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ABSTRACT

Carrillo, Martin , Blood Flow Through an Artery in the Presence of a Stenosis . Master of Science

(MS), May, 2021, 44 pp.,15 tables,25 figures,17 references.

We consider blood flow through an artery in the form of a cylindrical pipe in the presence

of a stenosis. Here blood is treated as an incompressible, viscous, and nonNewtonian Bingham

plastic fluid. We derive the equation of continuity and the momentum equation which are

obtained using mass conservation law and momentum conservation law, respectively. Assuming

that the flow is due to the pressure drop and wall shear stress, we derive the expressions for the

velocity component in the axial direction and the volumetric flow rate in an artery. Computational

results for the axial velocity and flow rate are obtained using MATLAB and presented in tabular

and graphical forms to analyze the effects of the slip velocity, pressure difference, yield stress,

and stenosis height. Results obtained through our computations indicate that dependent variables

(axial velocity and flow rate) increase with the increase in pressure difference and decrease with

the increase in yield stress. As stenosis height increases, the dependent variables display a

decrease. Both the dependent variables are minimum when the stenosis height is maximum.

Increasing the slip velocity enhances the axial velocity and the flow rate.
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CHAPTER I

INTRODUCTION

Matter has mainly three forms: solids, liquids, and gases. A solid will not change in shape

due to its particle structure. A gas does not have any shape and its particles are scattered which

can take up volume in certain environments. A liquid similarly, has particles that can move freely

within each other enough to create volume. A fluid is considered compressible if its density

fluctuates and is considered incompressible if its density is constant. Most fluids and even gasses

are treated as compressible depending on the application. Fluids can also be categorized as either

Newtonian or nonNewtonian. A Newtonian fluid is a fluid that follows Newton’s law of

viscosity. That is, there is a constant linear relationship between the fluid’s shear stress and shear

rate. A nonNewtonian fluid does not follow Newton’s law of viscosity which means that there is

nonconstant relationship between the fluid’s shear stress and shear rate. Some examples of

Newtonian fluids include alcohol, water, and gasoline. Fluids such as blood, honey, paint,

mayonnaise, ketchup are some examples of nonNewtonian fluid. Chhabra and Richardson [1]

presented details on the theory of nonNewtonian fluids. Alderman [2] discussed the

classification of nonNewtonian fluids. Blood can be thought of as a liquid due to its mobility. It

also contains red blood cells and white blood cells which when analyzed closely, resemble a solid.

Together, blood behaves as a liquid and its viscosity can vary depending on the shear stress.

The way blood flows through human body is of great importance for everyone.

Understanding how blood flows through our body is a key element in helping us understand how

cardiovascular diseases affect us. We can describe blood flow through the heart as the following.

The heart contains both blue and red blood vessels that contain deoxygenated blood and
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oxygenated blood, respectively. Blood enters the superior vena cava and inferior vena cava and

ends up in the right atrium. It then exits through the tricuspid valve and enters the right ventricle.

Next, it goes into the pulmonary artery though the pulmonary valve and passes through both the

left and right pulmonary arteries. Blood then comes back through the pulmonary veins and then

enters the left atrium. It then passes to the left ventricle through the bicuspid valve. Lastly, the

blood then leaves through the aortic valve. Our body has arteries that go from our limbs and even

to our head. Given this information, if an artery were to become narrow, then that would mean

that less blood will be flowing through the heart which can lead major concerns towards

someone’s health. Figure 1 displays blood flow through the heart [3].

Figure 1: Blood Flow Through Heart

When an artery becomes narrow it is known as stenosis. As an example, we consider

coronary artery disease (CAD). CAD is a type of heart disease which affects about 18.2 million

adults in the United States [4] . This is a condition in which plaque builds up in the coronary

arteries and causes less blood to flow through the heart. This plaque is made up of fat deposits

and cholesterol which builds in and on the artery is known as atherosclerosis. As a result, due to

the narrowing of the arteries, this can eventually lead to cardiac arrest. Figure 2 compares a

normal artery and a stenosed artery [5]. There are several types of heart diseases; each has its

2



different effects in the body. With heart disease being one of the leading causes of death in the

United States [6] , it is of crucial importance to study how blood flows through the artery in

different conditions to better understand it.

Figure 2: Normal Artery and Artery Under Stenosis

Both Siddiqui [7], and Bhatnagar [8] treated blood as a nonNewtonian fluid and use a

Bingham plastic model. Siddiqui, S.U. observed the effect of body acceleration and axial velocity

along a constricted artery wall. They found that there is a relationship between viscosity and wall

shear stress along with body acceleration. Bhatnagar studies slip velocity and stenosis shape

through an artery. Similarly, they found that slip velocity has an effect on the reduction of wall

shear stress. Bunonyo [9] studied nonNewtonian blood flow through an artery under the

presence of heat in a magnetic field. They discovered that blood velocity is variable depending on

how the magnetic field is adjusted. Misra [10] examined the effect of viscoelasticity and wall

shear stress of nonNewtonian blood flow in an artery with mild stenosis. Chakravarty [11]

observed nonNewtonian blood flow with timedependent overlapping stenosis. They applied a

finite difference approximation to obtain numerical results. Blood is treated as a nonNewtonian

HerschelBulkley fluid by Sankar [12] and Biswas [13]. Sankar studied blood flow through an

asymmetrically stenosed artery by the use of perturbation methods. Mathur [14], Mandal [15],

and Ismail [16] all examined nonNewtonian blood flow through the use of a power law model.

Mathur found that there is a strong relation with shear stress and pressure drop along with the

height of the stenosis. Ismail studied unsteady blood flow through a tapered artery. They obtained

3



results for different angles for the taper of the stenosed artery. Bhatta and Riahi [17] studied the

effect of thermal diffusivity variations due to hydrothermal convection in a porous media.

In this work, we analyze the blood flow thorough an artery while treating it as a

nonNewtonian Bingham plastic fluid. The artery is narrowed down by a stenosis for varying

height. To formulate this problem, we first utilize a set of partial differential equations, namely,

the equation of continuity and the momentum equation in cylindrical coordinates. Also, we

assume that the flow is due to the pressure drop in the axial direction and the wall stress only.

With these assumptions, we derive the expressions for the axial velocity and volumetric flow rate

through the artery. Computational results are obtained using MATLAB and presented in tabular

and graphical forms to investigate the effects of the stenosis height, slip velocity, pressure

difference, yield stress, and the viscosity.
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CHAPTER II

MATHEMATICAL FORMULATION

In this chapter, we derive the equation of continuity, the equation of momentum which we

convert into a cylindrical coordinate system. After that, the expressions for axial velocity and

volumetric flow rate on a cylindrical pipe are derived.

Equation of Continuity
We consider a fluid occupying a volume V enclosed by a surface S. Let −→q (r, t), ρ (r, t), respec
tively, denote the velocity and density of the fluid as shown in Figure 3.

V

S

(r,t)

q(r,t)

n

Figure 3: Volume V enclosing the surface S

The mass of fluid enclosed by the surface at any instant is
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M =

∫
V

ρ (r, t) dV

The rate of change in mass is

dM

dt
=

d

dt

[∫
V

ρ (r, t) dV
]
.

The total rate at which mass is flowing outwards across the surface is

∫
S

ρ−→q ·n dS.

where n represents the unit outward normal to the surface.

In absence of sources/sinks of the fluid the mass of the fluid is conserved, so we obtain

d

dt

∫
V

ρ dV = −
∫
S

ρ−→q ·n dS.

Carrying out differentiation under the integration (remembering that the volume V is fixed
in space) and transforming surface integral to volume integral, we have

∫
V

[
∂ρ

∂t
+ div(ρ−→q )

]
dV = 0

Here V is any arbitrary volume, thus we must have

∂ρ

∂t
+ div(ρ−→q ) = 0

∂ρ

∂t
+∇ · (ρ−→q ) = 0

Since

∇ · (ρ−→q ) = (∇ρ) · −→q + ρ (∇ · −→q )
= −→q · ∇ρ+ ρ∇ · −→q

6



The continuity equation becomes

∂ρ

∂t
+∇ · (ρ−→q ) = 0

Dρ

Dt
+ ρ∇ · −→q = 0

where

D

Dt
=

∂

∂t
+−→q · ∇

Continuity Equation for Incompressible Fluid
If the fluid is incompressible, density is treated as constant, Therefore, the continuity equation

∂ρ

∂t
+∇ · (ρ−→q ) = 0

becomes

∇ · −→q = 0

Continuity Equation in Cartesian Coordinate System

Suppose

−→q = (u, v, w)

where u, v, w represent the x, y, z components of the velocity −→q (x, y, z).
In 3D Cartesian coordinates, we have

∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
so the continuity equation for incompressible fluid is

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0

7



Continuity Equation in Cylindrical Coordinate System

Let vr, vθ, vz represent the r, θ, z components of the velocity −→q (r, θ, z).
In Cylindrical coordinates, we have the continuity equation for incompressible fluid as

1

r

∂(rvr)

∂r
+

1

r

∂vθ
∂θ

+
∂vz
∂z

= 0

Momentum Equation
Here, we consider the elementary control volume V in the form of a cube with sides dx, dy, dz in
Cartesian

Figure 4: Control Volume Cube

x

z y

O
B

C

G

F

H

E

D

A
dx

dy

d
z

Control Volume

Using mass × acceleration = force, we can write

m
D−→q
Dt

=
−→
F p +

−→
F s +

−→
F b

where −→q = (u, v, w) is the velocity vector.
−→
F p +

−→
F s +

−→
F b are respectively , forces due

to pressure, stress, body forces, andm is the mass. Also,

D−→q
Dt

=
∂−→q
∂t

+ (−→q · ∇)−→q =
∂−→q
∂t

+−→q · ∇−→q
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Figure 5: Various Planes of the Control Volume Cube
Control Volume Planes

planes parallel to z-plane

plane parallel to y-plane

plane parallel to y-plane

p
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l
to

x
-p
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n

e

p
la

n
e

p
a
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l
to

x
-p
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n

e

In Figure 5, we see the planes are separated in order to get a better view of their position
and direction.

Figure 6: Forces on planes perpendicular to xaxis

xx
xx+dx

viscous forces on planes parallel to x-plane

xy
xz

xy+dx

x
z
+

d
x

dx

For Figure 6, we see the distance between the planes which is given by dx along with a
representation on how the viscous forces act on the x−plane.
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Figure 7: Forces on planes perpendicular to yaxis

Viscous forces on planes parallel to y-plane

dy
yy

yy+dy

yx

yz

yx+dy

yz+dy

Similarly, for Figure 7 we have the distance dy along with how the viscous forces act on
the y−plane.

Figure 8: Forces on planes perpendicular to zaxis

Viscous forces on planes parallel to z-plane

dz

zz

zx

zy

zz+dz zy+dz

zx+dz

For Figure 8, we have the distance dz along with how the viscous forces act on the
z−plane.

Now, for the xdirection,

On the planes parallel to xplane (perpendicular to xaxis)

−σxxdydz + σxxdydz +
∂σxx

∂x
dxdydz
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On the planes parallel to yplane (perpendicular to yaxis)

−τyxdxdz + τyxdxdz +
∂τyx
∂y

dydxdz

On the planes parallel to zplane (perpendicular to zaxis)

−τzxdxdy + τzxdxdy +
∂τzx
∂z

dzdxdy

Let V = dx dy dz be volume of the control volume.

Along xdirection,

∂σxx

∂x
V +

∂τyx
∂y

V +
∂τzx
∂z

V (1)

Along ydirection,

∂τxy
∂x

V +
∂σyy

∂y
V +

∂τzy
∂z

V

Along zdirection,

∂τxz
∂x

V +
∂τyz
∂y

V +
∂σzz

∂z
V

Let the body forces be denoted by Fbx ,Fby ,Fbz respectively along x, y and z directions.

Along xdirection,

∂σxx

∂x
V +

∂τyx
∂y

V +
∂τzx
∂z

V + Fbx = ρV
Du

Dt

where ρ is the density of the fluid.

Thus, along xdirection we have

∂σxx

∂x
+

∂τyx
∂y

+
∂τzx
∂z

+
Fbx

V
= ρ

Du

Dt

Similarly, along ydirection

∂τxy
∂x

+
∂σyy

∂y
+

∂τzy
∂z

+
Fby

V
= ρ

Dv

Dt

and along zdirection

∂τxz
∂x

+
∂τyz
∂y

+
∂σzz

∂z
+

Fbz

V
= ρ

Dw

Dt

11



Finally, rewriting the external force in xdirection Fbx

V
as X, for xdirection we obtain

ρ
Du

Dt
=

∂σxx

∂x
+

∂τyx
∂y

+
∂τzx
∂z

+X (2)

Similarly, along ydirection

ρ
Dv

Dt
=

∂τxy
∂x

+
∂σyy

∂y
+

∂τzy
∂z

+ Y (3)

and along zdirection

ρ
Dw

Dt
=

∂τxz
∂x

+
∂τyz
∂y

+
∂σzz

∂z
+ Z (4)

From (2), (3) and (4), The momentum equation in vector form is

ρ
D−→q
Dt

= ∇ · T +
−→
F (5)

where
−→
F = (X,Y, Z) represents external force (like gravity) and T is the stress tensor which is

given by

T =

 σxx τxy τxz
τyx σyy τyz
τzx τzy σzz

 (6)

Here, since the pressure is perpendicular but opposite in direction, the stress tensor is expressed as

T =

 σxx τxy τxz
τyx σyy τyz
τzx τzy σzz


= −

 P 0 0
0 P 0
0 0 P

+

 τxx τxy τxz
τyx τyy τyz
τzx τzy τzz


= −P I+ T

Given this, the equation (2) becomes

ρ
Du

Dt
= −∂P

∂x
+

∂τxx
∂x

+
∂τyx
∂y

+
∂τzx
∂z

+X (7)

Similarly,

ρ
Dv

Dt
= −∂P

∂y
+

∂τxy
∂x

+
∂τyy
∂y

+
∂τzy
∂z

+ Y (8)
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and along zdirection

ρ
Dw

Dt
= −∂P

∂z
+

∂τxz
∂x

+
∂τyz
∂y

+
∂τzz
∂z

+ Z (9)

Now, the corresponding vector equation is given by

ρ
D−→q
Dt

= −∇P +∇ · T+
−→
F (10)

which is known as theMomentum Equation.

For a Newtonian fluid, the stress is proportional to the rate of deformation (the change in
velocity in the directions of the stress). Using the Newtonian property, τij = µ

[
∂ui

∂xj
+

∂uj

∂xi

]
, i, j =

1, 2, 3, we get

τxx = µ

[
∂u

∂x
+

∂u

∂x

]
, τyx = µ

[
∂v

∂x
+

∂u

∂y

]
, τzx = µ

[
∂w

∂x
+

∂u

∂z

]
τxy = µ

[
∂u

∂y
+

∂v

∂x

]
, τyy = µ

[
∂v

∂y
+

∂v

∂y

]
, τzy = µ

[
∂w

∂y
+

∂v

∂z

]
τxz = µ

[
∂u

∂z
+

∂w

∂x

]
, τyz = µ

[
∂v

∂z
+

∂w

∂y

]
, τzz = µ

[
∂w

∂z
+

∂w

∂z

]
The proportionality constant µ is known as the viscosity of the fluid. We see that

τxy = τyx, τxz = τzx, τyz = τzy .

Due to the symmetry, we have six unknowns. Viscosity defines how easily the fluid flows when
subjected to body forces.

For Newtonian fluid

∇ · T = µ∇ ·

 2∂u
∂x

∂u
∂y

+ ∂v
∂x

∂u
∂z

+ ∂w
∂x

∂u
∂y

+ ∂v
∂x

2∂v
∂y

∂v
∂z

+ ∂w
∂y

∂u
∂z

+ ∂w
∂x

∂v
∂z

+ ∂w
∂y

2∂w
∂z



= µ


∂
∂x

(
2∂u
∂x

)
+ ∂

∂y

(
∂u
∂y

+ ∂v
∂x

)
+ ∂

∂z

(
∂u
∂z

+ ∂w
∂x

)
∂
∂x

(
∂u
∂y

+ ∂v
∂x

)
+ ∂

∂y

(
2∂v
∂y

)
+ ∂

∂z

(
∂u
∂z

+ ∂w
∂x

)
∂
∂x

(
∂u
∂z

+ ∂w
∂x

)
+ ∂

∂y

(
∂v
∂z

+ ∂w
∂y

)
+ ∂

∂z

(
2∂w

∂z

)


′

Where ′ is the transpose.

Assuming incompressibility, we have
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∇ · T = µ


∇2u+ ∂

∂x

(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)
∇2v + ∂

∂y

(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)
∇2w + ∂

∂z

(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)


′

= µ
(
∇2u,∇2v,∇2w

)
= µ∇2 (u, v, w) = µ∇2−→q

Finally, this gives us the NavierStokes equation which is

ρ
D−→q
Dt

= −∇P + µ∇2−→q +
−→
F .

Conservation of Momentum
Law of mechanics states that mass times acceleration is equal to the sum of forces that act on a
volume unit. Total acceleration is composed of the local and the convective acceleration:

D−→q
Dt

=
∂−→q
∂t

+ (−→q · ∇)−→q

The momentum equation is

ρ
D−→q
Dt

= ρ

[
∂−→q
∂t

+ (−→q · ∇)−→q
]
= F+∇ · τ

where F represents external force (like gravity) and σ is the stress tensor.

Laplacian in various Coordinate Systems
The Laplacian∇2 in 3D Cartesian coordinates (x, y, z) becomes

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

In cylindrical coordinates (r, θ, z)

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
+

∂2

∂z2

14



In cylindrical coordinates
Writing the velocity as −→q = (vr, vθ, vz) and external force as f = (fr, fθ, fz), the momentum
equations become

ρ

[
∂vr
∂t

+ vr
∂vr
∂r

+
vθ
r

∂vr
∂θ

− v2θ
r

+ vz
∂vr
∂z

]
= −∂P

∂r
+

1

r

∂

∂r
(rτrr) +

1

r

∂τθr
∂θ

+
∂τzr
∂z

− 1

r
τθθ + ρfr (11)

ρ

[
∂vθ
∂t

+ vr
∂vθ
∂r

+
vθ
r

∂vθ
∂θ

+
vθvr
r

+ vz
∂vθ
∂z

]
= −1

r

∂P

∂θ
+

1

r2
∂

∂r

(
r2τrθ

)
+

1

r

∂τθθ
∂θ

+
∂τzθ
∂z

+ ρfθ (12)

ρ

[
∂vz
∂t

+ vr
∂vz
∂r

+
vθ
r

∂vz
∂θ

+ vz
∂vz
∂z

]
= −∂P

∂z
+

1

r

∂

∂r
(rτrz) +

1

r

∂τθz
∂θ

+
∂τzz
∂z

+ ρfz (13)

We consider a steady laminar flow with velocity −→q (r, θ, z) with −→q = (vr, vθ, vz) in the
axial direction of the cylinder. Here vr denotes the velocity component in radial direction, r; vθ
denotes the velocity component in θ direction, θ; vz denotes the velocity component in the cylinder
axis direction, z. Thus, we have

vz = v(r), vr = 0, vθ = 0, vz (R) = vs (14)

where vs represents the slip velocity, i.e, vs = v(R).

Due to the symmetry of the flow, nonzero contributions from stress tensor come from
τzr(r) = τrz(r) = τ .

For steady state case, using (11)(13) , we obtain the following

∂P

∂z
− 1

r

∂

∂r
(r τ) = 0 (15)

∂P

∂r
= 0 (16)

τ is finite at r = 0.

Since flow in the positive zdirection due to pressure gradient and pressure is decreasing
from left to right of the cylinder, we take

∂P

∂z
= K
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Thus, from (15), we get

∂

∂r
[r τ ]− rK = 0 (17)

On integration, we get

rτ =
r2K

2
+ C1

Since τ is finite at r = 0, So, C1 = 0. Hence

τ =
rK

2
(18)

If τR represents wall shear stress, we can write

τR =
R(z)K

2

NonNewtonian Bingham Fluid
For Bingham Fluid, we have

dv

dr
=

τ0 − τ

µ
for τ ≥ τ0 (19)

dv

dr
= 0 for τ < τ0 (20)

where τ0 represents the yield stress and µ is the viscosity. From (19) and (18), we obtain

dv

dr
=

1

µ
{τ0 − τ} =

1

µ

{
τ0 −

rK

2

}
Hence, integrating

v(r) =
1

µ

{
rτ0 −

r2K

4

}
+ C2

Using slip velocity, vs as v = vs at r = R(z),

C2 = vs −
1

µ

{
Rτ0 −

R2K

4

}
So, finally, we have

v(r) =
1

µ

{
rτ0 −

r2K

4

}
+ vs −

1

µ

{
Rτ0 −

R2K

4

}
= vs +

K

4µ

(
R2 − r2

)
− τ0

µ
(R− r) for rb ≤ r ≤ R

16



When r = rb, τ0 =
rbK
2
, it is found that

v(r) = vs +
K

4µ

(
R2 − r2b

)
− τ0

µ
(R− rb)

= vs +
K

4µ

{(
R2 − r2b

)
− 4τ0

K
(R− rb)

}
= vs +

K

4µ

{(
R2 − r2b

)
− 2rb (R− rb)

}
= vs +

K

4µ

{
R2 − 2rbR + r2b

}
= vs +

K

4µ
(R− rb)

2

= vs +
K

4µ

(
R− 2τ0

K

)2

for 0 ≤ r ≤ rb

Here, rb denotes the radius of the solid central portion of the artery.

Computation of Volumetric flow rate
The volumetric flow rate Q through the annulus which is formed by the two concentric circles of
radius r and (r + dr) is given by

dQ = 2πrvz(r)dr

Integrating with respect to r from 0 to R(z), we obtain

Q =

∫ R(z)

0

2πrvzdr

This can be written as

Q =

∫ R

0

2πrvzdr =

∫ rb

0

2πrvbdr +

∫ R

rb

2πrvzdr

i.e.,

Q = Q1 +Q2

where
Q1 =

∫ rb

0

2πrvbdr

=2π

∫ Rb

0

r
KR2

4µ

(
1− rb

R

)2

dr

=
πKR2

4µ
r2b

(
1− rb

R

)2

17



and

Q2 =2π

∫ R

rb

r

{
KR2

4µ

(
1− r2

R2

)
− τ0R

µ

(
1− r

R

)}
dr

=2π · KR2

4µ

[
r2

2
− r4

4R2

]R
rb

− 2π · τ0R
µ

[
r2

2
− r3

3r

]R
rb

=
πKR2

4µ

{(
R2 − R4

2R2

)
−
(
r2b −

r4b
2R2

)}
− πτ0R

µ

{(
R2 − 2R2

3

)
−
(
r2b −

2r3b
3R

)}
=
πKR2

4µ

{
R2

2
− r2b

(
1− r2b

2R2

)}
− πτ0R

µ

{
R2

3
− r2b

(
1− 2rb

3R

)}
.

Taking α = rb
R
, we have

Q1 =
πKR4

4µ
α2(1− α)2

and

Q2 =
πKR4

4µ

{
1

2
− α2

(
1− 1

2
α2

)}
− πτ0R

3

µ

{
1

3
− α

(
1− 2

3
α

)}
Further simplification of Q2 gives us the following. Let τ = rK

2
, and τ0 = rbK

2
,

Q2 =
πKR4

8µ

[
1− 2α2 + α4 − τ0

RK

(
8

3
− 8α2 +

16α3

3

)]
=
πKR4

8µ

[
1− 2α2 + α4 − α

2

(
8

3
− 8α2 +

16α3

3

)]
=
πKR4

8µ

[
1− 2α2 + α4 − 4α

3
+ 4α3 − 8α4

3

]
.

Now, we find the sum of Q1 and Q2 to find Q. So,
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Q =Q1 +Q2

=
πKR4

8µ

[
2α2 (1− α)2 + 1− 2α2 + α4 − 4α

3
+ 4α3 − 8α4

3

]
=
πKR4

8µ

[
2α2 − 4α3 + 2α4 + 1− 2α2 + α4 − 4α

3
+ 4α3 − 8α4

3

]
=
πKR4

8µ

[
2α4 + 1 + α4 − 4α

3
− 8α4

3

]
=
πKR4

8µ

[
1− 4α

3
+

α4

3

]

To incorporate the slip velocity, vs to the above result, we add πR2vs term. Hence, the
flow rate Q becomes

Q = πR2vs +
πKR4

8µ

[
1− 4α

3
+

α4

3

]
= πR2

[
vs +

KR2

8µ

{
1− 4α

3
+

α4

3

}]
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CHAPTER III

ARTERY WITH STENOSIS

We set up the stenosed artery by constructing a cylindrical pipe along with a symmetrically
stenosed region. We derive the equation that represents the radius from the center of the artery to
the maximum height of the stenosis.

Figure 9: Geometry of Artery with a Stenosis

z

x

y

R0

o

L

R(z)

d0+L0d0

Here, we are given an artery on a cylindrical coordinate system where d0 is the distance to
the start of the stenosis. L0 is the length of the stenosis. R0 represent the radius of the nonstenosed
artery and R(z) represents the radius of the artery. Lastly, δ represents the maximum height of the
stenosis.

We consider the form of the stenosis to be a quadratic function.

So,

R(z) =

{
R0[A(z − d0)(z − d0 − L0) + 1] for d0 ≤ z ≤ d+ L0, A > 0,

R0 otherwise.

with

z = d0 =⇒ R(z) = R0

and

z = L0 + d0 =⇒ R(z) = R0.
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Here, we take A to be strictly positive. Rewriting R(z) above, we have

R(z) = R0

[
A{(z − d0)

2 − L0(z − d0)}+ 1
]

Taking its first and second derivative gives us

d

dz
R(z) = R0[A{2(z − d0)− L0}]

d2

dz2
R(z) = 2A

which is positive as A > 0, implying there is a minimum. To find the location of the
minimum, we set R′(z) = 0. So,

R′(z) = R0[A{2(z − d0)− L0}] = 0

=⇒ A{2(z − d0)− L0} = 0

=⇒ 2(z − d0)− L0 = 0

which gives
z = d0 +

L0

2

Now, from the figure above, we see that our midpoint of the stenosis would be given by

d0 + d0 + L0

2

=
2d0 + L0

2

= d0 +
L0

2

Thus, the location of the minimum is at

z = d0 +
L0

2

So, the minimum is given by
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Rmin = R0

[
A

{(
L0

2

)2

− L2
0

2

}
+ 1

]

= R0

(
1− AL2

0

4

)
.

We assume the maximum height of the stenosis is given by δ. So,

δ = R0 −Rmin

= R0 −R0

(
1− AL2

0

4

)
=

AR0L
2
0

4

Therefore,

A =
4δ

R0L2
0

.

Finally, the stenosis shape function, R(z), becomes

R(z) =

{
R0

[
4δ

R0L2
0

{
(z − d0)

2 − L0 (z − d0)
}
+ 1

]
for d0 ≤ z ≤ d+ L0,

R0 otherwise.
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CHAPTER IV

RESULTS AND DISCUSSIONS

We present computational results for the axial velocity vz(r) and the flow rate Q through
the artery. For all our computational work, MATLAB has been used. We take L = 3, the length of
the stenosis is d0 = 1and the start of the stenosis is at L0 = 1. Also we consider the radius of the
artery without stenosis to be 1. i.e. . R0 = 1. This geometry is depicted in Figure 10.

Figure 10: Artery segment with L = 3, d0 = 1, and L0 = 1

Table 1 and Table 2 provide the axial velocity for different z values.We use the parameter
τ0 = 0.2, µ = 0.4, K = 8, δ = 0.3, and vs = 0.1 for our computations. We see that the values
of the axial velocity are higher at z = 0.8, but are lower at z = 1.5. This indicates that the axial
velocity is decreasing as we approach the max stenosis height at z = 1.5.
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Table 1: Axial Velocity Data for z = 0.8, 1.1
z = 0.8 z = 1.1

r r
R

v r r
R

v

0.00 0.00 4.6125 0.00 0.00 3.6448
0.07 0.07 4.6102 0.06 0.07 3.6439
0.14 0.14 4.5694 0.13 0.14 3.6148
0.21 0.21 4.4776 0.19 0.21 3.5452
0.29 0.29 4.3347 0.25 0.29 3.4350
0.36 0.36 4.1408 0.32 0.36 3.2842
0.43 0.43 3.8959 0.38 0.43 3.0928
0.50 0.50 3.6000 0.45 0.50 2.8607
0.57 0.57 3.2531 0.51 0.57 2.5881
0.64 0.64 2.8551 0.57 0.64 2.2749
0.71 0.71 2.4061 0.64 0.71 1.9211
0.79 0.79 1.9061 0.70 0.79 1.5267
0.86 0.86 1.3551 0.76 0.86 1.0918
0.93 0.93 0.7531 0.83 0.93 0.6162
1.00 1.00 0.1000 0.89 1.00 0.1000

Table 2: Axial Velocity Data for z = 1.2, 1.5
z = 1.2 z = 1.5

r r
R

v r r
R

v

0.00 0.00 2.9728 0.00 0.00 2.2125
0.06 0.07 2.9725 0.05 0.07 2.2125
0.12 0.14 2.9514 0.10 0.14 2.2000
0.17 0.21 2.8970 0.15 0.21 2.1625
0.23 0.29 2.8093 0.20 0.29 2.1000
0.29 0.36 2.6882 0.25 0.36 2.0125
0.35 0.43 2.5339 0.30 0.43 1.9000
0.40 0.50 2.3462 0.35 0.50 1.7625
0.46 0.57 2.1253 0.40 0.57 1.6000
0.52 0.64 1.8710 0.45 0.64 1.4125
0.58 0.71 1.5834 0.50 0.71 1.2000
0.63 0.79 1.2625 0.55 0.79 0.9625
0.69 0.86 0.9083 0.60 0.86 0.7000
0.75 0.93 0.5208 0.65 0.93 0.4125
0.81 1.00 0.1000 0.70 1.00 0.1000

In Figure 11, we present the axial velocity for different z values. We use the parameters
µ = 0.4,τ0 = 0.2, K = 8, δ = 0.3,and vs = 0.1. The velocity is the highest when z = 0.8 and
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is lowest when z = 1.5. Thus, as z approaches the maximum stenosis height the axial velocity is
decreasing and it becomes minimum at z = 1.5.

Figure 11: Axial Velocity for z
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Table 3 and Table 4 provide the effect of slip velocity for the parameters µ = 0.4,τ0 = 0.2,
δ = 0.3, K = 8, and z = 0.8. for vs = 0, 0.4, 0.7, 1. We see that our axial velocity v is increasing
as the slip velocity is increasing.

Table 3: Axial Velocity Data for vs = 0.0, 0.4 with z = 0.8
vs = 0.0 vs = 0.4

r r
R

v r r
R

v

0.00 0.00 2.1125 0.00 0.00 2.5125
0.05 0.07 2.1125 0.05 0.07 2.5125
0.10 0.14 2.1000 0.10 0.14 2.5000
0.15 0.21 2.0625 0.15 0.21 2.4625
0.20 0.29 2.0000 0.20 0.29 2.4000
0.25 0.36 1.9125 0.25 0.36 2.3125
0.30 0.43 1.8000 0.30 0.43 2.2000
0.35 0.50 1.6625 0.35 0.50 2.0625
0.40 0.57 1.5000 0.40 0.57 1.9000
0.45 0.64 1.3125 0.45 0.64 1.7125
0.50 0.71 1.1000 0.50 0.71 1.5000
0.55 0.79 0.8625 0.55 0.79 1.2625
0.60 0.86 0.6000 0.60 0.86 1.0000
0.65 0.93 0.3125 0.65 0.93 0.7125
0.70 1.00 0.0000 0.70 1.00 0.4000
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Table 4: Axial Velocity Data for vs = 0.7, 1.0 with z = 0.8
vs = 0.7 vs = 1.0

r r
R

v r r
R

v

0.00 0.00 2.8125 0.00 0.00 3.1125
0.05 0.07 2.8125 0.05 0.07 3.1125
0.10 0.14 2.8000 0.10 0.14 3.1000
0.15 0.21 2.7625 0.15 0.21 3.0625
0.20 0.29 2.7000 0.20 0.29 3.0000
0.25 0.36 2.6125 0.25 0.36 2.9125
0.30 0.43 2.5000 0.30 0.43 2.8000
0.35 0.50 2.3625 0.35 0.50 2.6625
0.40 0.57 2.2000 0.40 0.57 2.5000
0.45 0.64 2.0125 0.45 0.64 2.3125
0.50 0.71 1.8000 0.50 0.71 2.1000
0.55 0.79 1.5625 0.55 0.79 1.8625
0.60 0.86 1.3000 0.60 0.86 1.6000
0.65 0.93 1.0125 0.65 0.93 1.3125
0.70 1.00 0.7000 0.70 1.00 1.0000

Figure 12 displays the axial velocity for different vs values. We consider the parameters
µ = 0.4,τ0 = 0.2, K = 8, δ = 0.3,and z = 0.8. We see that the axial velocity is increasing when
from vs = 0 to vs = 1.Hence, as the axial velocity is increasing, the slip velocity is also increasing.

Figure 12: Axial Velocity for vs at z = 0.8
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In Figure 13, we have the axial velocity for different vs values. We consider the parameters
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µ = 0.4,τ0 = 0.2, K = 8, δ = 0.3,and z = 1.5. We see that the overall velocity has decreased
compared to when z = 0.8. Similar to when z = 0.8, the axial velocity is increasing as the slip
velocity is increasing.

Figure 13: Axial Velocity for vs at z = 1.5
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In Figure 14, we present the axial velocity for different τ0 values. We use the parameters
µ = 0.4, vs = 0.1, K = 8, δ = 0.3,and z = 0.8. The velocity here is at its highest when the yield
stress is at τ0 = 0.1. Therefore, as the yield stress is increasing, the axial velocity is decreasing.

Figure 14: Axial Velocity for τ0 at z = 0.8
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In Table 5 and Table 6, we present the yield stress for parameters µ = 0.4, vs = 0.1,
K = 8, δ = 0.3, and z = 1.5.We notice that as τ0 increases from τ0 = 0.1 to τ = 0.7, the v values
are decreasing. Thus, as the yield stress is increasing, the axial velocity is decreasing.

Table 5: Axial Velocity Data for τ0 = 0.1, 0.3 with z = 1.5
τ0 = 0.1 τ0 = 0.3

r r
R

v r r
R

v

0.00 0.00 2.3781 0.00 0.00 2.0531
0.05 0.07 2.3750 0.05 0.07 2.0531
0.10 0.14 2.3500 0.10 0.14 2.0500
0.15 0.21 2.3000 0.15 0.21 2.0250
0.20 0.29 2.2250 0.20 0.29 1.9750
0.25 0.36 2.1250 0.25 0.36 1.9000
0.30 0.43 2.0000 0.30 0.43 1.8000
0.35 0.50 1.8500 0.35 0.50 1.6750
0.40 0.57 1.6750 0.40 0.57 1.5250
0.45 0.64 1.4750 0.45 0.64 1.3500
0.50 0.71 1.2500 0.50 0.71 1.1500
0.55 0.79 1.0000 0.55 0.79 0.9250
0.60 0.86 0.7250 0.60 0.86 0.6750
0.65 0.93 0.4250 0.65 0.93 0.4000
0.70 1.00 0.1000 0.70 1.00 0.1000

Table 6: Axial Velocity Data for τ0 = 0.5, 0.7 with z = 1.5
τ0 = 0.5 τ0 = 0.7

r r
R

v r r
R

v

0.00 0.00 1.7531 0.00 0.00 1.4781
0.05 0.07 1.7531 0.05 0.07 1.4781
0.10 0.14 1.7531 0.10 0.14 1.4781
0.15 0.21 1.7500 0.15 0.21 1.4781
0.20 0.29 1.7250 0.20 0.29 1.4750
0.25 0.36 1.6750 0.25 0.36 1.4500
0.30 0.43 1.6000 0.30 0.43 1.4000
0.35 0.50 1.5000 0.35 0.50 1.3250
0.40 0.57 1.3750 0.40 0.57 1.2250
0.45 0.64 1.2250 0.45 0.64 1.1000
0.50 0.71 1.0500 0.50 0.71 0.9500
0.55 0.79 0.8500 0.55 0.79 0.7750
0.60 0.86 0.6250 0.60 0.86 0.5750
0.65 0.93 0.3750 0.65 0.93 0.3500
0.70 1.00 0.1000 0.70 1.00 0.1000
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In Figure 15, we consider the axial velocity for different τ0. We consider the parameters
µ = 0.4,τ0 = 0.2, K = 8, δ = 0.3,and z = 1.5. Here, we see that the overall velocity values
are lower compared to z = 0.8. Similarly, as the yield stress is increasing, the axial velocity is
decreasing.

Figure 15: Axial Velocity for τ0 at z = 1.5
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For Table 7 and Table 8, we have the axial velocity for different µ with parameters τ0 =
0.2, K = 8, δ = 0.3, vs = 0.1, and z = 0.8. Here, axial velocity is at its highest when µ = 0.3 and
at its lowest when µ = 0.6. Therefore, as the viscosity is increasing, the axial velocity is decreasing.

29



Table 7: Axial Velocity Data for µ = 0.3, 0.4 with z = 0.8
µ = 0.3 µ = 0.4

r r
R

v r r
R

v

0.00 0.00 6.1167 0.00 0.00 4.6125
0.07 0.07 6.1136 0.07 0.07 4.6102
0.14 0.14 6.0592 0.14 0.14 4.5694
0.21 0.21 5.9367 0.21 0.21 4.4776
0.29 0.29 5.7463 0.29 0.29 4.3347
0.36 0.36 5.4878 0.36 0.36 4.1408
0.43 0.43 5.1612 0.43 0.43 3.8959
0.50 0.50 4.7667 0.50 0.50 3.6000
0.57 0.57 4.3041 0.57 0.57 3.2531
0.64 0.64 3.7735 0.64 0.64 2.8551
0.71 0.71 3.1748 0.71 0.71 2.4061
0.79 0.79 2.5082 0.79 0.79 1.9061
0.86 0.86 1.7735 0.86 0.86 1.3551
0.93 0.93 0.9707 0.93 0.93 0.7531
1.00 1.00 0.1000 1.00 1.00 0.1000

Table 8: Axial Velocity Data for µ = 0.5, 0.6 with z = 0.8
µ = 0.5 µ = 0.6

r r
R

v r r
R

v

0.00 0.00 3.7100 0.00 0.00 3.1083
0.07 0.07 3.7082 0.07 0.07 3.1068
0.14 0.14 3.6755 0.14 0.14 3.0796
0.21 0.21 3.6020 0.21 0.21 3.0184
0.29 0.29 3.4878 0.29 0.29 2.9231
0.36 0.36 3.3327 0.36 0.36 2.7939
0.43 0.43 3.1367 0.43 0.43 2.6306
0.50 0.50 2.9000 0.50 0.50 2.4333
0.57 0.57 2.6224 0.57 0.57 2.2020
0.64 0.64 2.3041 0.64 0.64 1.9367
0.71 0.71 1.9449 0.71 0.71 1.6374
0.79 0.79 1.5449 0.79 0.79 1.3041
0.86 0.86 1.1041 0.86 0.86 0.9367
0.93 0.93 0.6224 0.93 0.93 0.5354
1.00 1.00 0.1000 1.00 1.00 0.1000

For Figure 16, we have the axial velocity for µ. The parameters used are τ0 = 0.2, K = 8,
δ = 0.3, vs = 0.1, and z = 0.8. Here, the axial velocity is at its highest when µ = 0.3. Thus, as
the viscosity µ is increasing, the axial velocity is decreasing.
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Figure 16: Axial Velocity for µ at z = 0.8
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For Figure 17, we have the axial velocity for µ. The parameters used are τ0 = 0.2,K =
8,δ = 0.3,vs = 0.1, and z = 1.5. Here, we see that the velocities are lower than when z = 0.8.
Similarly, the viscosity µ is increasing as the axial velocity is decreasing.

Figure 17: Axial Velocity for µ at z = 1.5
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Figure 18 presents the axial velocity for various pressure differenceK.We use the param
eters µ = 0.4,τ0 = 0.2,δ = 0.3,vs = 0.1, and z = 0.8.We see that when the pressure difference is
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at K = 12, we have the highest axial velocity. Hence, as the pressure difference is increasing, the
axial velocity is increasing.

Figure 18: Axial Velocity forK at z = 0.8
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For Table 9 and Table 10, we have the axial velocity for the pressure difference K. We
use the parameters µ = 0.4,τ0 = 0.2,δ = 0.3,vs = 0.1, and z = 1.5. We notice that the v values
are increasing as K is increasing. Therefore, we can say that pressure difference is increasing as
the axial velocity is increasing.
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Table 9: Axial Velocity Data forK = 6, 8 with z = 1.5
K = 6 K = 8

r r
R

v r r
R

v

0.00 0.00 1.6042 0.00 0.00 2.2125
0.05 0.07 1.6042 0.05 0.07 2.2125
0.10 0.14 1.6000 0.10 0.14 2.2000
0.15 0.21 1.5781 0.15 0.21 2.1625
0.20 0.29 1.5375 0.20 0.29 2.1000
0.25 0.36 1.4781 0.25 0.36 2.0125
0.30 0.43 1.4000 0.30 0.43 1.9000
0.35 0.50 1.3031 0.35 0.50 1.7625
0.40 0.57 1.1875 0.40 0.57 1.6000
0.45 0.64 1.0531 0.45 0.64 1.4125
0.50 0.71 0.9000 0.50 0.71 1.2000
0.55 0.79 0.7281 0.55 0.79 0.9625
0.60 0.86 0.5375 0.60 0.86 0.7000
0.65 0.93 0.3281 0.65 0.93 0.4125
0.70 1.00 0.1000 0.70 1.00 0.1000

Table 10: Axial Velocity Data forK = 10, 12 with z = 1.5
K = 10 K = 12

r r
R

v r r
R

v

0.00 0.00 2.8225 0.00 0.00 3.4333
0.05 0.07 2.8219 0.05 0.07 3.4312
0.10 0.14 2.8000 0.10 0.14 3.4000
0.15 0.21 2.7469 0.15 0.21 3.3312
0.20 0.29 2.6625 0.20 0.29 3.2250
0.25 0.36 2.5469 0.25 0.36 3.0812
0.30 0.43 2.4000 0.30 0.43 2.9000
0.35 0.50 2.2219 0.35 0.50 2.6812
0.40 0.57 2.0125 0.40 0.57 2.4250
0.45 0.64 1.7719 0.45 0.64 2.1313
0.50 0.71 1.5000 0.50 0.71 1.8000
0.55 0.79 1.1969 0.55 0.79 1.4313
0.60 0.86 0.8625 0.60 0.86 1.0250
0.65 0.93 0.4969 0.65 0.93 0.5813
0.70 1.00 0.1000 0.70 1.00 0.1000

Figure 19 depicts the axial velocity for the pressure difference K.We use the parameters
µ = 0.4,τ0 = 0.2,δ = 0.3,vs = 0.1, and z = 1.5. We note that the velocities are lower than when
z = 0.8. Similarly, the pressure difference is increasing as the axial velocity is increasing.
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Figure 19: Axial velocity forK at z = 1.5
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Table 11 and Table 12 present the axial velocity for various stenosis height δ. The param
eters used are µ = 0.4,τ0 = 0.2,K = 8,vs = 0.1, and z = 1.5. There is higher axial velocity
when the stenosis height is at δ = 0. As the stenosis height δ is increasing, the axial velocity is
decreasing.

Table 11: Axial Velocity Data for δ = 0, 0.1 with z = 1.5
δ = 0 δ = 0.1

r r
R

v r r
R

v

0.00 0.00 4.6125 0.00 0.00 3.7125
0.07 0.07 4.6102 0.06 0.07 3.7115
0.14 0.14 4.5694 0.13 0.14 3.6816
0.21 0.21 4.4776 0.19 0.21 3.6105
0.29 0.29 4.3347 0.26 0.29 3.4980
0.36 0.36 4.1408 0.32 0.36 3.3441
0.43 0.43 3.8959 0.39 0.43 3.1490
0.50 0.50 3.6000 0.45 0.50 2.9125
0.57 0.57 3.2531 0.51 0.57 2.6347
0.64 0.64 2.8551 0.58 0.64 2.3156
0.71 0.71 2.4061 0.64 0.71 1.9551
0.79 0.79 1.9061 0.71 0.79 1.5533
0.86 0.86 1.3551 0.77 0.86 1.1102
0.93 0.93 0.7531 0.84 0.93 0.6258
1.00 1.00 0.1000 0.90 1.00 0.1000
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Table 12: Axial Velocity Data for δ = 0.2, 0.3 with z = 1.5
δ = 0.2 δ = 0.3

r r
R

v r r
R

v

0.00 0.00 2.9125 0.00 0.00 2.2125
0.06 0.07 2.9122 0.05 0.07 2.2125
0.11 0.14 2.8918 0.10 0.14 2.2000
0.17 0.21 2.8388 0.15 0.21 2.1625
0.23 0.29 2.7531 0.20 0.29 2.1000
0.29 0.36 2.6347 0.25 0.36 2.0125
0.34 0.43 2.4837 0.30 0.43 1.9000
0.40 0.50 2.3000 0.35 0.50 1.7625
0.46 0.57 2.0837 0.40 0.57 1.6000
0.51 0.64 1.8347 0.45 0.64 1.4125
0.57 0.71 1.5531 0.50 0.71 1.2000
0.63 0.79 1.2388 0.55 0.79 0.9625
0.69 0.86 0.8918 0.60 0.86 0.7000
0.74 0.93 0.5122 0.65 0.93 0.4125
0.80 1.00 0.1000 0.70 1.00 0.1000

In Figure 20, we present the axial velocity for various stenosis height δ. The parameters
used are µ = 0.4,τ0 = 0.2,K = 8,vs = 0.1, and z = 1.5. The highest velocity is when the stenosis
height is at δ = 0. There is a lower velocity at a stenosis height of δ = 0.3. Thus, as the stenosis
height δ is increasing, the axial velocity is decreasing.

Figure 20: Axial Velocity for δ at z = 1.5
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For Table 13, we present the flow rate for various δ. The parameters used are τ0 = 0.2,
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K = 8, µ = 0.4, and vs = 0.1. From the data, we see that as the stenosis height δ is increasing, the
flow rate Q is decreasing

Table 13: Flow Rate Data for Various δ
δ = 0.1 δ = 0.2 δ = 0.3 δ = 0.5

z Q z Q z Q z Q

0.00 7.6446 0.00 7.6446 0.00 7.6446 0.00 7.6446
0.24 7.6446 0.24 7.6446 0.24 7.6446 0.24 7.6446
0.48 7.6446 0.48 7.6446 0.48 7.6446 0.48 7.6446
0.72 7.6446 0.72 7.6446 0.72 7.6446 0.72 7.6446
1.02 7.4085 1.02 7.1779 1.02 6.9528 1.02 6.5186
1.20 5.8742 1.20 4.4328 1.20 3.2765 1.20 1.6599
1.38 5.1549 1.38 3.3334 1.38 2.0474 1.38 0.6246
1.50 5.0258 1.50 3.1500 1.50 1.8601 1.50 0.5040
1.62 5.1549 1.62 3.3334 1.62 2.0474 1.62 0.6246
1.80 5.8742 1.80 4.4328 1.80 3.2765 1.80 1.6599
1.98 7.4085 1.98 7.1779 1.98 6.9528 1.98 6.5186
2.40 7.6446 2.40 7.6446 2.40 7.6446 2.40 7.6446
2.64 7.6446 2.64 7.6446 2.64 7.6446 2.64 7.6446
2.88 7.6446 2.88 7.6446 2.88 7.6446 2.88 7.6446
3.00 7.6446 3.00 7.6446 3.00 7.6446 3.00 7.6446

Figure 21 displays the flow rate for various δ with parameters τ0 = 0.2, K = 8,µ =
0.4,and vs = 0.1. We see that the flow rate Q is highest when the stenosis height is δ = 0.1 and is
lowest when δ = 0.5. Thus, as the stenosis height increases, the flow rate is decreasing.

Figure 21: Flow Rate for Various δ
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For Figure 22, we have the flow rate for various K with µ = 0.4, τ0 = 0.2, δ = 0.3, and
vs = 0.1. Here, we see that the pressure difference K has the highest flow rate Q when K = 12,
and has the lowest flow rate whenK = 6. Hence, as the pressure difference is increasing, the flow
rate is increasing.

Figure 22: Flow Rate for VariousK
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In Table 14, we present flow rate for various µ with parameters τ0 = 0.2, K = 8, δ = 0.3,
vs = 0.1. We see that the flow rate values appear to be decreasing. Therefore, as the viscosity µ is
increasing, the flow rate Q is decreasing.
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Table 14: Flow Rate Data for Various µ
µ = 0.3 µ = 0.4 µ = 0.5 µ = 0.6

z Q z Q z Q z Q

0.00 10.0880 0.00 7.6446 0.00 6.1785 0.00 5.2011
0.18 10.0880 0.18 7.6446 0.18 6.1785 0.18 5.2011
0.54 10.0880 0.54 7.6446 0.54 6.1785 0.54 5.2011
0.72 10.0880 0.72 7.6446 0.72 6.1785 0.72 5.2011
1.02 9.1705 1.02 6.9528 1.02 5.6221 1.02 4.7350
1.20 4.3003 1.20 3.2765 1.20 2.6622 1.20 2.2527
1.38 2.6760 1.38 2.0474 1.38 1.6702 1.38 1.4188
1.50 2.4288 1.50 1.8601 1.50 1.5189 1.50 1.2914
1.62 2.6760 1.62 2.0474 1.62 1.6702 1.62 1.4188
1.80 4.3003 1.80 3.2765 1.80 2.6622 1.80 2.2527
1.98 9.1705 1.98 6.9528 1.98 5.6221 1.98 4.7350
2.34 10.0880 2.34 7.6446 2.34 6.1785 2.34 5.2011
2.52 10.0880 2.52 7.6446 2.52 6.1785 2.52 5.2011
2.70 10.0880 2.70 7.6446 2.70 6.1785 2.70 5.2011
3.00 10.0880 3.00 7.6446 3.00 6.1785 3.00 5.2011

In Figure 23, we present the flow rates for various µ with parameters τ0 = 0.2,K = 8,δ =
0.3,vs = 0.1. Here, the flow rate is higher when µ = 0.3 and is lower when µ = 0.6. Thus, as the
viscosity increases, the flow rate is decreasing.

Figure 23: Flow Rate for Various µ
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For Figure 24, we have the flow rate for various τ0.We use parameters µ = 0.4, K = 8,
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δ = 0.3, and vs = 0.1. The flow rate Q is at its highest when τ0 = 0.1 and it is at its lowest when
τ0 = 0.7. Therefore, as the yield stress increases, the flow rate is decreasing.

Figure 24: Flow Rate for Various τ0
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For Table 15, we have the flow rate for different vs with parameters µ = 0.4, K = 8,δ =
0.3,and τ0 = 0.2. The flow rate values appear to increasing. Hence, as the slip velocity vs is
increasing, the flow rate Q is increasing.

Table 15: Flow Rate Data for Various vs
vs = 0.0 vs = 0.2 vs = 0.4 vs = 0.6
z Q z Q z Q z Q

0.00 7.3304 0.00 7.9587 0.00 8.5870 9.2154
0.36 7.3304 0.36 7.9587 0.36 8.5870 0.36 9.2154
0.54 7.3304 0.54 7.9587 0.54 8.5870 0.54 9.2154
0.90 7.3304 0.90 7.9587 0.90 8.5870 0.90 9.2154
1.02 6.6532 1.02 7.2524 1.02 7.8515 1.02 8.4506
1.20 3.0714 1.20 3.4816 1.20 3.8918 1.20 4.3020
1.38 1.8857 1.38 2.2090 1.38 2.5323 1.38 2.8555
1.50 1.7062 1.50 2.0140 1.50 2.3219 1.50 2.6298
1.62 1.8857 1.62 2.2090 1.62 2.5323 1.62 2.8555
1.80 3.0714 1.80 3.4816 1.80 3.8918 1.80 4.3020
1.98 6.6532 1.98 7.2524 1.98 7.8515 1.98 8.4506
2.16 7.3304 2.16 7.9587 2.16 8.5870 2.16 9.2154
2.70 7.3304 2.70 7.9587 2.70 8.5870 2.70 9.2154
2.88 7.3304 2.88 7.9587 2.88 8.5870 2.88 9.2154
3.00 7.3304 3.00 7.9587 3.00 8.5870 3.00 9.2154
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Figure 25 presents the flow rate for different vs with parameters µ = 0.4, K = 8,δ =
0.3,and τ0 = 0.2. We see that the flow rate is highest when vs = 0.6 and similarly the flow rate is
lowest when vs = 0. Thus, as the slip velocity increases, the flow rate increases as well.

Figure 25: Flow Rate for Various vs
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Conclusion

In this work, an analysis of blood flow through an artery in the presence of a stenosis has

been carried out. Blood was treated as an incompressible, viscous and nonNewtonian (Bingham)

fluid. A set of partial differential equations consisting of the equation of continuity and the

momentum equation are derived first. These equations were applied to analyze the effect of the

stenosis on the blood flow by computing the axial velocity and volumetric flow rate through the

artery. From the computational results obtained using MATLAB, it is observed that stenosis

growth has enormous impact on the axial velocity and flow rate. Increase in the stenosis height

decreases the axial velocity and the flow rate. The velocity and flow rate are minimum when the

stenosis height is maximum. The slip velocity has a positive effect on the axial velocity and the

flow rate. It is found that the yield stress has an opposite effect on both dependent variables.

Increase in pressure drop increases the axial velocity and flow rate, whereas an increase in

viscosity decreases these two variables. Given these results, it is clear that the effect on stenosis

on an artery is greatly influenced by stenosis height, slip velocity, pressure drop, yield stress and

viscosity. It is found that the axial velocity is highest at the center of the artery or constant around

the center of the artery. The axial velocity and flow rate are lowest at the peak of the stenosis. The

axial velocity and flow rate display a decrease as the stenosis height increases and reaches their

minimum at the peak of the stenosis. I would like to thank the committee members for their

suggestions. They are incorporated is this version.
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