for further analysis. The first pair is related to eigenenergies
Eni0 = 9.93 andEn0 = 14.52 and the estimated localization
lengths Ini0  0.020 and In20 0.026. They are relatively
strongly localized on a scale comparable to the soliton size
2/N = 0.03.TheotherpairisrelatedtoEni0 = 42 and Enz0 =
46.6, and Ini0  0.088 and In20  0.095, respectively. Both
pairs of the eigenstates are shown in Figs. 2 and 3. The relative
distance between the solitons in each pair is much larger than
the soliton size which implies that the soliton interaction is
extremely weak and the perturbation approach is justified.
In the considered cases, the second-order energy corrections
E)n 0 are seven orders of magnitude smaller than the energy

gap between E(0)n 0 and the nearest neighboring level.

Figures 2 and 3 also show the reduced probability densities
Ki(ri) [Eq. (32)]. Delocalization effects of the solitons are
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FIG. 2. (Color online) (Top panels) Eigenstates, X«io(ri) and
Xn2o(rz), of the Hamiltonians (23) and (24) corresponding to the
eigenvalues Enwo = 9.93 and En2o = 14.52. Localization lengths are
Ino  0.020, Inze  0.026. (Bottom panels) Probability densities
IXnio(r1)|2 and |xn2o(rz2)2 (black, bottom lines) and the reduced
probability densities for centers of mass of solitons Ki(ri) and
K2(r2) (red, upper lines) obtained within the perturbation approach.
The correlation length of the disorder potential is ao = 0.01 and
its strength Vo = 1.125. Total number of particles in the system
2N = 120.

hardly visible when we look at the densities in linear scale
because the soliton interactions are very weak. However,
logarithmic plots indicate that characteristic exponential pro-
files are not present. The mechanism of the breakdown of
Anderson localization in a finite system, considered here, is
the following. The interaction potential couples an unperturbed
state to states mmm —xniixnsit@and <, i =

Xna-iXnr—if-i where wave functions Xn-i(n) and Xn--i(n-)
reveal greater localization lengths the higher the corresponding
eigenenergies E.l and En--1 are. If the localization lengths
start to be comparable to the system size L the wave functions
Xn-1(ri) and Xn--1(ri) become delocalized, extended states.
Contributions ofthe extended states in (28) areresponsible for

FIG. 3. (Color online) The same as in Fig. 2 but for Enio = 42
and Enzo = 46.6. Localization lengths of the eigenstates xnio(r1) and
Xn2o(rz) are Inio 0.088 and Inzo  0.095, respectively.
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the breakdown of the exponential decay that can be observed
in Figs. 2 and 3. In the unperturbed state 0, the number
of particles forming each soliton is well defined and equal to
N = 60. Corrections, anniV(O)and ann-_iV(). ,, to the

unperturbed state indicate that the delocalization is accompa-
nied by transfers of a particle from one soliton to the other.
By decreasing the distance between the unperturbed, localized
solitons we increase the interaction energy and breakdown of
exponential profiles start closer to the localization centers. If
the unperturbed solitons are located far away from each other
it may happen that the corrections to the unperturbed state
are too small to disturb exponential localization in a finite
system. This is in contrast to a more typical situation where an
interaction potential depends only on the relative distance
between particles. In fact, suppose for a moment that U is only
a function of |ri — r2|, then the degenerate unperturbed states
~Mih;0 and V(0n 0 are coupled by U7. Diagonalization of U7
within the degenerate subspace results in a linear combination
of these states. Thus, even if U7 0, each soliton is described
by Ki(ri) which is a sum of the densities |xniO(ri)|2 and
Ixn20(r)|2 that are localized at two different positions. In the
case considered in this publication such a mechanism is not
present and the breakdown of the Anderson localization is a
higher order effect.

B. Beyond perturbation approach: numerical integration of the
Schrodinger equation

The interaction-induced delocalization effects, described
in the previous section, are very weak. This is due to the
fact that by employing the perturbation approach we have to
restrict ourselves to situations where unperturbed solitons are
localized far away from each other. In this section we will see
that if the solitons are initially localized sufficiently close to
each other the interactions can totally destroy the localization
of solitons.

In the present section we show results of numerical
integration of the Schrodinger equation corresponding to the
Hamiltonian (2i). We assume that initially the system is
prepared in the following state:

V(ri,r2,%) = Xni0(ri)Xn:0(r2)f (%), 33)

where xn0 are eigenstates of the Hamiltonians (23) and (24)
corresponding to eigenenergies Eni0 = i0.44 and Enx0 =
12.88. They are Anderson localized around ri  0.18 and r2
0 with the localization lengths Ini0  0.029 and In20  0.032.
The parameters of the disorder potential are the same as in
the previous section, however, the size of the system has been
reduced to L = 8. In numerical integration of the Schrodinger
equation the space (ri,r2,”) has been discretized and we have
adopted absorbing boundary conditions at the ends of the ri
axes and periodic boundary conditions in the  degree of
freedom. The numerical integration is time consuming because
in order to reproduce the correlation length of the disorder, the
number of points in the ri spaces have to be very big. On
the other hand, the number of points corresponding to the
degree of freedom can be chosen to be quite small.

Time evolution of the relative phase is much faster than
the evolution of the centers of mass of the solitons because the
corresponding mass parameters are very different (i.e., m~ =
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-2/N while the soliton masses equal N). We choose as an
initial state f(*) the ground state of an effective Hamiltonian,

P2

-+ Ueffw + P, (34)

N = —
HA eff om

where
P/ dzdr[[xn:0(r)2 - [Xmo(r)|2]

X V(z) dN|™o(z - 1))2.

Weff(®) vy dridr2 [Xnio(ri)2 ~ofo)?

x U/(r1,r2,™) a—cos (35)

Such a ground state is strongly peaked around = 0 which
implies that initially the solitons attract each other. In time
evolution of the state (33) we may expect that the reduced
probability density,
K?(<?) [V (ri,r2,”)|2dridr2, (36)

follows the probability density of an instantaneous ground
state of the Hamiltonian (34) where Ufeff and fl are obtained
by substituting in Eq. (35) |xn.o(r;)|2 by time-evolving k,(r.,).
Figures 4(a) and 4(b) show time evolution of the reduced
probability densities k,(r,). Interaction between solitons is

FIG. 4. (Color online) Reduced probability densities k,(r.),
Eq. (32), for different moments of time. In each panel, from the
origin to the right, the curves are related to the following: t =0
(black),t = 0.5 (red),t = i (green),and t = i.25 (blue). The unit of
time is to = 29 s [see Eqg. (2)]. Panels (a) and (b) show the reduced
probability densities ki(ri)andka(rz2), respectively, and are related
to the case where the solitons attract each other, that is, the initial
state ?(”) in Eq. (33) is chosen as the ground state of the effective
Hamiltonian (34). Panels (c) and (d) are related to the case where
the solitons initially repel each other, that is, the initial state ? (") is
the ground state of the effective Hamiltonian (34) shifted so that the
maximal density is located at = n. The initial states xnio(ri) and
Xn2o(r2) in Eq. (33) correspond to Enio = i0.44 and Enzo = i2.88
and their localization length are Inio  0.029 and Ino  0.032. Size
ofthe system is L = 8, the correlation length of the disorder potential
dJo = 0.0i, and its strength Vo = i.i25. Total number of particles in
the system 2N = i20.
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FIG. 5. (Color online) Reduced probability density Ke(p),
Eq. (36), for different moments of time. In both panels black circles
are related to t =0, red squares to t =0.5, green diamonds to
t =1, and blue stars to t = 1.25. Panel (a) corresponds to the results
presented in Figs. 4(a) and 4(b), that is, to the case when the solitons
attract each other. Panel (b) is related to the data shown in Figs. 4(c)
and 4(d), thatis, tothe case when the solitons initially repel each other.
Note that the range of the horizontal axis in the panels is different,
that is, (—n,n) in (a) and (0,2n) in (b).

responsible for the breakdown of the initial Anderson local-
ization of the solitons. The delocalization effects are much
stronger than those analyzed in the previous section. Plots of
the reduced probability density Kf(p) presented in Fig. 5(a)
indicate that while Kr(p) does not precisely follow the density
of the instantaneous ground state of (34), the initial degree
of coherence between the solitons is practically preserved
in the time evolution. The density Kf(p) is concentrated
around zero (i.e., the relative phase between the solitons
p 0) and consequently the solitons always attract each
other.

In Figs. 4 and 5 we also show the evolution of the reduced
probability densities in the case when the solitons initially
repel each other; that is, as an initial state f(p) in (33) we
have chosen the ground state of the effective Hamiltonian (34)
but this state has been shifted so that the density maximum is
not localized around p = 0 but around p = n. In the present
case the delocalization of the solitons is stronger than in the
case when the solitons attract each other. Moreover, initial
repulsion of the solitons weakens in time [i.e., the probability
density kf (p) becomes nearly uniformly distributed with small
maxima around both p = n and p = 0].

In order to analyze the delocalization ofthe solitons quanti-
tatively we present time evolution of the inverse participation
ratio (IPR) in Fig. 6. The inverse participation ratio,

IPR | K>(r)dl’ - , (37)

is the length scale on which the center of mass of a soliton
is localized [48]. While the delocalization of the solitons in
the case of the attractive soliton interactions is not very big
[Figs. 6(a) and 6(b)], the solitons that initially repel each other
reveal substantial delocalization on the time scale presented
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FIG. 6. Evolution of the IPR [see Eq. (37)]. Panels (a) and (b)
correspond to the results presented in Figs. 4(a) and 4(b), that is, to
the case when the solitons attract each other. Panels (c) and (d) are
related to the data shown in Figs. 4(c) and 4(d), that is, to the case
when the solitons initially repel each other.

in Fig. 6. Indeed, the IPR shown in Figs. 6(c) and 6(d) is
comparable to the size of the system L = 8.

In Ref. [49], the many-body evolution of a BEC, where all
atoms occupy a double soliton solution of the GPE, has been
analyzed by numerical simulations. The authors consider the
cases where the relative phase between the solitons is precisely
defined and it is either 0 or n.In both cases they observe a
loss of phase coherence between the solitons which leads to
dramatic fragmentation of the condensate. Our results show
that if the solitons attract each other and the initial state for
the phase degree of freedom is chosen properly, the phase
coherence changes very little in the time scale needed for
delocalization of the soliton centers of mass. Indeed, if we
choose as an initial state for the phase degree of freedom the
ground state of the effective Hamiltonian (34), the probability
density (36) remains localized at the bottom of the effective
potential Ueff, Eq. (35), during time evolution.

If a pair of bright solitons is prepared in a laboratory,
each density measurement is expected to reveal two solitons
[42,43] located at positions ri with probabilities Ki(ri). Av-
eraging atomic density over many realizations of the same
experiment we obtain a density profile which can be compared
to the single-particle density p(z) [see Eqg. (25)]. In Fig. 7 we
show the time evolution of p(z). Even on a linear scale the
delocalization effects can be clearly visible, especially in the
case when the solitons initially repel each other.

Experimental realization of the Anderson localization of a
single soliton and observation of the delocalization effects in
the case of a pair of interacting solitons requires the absence
of decoherence effects. The most dangerous are atomic losses
which localize centers of mass of the solitons and prevent
interference phenomena needed in the Anderson localization
process. In the present paper we concentrate on 85Rb atoms
in the vicinity of the Feshbach resonance at magnetic field
of 155 G. The scattering length assumed in our analysis
corresponds to the magnetic field of about 169 G. For this
magnetic field the two- and three-body loss rates measured
experimentally are 10-14 cm3/s and 10-27 cmé6/s, respectively,
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FIG. 7. (Color online) Single-particle density p(z), Eq. (25), for
different moments of time. In both panels the red solid line is related
tot = 0.5, green dashed line to t = 1, and blue dotted/dashed line to
t = 1.25. (a) Corresponds to the results presented in Figs. 4(a) and
(b), that is, to the case when the solitons attract each other. (b) Related
to the data shown in Figs. 4(c) and 4(d), that is, to the case when the
solitons initially repel each other.

and the background loss time is 450 s [50]. Assuming that the
densityprofileoftheatomiccloudisaproductofthelDsoliton
density and the density of the harmonic oscillator ground state
in the transverse directions, the resulting lifetime is 160 s [i.e.,
5.5 in the units (2)]. This seems to be sufficient time to see the
delocalization effects analyzed in the present publication.
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V. CONCLUSION

We have considered quantum bright solitons in the presence
of an external disorder potential. When a single soliton is
placed in the disorder, Anderson localization of its center of
massispredictedby[34].Iftwosolitonsarepresentthemutual
interactionbetweenthemcanberesponsibleforthebreakdown
of the localization. We have analyzed this phenomenon within
the perturbation approach and by means of numerical integra-
tion of the Schrodinger equation. The perturbation approach
shows that exponential tails of the probability densities for the
centers ofmass ofthe solitons disappear due to coupling of an
unperturbed eigenstate to high energy delocalized states that
is induced by the solitons interaction. The interaction-induced
delocalization is different from the typical situation [8-11]
because apart from the relative distance between the solitons,
the interaction potential depends also on the relative phase be-
tween them. In the numerical integration, where we can afford
stronger interactions than in the perturbation analysis, we ob-
servethatthelocalizationofthesolitonscanbetotallybroken.

The results obtained in the present publication can be
verified in experiments. They also indicate that in order to
observe experimentally the Anderson localization of solitons,
a single soliton has to be excited and preparation of soliton
trains should be avoided.
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Dark soliton in a disorder potential
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We consider a dark soliton in a Bose-Einstein condensate in the presence of a weak disorder potential.
Deformation of the soliton shape is analyzed within the Bogoliubov approach and by employing an expansion in
eigenstates of the Pdschl-Teller Hamiltonian. Comparison of the results with the numerical simulations indicates
that the linear response analysis reveals a good agreement even if the strength of disorder is of the order of
the chemical potential of the system. In the second part of the paper we concentrate on the quantum nature
ofthe dark soliton and demonstrate that the soliton may reveal Anderson localization in the presence of disorder.
The Anderson-localized soliton may decay due to quasiparticle excitations induced by the disorder. However, we
show that the corresponding lifetime is much longer than the condensate lifetime in a typical experiment.

DOI: 10.1103/PhysRevA.85.023627

I. INTRODUCTION

Ultracold atomic gases have become a playground where
complex systems of solid-state physics, nonlinear quantum
optics, or even cosmology can be efficiently simulated and
investigated [1,2]. The level of experimental control and
detection is unprecedented and allows one to build quantum
simulators, i.e., experimentally controlled systems that are
able to mimic other systems difficult to investigate directly
[3]. Since the first laboratory achievement of Bose-Einstein
condensation the list of problems investigated experimentally
and theoretically in ultracold atomic gases has become very
long and includes superfluid phases of both bosonic and
fermionic atomic species [4,5], collective excitations like
solitons and vortices [6-12], insulating phases of solid-state
physics [13—15], transport properties and Anderson localiza-
tion effects [16-19], and atomic systems in the presence of
artificial gauge potentials [20-22].

Particularly interesting is the interplay between particle
interactions and disorder phenomena in quantum many-body
systems. Anderson localization [23], which is essentially a
single-particle phenomenon, is vulnerable to particle interac-
tions [24-29]. In experiments with atomic gases the local-
ization was observed when the interactions were practically
turned off by employing Feshbach resonances or by reducing
the density ofthe atomic cloud [16-19].

Particle interactions play a vital role in soliton formation.
The mean-field description of atomic Bose-Einstein conden-
sates reduces to the Gross-Pitaevskii equation (GPE) [30-32],
which possesses a localized wave-packet solution (i.e., bright
soliton) for attractive particle interactions and a solution with
a phase flip (i.e., dark soliton) for repulsive interactions. Both
kinds of solitons have been observed experimentally [6-9].

While the GPE is a single-particle description with the
interactions included in the mean-field approximation, one
can anticipate quantum many-body effects that go beyond
such a description. The center of mass of a bright soliton is a
degree of freedom which, when properly described quantum
mechanically, allows for the analysis of interesting phenomena
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like soliton scattering on a potential barrier which leads to
a superposition of macroscopically distinct objects [33] or
guantum entanglement of a pair of solitons [34]. It is also
shown that despite the fact that particle interactions are present
and are responsible for the bright soliton formation, the center
of mass of the soliton can reveal Anderson localization in a
weak disorder potential [35,36]. One may raise the natural
question whether similar localization can also be observed
in the case of a dark soliton. In the bright soliton case a
huge energy gap for quasiparticle excitations guarantees that
the shape of the soliton is not perturbed by a weak disorder
potential. Then the only degree of freedom affected by the
disorder is the center of mass and (as has been shown recently)
it becomes Anderson localized. In the dark soliton case the
situation is more delicate because there is practically no gap
for quasiparticle excitations. Consequently, one may expect
that coupling between the degree of freedom that describes the
soliton position and the quasiparticle subsysteminduced by the
disorder can destroy Anderson localization of the dark soliton.
In the present paper we address this problem and show that
the dark soliton localization can be observed experimentally
because the lifetime of the localized states is sufficiently long.

The paper is organized as follows. In Sec. 1l we analyze
the deformation of a dark soliton solution in the presence of a
weak external potential within the Bogoliubov approach and
by reducing the description to the problem of the Poschl-Teller
potential. Such a classical description of the soliton allows us
to conclude that the deformation effect is very weak. It implies
that in the quantum description of the soliton we may expect
that coupling between the degree of freedom that describes
the soliton position and the quasiparticle subsystem can be
neglected. This is confirmed in Sec. I11,where we switch to the
guantum description and calculate the lifetimes of Anderson-
localized dark solitons. We conclude in Sec. IV.

I1. CLASSICAL DESCRIPTION

We consider N0 bosonic atoms with repulsive interactions
in a one-dimensional (1D) box potential of length L at zero
temperature (for experimental realization of a box potential
see [37]). The mean-field description assumes that all atoms

©2012 American Physical Society


mailto:malgorzata.mochol@uj.edu.pl
05.30.Jp

MOCHOL, PEODZIEN, AND SACHA

occupy the same single-particle state <0, which is a solution
of the GPE [30],

h2 2 2
~ >mdx00 u gO‘OO‘ 0o = ()

where g0 = 2ha®=, m0 is the chemical potential of the system,
a stands for the s-wave scattering length of the atoms, and &=+
denotes the transverse harmonic confinement frequency. By
virtue ofthe nonlinear term in the GPE, there exists a stationary
dark soliton solution which, far from the boundary of the box
potential, takes the form

<0(x - q) = e-i07Potanh &« - @

where 0 is an arbitrary phase, p0 stands for the atomic density
away from the soliton position ¢, and f = h/~/mgoPo is the
so-called healing length. The chemical potential of the system
is p,0 = g0p0. The description of a dark soliton restricted to the
classical wave equation, (1), is called the classical description.
ItisincontrasttothequantumdescriptioninSec.l11,where,for
example, the position of a dark soliton g becomes a quantum
degree of freedom. We consider a finite 1D system. However,
in order to describe the system in a region away from the
boundary of the box potential, we may use analytical solutions
corresponding to the infinite configuration space which, if
necessary, can be modified to satisfy boundary conditions [38],
e.g.,<0x =0)=0and<0(x = L) =0.

In the remainder of the paper we adapt the following units
for energy, length, and time, respectively:

Eo=Mo, lo=f to= . ©)

A. Deformation of a dark soliton: Expansion
in Bogoliubov modes

We would like to describe the deformation of a dark
soliton solution in the presence of a weak disorder potential.
The disorder potentials we are interested in correspond to
optical speckle potentials which are created experimentally by
shining laser radiation on a so-called diffusive plate [28,39].
In the far field, light forms a random intensity pattern which
is experienced by atoms as an external disorder potential.
Diffraction effects are responsible for a finite correlation
length of the speckle potentials. Interestingly, properties of
such a disorder can be easily engineered that allows, e.g.,
for preparation of a matter-wave analog of an optical random
laser [40].

Bright soliton deformation in an optical speckle potential
has been already considered in Ref. [41]; see also [42].
Dark soliton propagation and its radiation in the presence of
randomly distributed Dirac 3 potentials have been considered
in Ref. [43]; see also [44,45]. In the case of repulsive particle
interactions the deformation of a condensate ground state in an
optical speckle potential has also been the subject of scientific
publications [46-49]. In the present paper we consider the
problem of the repulsive interactions but we deal with a
localized soliton structure; i.e., there is a phase flip of the
condensate wave function at the position of a soliton.

PHYSICAL REVIEW A 85, 023627 (2012)

In our considerations the dark soliton is placed in a
bounded and weak external potential V (x). To calculate a
small perturbation of the solitonic wave function we start with
the time-independent GPE, which, in our units, (3), takes the
form

—1d20(x) + —[<(X) 2<(x) + V(x)<(x) = pO(x), (4)
2 X p0

and substitute < =<0+3< and p=p0+3p =1+ 3m,
where X is a small perturbation of the soliton wave function,
(2), and 3p. is a small contribution to the chemical potential
which allows us to correct a possible change in the total
particle number due to the presence of V(x). Keeping linear
terms only, we obtain the time-independent, nonhomogeneous
Bogoliubov-de Gennes equations,

-30 - _ -00 00
C 30 " V g + 3m _o* (5)
where
I
L = (—1d2+ =1 +A<0 Y (6)

- A<02 102 - pol<0l2 +1

In order to solve Eq. (5) we would like to expand the two-
component vector (30,30+)T in a complete basis that consists
ofeigenvectors ofthe non-Hermitian operator L. This basishas
been published in Ref. [38] (see also [50,51]), andhere we only
present the results and comment on essential elements of the
derivation. Collecting the complete basis, one has to be careful
because the L operator is not diagonalizable [35,38,50,51].
There are right eigenstates of L, i.e., L|Ok) = ck|Ok), where
[Ok) = (Jux),|vk))T and [38]

0/kxg-id : _
Uk(x) = (k2 + 2ek) (] + itanh(x — q
4vnf3/2
k
7
N cosh2(x — q) )
floctid (k2 — 2q) Q + itanh(x - q))
Vk(X) =
4.
k
+ ®)
cosh2(x - q)
which correspond to the familiar Bogoliubov spectrum,
Q = |V4k2 + k4. 9

These eigenstates are called phonons and their adjoint vectors
[Okd) = (Juk),-|vk))T are also the left eigenmodes of L.
Due to symmetries of the L operator |Ok) = (Juk),|vk))T =
(Jvk), |uk))T are the right eigenmodes corresponding to eigen-
values ek = —ck, and |Okd) = (-|vk),|«k))T are their adjoint
vectors. In the infinite configuration space right eigenvectors
and adjoint vectors fulfill (O™Ok-) = (“k|“k-) — (vk|vk.) =
3(k — k*). In a box potential the wave vector becomes quan-
tized, i.e., kn = nn/L, where n = 1,2,..., and there is a tiny
energy gap for the phonon excitations.

023627-2
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Phonons apart, there exist two zero-eigenvalue modes
of L corresponding to broken gauge U(1) and translational
symmetries [38],

ug _ i d -

10
VK« do ) (10)
U _ . d Fo
.vJ " ldg m. (11)

respectively. They appear as zero-eigenvalue vectors because
a shift of the global phase 0 or a change of the soliton position
g in solution (2) does not lead to a change in the system
energy. The zero modes fulfill (ug|u0) — (vq|v0) =0 and they
are orthogonal to the modes adjoint to the phonons. Vectors
adjoint to the zero modes are not left eigenvectors of the L and
they can be found by solving [51]

d
£ uégf L uoq (12)
Vg,q Mo,g vogq

where MO0, are determined by normalization conditions
<Uldg | Uo,q) = (volq| vo,q) = 1. One gets [38]

r Hgd i d "0 Uq
_____ * — 1
val oL <3 R vq, (13)
rugd—__ i re-io-
_vadl = 4TPor—eio _ (14)

where M0 = p0(dN0/dp0), Mg =—4p0, and R = (29—
L)po/MqgMo.Wehave (ugd|uo) — (vqd|vo) = Oand (uod|uq) —
(vodlvg) = 0. A small contribution of the zero mode (ug,va)T
in Eq. (13) allows one also to fulfill (ugd|uod) — (vqd/vaid) = 0.
Now we have all the vectors to build a complete basis and
the deformation of the soliton can be expanded in that basis:

1S° - rue - ruf- rug - r Uqgd -
= AOkJ + P4 <«ad + ad<«<Jd | P4wvqd_
re* rvei
+ bk vk +t§)k ulﬁ (15)
k
Substituting (15)into(5) results in
=1 . I P> N1 Pq[Uqg’
* * _—
g —'1u* l{/IU w Tt &Aq V(
Uk
+ bk =B Uk
Zk2 €k Vk Uk
(16)

Projecting this equation onto the adjoint vectors, we can
obtain the expansion coefficients and a small correction to
the chemical potential. Note that there is no restriction for a
choice of small deviation A0 and Aqg, which is due to the fact
that these coefficients are related to the zero modes. However,
while 0 can be arbitrary, we will see that g cannot because
the external potential breaks the translational symmetry but
does not affect the U(1) symmetry. Coefficient A0 is related
to a shift in the global phase of the soliton solution, (2), and
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without loss of generality, we may choose A0 = 0. For the
coefficient Po we get

M = -2(dno"o]VN0) + 5N
— iIR«Mq |V”0) + (vq [V0». an

The last term on the right-hand side can be written as

(«q |[V<£o) + (vq|V00)—~ . dx|o(x — q)|2dxV (x), (18)
which represents a force acting on the soliton. A similar
effective force appears in the approach used in Ref. [52]. For
the stationary solution it is obvious that the soliton position g
is chosen so that such a force is 0. Then also an arbitrary shift
of the soliton position should be 0, i.e., Ag = 0 in Eq. (15).
With such a choice of the soliton position, the coefficient Po is
directly related to a change in the total particle number which
weassumetobe0. Hence,Po = dN= OandEq.(17)allows
us to obtain the correction to the chemical potential,

5N = 2dne”o| V)

- dy(tanhy +y sech2y) tanh yV(y + q).
0
(19)

Projecting (16) onto the adjoint mode (14) results in Pq = 0,
which can be expected because Pq has an interpretation of the
soliton momentum, and for the stationary state it should be 0.

Thus, with the proper choice of the soliton position and a
suitable correction of the chemical potential, all coefficients in
Eqg. (15) are 0 except

be = ;[-(«k VY- (e [V ], (20)

which contains full information about soliton deformation
in a weak external potential. Finally, the stationary solitonic
solution in the presence of a weak external potential reads

0(X) = "o(x) + N2 [bkek(X) + brvk (X)]. (21)
k

B. Deformation of a dark soliton: Expansion in modes
of the Poschl-Teller potential

The Bogoliubov approach is suitable for the description
of the eigenmodes of collective or elementary excitations
of a Bose-Einstein condensate [31,32]. However, if we are
interested in the description of a stationary state of the GPE
and if such a state can be represented as a real function,
one may introduce a substantial simplification. We will see
that the description of dark soliton deformation reduces to
an expansion of a wave-function perturbation in modes of
the Poschl-Teller potential [53]. Such an approach has been
applied in the analysis of a bright soliton deformation in a
weak disorder potential [41] and it turns out that it is also
suitable in the dark soliton case.

Let us start again with the stationary GPE but assume that
the solution we are looking for is a real function:

ldx+ 1L "2-M+V(X = -0. (22)

2 Po
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Similarly to the Bogoliubov approach, we introduce p. =
N +32r=1+3" and 0 =00+ 30 but assume that in
Eqg. (2) the global phase 0 = 0. Keeping linear terms only,
rewriting Os(x — q) = p0 tanh2(x — ) = pO[1 — cosh-2(x —
q)], and changing variable x ~ x + @, we obtain

(Ho + 2)80 = 800 — V(x + q)0o, (23)
where
_ 3
Ho = _é'a‘% cosh2(x) (24)

is the Hamiltonian for a particle in the Poschl-Teller potential
[53]. To compute 30 we need to invert the operator H0 + 2.
All the eigenstates of the Hamiltonian Ho are known in the
literature [54]. There are two bound states,

00(x) = Jsech(x)3 (25)
13
01(x) = sech(x) tanh(x), (26)
with eigenenergies Eo = —2 and El = — 1, respectively, and

scattering states

eikx k2 — 2 + 3sech(x)2 + 3ik tanh(x)
Ok(x) = (27)
@2nm)12 [(1 + k2)(4 + k2)]12
with Ek = kf, k e R. We can therefore expand the deformation
30 over an orthonormal basis of eigenfunctions,

30 = a0 00 + ai Oi + Fdk ak Ok(x), (28)

and compute coefficients a,- by projecting Eq. (23) on the
proper eigenmodes,

(Bj +2)aj = dx O=(X)[8p.00 — V(x + q)00]. (29)
Wave function (25) is a zero mode, i.e., (H0 + 2)00 = 0. Thus,

Eq. (23) can be solved provided the projection of its right-hand
side on the zero mode vanishes. Therefore we require

—<00|VO0o + 8p.<00 |00
= —00|V00> — <dx0o|VOo

T Tax 0~Mx — g)dxV(x) = 0. (30)
0

In Eq. (30) we have taken advantage of (00]00) = 0 and the
factthatthezeromodeisalsothetranslationmodeofthedark
soliton, i.e., 00 ~ dx00. Condition (30) implies that the soliton
position g should be chosen so that the force acting on it is 0
[cf. with (18)]. From Eq. (29) we do not get any restriction for
the value of a0. However, because a000 has an interpretation
of a shift of the soliton position, we should choose a0 = Oif
we are interested in a stationary solution.

In order to solve Eq. (23) we have to invert the operator
Ho + 2 in the Hilbert space with the zero mode excluded,
which is simple because all eigenfunctions of Ho are known.
That is,

80(x) = dy K(x,y)[8p.00 — V(y + q)0o], (31)

PHYSICAL REVIEW A 85, 023627 (2012)
where the symmetric kernel K(x,y) reads

30i(x)0i(y) + 2 T OKCHGEY

—6 sech2(x)sech2(y)
x{sinh22x + sinh22y + 4cosh2x + 4cosh2y

= AsinfpRSN 2 stnAISEMy - SHFNN 2 ¥ Sinh3y)

K(x.y)

In the Bogoliubov approach, even if we are restricted to the
phonon subspace, the L operator possesses a zero eigenvalue if
the configuration space is infinite [see (9)]. Therefore it is not
straightforward to obtain a simple form of the relevant kernel
because integration over phonon subspace should actually be
substituted by summation over discrete values of the wave
vector.

Finally, we have to determine the correction to the chemical
potential. In the Bogoliubov approach there is a specific mode
responsible for a change in the total particle number which
is orthogonal to all other Bogoliubov modes, and to keep the
particle number constant it is sufficient to ensure that the wave-
function perturbation does not have any contribution from this
mode. In the present approach the chemical potential has to
be determined by the normalization condition (0|0) = No +
0O(302), which implies (00[30) = 0 and thus

dxdyOo(x)K(x,y)V (y+q)0o(y)
T dxdy fio(x)K(X,y)<fo(y)

=TT gy(tanhy + y sech2y)tanhyV(g+y),  (33)

which is the same expression as in the Bogoliubov approach
[cf. with (19)].

The final expression for a stationary solitonic solution in
the presence of a weak external potential reads

0(X) = 0o(x)— dy K(x,y)V(y +q)Oo(y)
d0o(x)|Ao
dp-o

+ 8N (34)

where we have made use off dyK(x,y)00(y) = 300lw, with

00|A0 = 00 being a wave function with fixed chemical potential
/" =1

In the bright soliton case [41] the eigenfunction O1 (not
00 as in the dark soliton problem) turns out to be a translation
modeofthesystem,andalsotheHO+2operatorissubstituted
by Ho + 1/2. Consequently, one obtains a different expression
for the symmetric kernel, which is expected because the bright
soliton represents a localized wave packet while the dark
soliton is a phase flip at a soliton position with otherwise
uniform density.

C. Comparison with numerical calculations

We will compare the perturbative approaches introduced in
Secs. 11 A and 11 B with the results ofnumerical calculations in
the case of a dark soliton in a weak optical speckle potential.
However, first we consider a simple harmonic potential,

V(x) =—Vo cos(kox), (35)
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which, on one hand, is a generic example because any
potential can be expanded in a Fourier basis and, on the other
hand, allows us to obtain simple expressions for expansion
coefficients.

In the Bogoliubov approach, Eq. (20), for potential (35),
one gets

bk = k@ N
X k§ cschn (k g ko) + csc’r{1 (kz ko)
+ 4K [3(k — ko) + 3(k + ko)] }. (36)

This coefficient contains Dirac 3 functions which tell us that
the condensate density will be modulated with a period of

2n/ko. At small k the coefficient diverges,

b« B+ O(K[3/2), @37)

K
but the contribution to the soliton wave function from long-
wave-length phonons is finite,

bkuk + b~v~ ~ const + O(k2). (38)

Thus, inordertocalculatesolitondeformationwemayassume
an infinite configuration space because the singularity atk o
is actually not dangerous. The correction to the chemical
potential [3p.| < 4v. [see Eq. (19)] disappears in the limit
of koL ce, which is a consequence of the self-averaging
property of potential (35) (see [47]).

In the approach that involves modes of the Poschl-Teller
potential, Eq. (29) yields

ak = iV VFE[8(i + k2)ir2(4 + k2)322

x{ (k2 — 3k2 +4) csch + csch ')
—i2k[3(k+ko)+3(k—ko)] (39)

for scattering modes and
ai=Vo MU k) sech © (4Q)

for the bound state ™1, where we have assumed that the
system is infinite and thus the correction 3~ = o. There are
Dirac 3 functions present in Eq. (39) similarly as in the
Bogoliubov coefficients, but contrary to the Bogoliubov case,
the coefficients ak possess no singularity at k = o.

Note that coefficients (36) and (39) are proportional to Vo.
Thus, for Vo 1 (i.e., for a potential strength much lower than
the chemical potential of the system), the perturbation of the
condensate wave function is certainly negligible. Deformation
of the soliton shape depends on the relation of ko to the
inverse of the healing length. For ko 1, i.e., if the potential
changes on a scale much larger than the healing length of
the system, we may employ the Thomas-Fermi profile [30]
and approximate the condensate wave function by 0O(X)
Vpo[l — V(x)] tanh(x/]), where 1 = 1/~J1 + Vo is a local
healing length around the soliton position. Thus, for ko 1,
the soliton shape is still given by the hyperbolic tangent
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FIG. 1. (Coloronline) (a) Anexample of an optical speckle poten-
tial with correlation length aR = 0.05 and Vo = 1; (c) the correspond-
ing exact solution of the Gross-Pitaevskii equation obtained numeri-
cally [solid (black) line] and within the perturbation approach [dashed
(red) line]; see Eq. (34) [EQ. (21) leads to the same results]. (b), (d) The
same as (a) and (c) but for aR = 1 and Vo = 0.5. Dotted (green) lines
in (c) and (d) correspond to unperturbed soliton wave functions, (2).

function but its size is smaller. In the other limit, i.e., for k0

1, the condensate wave function reveals harmonic oscillations
superposed on the hyperbolic tangent function. Indeed, for
k0o >> 1, Eq. (39) implies that the dominant contribution comes
from k kO, which behaves like V0/k2. Thus, even if we
increase V0 but choose ki > 1, the wave-function perturbation
is still negligible due to smoothing effects. Finally, we would
like to stress that plotting O obtained in the Bogoliubov
approach and with the help of the Poschl-Teller modes, one
gets exactly the same results.

For comparison with numerics we have chosen the case
of an optical speckle potential. Such a potential is charac-
terized by zero mean value V(x) =0, where the overbar
denotes an ensemble average over disorder realizations, stan-
dard deviation V0 = [V(x)2]1/2, and autocorrelation function
V(X )V(x=+ x) = V12s>-/X/)=), where or is the correlation
length of the disorder. In Fig. 1 we show examples of the
solitonic solutions in the presence of an optical speckle
potential for a much smaller correlation length (or = 0.05),
comparable (or = 1) to the healing length, and for V0 =1
and V0 = 0.5, respectively, obtained within the perturbation
approaches and by a numerical solution of the GPE. The
agreement is surprisingly good, even though the strength of
the disorder is of the order of the chemical potential. For
or = 0.05 the disorder changes rapidly and its effect on the
condensate is significantly smaller than for or = 1.

We have considered a dark soliton in a box potential and
analyzed its deformation due to the presence of aweak disorder
potential. Our results can also be applied to the system in the
presence of, e.g., a shallow harmonic trap. Indeed, if we are
interested in the deformation of the condensate wave function
in the vicinity of the trap center and if the change in the
harmonic potential energy on a scale of the soliton size is
much smaller than the disorder strength, i.e., or V0, where
o is the harmonic trap frequency, the effect of the presence of
the trap on the soliton deformation can be neglected.
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111. QUANTUM DESCRIPTION

In the previous section, in order to describe ultracold
atoms, we applied the mean-field approximation, where it
is assumed that a many-body system is in a state where all
atoms occupy the same single-particle wave function. Solution
of the GPE is an optimal choice for such a single-particle
wave function. Then a stationary dark soliton appears as a
solution of the classical wave equation and its position is
given by a real number g. In the present section we take into
account situations when particles do not necessary occupy the
same single-particle state. It turns out that the problem can
be described within the quantum version of the Bogoliubov
approach, where, e.g., g becomes a quantum mechanical
operator g and the soliton position is described by a probability
distribution. This approach has rather a semiclassical nature.
The full quantum analysis would involve the N-body problem
as done in Refs. [55,56] for bright solitons in optical fibers
(see also Ref. [32]).

A. Effective Hamiltonian

An effective Hamiltonian that describes a bright soliton
in the presence of a weak external potential was introduced
in Ref. [36]. It is based on the Dziarmaga idea of how to
describe nonperturbatively degrees of freedom corresponding
to Bogoliubov zero modes [38]. Derivation of the effective
Hamiltonian in the dark soliton case follows the same
reasoning and therefore we present the key elements only.

In the previous section once the global phase 0 of wave
function (2) and the soliton position q were chosen, no
deviations of them were considered. Small deviations can
be described with the help of the zero modes [cf. (10)/(11)
and (15)], while large deviations need modifications of the
description. The expansion of the wave-function perturbation
around a given value of the soliton position q [see (15)] is
actually not necessary because one may treat q as a dynamical
variable and the same is true for 0 [38]. This way we obtain

r«pdi

Gl N+ avntPgK

+c (b +b'[Vk]). @)

In Eq. (41) all modes depend on q and 0 and can follow large
changes in the soliton position and global phase. Substituting
(41) into the energy functional,

H= dx LIOX<ER+VIN2+ —NU - /7 42)
2 2p
leads to
P2 f
H=—=2IM |+ dxV(X)|™(x - q)|2
p2
tom T 2P\ T
+ él\,/l[Qbk k + Sk(bk + bk)], (43)
k
with
Sk = (u|V<£o) + (Vk[V70), (44)
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where only terms of the order O(P2,b2,PV,bV) are kept.
Note that Eq. (43) is the Hamiltonian formulation of the
classical perturbation theory applied in Sec. Il A. Thatis, fixed
points of the Hamilton equations generated by Eq. (43) [36]
correspond to stationary solutions analyzed in Sec. 1l A. We
know from Sec. 1l that such stationary solutions are in very
good agreement with the exact numerical calculations for the
disorder strength even of the order of the chemical potential
of the system, i.e., for VO 1.

In the so-called second quantization formalism the quantum
many-body Hamiltonian corresponds to (42), where the wave
function O is substituted by a bosonic field operator 0. Then
also the expansion coefficients in Eq. (41) become operators,

= -idq, (45)
Po = N - No = -ido, (46)

and fulfill commutation relations
[«,Pa] =i, [0,Po] =i, [ME] = 5k (47

Energy functional (43) does not depend on 0, thus, in the
quantum description [Pio,H5] = 0, and we may restrict it to
the Hilbert subspace with exactly No particles; i.e., for any
state in this subspace Po } = 0, and the quantum effective
Hamiltonian reduces to

H = Hg + Hb + Hi, (48)
where

P2 r
H;, 2IM | +  dxV(X)|0o(x — q)|2
(I m+—" idx rx) )

2|Mq| 4 cosh2(x - q) (49)
Hs = &= bk, (50)

k
H=%=sk({bx+ ). (51)

k

The Hamiltonian HHg describes soliton motion in an effective
potential which turns out to be a convolution of the original
potential with density |0o|2. Owning to |02 = Potanh2(x —
g) = gl [l — cosh2(x — )] and V(x) = 0, HHy becomes sim-
ilar to the corresponding Hamiltonian for a bright soliton
in a weak external potential [35]. The term Hs describes
quasiparticle subsystem (phonons) and HHl is the part of
the Hamiltonian that couples the soliton position degree of
freedom with phonons. In the classical description (Sec. I1)
such a coupling is responsible for the deformation of the
stationary condensate wave function. In the following we do
not look for eigenstates of the total Hamiltonian H but rather
consider eigenstates of Hq and calculate the lifetime of the
system prepared in these eigenstates due to the coupling with
the quasiparticle subsystem induced by HH1.

We would like to emphasize striking differences between
the classical description and the present quantum description.
They are most apparent in the absence of an external potential.
Indeed, for V(x) = 0, the soliton position in the classical
description can be chosen arbitrarily but it is well defined.
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In the quantum approach the Hamiltonian Hg tells us that
eigenstates of the system correspond to eigenstates of the
momentum operator Pq and the corresponding probability
distributions for the soliton position are totally delocalized.
Thus, similarly to the bright soliton case [32], dramatic
condensate fragmentations are predicted in the quantum
approach of a dark soliton [57].

B. Anderson localization of a dark soliton

The final form ofthe Hamiltonian HHg is similar to that of the
Hamiltonian for the center ofmass of abright soliton in aweak
external potential [36]. The effective mass |Mq| in Eq. (49) is
equal to two times the number of particles missing in a dark
soliton notch, while in the bright soliton case it is given by the
total number of particles in a system. A bright soliton is the
ground-state solution of the GPE and excitation of its center
of mass increases the energy of the system. A dark soliton
corresponds to a collectively excited system, and in order to
decrease the system energy, one has to, e.g., accelerate the
soliton. Indeed, excitations of the soliton position degree of
freedom actually decrease the system energy due to the minus
sign in front of expression (49).

It has been shown that in the presence of a weak disorder
potentialthecenterofmassofabrightsolitonrevealsAnderson
localization [35]. The same phenomenon can be expected for
dark solitons. For V (x) being an optical speckle potential with
the correlation length aR smaller than the healing length of the
system, we obtain the effective potential in Eq. (49), where the
healing length plays arole in the effective correlation length.
The generic properties of the Anderson localization in 1D
allow us to expect that all eigenstates of the Hamiltonian HHg
are exponentially localized, i.e., have a shape with the overall
envelope [58,59]

I”..(@)2 a exp : (52)
lloc

where Hgtyn(q) = En”™n(q), qo is the mean position of the
soliton, andlloc = lloc(En) is the localization length. Indeed, in
Fig. 2 we present examples of the Anderson-localized eigen-
states for two values of the standard deviation of the speckle
potential V0. The parameters we have chosen correspond to
No0 = 105 87Rb atoms in a quasi-1Dbox potential ofL = 3550
(3.37 mm) with the harmonic potential of = 2n x 370 Hz
in the transverse directions; the correlation length of the
speckle potential aR = 0.28 (0.27 ~m) [16]. The energy units,
(3) are the following: Eo/h = 789 Hz, 10 = 0.96 ~m, and
t0 = 1.27 ms.

In order to obtain predictions for Anderson localization of
solitons we have neglected coupling of the soliton position
degree of freedom to the quasiparticle subsystem. In the
bright soliton case such an approximation is justified because
there is a huge energy gap for quasiparticle excitations, and
if the strength of the potential is much smaller than the
chemical potential of the system, corrections to the effective
Hamiltonian Hg are negligible [36]. In the dark soliton case
there is practically no energy gap for phonon excitations, i.e.,
minimal ck [see (9)] corresponds to k = n/L., which tends to
0 for a large system. Moreover, a dark soliton is a collectively
excited state, which may decay to lower energy states by
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FIG. 2. (a), (b) Examples of eigenstates of the effective Hamilto-
nian HHy [see (49)]; (c), (d) the corresponding probability densities on
log scale. The correlation length of the speckle potential aR = 0.28
and the strength Vo = 7 x 10-5 (a), (c) and Vo = 1.4 x 10-4 (b), (d).
Eigenstates correspond to the eigenvalue En = —3.03 x 10-3 (a), (c)
and En =-8.58x 10-3 (b), (d) and reveal the localization length
lioc = 10.5 and lioc = 15.7, respectively.

emission of phonons. If the strength of the disorder potential
V0 1, we know from the classical analysis that the shape of
a stationary dark solution of the GPE is negligibly deformed
by the external potential. In the quantum description we may
thus expect that the lifetime of Anderson-localized eigenstates
is sufficiently long and allows for experimental observations
of the localization effects.

Suppose we choose an initial state |[) of an NO-particle
system where the soliton position is described by an eigenstate
~n(q) of the Hamiltonian HHy corresponding to an eigenvalue
En and there is no phonon excitation; i.e., we deal with
the quasiparticle vacuum state,

| = 1An,08) = "n(q)|0Ob), (53)

where bk|OB) = 0 for each k. In the first order in HHl [see
(51)] the system may decay to another eigenstate tym(q)
corresponding to an eigenvalue Em emitting a single phonon
of energy ek. According to the Fermi golden rule the decay
rate reads

r=2"2Ym (54)

m

where

Ym = Wm, 1k |HHi|?,,,0b 7\2g(ek) = KIMst I'Ogfe).
(55)

The sum in Eq. (54) runs over all eigenstates ~~m for which

we can find such a phonon that the energy conservation

En = Em + ek is fulfilled. We assume a continuum phonon

spectrum, (9), with the energy gap corresponding to k = n/L.
The density of states is

e

e) = 56

9® = a2 + iy(ve2-r —1)il2" (56)

The lifetime of the Anderson-localized states presented in

Figs. 2(a) and 2(c) is t = 1/r = 8 x 105 (17 min), and in

Figs. 2(b) and 2(d), t = 2.5 x 105 (5 min), which means
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FIG. 3. (Color online) (a, b) Contributions Ym [Eqg. (55)] to the
total decay rate r as afunctions ofenergy Em. (c, d) Initial states *n(q)
of the system [solid (black) lines] and eigenstates ~*m(q) [dashed
(red) lines] corresponding to the most probable decay channels, i.e.,
maximal values of Ym. Parameters chosen in (a, ¢) and (b, d) are the
same as in the corresponding panels in Fig. 2.

that there is by far enough time to perform experiments
until they can decay due to phonon emissions. In Fig. 3
we show contributions Ym to the decay rate, (54), and ~m
states corresponding to the largest values of ym. Figure 3
indicates that the most probable decay leads the system to
states localized in the vicinity of the initial localization region.
The long lifetime of Anderson-localized states is very
promising from the experimental point of view. Indeed, it
means that there is sufficient time to excite a dark soliton
in an ultracold atomic gas, wait until it localizes in the
presence of a weak disorder potential, and perform an atom
density measurement. If the soliton is Anderson localized, the
distribution of soliton positions collected in many realizations
of the experiment [57] will reveal an exponential profile.
Experiments with dark solitons have been performed in the
presence of a harmonic trap [6,60-64]. In this case, in order to
observe the Anderson localization of the solitons, the trap has
to be sufficiently shallow. That is, the ground-state extension
ofthe soliton position in the harmonic trap without the disorder
must be much larger than the localization length predicted in
our analysis, i.e., N\;q >> lioc where rn is the harmonic trap

frequency.
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Abstract. We show, using quasi-exact numerical simulations, that Anderson
localization in a disordered one-dimensional potential survives in the presence
of attractive interaction between particles. The localization length of the
particles' center of mass—computed analytically for weak disorder—is in good
agreement with the quasi-exact numerical observations using the time evolving
block decimation algorithm. Our approach allows for simulation of the entire
experiment including the final measurement of all atom positions.
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1. Introduction

Anderson localization (AL) has been widely investigated in the last 50 years [1, 2]. The
possibility of directly observing localization of the wavefunction in cold atomic gases has led
to a recent revival of interest in localization properties in general, and in AL in particular. AL is
characterized by the inhibition of transport in a quantum system, whose classical counterpart
behaves diffusively. It is accompanied by an exponential localization of eigenstates in the
configuration space, |™(r)lz a exp(-|r|/L), where L is the localization length. AL is due
to the interference between various multiple scattering paths which favors the return of the
particle to its initial position and thus decreases the probability of it traveling a long distance.
As the geometry of these paths depends on the system dimension, so AL features depend on
the dimension too. For one-dimensional (1D) systems, AL is a generic single-particle behavior
even for very small disorder when the particle ‘flies' above the potential fluctuations.

A fundamental question is to understand how interaction between particles affects AL.
Presently, there is no consensus on the possible existence and properties of many-body
localization. Some results suggest that AL survives for few-body systems, although with a
modified localization length [3]; studies of cold bosonic systems in the mean-field regime show
that AL is destroyed and replaced by a sub-diffusive behavior [4, 5], but the validity of the mean-
field approximation at long times is questionable. There are even predictions that AL survives at
finite temperature in the thermodynamic limit, in the presence of interactions [6]. In this paper,
we show, using a specific example, that 1D AL survives in the presence of attractive interactions
and is even a rather robust phenomenon. The novelty of our approach is that it uses a quasi-exact
numerical scheme to solve the full many-body problem in the presence of disorder. Here, quasi-
exact means that all numerical errors can be controlled and reduced below an arbitrary value,
just at the cost of increased computational resources. The big advantage of this approach is not
to rely on neglecting a priori any physical process.

Atomic matter waves have several advantages that made possible an unambiguous
demonstration of single-particle AL in 1D [7, 8]: atom-atom interaction can be reduced by
either diluting the atomic gas or using Feshbach resonances, ensuring a very long coherence time
of the atomic matter wave; the spatial and temporal orders of magnitude are very convenient,
allowing a direct spatio-temporal visualization of the dynamics; all microscopic ingredients
are well controlled; and a disordered potential can be created by using the effective potential
induced by a far detuned optical speckle.
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2. The model and its solution

We consider N identical bosonic atoms in a 1D system, in the regime of attractive two-body
interactions. We assume the dilute regime where the atom-atom average distance is larger than
the scattering length and take the low-energy limit where the interaction can be modeled by a
(negative) Dirac-delta potential. The many-body Hamiltonian can be written, using the standard
second quantization formalism (assuming unit mass for the particles and taking h = 1):

H= d*@) 2a72+Vv@) *@2
+2 dz *e(2) *«(2) T 2) *(2), (1)

where g <<Ois the strength ofthe atom-atom interaction and V(z)is an external potential.

For large N, in the absence of an external potential, the ground state of this system is
described—within the mean field approach—as a bright soliton, a composite particle with two
external degrees of freedom: an irrelevant phase O, and a classical parameter: the position q of
the center of mass. The particle density—normalized to the number N of particles—is given by

100(z - q)|2 where

[N e
(z) = 2] coshzft (2)

§ = —ng IS the characteristic size of the soliton. The associated chemical potential is
—N2g2/8.

This mean-field approach does not describe properly the many-body ground state of the
system. Indeed, in the absence of an external potential, the many-body ground state is known
exactly, thanks to the Bethe ansatz [9] which predicts e.g. uniform atomic density. The source
of discrepancy lies in a classical treatment of the center of mass q of the system. In a proper
description, g mustbe thoughtofas the quantum position operator of the soliton, the composite
particle formed by the N particles. In the presence of an external potential, it is possible
to construct an effective one-body (EOB) Hamiltonian describing the q dynamics quantum
mechanically [10-13]. Assuming a fixed soliton shape, the EOB Hamiltonian is

H; :2N U dz Az - )k V(@) 3)

where pq is the momentum conjugate to q [10-13]. It describes a composite particle with mass
N evolving in a potential that is the convolution of the bare potential with the soliton envelope.
The key point of the EOB approach is that the internal degrees of freedom of the soliton are
hidden in the reduction of the many-body wavefunction to a single one-body wavefunction
y(q, t) describing the evolution of the soliton center of mass. This is possible because the
internal degrees of freedom of the bright soliton are gapped, with an energy gap equal to
——= N2g2/8, so that a weak external perturbation cannot populate internal excited states of
the bright soliton, in contrast with the dark soliton case [14].

Because the EOB Hamiltonian (3) describes a 1D system exposed to a disordered
potential, it displays AL. Within the EOB approximation, the soliton center of mass is localized
with a localization length depending on the energy. As an example, we will use—as in
real experiments [7]—the disorder created by a light speckle shone on a cold atomic gas.
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The localization length of the EOB model has been calculated (in the weak disorder limit)
in [11-13]:
I Nas¥znsa Vo(l - ka)
Ln(k) sinhz n k%
where k is the wavevector of the soliton, Vo the rms amplitude of the disordered potential, a0 its
correlation length of the speckle and O the Heaviside function.

What is the validity of the EOB theory at long time? The answer is far from obvious.
Any many-body effect not taken into account within the EOB could break the reduction of the
problem into an EOB wavefunction evolving under the effective Hamiltonian (3). In particular,
it could easily spoil the phase coherence of the EOB wavefunction and consequently AL. It is
the goal of this paper to perform a quasi-exact many-body numerical test of the EOB approach.
In order to be as close as possible to a realistic experiment [7], we follow the temporal evolution
of an initially localized many-body wavepacket. In a first step, we compute the ground state of
N interacting particles in the presence of a harmonic trap, but without disorder: this produces
a bright soliton localized near the trap center. In a second step, the harmonic trap is abruptly
switched off and the disordered speckle potential abruptly switched on, leaving the many-body
system to expand in the presence of disorder, and eventually localize thanks to many-body AL.

In the presence of an external potential, the many-body problem cannot be solved exactly.
One must rely on quasi-exact numerical approaches. A convenient way is to discretize the
continuous Hamiltonian, equation (1), over a discrete lattice [15, 16]. The discretization of
space to a chain of sites located at equally spaced positions z|I = 15 together with a three-point
discretization of the Laplace operator allows us to write the Hamiltonian in a tight-binding
Bose-Hubbard form [15]

o( - kao) (4)

H= = (aral+1 +h.c) + —a]a]aa + Vl aiai (5)

with J = 232, U = g and VI = V(zl) (an additional trivial constant term 1/52 has been dropped).
For numerical purposes the infinite space is restricted to the [—K 5, K 5] interval leading to
a 1D chain of M = 2K + 1 discrete sites. N identical bosons are distributed on these M sites.
A basis of the total Hilbert space can be built using the direct product of Fock states on each site
\ii, iz, ..., iM) with the constraint that the sum of occupation numbers J21=x M il is equal to N.
The size of this basis increases exponentially with the system size, making its use unpractical
for large many-body problems. Instead, we use a variational set of matrix product states (MPSs).
An MPS is a state which can be written as
= [ PRUANPEE RO s im) (6)
ai, awm; i1,...,iMm
where rpia (Xpg) are site (bond)-dependent matrices (vectors). To describe exactly a generic
state in terms of MPSs, a large number (exponentially increasing with M) of al values is needed.
However, typical low-energy states are only slightly entangled so that =1, are rapidly
decaying numbers, which allows for introduction of a cutoff x in the sum over Greek indices
above, resulting in tractable numerical computations [17]. For a ground state protected by a
gap, the area theorem [18] ensures that an efficient MPS representation exists. In the physical
situation discussed by us, the area law has no direct applicability.
The i1, . .., im indices are, in principle, restricted to the [0, NJ interval. In practice, since
it is highly unlikely that all the bosons occupy a single site of the system, we lower the cutoffin
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the sums assuming some Nmax < N. While the maximum average occupation number (at sites
near the center of mass of the soliton) is N6/28 = 2.5, we found surprisingly that a relatively
high Nmax = 14 is needed for convergent results, while the x value may be kept relatively low.

The ground state as well as the dynamics may be quasi-exactly studied using the time
evolving block decimation (TEBD) algorithm [17, 19], essentially equivalent to the time-
dependent density matrix renormalization group approach [20, 21]. The TEBD algorithm
describes how the rp and Zp evolve in time under the influence of a Hamiltonian containing
simple terms local on each site as well as hopping terms of the type a;a]+l which transfer one
particle from site | to site I+ 1. A maximum of N = 25 particles could be included in our
calculations; similar results are obtained for ten particles.

We use the soliton size § as the unit of length; consequently the time unit is 82 We use
the EOB as a guide to choose the parameters of the many-body numerical experiment. For
example, the trap must be shallow enough not to distort the soliton shape (2), but still strong
enough to confine its center of mass q over a distance only slightly larger than its size. We

chose Aq = /88, the frequency, m, of the trapping harmonic potential m2z2/2 is thus such

that Nm = 5/882, i.e. m = 0.025/82. In order for the localization length to be reasonably short,
we choose the strength of the external potential comparable to the initial average energy of
the soliton m/4, that is Vo = 2.5 x 10-4. We also choose the correlation length of the speckle
potential a0 = 0.48 to be significantly shorter than the soliton size, so that the EOB potential in
equation (3) is free of the peculiarities of the speckle potential [26].

Several sources of errors exist in the TEBD algorithm and must be controlled. The first
one is due to the spatial discretization. Getting accurate results requires the discretization unit,
6, to be much smaller than both the soliton size § and the de Broglie wavelength 2n/k, where
k is the typical wavevector contained in the initial wavepacket for the center of mass in the
EOB description. We use ¢ = 8/5; a twice smaller step produces slightly different quantitative
results, but the difference is practically invisible on the scale of the figures shown in our work. In
order to avoid reflections from the boundaries, the number of lattice points must be sufficiently
large; 1921 points are used, but only the central 1201 ones are shown in the plots. A second
source of error is the temporal discretization of the evolution operator. We use the standard
Trotter expansion [17], whose error can be controlled by varying the time step (6t = 0.0088: is
used). A third source of error is the truncation of the MPS at each step. This error is monitored
through the so-called “discarded weight', that is the weight of the components which have to be
discarded from the time evolved many-body state to keep it in MPS form with a fixed parameter
x—the number of bonds between sites. This can be a serious problem when the entropy of
entanglement grows as a function of time. It may even prevent calculation to be run beyond
some rather short time, especially when the system is significantly excited above the ground
state [22].

The entropy of entanglement is defined as the supremium over all possible bipartitions of
the system. Explicitly, we compute

S=supSi=sup -Y, ! Hua) (7)

] |
a

with | running over all bonds. Typically, the maximum is reached for a link close to the center
of the system but it can depend on the disorder and fluctuate in time. Quite surprisingly, we
have not observed any significant growth of the entropy of entanglement when AL sets in, see
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Figure 1. Time evolution of the entropy of entanglement, equation (7), for an
initially localized bright soliton expanding in a disordered speckle potential,
obtained using the many-body TEBD algorithm. No significant growth of the
entropy is observed. The red curve is the largest entropy among 96 different
realizations of disorder while the black curve corresponds to the average over
these realizations. Parameters are given in the text.

Figure 2. Spatial atomic density of an initially localized bright soliton, under
the influence of a disordered speckle potential, using the quasi-exact many-body
TEBD algorithm, at various times. After an initial expansion, the atomic density
freezes at long time, a signature of many-body AL. Parameters are given in the
text. The results presented are averaged over 96 realizations of the disorder.

figure 1, a result quite opposite to that observed in [23]. This may be attributed to the fact that
the energy of our many-body state is quite small (see the discussion above). The converged
calculations reported here use Nmax = 14, x = 30 yielding the internal Hilbert space dimension
per site as 450. The results have been compared with those with lower Nmax as well as those for
x = 40 (for shorter times) to check that the results presented are fully converged. All in all, we
were able to run the fully controlled calculation up to time t = 4000.

Figure 2 shows the particle density in configuration space obtained at increasing times
averaged over 96 realizations of the disorder. In the absence of disordered potential, the initial
wavepacket is expected to spread ballistically. The EOB physics gives the characteristic time
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Figure 3. One-body density matrix of the many-body state at t = 4000 (see
figure 2) in configuration space. It is strongly concentrated along the diagonal
z = zr with a transverse width of the order of the soliton size £. This is a direct
proof that the many-body system can be described by a compact composite
particle, a bright soliton, whose center of mass is widely spread.

for this spreading, t = [/ro = 40, much shorter than the time scale in the figure. Att = 500 and
1000, one clearly sees that the central part of the wavepacket is already more or less localized
while the ballistic front for \zV% > 20 (|z\/$ > 40 for t = 1000) has not yet been scattered and
keeps a Gaussian shape similarly as in the EOB description. This corresponds to the wavepacket
components with the highest energy and consequently the longest localization length. AL has
already been set up at t = 2000 and does no longer evolve further, compare with t = 4000.
Therefore, figure 2 provides evidence for many-body AL taking place in a quasi-exact full many-
body numerical simulation. At the final time (100 times the characteristic spreading time), we
do not observe any indication that AL could be destroyed.

The description of the final state as an MPS makes it possible to easily compute more
complicated quantities, such as correlation functions. The simplest is the one-body density
matrix  «(2)"(z")), shown in figure 3. It clearly displays extremely strong correlations
between positions z and zz, reinforcing the observation that AL probably survives far beyond
t = 4000. The interpretation is simple in terms of bright solitons: all atoms are grouped in a
soliton of size £, but the center of mass of the soliton itself is widely spread. This has an
important consequence: the largest eigenvalue of the one-body density matrix—a value often
used as a quantitative criterion for Bose-Einstein condensation [27]—is on average 0.14, much
smaller than unity; in contrast, the value at t = 0 is 0.84. Thus, while the initial state can be
considered as a true condensate, the temporal dynamics destroys condensation; any description
of our many-body system using the mean field theory via the Gross-Pitaevskii equation (which
by construction describes a 100% condensate) must fail. In other words, our many-body AL is
necessarily beyond the mean field description.
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Figure 4. Atomic density measured with respect to the center of mass of the N
particles, at time t = 4000, after AL has set in. A large number of individual
‘measurements' of the particle positions—three examples are shown in the
inset—are performed for various disorder realizations, and the resulting average
is displayed in the main panel. The agreement between the full many-body
calculation (solid line) and the prediction of equation (2) for the soliton shape
(dashed line) is excellent.

3. Simulation of a measurement

Being able to write the many-body state as an MPS has considerable further advantages,
especially if it is—Ilike in our calculations—in the so-called canonical form [21]. For example,
expectation values of local operators such as arai or arai+1 involve only simple contractions on
the local i tensors and —m vectors. It makes it also possible to mimic the measurement process
of particle positions as follows. The reduced density matrix pm on site I is easily constructed by
contracting the rm tensor with the neighboring -p-13 and - vectors:

<= E [L[i]CaCc]-i-'J3" (8)
ai-i,ai

We then randomly choose the number of particles ‘measured’ on site | following the
statistical populations, diagonal elements of the on-site reduced density matrix. Once a given
occupation number i is chosen, we project the MPS state onto the subspace with it =i and
normalize it. This involves only simple contractions on the local r tensors and - vectors,
producing another MPS. The process can be iterated on all sites, and is particularly simple if
sites are scanned consecutively starting from one edge and propagating toward the other edge.
It is simple to prove that the probability distribution of the measurements is independent of the
order used for scanning the various sites.

An individual “‘measurement’ produces a single set of occupation numbers (il,i2, ... ,im)
(whose sum is of course N) whose probability is exactly |{is, iz, ..., iM|")|2. By performing
a series of “‘measurements’, we can sample interesting physical quantities, such as the position
of the soliton center of mass, {g) = 1l&il/N, and the particle density with respect to this
center of mass. Note that these quantities are hard to measure by other means as they involve
correlation functions of high order (typically up to N) [24, 25].

Examples of our procedure are given in the inset of figure 4. In this way, we extract both
the position of the center of mass of the soliton and the atomic density relative to the center of
mass. The latter quantity is shown in figure 4 for time t = 4000 in comparison with the analytic
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Figure 5. Probability density for the center of mass of the soliton at time
t = 4000, numerically computed using the many-body quasi-exact dynamics
(solid line, averaged over 96 disorder realizations) and the EOB theory (dashed
line, averaged over 10000 realizations). The good agreement shows that the
many-body problem actually displays AL, as predicted by a simple theory for
a composite particle. The dotted line in the lower panel (double logarithmic plot)
is the 1/|q| approximate prediction of the EOB theory [11].

prediction, equation (2). The agreement is excellent, showing that the internal structure of the
soliton is fully preserved for a long time, even after AL has set in. The small difference isa 1/N
finite size effect.

4. Comparison with the effective one-body approach

The EOB theory is able to quantitatively predict the long time limit for the spatial density
probability of the soliton center of mass, see the detailed derivation and calculations in [11].
Initially, the center of mass is in the ground state of the harmonic trap (a Gaussian wavepacket)
that, after the trap is switched off, expands over a range of energies, each energy component
being characterized by its own localization length. Each component displays approximate
exponential localization in the long time limit (in a 1D system, Anderson localized eigenstates
do not strictly decay exponentially, see e.g. [28, 29]). Their superposition displays approximate
algebraic localization at long distance, as discussed in [11].

In figure 5, we show the comparison between the full many-body calculation and the EOB
corresponding numerical simulation with Hamiltonian (3). Note that the many-body result is
here plotted for the center-of-mass position, which can slightly differ from the atomic density;
the latter, in the EOB approach, is the convolution of the former by the soliton shape. At the
scale of the figure, the soliton is extremely narrow so that the result of the convolution is almost
equal to the center-of-mass density, compare with figure 2. The agreement between the many-
body and the EOB calculations is clearly excellent. In figure 5, we also show the 1/|q| leading
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behavior predicted by the EOB theory, equation (13) of [11]. It predicts the observed behavior
quite well but does not aim at being quantitative, because of the existence of a sub-leading
logarithmic term. Namely, at very large distance, the exponential term exp[—0 Inz(y lq|)], where
Y and 3 are constants, present in equation (13) of [11] becomes important, leading to a faster
decrease of the distribution and eventually to a finite rms displacement {q2) of the soliton. Note
also that the formula, equation (13) of [1 1], assumes a weak disorder (Born approximation), an
assumption not fully satisfied here.

Finally, we compare the localization length of the center of mass of attractively interacting
particles with the localization length of a single particle in the same disordered potential. A
meaningful comparison must be performed for the same total energy per particle, or equivalently
for the same wavevector per particle; this thus corresponds to a wavevector N times larger for
the soliton, composed of N individual particles. Within the EOB approach, the ratio is, for
ka0 < 1 and weak disorder,

Lik/N) pnp Nk 1 — kao

9
Ln (K) sinhnkh 1 - ka0/N' (9)

The physical interpretation is simple and interesting. The N2 factor strongly favors localization
of the soliton and reflects the collective behavior of the N attractive bosons when placed in the
disordered potential. The second factor—and to a lesser extent, the third one—is smaller than
unity and favors delocalization of the soliton. It reflects the fact that the center of mass of the
soliton does not feel the raw potential, but rather its convolution with the soliton shape, see
equation (3); being smoother, the convoluted disordered potential scatters less efficiently than
the raw one, leading to an increase ofthe localization length. It is ultimately due to the dispersion
of the atom positions around the center of mass of the soliton. Whether the localization or the
delocalization effect wins depends on the parameter values. For the parameters used here, if
k% > 1.8, the localization length of the soliton is longer than the single atom localization length,
shorter otherwise. Thus, no general statement on whether attractive interactions favor AL or not
can be made.

5. Summary

To summarize, we have shown the existence of many-body AL for attractive bosons in the
presence of a disordered potential. The claim is based on quasi-exact many-body numerical
simulations using the TEBD algorithm, which incorporate all complicated phenomena that
could spoil the internal phase coherence of the many-body composite object, a bright soliton,
displaying AL. Moreover, we obtain excellent agreement between the many-body calculation
and a one-body effective theory, which goes beyond standard mean field theories such as
the Gross-Pitaevskii equation. Our quasi-exact many-body approach allows for simulation
of the entire experiment starting from the initial state in a harmonic trap till the destructive
measurement of all atom positions.
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We describe effects of matter-wave interference of spinor states in the 87Rb Bose-Einstein condensate. The
components ofthe F = 2 manifold are populated by forced Majorana transitions and then fall freely due to gravity
in an applied magnetic field. Weak inhomogeneities of the magnetic field, present in the experiment, impose
relative velocities onto different mF components, which show up as interference patterns upon measurement of
atomic density distributions with a Stern-Gerlach imaging method. We show that interference effects may appear
in experiments even if gradients of the magnetic field components are eliminated but higher-order inhomogeneity
is present and the duration of the interaction is long enough. In particular, we show that the resulting matter-wave
interference patterns can mimic spontaneous pattern formation in the quantum gas.
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Atom interferometry is a well-established technique which
allows sensitive measurements of many physical guantities.
Important examples include atomic clocks and frequency
standards [1,2], precision gravitational measurements [3,4],
and measurements of fundamental physical constants [5,6].
One crucial parameter that determines the interference struc-
ture is the phase difference of interfering components. As
discussed below, in spinor condensates this phase difference
can be efficiently controlled by a magnetic field which paves
the way towards magnetometric applications (earlier work
on cold-atom magnetometry has been recently reviewed in
Ref. [7]).

In this work we report on the application of spinor Bose-
Einstein condensate (BEC) to atom-wave interferometry and
demonstrate its sensitivity to very weak magnetic fields. We
indicate that even in meticulously performed experiments
the residual magnetic fields and their inhomogeneity can
create interference patterns of atomic density distributions
which seriously affect the investigated atomic samples. Apart
from possible practical applications, like in magnetometry
or imaging, we show that the phase shifts of individual
components of the spinor condensate may often mimic the
effects of other interactions. One example of such effects is the
spontaneous pattern formation resulting from the interaction
of spinor components, which has been intensively studied
recently [8-10].

Below we present results of our studies with the spinor
BEC of 87Rb atoms (F = 2) which expand the field of atomic
interferometry to spinor condensates and demonstrate very
high sensitivity of the distributions of atomic densities to weak
magnetic fields. The observations are interpreted theoretically
in terms of the matter-wave interference. We also investigate
theoretically matter-wave interference in the case of trapped
atoms when there is no first-order gradient but a curvature of
the axial magnetic field component. The analysis shows that
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the matter-wave interference is a very general phenomenon
which can occur in many specific experimental situations.

Most of the previous studies of spinor condensates were
conducted with optical dipole traps which store atoms with
all spin components rather than just the low magnetic-field
seeking spin states of magnetic traps [10]. In the described
experiment, however, the condensate is formed by 87Rb atoms
inasingle magnetic component of their ground state contained
in the magnetic trap (MT). An additional difference between
the present and previous studies is that, in contrast to the
in situ experiments with high-density samples, we work with
an expanding condensate where the atomic densities are
sufficiently low that the atomic interaction can be neglected.

In the experiment, we collect up to 106 87Rb atoms in
the |F = 2,mF = 2)x state in the loffe-Pritchard QUIC-like
MT [11]. The axis of the elongated condensate is aligned
horizontally, along the x axis. The sample is analyzed in the
horizontal radial direction by an absorption imaging with the
resonant probe beam in the y direction. A system of coils
compensates the ambient magnetic fields to below 25 mG
and imposes a weak field during gravitational free fall of the
BEC released from the trap. Additional two coils control the
inhomogeneity of the fields in two orthogonal directions down
to about 7 mG/cm. The magnetic field created by the coils is
calibrated by observing an expansion of the atomic cloud in
the field of six counter-propagating molasses beams of equal
intensities. The electronically controlled turning off the MT
and an extra pair of the Helmholtz coils which alter the decay
of the magnetic field on the axis of the loffe coil produce
a zero transition of one of the components of the magnetic
field with a variable speed. At the crossing, the Majorana
transitions [12] mix the |[mF}x sublevels and populate various
magnetic states of the atoms in a way similar to that reported
in [13]. The approaching of the total magnetic field to the zero
value is crucial for the experiment. Its details are described
elsewhere [14].

After mixing of the |mF)x states the MT field is
adiabatically replaced by a weak, inhomogeneous magnetic
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field Bd. The spinor BECs fall freely due to gravity in this
field. The gradient of the x component of Bd leads to new
relative velocities of the |mF}x components, which are,
however, too small to spatially separate the components. For
typical values of the applied gradients of tens of mG/cm and
time of flight in the presence of the field of 2 to 20 ms, the
resulting velocities are on the order of 50 ~m/s. Such low
velocities are sufficient for the interference effects discussed
below. After the time of flight, the spinor BECs are spatially
separated by a vertical Stern-Gerlach (SG) force acting for
1-2 ms. The population distribution among individual |mF}z
components is recorded 3 ms later. The strong vertical SG
force projects atoms onto a new quantization axis. Atoms
belonging to different spinor components, moving with
different velocities can be projected onto the same |mF}z
states, which results in the interference pattern, see Fig. 1.

In the modeling we assume the particles are initially in
the zero momentum state  (r) and in a combination of |[mF}x
states which we choose to be |mF = 2}z, as a generic example.
All experimental absorption images are obtained in the XZ
plane; hence, we restrict the discussion to the two-dimensional
(2D) model.

FIG. 1. (Color online) Spinor condensates after a free fall of
indicated time and separated vertically by the SG force pulse. Spatial
separation reveals the interference pattern in the form of vertical
fringes in the five spinor components. (a) Experimental results.
Different vertical splittings reflect different values of the SG gradient
at different distances from the trap center. (b) Results of numerical
simulations as described in the text. (c) Dependence of the mean
fringe distance in the mr = 2 component on the free-fall time.
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The presence of a slightly inhomogeneous magnetic field
directed along the x axis, Bd = (Bd0 + xdx)x, for the time
from t = Ototi results in a force different for different spin
components mr. The momentum transfer also depends on mr
and each component acquires a phase proportional to mrFBd0 t.
In a simple analytic model att = tI each \mF}x component is
of the form

NeF(X,2) ImE)x = eimFkX+« [mEa )

withk = gre —ti/hand = gF”"Budo ti/h.
The density structures are visualized by projecting \V(tl)}
on different \mF}z states to obtain

P (X,2) =|2 (MF | ()2 @)

Each pmr reveals an interference pattern resulting from the
interaction of an atom with the inhomogeneous field Bd. Note
that by changing Bd0, or changing slightly the interaction
time ti, we can shift the interference pattern along the x
direction, since the phase O in Eq. (1) is a common parameter
of translation for all plane waves.

In the full numerical simulation we assume the initial
Thomas-Fermi (TF) profile wave packet of the form  (x,z) =

R2 — x2 — z2/R2 with R = 60 “m. The nonlinear term
in the Gross-Pitaevskii (GP) equation [15,16] is negligible
because after turning off the MT, atomic gas expands and
particle interactions become quickly negligible. Thus, we in-
tegrate the Schrodinger equation with the magnetic interaction

term gFBF + B, where F stands for the spin operator [17].
Then, the SG pulse and further evolution are included. To avoid
high momenta in the numerical simulation, slightly different
parametersoftheSGfieldwerechosen,i.e.,500mG/cmacting
for 20 ms. In that way, the fast spatial separation of different
mr components is substituted for longer evolution but with
smaller momenta.

Figure 2 shows integrated densities nmr(Xx) =
/ pmr(x,z)dz, where pmF(x,z) is given in Eg. (2), at

FIG. 2. (Color online) Integrated probability densities nmr (X)at
t =t1. The left panels correspond to the numerical simulation and
the right ones to the results of a simple analytical model.
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t =t compared to the prediction of the simple analytic
model. We have chosen Bdo = 0, ax = 22.3 mG/cm, and
tit =12 ms. In the analytical model the spatial degrees of
freedom are described by plane waves, consequently there
is no overall change in the corresponding density profiles.
However, structures of the interferences patterns are perfectly
the same as in the case of the numerical approach.

The results of the numerical simulation are in good
agreement with the experimental data (Fig. 1). In both cases
we can see clear antisymmetry between the interference
fringes for mr and —mr components. Vertical integration
of the images in Figs. 1(a), 1(b), and 2 yields structureless
distributions reconstructing the initial TF profiles. Because of
the limited resolution of our detection system, the theoretically
predicted interference patterns reveal more fine structures
than in the experiment. Moreover, even a very small force
acting in the y direction can rotate the interference pattern
so that the fine density structures become blurred because
the direction of the absorption imaging is not parallel to the
planes of the interference fringes. In contrast to numerical
simulations which were performed for a constant SG gradient,
the experimental patterns expand vertically in time, since the
SGfield in our trap has different gradients at different distances
from the trap center.

Successive realizations of the experiment [Fig. 3(a)]show
that the horizontal positions of the interference fringes vary
since each experiment is realized in about 1-2 min. intervals
and the phase of the fringes strongly depends on the Bd0
value. Under conditions of our experiment the phase change
of n corresponds to ABd0 10-4 G, which is close to
the long-term stability limit of our power supplies. Be-
cause of random phases in each of the realizations, after
averaging over 72 measurements, the interference structures
disappear in regular TF envelopes of each BEC component
[Fig. 3(b)].

It is very difficult to eliminate all external magnetic
fields in a laboratory. Consequently, if there is a very weak
inhomogeneous magnetic field but the time of its interaction
with atoms is long, the interference effects can arise. If the
strength of the field changes slightly from one experimental
realization to another, or the interaction time is not repeated
with the precision much better than the Larmor period, the

FIG. 3. (Color online) (a) Five successive realizations of the
interference starting from the same experimental conditions. (b) The
image averaged over 72 realizations.
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interference fringes can move by more than their spatial period
and the experimental data appear as if there was spontaneous
pattern formation.

Even if the linear gradient is compensated, the higher-
order inhomogeneities may be still present in experimental
realizations. We have verified that a small, second-order
inhomogeneity can result in interference effects even in the
presence of the trap and particle interactions. To this end
we integrate the 1D GP equation, ihdt™mF = dH/d"nF,

FIG. 4. (Color online) (a) Atomic densities after evolution in the
presence of the harmonic trap and the inhomogeneous magnetic field
with a = 60 mG/cmz? for different times t as indicated in the panels.
Different spin components |mF)z are plotted with different lines.
(b) The same as in (a) but in the absence of the field inhomogeneity,
i.e.,, fora = 0. In (c) we show similar data as in the middle panel of
(a) but the densities correspond to different |mF)x components, i.e.,
we project the spin state on the x axis.
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corresponding to the energy density [17]

h2d- miarx?2 2
2m_ + 2 - p(') qu(') ”H:

H=52"™m¢ —
M
+  +cn2@+ yIFR+ 1IR2 @)
where p(x) and q(x) stand for the linear and quadratic
Zeeman energies, respectively. They depend on x because we
assume the nonvanishing curvature of the axial magnetic field,
B = (B0 + ax2/2)x.
Inoursimulations of the effect of the second-order magnetic
field inhomogeneity on the matter-wave interference we
apply parameters corresponding to the experiment reported
in Ref. [8], i.e., Bo = 1.1 G, the curvature a = 60 mG/cm2,
rn/2n = 0.8 Hz, the interaction coefficients in 1D c0 =
0.116”h34&/m, c1 = 1.64 x 10-2c0, c2 = —1.72 x 10-3c0,
and total number of atoms / n(xX)dx = Fdx”™ \tymF|2 =

2.1 x 105, Initially, atoms are prepared in the state \"*(0)) =

(X)\mF = 2)z, where (x) is the TF profile of a single-
component condensate in the harmonic trap.

The initial spin state \mF = 2)z is a superposition of
different \mF)x states. The presence of the inhomogeneous
field leads to different trapping potentials for different \mF)x.
Indeed, the linear Zeeman term makes the harmonic trap
slightly more shallow or more steep depending on mr (the
frequency change corresponding to the considered conditions
is 0.038mF«). Consequently, atomic wave packets corre-
sponding to different signs of mr start breathing out of phase.
Such a relative motion results in interference patterns if at
the end of the temporal evolution \™(t)) is projected on
different \mF)z states, see Fig. 4(a). However, if \ty(t)) is
projected on the \mF)x states no interference fringes emerge
because there is no mixing of the differently breathing wave
packets. It is illustrated in Fig. 4(c) where we show similar
dataasinFig.4(a) but with the densities corresponding to
different \mF)x components. The projection on the \mF)x
components was used in experiment [8] where the SG field
separated spatially the \mF)x components, rather than the
\mF)z ones.

Figure 4(a) shows that the first signature of the interference
effects is visible already att 8 ms. Att = 80 ms we can see
well-developed interference patterns, while for t > 240 ms
the density profiles become irregular. The irregular profiles
appear due to the presence of the spin-dependent interactions.
If we turn off these interactions, we observe the regular
patterns for times much greater than 240 ms. For a given
B0 and t, the interference pattern is the same in different
experimental realizations, provided the evolution time t does
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not change more than a small fraction of the Larmor precession
period and B0 does not fluctuate more than, e.g., 10-5 G
for t = 80 ms. Otherwise one observes random shifts of the
pattern. The presence of the curvature changes dramatically
the system behavior. For comparison, in Fig. 4(b) we present
the results for B0 = 1.1 G but with a = 0 which are very
different from the case shown in Fig. 4(a) where the curvature
is included. That is, there is no modulation of the atomic
densities in Fig. 4(b) until the dynamical instability becomes
visible.

In this report we have analyzed the matter-wave interfer-
ence of an expanding 87Rb spinor BEC. The experimental
observations agree very well with theoretical simulations
and demonstrate that such BECs are extremely sensitive to
magnetic field inhomogeneity. In addition to the modeling of
the experiment described above, we have analyzed the case
of higher-order inhomogeneities and applied the developed
approach to model matter-wave interference in the case when
there is no first-order gradient but a curvature of the axial
magnetic field component. In the analyzed situation, very well
pronounced interference patterns have been obtained. This
study shows that even very weak magnetic inhomogeneities,
difficult to avoid in experiments, result in interference pat-
terns which may mimic the patterns attributed to dynamical
instabilities. The matter-wave interference appears thus to
be a very general phenomenon, possible to occur in a wide
range of experimental conditions. In particular, since it may
occur independently of other interactions in spinor BECs,
the fact cannot be excluded that in many experiments where
pattern formation is attributed to dynamical instability, the
atom-wave interference plays an important role. We have
demonstrated that the interference pattern created by an
inhomogeneous magnetic field, with a gradient of 30 mG/cm,
for example, acting for about 10 ms will be noticeably
shifted if the magnetic field changes by 10-4 G in different
experimental realizations. The described results are thus
interesting for precision measurements of magnetic fields.
The detailed analysis of such applications goes, however,
beyond the scope of the present work and will be published
elsewhere [14].
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Szczepkowski, J. Zachorowski, M. Zawada, W. Gawlik, 2013, ,,Matter-wave interference versus spontaneous pattern
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pomiaréw kondensatéw spinorowych w KL FAMO w Toruniu.
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, Matter-wave interference versus spontaneous pattern formation in spinor
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Phys. Rev. A 88, 025602 (2013)

Méj wkiad w powstanie niniejszej pracy polegat na wspotwykonaniu pomiaréw prezentowanych w
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Szczepkowski, Jerzy Zachorowski, Michat Zawada, and Wojciech Gawlik,

»Matter-wave interference versus spontaneous pattern formation in spinor Bose-Einstein condensates”
Phys. Rev. A 88, 025602 (2013)

Moj wkiad w powstanie niniejszej pracy polegat na analizie i modelowaniu pél magnetycznych w
putapce oraz w obszarze oddziatywania atomow.

Moj wkiad w te prace oceniam na 5%.
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