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The Movement-Rotation (MR) Correlation Function
and Coherence Distance of VLC Channels

Jiaxuan Chen, Iman Tavakkolnia, Cheng Chen, Zhaocheng Wang and Harald Haas

Abstract—Adaptive transmission based on instantaneous chan-
nel state information is an important methodology to improve
data rates of mobile users, which requires the periodic update of
channel variations. Different from radio frequency (RF) channels,
whose variations are governed by Doppler and multi-path effects,
visible light communication (VLC) channel variations are mainly
related to receiver movements and rotations. In this paper, a
movement-rotation (MR) correlation function is proposed to mea-
sure VLC channel variations with the changes in receiver location
and orientation. The correlation function of VLC channel gain in
the time domain can then be approximated by the MR correlation
function, which is an important criterion for the design of data
transmission frames. It is verified that the approximation by
MR correlation function can approach the actual simulation and
experiment results of VLC channel gain correlation function
in the time domain. In addition, experiment and simulation
results are presented to investigate variation characteristics of
VLC channels in different scenarios. It is shown that a receiver
movement of several decimeters or a change of 10-20 degrees in
the inclined angle of the receiver is required in a typical scenario
in order to observe a distinguishable change of VLC channel gain.

Index Terms—Visible light communications channels, correla-
tion function, channel variations

I. INTRODUCTION

With the increasing deployment of mobile devices, data
traffic in wireless communication networks has grown tremen-
dously in recent years, which requires the use of new spectrum
in addition to the existing radio frequency (RF) spectrum.
Visible light communications (VLC) is a promising candidate
which uses unlicensed spectrum, is energy efficient and can
harness high spatial reuse gains [1], [2]. In VLC networks,
light sources, such as light-emitting-diodes (LED), are utilized
as data transmitters and photodiodes (PDs) serve as receivers.
Due to the much shorter wavelength of visible light compared
with the size of PDs, VLC channels can be modeled by
geometrical optics and are usually dominated by line-of-
sight paths [2], [3]. Therefore, if the receiver location and
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orientation is fixed compared with the transmitter, the VLC
channel is quasi-static. In other words, variations of the VLC
channel for a receiver are mainly incurred by the receiver’s
movements and rotations, which is different from conventional
RF channels [4]. Therefore, the distinctive features of the VLC
channel should be investigated.

The characteristics of the instantaneous VLC channel im-
pulse response assuming fixed LED and PD locations have
been well studied. For instance, the spectral response and the
transmission bandwidth of the VLC channel impulse response
were studied in [3]–[7]. However, in mobile scenarios, due to
the randomness of the receiver orientation and location, VLC
channel gains are actually variable. The probability density
function of VLC channel gains under random receiver location
and orientation was introduced in [8], which shows that VLC
channel gains at different receiver locations and orientations
could be very different. Therefore, it is beneficial to adapt
transmission schemes periodically based on the instantaneous
channel state information (CSI). In [9], [10], it is demonstrated
that adaptive transmission schemes using instantaneous CSI
are able to improve system throughput greatly. However, in
order to obtain those performance gains, the frequency of
CSI updates should be at least similar to the pace of channel
variations to guarantee the accuracy of CSI. Therefore, the
investigation into the dynamic changes of the VLC channel
for mobile receivers is crucial to the design and analysis
of adaptive data transmission, such as deciding when and
where to feedback CSI. In [8], [11], the variation of receiver
orientation over time was investigated, which underpins the
study of VLC channel variations caused by receiver rotation.
Channel variations and sojourn time for LiFi cellular networks
under receiver movements were studied in [12], [13]. However,
there is not yet a general metric to specify the dynamic
changes of VLC channel gain due to the joint effect of receiver
movements and rotations. To avoid any confusion, the receiver
movement only refers to the change in receiver location, while
the change in receiver orientation is referred to as receiver
rotation.

The correlation function of channel gain in the time domain
and coherence time are commonly used to quantify chan-
nel variation characteristics [14]–[16]. For conventional RF
channels, the correlation function in the time domain is deter-
mined by the Doppler effect [14]. However, in VLC systems,
since intensity modulation/direct detection (IM/DD) scheme
is adopted and there is no high-frequency carrier, Doppler
effect is marginal. Hence, the equations about correlation
function of channel gain in the time domain and coherence
time derived for RF channels can not be applied. Instead,
the correlation function of VLC channel gain in the time
domain should be derived by jointly considering the receiver
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movement and rotation characteristics. Nevertheless, since the
correlation function of VLC channel gain in the time domain
only has one variable, namely time, the effects of receiver
movement and rotation are coupled and can not be evaluated
separately. Therefore, a novel correlation function is defined
to measure VLC channel variations due to receiver movement
and rotation directly and without time dependence, referred
to as the movement-rotation (MR) correlation function. The
main contributions of our work are listed below

• Using the general definition of correlation function, the
MR correlation function is proposed to indicate the
dependencies or variations of VLC channel gains as a
function of receiver movement and rotation. Accordingly,
coherence distance is defined to offer a range of receiver
movement and rotation, within which VLC channels stay
relatively stable.

• An approximation of the correlation function of VLC
channel gain in the time domain, as well as coherence
time, is proposed based on the MR correlation function,
given statistical information about receiver movements
and rotations over time.

• Applications of the MR correlation function in system
design are investigated. In particular, the relationship
between CSI feedback frequency and the fluctuations of
the achievable spectral efficiency is studied using the
MR correlation function, which facilitates improving the
efficiency of CSI feedback.

The MR correlation function specifies the features of VLC
channel changes due to receiver movements and rotations.
According to our experiment and simulation results in various
scenarios, a receiver should move several tens of centimeters
or its inclination angle should change 10-20 degrees, in order
to have a distinct channel gain alteration, or more specifically,
to decrease the channel correlation below 90%. At the same
time, utilizing the statistical information of receiver behavior,
such as its velocity, the VLC channel variations as a function
of receiver movement and rotation can be transferred to the
channel variations in the time domain, which can then be used
to determine the frequency of CSI update.

The rest of the paper is organized as follows. In Section II,
the definitions and calculations of the MR correlation function
and coherence distance are introduced. In Section III, experi-
ment and simulation results of the MR correlation function and
coherence distance in an actual VLC system are illustrated,
based on which the features of VLC channel variations in
this VLC system is specified. The features of VLC channel
variations in different scenarios are then compared in Section
IV. In Section V, the MR correlation function is utilized to
approximate the correlation function of VLC channel gain in
the time domain. In Section VI, the MR correlation function is
applied to the analysis of system performances under varying
VLC channels. Finally, conclusions and future works are
drawn in Section VII.
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Fig. 1. A diagram of receiver state including the receiver location R and
receiver orientation {θ, ψ}.

II. MR CORRELATION FUNCTION IN VLC SYSTEMS

A. Definition of the MR correlation function

A point-to-point VLC system is considered, where one
LED serves one user that is equipped with one PD receiver.
The VLC channel gain between the receiver and the LED
is denoted as h(R, θ, ψ), where R denotes the receiver’s
three-dimensional location and {θ, ψ} represent its orientation.
Specifically, θ is the polar angle of the normal vector for the
receiver, while ψ denotes the azimuthal angle, as shown in
Fig. 1. Without loss of generality, receiver location is defined
in a Cartesian coordinate system with the LED as the origin
point. The set including the receiver’s location and orientation
is referred to as a receiver state and is denoted as {R, θ, ψ}.

In order to measure channel variations in the VLC system,
the MR correlation function of VLC channel gain over receiver
movement ∆rn and rotation {∆θ,∆ψ} is defined as,

C(∆rn,∆θ,∆ψ) (1)
= E{(h(R, θ, ψ)− h̄)(h(R + ∆rn, θ + ∆θ, ψ + ∆ψ)− h̄)}

=

∫∫∫
(h(R, θ, ψ)− h̄)(h(R + ∆rn, θ + ∆θ, ψ + ∆ψ)− h̄)

× f(R, θ, ψ|∆rn,∆θ,∆ψ) dR dθ dψ

where n is a normalized vector representing the direction
of receiver movement and ∆r denotes the movement at the
direction n. ∆θ and ∆ψ denote the changes of polar angle
and azimuthal angle respectively. f(R, θ, ψ|∆rn,∆θ,∆ψ) is
the joint probability density function (PDF) of the receiver
location and orientation conditioned on receiver movement and
rotation ∆rn,∆θ,∆ψ. h̄ is the average channel gain from the
LED to the receiver, calculated as

h̄ =

∫∫∫
h(R, θ, ψ)f(R, θ, ψ) dR dθ dψ (2)

where f(R, θ, ψ) denotes the PDF of receiver state {R, θ, ψ}.
Moreover, to provide a fair measurement of VLC channel
variations in different scenarios, the MR correlation function
is normalized as

ρ(∆rn,∆θ,∆ψ) =
C(∆rn,∆θ,∆ψ)

C(0, 0, 0)
(3)

Invoking the definition of coherence time in [15], we can fur-
ther define the coherence distance as follows, which describes
the normalized MR correlation in an inverse point of view.

The movement-rotation (MR) correlation function and coherence distance of VLC channels
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Definition 1. Given the change of receiver orientation as
{∆θ,∆ψ}, coherence distance d(n,∆θ,∆ψ, α) is defined
as the minimum movement r in the direction n, such that
the normalized MR correlation function is smaller than a
threshold α, i.e.,

d(n,∆θ,∆ψ, α) = min{r ∈ R+|ρ(rn,∆θ,∆ψ) ≤ α} (4)

Generally, the coherence distance provides a boundary of
receiver movements and rotations, within which the VLC
channel gains are relatively similar. The threshold α specifies
the similarity of VLC channel gains within the coherence
distance. For example, α = 0.9 indicates that the correlation
of VLC channel gains during a movement in the direction n
is higher than 90% if the receiver movement is shorter than
the coherence distance d(n,∆θ,∆ψ, 0.9) and the change of
receiver orientation is limited by {∆θ,∆ψ}. Whereas, α = 0
means that the VLC channel gain could become entirely
uncorrelated after a receiver movement of d(n,∆θ,∆ψ, 0)
and a receiver rotation of {∆θ,∆ψ}.

We can also get the average coherence distance over all
movement directions, which is denoted as d̄(∆θ,∆ψ, α) and
formulated as

d̄(∆θ,∆ψ, α) = min{r ∈ R+|En{ρ(rn,∆θ,∆ψ)} ≤ α}
(5)

For most mobile users on the ground, the vertical changes
in the receiver location are limited, compared with the hor-
izontal receiver movements [11]. In this work, only receiver
movements in a horizontal user plane are considered, namely
that ∆z is assumed to be zero. Fig. 2 depicts the difference
between coherence distance and average coherence distance.
For the receiver marked by the red cross, the coherence
distance in different receiver movement directions could be
different, when the VLC channel gain or the conditional PDF
of receiver location and orientation is not symmetrical. On the
contrary, by averaging all movement directions, the average
coherence distance d̄(∆θ,∆ψ, α) gives an isotropic boundary
of the receiver movement. Specifically, if receiver rotation is
limited by {∆θ,∆ψ} and the receiver moves a distance shorter
than d̄(∆θ,∆ψ, α) at any direction n, the correlation of VLC
channel gains during the movement is, on average, higher than
α.
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Fig. 2. Illustration of coherence distance and average coherence distance.

B. Calculation of the MR correlation function
The calculation of the MR correlation function is per-

formed by a central controller at the transmitter side, which

requires channel gains h(R, θ, ψ) and the conditional PDF
f(R, θ, ψ|∆rn,∆θ,∆ψ) according to (1). The channel gains
at different receiver states could be sampled by the user and fed
back via its uplink. Interpolation techniques can then be used
at the central controller to get channel gains at any receiver
state. The conditional PDF f(R, θ, ψ|∆rn,∆θ,∆ψ) can be
rewritten as

f(R, θ, ψ|∆rn,∆θ,∆ψ) (6)

=
f(R, θ, ψ,∆rn,∆θ,∆ψ)

f(∆rn,∆θ,∆ψ)

where f(R, θ, ψ,∆rn,∆θ,∆ψ) denotes the PDF that a re-
ceiver movement and rotation ∆rn,∆θ,∆ψ from receiver
state {R, θ, ψ} occurs at a user trajectory. f(∆rn,∆θ,∆ψ)
is the joint PDF of receiver movement and rotation, which
can be calculated after f(R, θ, ψ,∆rn,∆θ,∆ψ). Similar to
the methods in [17], the PDF f(R, θ, ψ,∆rn,∆θ,∆ψ) is
approximated by its discrete version based on collected user
trajectories.

Firstly, the possible values of the multivariable group includ-
ing receiver state, receiver movement and rotation, denoted as
{R, θ, ψ,∆rn,∆θ,∆ψ}, is quantized. Assuming the center
of a quantized region is {Rc, θc, ψc,∆rc,∆θc,∆ψc}, the
quantized region is formulated as{
{R, θ, ψ,∆r,∆θ,∆ψ} : Rc − ε1 ≤ R ≤ Rc + ε1, (7)

θc − ε2 ≤ θ ≤ θc + ε2, ψc − ε3 ≤ ψ ≤ ψc + ε3,

∆rc − ε1 ≤ ∆r ≤ ∆rc + ε1,∆θc − ε2 ≤ ∆θ ≤ ∆θc + ε2,

∆ψc − ε3 ≤ ∆ψ ≤ ∆ψc + ε3

}
where εi, i = 1, 2, 3 determines the size of the quantized
region. A user trajectory is a path for receiver states, which
represents the changes in receiver state over time and can
be denoted as {Rt, θt, ψt}. Rt is the receiver location at
time t and {θt, ψt} denotes the receiver orientation at time t.
After quantization, the user trajectory can then be represented
by a set of quantized regions of receiver state, denoted as
{{Rk, θk, ψk} : 1 ≤ k ≤ N}. {Rk, θk, ψk} is the center
of the k-th quantized region of receiver state that the user
trajectory passes through and N represents the number of all
quantized regions of receiver state on the user trajectory.

As a result, on the quantized user trajectory, each event of
receiver movement and rotation from a receiver state corre-
sponds to a pair {t1, t2 : 1 ≤ t1, t2 ≤ N}. Specifically, the
event related to the pair {t1, t2} means the receiver movement
and rotation {Rt2 −Rt1 , θt2 − θt1 , ψt2 − ψt1} from receiver
state {Rt1 , θt1 , ψt1}, which is denoted by the multivariable
group {Rt1 , θt1 , ψt1 ,Rt2 −Rt1 , θt2 − θt1 , ψt2 − ψt1}.

Therefore, the probability of the multivariable group
{R, θ, ψ,∆rn,∆θ,∆ψ} landing in one quantized region can
be calculated as the number of events related to the specific
quantized region divided by the number of all events. More
specifically, we have

f(R, θ, ψ,∆rn,∆θ,∆ψ)dRdθdψd∆rnd∆θd∆ψ (8)

=
A(R, θ, ψ,∆rn,∆θ,∆ψ)

B
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where A(R, θ, ψ,∆rn,∆θ,∆ψ) means the number of events
on the collected user trajectories whose corresponding mul-
tivariable group lies in the same quantized region as
{R, θ, ψ,∆rn,∆θ,∆ψ}. B denotes the number of all events.
Large number of events should be considered to improve
the approximation accuracy of (8), which can be achieved
by utilizing more number of user trajectories. Afterwards,
f(R, θ, ψ) and f(R, θ, ψ|∆rn,∆θ,∆ψ) can be calculated
according to f(R, θ, ψ,∆rn,∆θ,∆ψ).

It is worth noting that it is not necessary to collect channel
gains and user trajectories simultaneously. To ensure the ac-
curacy of f(R, θ, ψ,∆rn,∆θ,∆ψ), multiple user trajectories
should be used. Each quantized region of the receiver state
might belong to several trajectories. However, it is redundant
to collect and store the channel gain in a certain quantized
region of the receiver state multiple times when different
user trajectories pass it, because the channel gain at a certain
receiver state is quasi-static. When the receiver movement
pattern changes, we only have to update the database of user
trajectories. There is no need to collect VLC channel gains at
different receiver states again. Therefore, it can be an efficient
way to process and store the channel gains h(R, θ, ψ) and
joint PDF f(R, θ, ψ,∆rn,∆θ,∆ψ) separately.

III. THE ILLUSTRATION OF MR CORRELATION FUNCTION
IN A TYPICAL VLC SYSTEM

In this section, the MR correlation function of the VLC
channel gain in an empty room is illustrated. According to (1),
the calculation of the MR correlation function needs the VLC
channel gain at different receiver states, h(R, θ, ψ), as well
as the conditional PDF of receiver location and orientation,
f(R, θ, ψ|∆r,∆θ, ψ). Firstly, we conducted an experiment to
measure the VLC channel gains in a 2.6 m × 2.6 m room,
where a lamp is deployed at the center of the ceiling for data
transmission and is 2.31 meters above the floor. According to
the instruction manual of the lamp used in the manuscript, its
semi-angle at half illuminance, denoted as Φ1/2, is 33◦. An
LED light meter is utilized to test channel gains on the floor
and its field-of-view (FOV), denoted as Φc, is 80◦.
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Fig. 3. The experiment setup.

In the experiment, the channel gains on the 1.8 m line
segment from the center of the floor to the corner were tested,
as illustrated by the red line segment in Fig. 3. The spacing
between two adjacent testing points is 0.1 m. At each testing

point on the line segment, the channel gains, having ψ sampled
from 0 to 360◦ with an interval of 90◦, and θ sampled from 0
to 90◦ with an interval of 10◦, are tested. Afterwards, linear
interpolation is utilized to obtain the channel gain at any
receiver state on the line segment.

Since the illuminance of the lamp is symmetrical in terms of
the receiver state, the VLC channel gains at other points on the
floor can be acquired by the tested channel gains on that line
segment. Specifically, any receiver state {R2, θ2, ψ2} on the
floor can be obtained by rotating a receiver state {R1, θ1, ψ1}
on the red line around the z-axis by an angle φ. As shown
in Fig. 3, there exist R1 and φ, such that R2 = T (φ)R1,
ψ2 = ψ1 + φ and θ2 = θ1, where T (φ) is the rotation matrix
about z-axis by an angle φ. Due to the symmetrical illuminance
of the lamp, we have h(R2, θ2, ψ2) = h(R1, θ1, ψ1).

Figure 4 shows the tested VLC channel gain divided by
its maximum value, when θ = 0◦. It can be seen that the
VLC channel gain in the room is symmetrical in terms of the
receiver location and can reach the peak value at the center of
the room when the receiver orientation is upward. When the
receiver orientation is not vertical, the VLC channel gain is
not a symmetrical function over the receiver location anymore
and the peak of the VLC channel gain curve will shift from
the center, as shown in Fig. 5
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Fig. 4. The experimental VLC channel gains when θ = 0◦.
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Fig. 6. The normalized MR correlation function of the experimental VLC
channel gains with ∆θ = 0◦ and ∆ψ = 0◦.

To compute the MR correlation function, the con-
ditional PDF of receiver location and orientation, i.e.
f(R, θ, ψ|∆rn,∆θ,∆ψ), is required, besides the VLC chan-
nel gain h(R, θ, ψ). [8], [11] have conducted experiments to
study user trajectories, based on which the authors proposed
a user mobility model. Instead of repeating the experiments
in [8], [11], we directly adopt the orientation-based random
waypoint (ORWP) mobility model in [8] to simulate user
trajectories in this work, where the polar angle θ obeys the
truncated Gaussian distribution with a mean of 28◦ and a
standard deviation of 7.8◦. Then, the conditional PDF of
receiver location and orientation is computed as in (8). 5000
user trajectories, including more than 1.5×105 receiver states
in the discrete formulation of these user trajectories, are
utilized, in order to realize a tradeoff between the accuracy
and computational complexity. Given the conditional PDF
of receiver location and orientation f(R, θ, ψ|∆rn,∆θ,∆ψ)
and the experimental VLC channel gain h(R, θ, ψ), the MR
correlation function of the experimental VLC channel gain
can be calculated by (1). Fig. 6 shows the normalized MR
correlation function of the experimental VLC channel gain
when ∆θ and ∆ψ are both 0. For example, the normalized
MR correlation function ρ(∆rn, 0, 0) ' 0.9 when ∆r is
about 0.3 m, while when ∆r is around 1.2 m, the normalized
MR correlation function approximately drops to 0. According
to the curves of the VLC channel gain in Figs. 4 and 5, a
movement of 0.3 m yields fairly small channel variations.
However, after a movement of 1.2 m, the VLC channel gain
could become completely different. For instance, a user could
step from the dark area to the bright area or to the opposite
dark area by moving 1.2 m. Therefore, to avoid apparent
channel changes, receiver movement should be bounded by
the coherence distance or average coherence distance with a
high threshold α.

Since the MR correlation function is a multivariable func-
tion, it is difficult to get an explicit impression on the effects of
all its parameters directly. Coherence distance and average co-
herence distance, namely d(n,∆θ,∆ψ, α) and d̄(∆θ,∆ψ, α),
are easier ways to describe the effects of receiver movement
and rotation visually. Fig. 7 shows the average coherence
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Fig. 7. The average coherence distance of the experimental VLC channel
gains with α = 0.9.

distance of the experimental VLC channel gain with α = 0.9,
based on the MR correlation function. In general, when
∆θ,∆ψ equal to 0, the average coherence distance with
threshold α = 0.9 is around 0.3 m, which means the channel
gain at a position is in average 90% correlated with the channel
gain 0.3 m away. However, if the receiver rotation is non-
negligible, the average coherence distance will be decreased.
When ∆θ is around 17 degrees, the average coherence distance
is nearly zero, which means that the correlation between VLC
channel gains will drop lower than 0.9 after θ changing 17
degrees regardless of receiver movement. In addition, the
average coherence distance is nearly zero if ∆ψ ≥ 114
degrees. Therefore, the alteration of the azimuthal angle ψ
should be less than 114 degrees to keep the VLC channel
relatively static. This also indicates that VLC channel gains are
more sensitive to the alteration of polar angle θ than azimuthal
angle ψ.
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Figure 8 illustrates the average coherence distance of the
experimental VLC channel gain with α = 0.4. It can be
seen that the impact of receiver rotation on average coher-
ence distance with α = 0.4 is reduced in comparison to
that with α = 0.9. For instance, in Fig. 8, the average
coherence distance decreases only slightly with the increase
of ∆ψ. Therefore, although receiver rotations could affect
VLC channel stability greatly, it is difficult to get nearly
uncorrelated channel gains only via receiver rotations. In
other words, receiver rotations usually lead to small channel
fluctuations, while receiver movements result in large scale
channel variations.

0

200

0.05

0.1

0.15

100 40

A
v
e

ra
g

e
 c

o
h

e
re

n
c
e

 d
is

ta
n

c
e

 (
m

)

0.2

0.25

20

 (degree)

0

0.3

 (degree)

0

0.35

-100
-20

-200 -40

Fig. 9. The average coherence distance of the simulated VLC channel gains
with α = 0.9.

Moreover, we simulate VLC channel gains according to the
general VLC channel model in [4], using the same parameters
as the lamp and receiver in the experiments. Accordingly,
the MR correlation function of the simulated channel gains
is calculated, using the same conditional PDF of receiver
location and orientation as in Fig. 7. Fig. 9 shows the average
coherence distance of the simulated VLC channel gain with
α = 0.9, which matches well with the coherence distance of
the experimental VLC channel gain in Fig. 7. Therefore, a
credible estimation of the MR correlation function and coher-
ence distance can be provided using the general simulation
model of VLC channel gains. In the following sections, the
VLC channel gains in other VLC systems are computed via
simulations.

IV. IMPORTANT FACTORS IN VLC CHANNEL VARIATIONS

The coherence distance and average coherence distance vary
with the statistical characteristics of user trajectories, as well as
the placement of LEDs. Therefore, in this section, coherence
distance and average coherence distance under different types
of user trajectories and LED deployments are analyzed.

Considering a 6 m × 6 m room, an LED is deployed at
the center of the ceiling with a height of 2.31 m. As shown
in Fig. 10, several cases of user trajectories are considered, in
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Fig. 10. Illustration of LED deployment and user movement.

order to investigate VLC channel variations with different user
movement ranges and different user movement directions.

Case 1) Moving in area B with direction n1 (away from
the LED)

Case 2) Moving in area B with direction n2 (toward the
LED)

Case 3) Moving in area B with direction n3

Case 4) Moving in area C with direction n1 (away from
the LED)

Case 5) Moving in area C with direction n2 (toward the
LED)

Case 6) Moving in area C with direction n3

Case 7) Moving around in the center area A
Case 8) Moving around in the whole 6 m × 6 m area
Receiver location is assumed to be equal to user location.

For Case 7 and 8, user trajectories are simulated using the
ORWP mobility model in [8]. For Cases 1-6, user trajectories
satisfying the specific movement range and direction are
selected from those for Case 7 and 8. In the ORWP mobility
model, two modes for the polar angle θ are considered. In
mode 1, θ obeys a truncated Gaussian distribution with a
mean of θ0 = 28◦ and a standard deviation of σ = 7.8◦,
which relates to the scenario where users walk with receivers
(their cell phones) in front of them [11]. In mode 2, θ obeys
a truncated Gaussian distribution with a mean of θ0 = 0◦ and
a standard deviation of σ = 7.8◦, in order to model the orien-
tation of receivers deployed at the top of automatic machines,
like robot vacuum cleaners. In addition, the azimuthal angle of
the receiver is assumed to be opposite to the azimuthal angle
of the user moving direction, namely ψ = Φ + π, where Φ
denotes the azimuthal angle of user movement direction n.
This is because users usually hold their phones in front of
them, with the screen facing them [11]. Given the simulated
user trajectories, the conditional PDF of receiver location and
orientation can be computed as in (8). In addition, the channel
gains at different receiver states are calculated according to
the channel model in [4]. As a result, the MR correlation
function, coherence distance and average coherence distance
can be calculated by (1), (4) and (5), respectively.

To illustrate the effects of receiver movement and rotation,
there are three key points on the coherence distance or average
coherence distance curve, such as the three points marked in
Fig. 7. They are 1) (average) coherence distance when the
receiver orientation is fixed, i.e. d(n, 0, 0, α) and d̄(0, 0, α);
2) the minimum value of ∆θ that satisfies d(n,∆θ, 0, α) = 0
or d̄(∆θ, 0, α) = 0, referred to as coherence polar angle and

The movement-rotation (MR) correlation function and coherence distance of VLC channels
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TABLE I
COHERENCE DISTANCE AND COHERENCE POLAR ANGLE FOR CASES 1 TO

6 WITH α = 0.9

Mode 1 Mode 2
d(0, 0, 0.9) θcoh d(0, 0, 0.9) θcoh

Case 1 0.31 m 17.2◦ 0.28 m 22.9◦

Case 2 0.25 m 17.2◦ 0.28 m 22.9◦

Case 3 0.58 m 17.2◦ 0.66 m 22.9◦

Case 4 0.16 m 22.9◦ 0.15 m 22.9◦

Case 5 0.14 m 17.2◦ 0.15 m 22.9◦

Case 6 0.9 m 22.9◦ 0.9 m 28.6◦

denoted as θcoh; 3) the minimum value of ∆ψ that satisfies
d(n, 0,∆ψ, α) = 0 or d̄(0,∆ψ, α) = 0, named as coherence
azimuthal angle. Since the VLC channel gain is fairly tolerant
to the changes of azimuthal angle ψ1, we mainly discuss the
(average) coherence distance d(n, 0, 0, α) and d̄(0, 0, α), and
the coherence polar angle in this section.

Given α = 0.9, Table I lists the coherence distance
d(n, 0, 0, α) and coherence polar angle for Cases 1-6 with
FOV = 80◦ and Ψ1/2 = 30◦. Firstly, by comparing Case 1
and Case 4 with Case 3 and Case 6, it can be seen that the
coherence distance when a user is moving away or towards
the LED is smaller than the coherence distance when the
user’s movement direction is nearly perpendicular to the line
segment from the LED to the user. Since the VLC channel
gain is a decreasing function of the relative distance between
the LED and receiver, when a user moves in the direction
n1 in the area B or area C, the relative distance between the
LED and receiver increases rapidly, with the channel gain also
rapidly decreasing. On the contrary, if the user moves in the
direction n3, which is nearly perpendicular to the line segment
from the LED to the receiver in the area B or area C, the
distance between the LED and receiver varies slower, resulting
into slower changes in the VLC channel gain. Secondly, if
the receiver is inclined as in mode 1, the coherence distance
when the user is moving away from the LED is different from
that when the user is moving toward the LED. When a user
is moving away from the LED, the receiver faces the LED,
resulting in a smaller angle of incidence and more stable VLC
channel gain. Therefore, the coherence distance when the user
moving away from the LED (Case 1 and Case 4) is larger than
that when the user moving toward the LED (Case 2 and Case
5). However, when the receiver orientation is almost vertical
as in mode 2, Case 1 and Case 4 are equivalent to Case 2 and
Case 5. Besides, it is shown that the coherence polar angle for
mode 2 is a little larger than mode 1 for all cases, since the
VLC channel becomes more sensitive to rotations when the
receiver is already tilted.

Table II compares the average coherence distance d̄(0, 0, α)
and coherence polar angle for Cases 7 and 8 with α = 0.9,
FOV = 80◦ and Ψ1/2 = 30◦. Since VLC channel gains be-
come more sensitive to receiver movements and rotations when
the user is close to the LED, the average coherence distance
and coherence polar angle decrease when user trajectories are
limited to the center area A. In addition, we can see that mode

1The coherence azimuthal angle is more than 90 degrees most of the time.

TABLE II
AVERAGE COHERENCE DISTANCE AND COHERENCE POLAR ANGLE FOR

CASE 7 AND 8 WITH α = 0.9

Mode 1 Mode 2

d̄(0, 0, 0.9) θcoh d̄(0, 0, 0.9) θcoh
Case 7 0.34 m 11.4◦ 0.33 m 11.4◦

Case 8 0.49 m 28.6◦ 0.49 m 28.6◦

TABLE III
AVERAGE COHERENCE DISTANCE AND COHERENCE POLAR ANGLE FOR

DIFFERENT Φ1/2 AND FOV, WITH θ AT MODE 1 AND α = 0.9

Φ1/2 = 30◦ Φ1/2 = 60◦

d̄(0, 0, 0.9) θcoh d̄(0, 0, 0.9) θcoh
FOV=80◦ 0.49 m 28.6◦ 0.60 m 22.9◦

FOV=60◦ 0.47 m 22.9◦ 0.51 m 17.2◦

FOV=30◦ 0.20 m 5.7◦ 0.24 m 5.7◦

1 and mode 2 have a similar average performance, although
there might be differences on some specific user trajectories.

Table III presents the average coherence distance d̄(0, 0, α)
and coherence polar angle for Case 8 with different Φ1/2

and FOV when polar angle θ is at mode 1 and α = 0.9.
As the receiver’s FOV narrows, the received VLC channel
gain could change greatly even with slight receiver movements
and rotations. Therefore, the average coherence distance and
coherence polar angle will be decreased. Meanwhile, since a
wide emitting light beam generates more even illumination in
a space than a narrow emitting light beam, the coherence dis-
tance when Φ1/2 = 60◦ is greater than that when Φ1/2 = 30◦.

The (average) coherence distance and coherence polar angle
vary with different shapes of LED light beams, different FOV
of receivers, as well as different types of user trajectories.
However, most of the time, the (average) coherence distance
with α = 0.9 is several tens of centimeters and coherence polar
angle is about 10-20 degrees. In other words, the VLC channel
gain would remain relatively static if the receiver movement
is within several tens of centimeters and the receiver rotation
is less than 10 degrees. In addition, it can be concluded from
Tables I to III that FOV and receiver movement patterns are
two main influential factors to VLC channel variations. Since
user trajectories are usually uncontrollable, an effective way
to change channel variation characteristics is to change the
receivers’ FOV.

Besides, in multiple-input-multiple-output (MIMO) systems
where a user is equipped with multiple PD receivers, those PDs
for one user should have differentiable channel gains in order
to obtain spatial multiplexing gain. Therefore, according to
the analysis of coherence distance above, the spacing between
those PDs should be at least several tens of centimeters. The
spacing can be reduced if a lens is utilized to separate light
from different directions. In this way, the effective FOV for
each PD in the PD array is actually narrowed, and thus, the
average coherence distance can be reduced. On the other hand,
the spacing can also be reduced by adopting PDs with different
orientations. Since coherence polar angle with α = 0.9 is
around 10-20 degrees, it is recommended that the difference
between PD inclinations is in the order of 10 degrees.

The movement-rotation (MR) correlation function and coherence distance of VLC channels
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Ct(τ) = E{(ht − h̄)(ht+τ − h̄)} = E{(h(Rt, θt, ψt)− h̄)(h(Rt+τ , θt+τ , ψt+τ )− h̄)} (10)
' E{(h(Rt, θt, ψt)− h̄)(h(Rt + vτn, θt + ∆θτ , ψt + ∆ψτ )− h̄)}
= En,∆θτ ,∆ψτ {C(vτn,∆θτ ,∆ψτ )}

V. CORRELATION FUNCTION OF VLC CHANNEL GAIN IN
THE TIME DOMAIN

For a mobile user, the receiver location and orientation
change with time, which leads to temporal VLC channel vari-
ations. The rate of VLC channel variations can be evaluated
by the correlation function of VLC channel gain in the time
domain. To calculate the correlation function of the VLC
channel gain in the time domain, uniformly sampled user
trajectories are usually required [11]. In order to capture VLC
channel variations in various situations precisely, such as under
different user velocities, the sampling rate of user trajectories
has to be high. However, this leads to redundant data col-
lection in scenarios where users move slow. If collected user
trajectories have different sampling rates, extra data processing
has to be performed [11]. To utilize user trajectories sampled
with different rates more easily and to evaluate temporal VLC
channel variations with only statistical information on receiver
movements and rotations over time, we have the following
assumptions,

• A user moves with constant velocity in a short period of
time. Therefore, user trajectories can be approximated by
connected line segments.

• The polar angle θ keeps constant within the coherence
time of θ, while θ at time t + τ is independent of θ at
time t if the time lag τ is larger than the coherence time2.

• The azimuthal angle ψ is invariant when the user moves
along a line segment in the user trajectory. The re-
ceiver’s azimuthal angle takes independent values when
the receiver is at different line segments. The changes of
azimuthal angle ψ are independent of the changes of θ.

The correlation function of h in the time domain is defined
by [14]

Ct(τ) , E{(ht − h̄)(ht+τ − h̄)} (9)

where ht denotes the VLC channel gain at time t.
Based on the above assumptions, the correlation function

of VLC channel h in the time domain can actually be
approximated by the MR correlation function as formulated
in (10) at the top of the this page, where Rt, θt, ψt denote
the location, polar angle and azimuth angle of the receiver at
time t. The user velocity is denoted as v. In addition, ∆θτ
and ∆ψτ denote the changes of θ and ψ after a time lag τ ,
respectively. It is worth noting that the joint PDF of receiver
location and orientation is calculated as shown in (8) for the
MR correlation function, which can deal with user trajectories
using different sampling rates.

2The coherence time of θ refers to the time lag τ that leads to the correlation
function of polar angle θ being 0, as discussed in [11].
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Fig. 11. The comparison between the normalized correlation function of the
VLC channel gain in the time domain and its approximation based on MR
correlation function.

According to assumption 2, the PDF of ∆θτ is given by

f(∆θτ ) =
{ δ(∆θτ ) τ < τa∫∞

−∞ f(θ)f(θ + ∆θτ ) dθ τ ≥ τa
(11)

where τa denotes the coherence time of θ discussed in [11]
and f(θ) denotes the PDF of θ. δ(·) is the Dirac function. The
PDF of ∆ψτ can be approximated by

f(∆ψτ ) = (1− τv

L
)δ(∆ψτ ) +

τv

L

∫ ∞
−∞

f(ψ)f(ψ + ∆ψτ ) dψ

(12)

where L denotes the average length of a line segment on the
user trajectory and f(ψ) is the PDF of ψ. The explanation of
(12) is in the Appendix. In addition, the unit vector represent-
ing the receiver movement direction, i.e., n, is assumed to be
uniformly distributed in the horizontal user plane, namely that
the azimuthal angle of n is uniformly distributed in [0,2π],
and is independent of ∆θτ and ∆ψτ .

Essentially, via (10)–(12), the correlation function of the
VLC channel gain in the time domain can be approximated
by the MR correlation function using only the statistical
distribution of the receiver movements and rotations. The
coherence time of the VLC channel gain with the threshold
of α can then be calculated accordingly, which is given by

τ(α) = min
{
τ ∈ R+ :

Ct(τ)

Ct(0)
≤ α

}
(13)

Figure 11 compares the normalized correlation function of
the VLC channel gain in the time domain, namely Ct(τ) in
(9) divided by Ct(0), and its approximation via (10). The
LED is at the center of the room, 2.31 m higher than the user

The movement-rotation (MR) correlation function and coherence distance of VLC channels
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plane, and the ORWP mobility model is utilized to simulate
the user trajectories, assuming v =1m/s, θ0 = 28◦, and
σ = 7.8◦ [8]. Regarding the experimental result in Fig. 11,
ht is obtained by inquiring the channel gain at each point
on the user trajectory from the experiments in Section III
and then the correlation function of ht in the time domain
is computed by (9). Whereas, for the simulation results in
Fig. 11, the channel gain at each point on the trajectory is
simulated using the channel model in [4] with the identical
parameters to the experiments. The approximation by MR
correlation function is calculated as in (10). In particular,
to compute the MR correlation function, the channel gains
h(R, θ, ψ) are simulated using [4] and the conditional PDF of
receiver location and orientation is calculated by (8) according
to history user trajectories. The history user trajectories are not
identical to the user trajectory used to calculated ht but they
are simulated by the ORWP model with the same parameters.
It is shown that the approximated correlation function of ht
in the time domain closely matches with the simulated and
experimental results. Therefore, the MR correlation function
is capable of approximating channel variations over time
well, although only the statistical information about receiver
location and orientation instead of the actual user trajectories
are known. In addition, it can be seen from Fig. 11 that the
coherence time when the user trajectory is limited to a small
center area is shorter than that when the user moves in a wide
space, which aligns with the results about coherence distance
in Table II.
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Fig. 12. The normalized correlation function of the VLC channel gain in the
time domain with different FOV and Ψ1/2.

Figure 12 illustrates the normalized correlation function
of ht in the 6 m × 6 m room specified in Section IV
with different FOV and Ψ1/2. The ORWP mobility model
is utilized to simulate user trajectories, assuming v =1m/s,
θ0 = 28◦, and σ = 7.8◦. Similar to the results about coherence
distance in Section IV, the FOV of receiver is more influential
on VLC channel variations. In addition, it can be seen that
the difference between the approximation of Ct(τ) by the
MR correlation function and the simulation result of Ct(τ)
increases a bit when time τ increases. This is because the
assumption, that a user moves with a constant velocity at a
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Fig. 13. The approximated correlation function of ht in the time domain
after normalization with different standard deviation of the polar angle.

fixed direction, is not very accurate in the long term. Therefore,
the approximation of Ct(τ) could deviate from the simulation
result when τ becomes large. Especially when the FOV of
receiver is very narrow, the VLC channel gain changes more
sharply with the receiver movements and rotations. In this
case, the inaccurate assumption of receiver movements could
lead to the increased approximation error, as shown in Fig.
12. However, even when the FOV of receiver is narrow,
the approximation of Ct(τ) by the MR correlation function
matches well with the simulation result before the normalized
Ct(τ) decreases to 0.2.

Figure 13 shows the approximation of the normalized
correlation function of ht in the time domain as shown in
(10) with different standard deviation of θ in the 6 m × 6
m room. The room layout is illustrated in Section IV and the
ORWP mobility model is utilized to simulate user trajectories,
assuming v =1m/s, θ0 = 28◦, and σ = 7.8◦. The changes of
receiver orientation could be much faster than the receiver
movement for low-speed mobile users. Therefore, when the
standard deviation of receiver polar angle is intensified, the
normalized channel correlation of the VLC channel gain in
the time domain will quickly drop to a level smaller than 0.9
due to the effect of receiver rotations. Then, the decrease of Ct
slows down. This is for the reason that receiver rotation usually
leads to small fluctuations of the VLC channel gain, and to
get relatively low channel correlation needs the accumulation
of receiver movements, which is in accordance with the
discussion about average coherence distance in Fig. 8.

VI. THE ANALYSIS OF SPECTRAL EFFICIENCY VARIATIONS

As discussed in previous sections, the MR correlation
function evaluates the VLC channel variation caused by the
receiver movement and rotation. Moreover, the MR correlation
function is able to approximate the correlation function of
the VLC channel gain in the time domain. Accordingly,
the coherence time, during which the VLC channel keeps
relatively static, can be estimated.

Therefore, an important application of the MR correlation
function is to help design the length and structure of data

The movement-rotation (MR) correlation function and coherence distance of VLC channels
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transmission frames, aiming to ensure the stability of system
performance and at the same time improve the efficiency
of CSI feedback. Intuitively, when the estimated coherence
time of the VLC channel is long, CSI update rate can be
reduced. On the contrary, when the estimated coherence time
is short, such as when users are moving in high-speed, CSI
should be fed back more frequently to ensure robust system
performance under varying VLC channels. However, how to
choose a coherence time with a proper α as the criterion for
CSI feedback and transmission adaptation still needs to be
investigated.

In order to illustrate the relationship between system per-
formance and MR correlation function more specifically, we
take a single-input-single-output (SISO) VLC system as an
example. In the SISO VLC system, the user estimates the
instantaneous CSI based on received signals and then feeds
the CSI back to the transmitter, which is repeated each period
of T for adaptive data transmission. Since the VLC channel is
relatively stable within the coherence time, it is sensible to set
the CSI feedback period T as the coherence time τ(α) with
a threshold α. The coherence time τ(α) can be calculated
according to the MR correlation function as shown in (13).
Afterwards, the transmitter can adapt the transmitting power
based on the CSI feedback to achieve a required spectral
efficiency. Specifically, the transmitting power P during the
k-th CSI feedback period is adjusted to satisfy the following
equation

log2(1 +
P |hkT |2

σ2
) = Rth (14)

where Rth denotes the expected spectral efficiency, σ2 is the
noise power and hkT refers to the CSI fed back at the kth
period. More specifically, hkT is the instantaneous channel
gain estimated at time kT , the start of the k-th CSI feedback
period. Due to the variations of the VLC channel, hkT is not
exactly the same as the channel after a time lag τ < T . Hence,
the true spectral efficiency at the time kT + τ is given by

R = log2(1 +
P |hkT+τ |2

σ2
) = log2(1 +

P |hkT + ∆h|2

σ2
)

(15)

= Rth +
2log2(e)P ĥ/σ2

1 + P |ĥ|2/σ2
∆h

= Rth +
2log2(e)P |ĥ|2/σ2

1 + P |ĥ|2/σ2

∆h

ĥ

where ĥ is a value between hkT and hkT+τ according to
the Lagrange’s Mean Value Theorem. Therefore, the average
difference between the true spectral efficiency and Rth can be
formulated as

E{|R−Rth|} = E{2log2(e)P |ĥ|2/σ2

1 + P |ĥ|2/σ2

|∆h|
ĥ
} (16)

≤E{2log2(e)
|hkT+τ − hkT |

ĥ
}

where E{·} means the expectation operation. Moreover, since
the signal-to-noise ratio (SNR) for users in a VLC system is
usually larger than 1 [19], [20], (16) can be rewritten as

E{|R−Rth|} = E{2log2(e)P |ĥ|2/σ2

1 + P |ĥ|2/σ2

|∆h|
ĥ
} (17)

'E{2log2(e)
|hkT+τ − hkT |

ĥ
}

The average spectral efficiency fluctuation compared with Rth

in a CSI feedback period can then be bounded by

E{|R−Rth|} (18)
(a)

≤ 2log2(e)

√
E{(hkT+τ − hkT )2}E{ 1

ĥ2
}

=2log2(e)

√
2
E{(hkT − h̄)2 − (hkT+τ − h̄)(hkT − h̄)}

E{(hkT − h̄)2}

×
√
E{(hkT − h̄)2}E{ 1

ĥ2
}

' 2log2(e)

√
2Ct(0)E{ 1

h2
kT

}

√
1− Ct(τ)

Ct(0)

(b)

≤ 2log2(e)

√
2Ct(0)E{ 1

h2
kT

}
√

1− α , e(α)

where (a) holds due to the Cauchy-Bunyakovsky-Schwarz
inequality. In the fourth line, E{ 1

ĥ2
} is approximated by

E{ 1
h2
kT
} based on the assumption that VLC channel variations

are limited within the coherence time and thus the difference
between hkT , hkT+τ and ĥ should be small3. Meanwhile, (b)
is derived according to the definition of coherence time in
(13). As shown in (18), the difference between the true spectral
efficiency and Rth is limited by a square root function of 1−α,
denoted as e(α). With a large α, the CSI feedback period
τ(α) is short, leading to small spectral efficiency variations
but high feedback overhead. On the contrary, choosing a CSI
feedback period corresponding to a small α could reduce the
feedback overhead at the expense of large spectral efficiency
fluctuations. Therefore, given the upper bound function e(α)
of spectral efficiency fluctuations, the system could determine
a proper α to realize a tradeoff between spectral efficiency
fluctuations and the cost of CSI feedback.

Figure 14 illustrates the average spectral efficiency fluctu-
ation, namely, E{|R − Rth|}, with different α for the CSI
feedback period τ(α). To compute E{|R−Rth|} and its upper
bound e(α), ht is simulated according to the ORWP model
and Ct is approximated by the MR correlation function as
in Section V, assuming v = 1 m/s, θ0 = 28◦, σ = 7.8◦

and FOV = 80◦. The average spectral efficiency fluctuation
approaches 0 when α ' 1, because, in this case, τ(α) is
extremely small and the transmitter could get the newest CSI.
As α decreases, τ(α) becomes longer and the accuracy of CSI
feedback will be degraded, which aggravates the instability
of the achievable spectral efficiency accordingly. The upper

3To avoid 1
h2 getting impractically large due to some extremely small

values of h, we compute E{ 1
h2+ς

} instead, where ς is a relatively small
number compared to the average channel gain.
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Fig. 14. The average fluctuation of spectral efficiency from Rth with different
α for CSI feedback period τ(α).

bound e(α) could give a rough depiction of the relationship
between α and E{|R − Rth|} using a simple expression.
Moreover, it is fairly safe to determine α and CSI feedback
period τ(α) based on e(α), since the actual spectral efficiency
fluctuation will be smaller than that indicated by the upper
bound. For instance, in Fig. 14, the upper bound e(α) is about
2 times larger than the actual spectral efficiency fluctuation. In
addition, it is shown that the fluctuation of spectral efficiency
is also related to the factor

√
2Ct(0)E{ 1

h2 }. If the LED
illumination is uneven, such as when the emitting light beam
is narrow or the room is relatively spacious,

√
2Ct(0)E{ 1

h2 },
particularly E{ 1

h2 }, is big, which indicates the quick growth
of the spectral efficiency fluctuation with the decrease of
α. Therefore, the proper α for different scenarios should be
decided adaptively based on e(α).

VII. CONCLUSIONS AND FUTURE WORK

In this paper, the MR correlation function is proposed
as a useful tool to evaluate VLC channel variations due to
receiver movements and rotations. Moreover, the correlation
function of the VLC channel gain in the time domain and
the coherence time can also be approximated by the MR
correlation function to measure channel variations over time,
which facilitates determining data transmission frames and
CSI feedback frequency. Various parameters that influence the
MR correlation function have been studied via simulations
and experiments, where receiver’s FOV is an influential factor.
Meanwhile, it is found that a receiver movement of several tens
of centimeters or a change of 10-20 degrees in the inclined
angle of the receiver is required in a typical scenario in order
to observe a distinguishable change of VLC channel gain.

In the future work, we would like to investigate the exten-
sions of the MR correlation function, to evaluate channel vari-
ations in more complicated scenarios. Several future research
directions are listed

1) Extend the definition of MR correlation function to
multiple-LED scenarios. The MR correlation function evalu-
ates the variations of the VLC channel between an LED and a

PD. When there are multiple LEDs, how the VLC channel gain
vector between one PD and multiple LEDs changes should be
investigated.

2) Extend the definition of MR correlation function to
investigate the effects of vertical receiver movements on the
VLC channel variations. In this paper, only the horizontal
receiver movements are considered. Actually, the receiver
movement could include both vertical and horizontal compo-
nents. These two components could have different probabilities
of occurrence and different ranges of variations. How the
VLC channel gain changes under vertical and horizontal
receiver movements, as well as receiver rotations, should be
investigated.

3) Extend the definition of MR correlation function in order
to measure the stability of the link between a PD and an LED.
When the FOV of the receiver or the emitting light beam is
extremely narrow, the VLC channel gains within the coverage
of an LED are fairly even but the coverage itself is small,
leading to high outage probability. In this case, the changes of
PD-LED link availability, besides the actual changes of VLC
channel gain, should be investigated.

APPENDIX

A. Explanation of (12)
According to the assumption of receiver movements and

rotations in Section V, the trajectories of a receiver can
be approximated by connected line segments. On each line
segment, the azimuthal angle ψ can be assumed constant.
Therefore, supposing the length of a line segment is l and
user velocity as v, there is a probability of 1 − τv

l that the
receiver will move on this line segment for at least a duration
of τ . In this situation, ∆ψτ = 0. The probability that the
receiver is at the end part of this segment and will turn to
next line segment within the duration τ is τv

l . In this case,
∆ψτ = ψ2 − ψ1, where ψ1 is the current azimuthal angle
and ψ2 is the value of the azimuthal angle on the next line
segment. According to the assumption in Section V, ψ2 and
ψ1 are independent and identically distributed random variable
with PDF as f(ψ). Therefore, the PDF of their difference
∆ψτ is equal to

∫∞
−∞ f(ψ)f(ψ + ∆ψτ ) dψ. Replacing l by

the average length of a line segment L, the PDF of ∆ψτ can
be approximated by (12).
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