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Nearly scale-invariant curvature modes from entropy perturbations
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In this paper we describe how a spectrum of entropic perturbations generated during a period of slow
contraction can source a nearly scale-invariant spectrum of curvature perturbations on length scales larger
than the Hubble radius during the transition from slow contraction to a classical nonsingular bounce (the
“graceful exit” phase). The sourcing occurs naturally through higher-order scalar field kinetic terms
common to classical (nonsingular) bounce mechanisms. We present a concrete example in which, by the
end of the graceful exit phase, the initial entropic fluctuations have become negligible and the curvature
fluctuations have a nearly scale-invariant spectrum with an amplitude consistent with observations.
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I. INTRODUCTION

Observational evidence [1-3] combined with theoretical
reasoning [4,5] strongly indicate that the gravitationally
bound structures (galaxies, galaxy clusters, etc.) that
comprise our universe originate from quantum fluctuations
of scalar fields generated on sub-Hubble wavelengths that
evolve to induce classical curvature perturbations with a
nearly scale-invariant and Gaussian spectrum on super-
Hubble wavelengths. According to the leading paradigms,
the relevant quantum fluctuations are generated during a
primordial smoothing phase at energy densities sufficiently
below the Planck density so that the cosmological back-
ground can be described to leading order by classical
equations of motion.

Two candidates for the smoothing phase are a period of
accelerated expansion (d,d > 0) and a period of slow
contraction (a,d < 0), where the spacetime geometry
during the smoothing phase is well-described by the
Friedmann-Robertson-Walker (FRW) metric with scale
factor a(r) and the dot denotes differentiation with respect
to the physical FRW time coordinate ¢. The key underlying
idea is that, in either case, the scale factor a(z) and the
Hubble radius |[H™!| = |a/d| evolve at different rates,
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as determined by the equation of state

¢ g<1+g> 2)

of the dominant stress-energy component with pressure p
and energy density p [6]. During an accelerated expansion
(e < 1) phase, the Hubble radius stays nearly constant
while scalar field fluctuation wavelengths, which grow in
proportion to the scale factor a, stretch at an ultrarapid rate
to become super-Hubble. In contrast, the Hubble radius
during slow contraction (¢ > 3) shrinks ultrarapidly while
the scale factor is nearly constant. For example, in a typical
slow contraction phase, the Hubble radius might shrink by
a factor of 2°° during which the scale factor decreases by
only a factor of two [7]. As a result, fluctuation wave-
lengths that were sub-Hubble at the beginning of the phase
evolve to become super-Hubble by the end.

However, generating scalar field fluctuation modes with
super-Hubble wavelengths is necessary but not sufficient to
explain cosmological observations. To explain measure-
ments of the cosmic microwave background and the power
spectrum of gravitationally bound structures, the scalar
field fluctuations must somehow source a nearly scale-
invariant spectrum of comoving curvature fluctuations of
the metric with the amplitude of ~1077.

In general, scalar field fluctuations source two types of
metric fluctuations: adiabatic fluctuations on constant
mean curvature hypersurfaces; and entropic fluctuations
on hypersurfaces of constant energy density [8,9]. Notably,
scalar fields in backgrounds undergoing accelerated
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expansion can generate both types. If it can be arranged that
the metric fluctuations are purely adiabatic and of the
correct small amplitude, they can potentially account for
the observed temperature fluctuations of the cosmic micro-
wave background. However, under certain assumptions,
accelerated expansion stretches rare, large-amplitude scalar
field fluctuations that source large-amplitude adiabatic
fluctuations of the metric. These large metric fluctuations
trigger the well-known quantum runaway problem, an
effect that spoils the spectrum and destroys homogeneity
and isotropy altogether [10—12]. Slow contraction, on the
other hand, can only amplify entropic modes. Adiabatic
modes (as well as gravitational waves [13]) experience a
growing antifriction due to the rapidly decreasing Hubble
radius which leads to their decay. This eliminates the
quantum runaway problem, an important and distinctive
advantage of the slow contraction scenario. To date, we do
not know of any other smoothing mechanism that could do
the same.

It is well-known that, during smoothing slow contrac-
tion, a nonlinear sigma type kinetic interaction between
two scalar fields naturally leads to a nearly scale-invariant
and Gaussian spectrum of super-Hubble relative field
fluctuations—purely entropic modes—which are quantum
generated long before the modes leave the Hubble radius
[14—17]. In this paper, we demonstrate how these entropic
modes can source curvature perturbations on super-Hubble
scales during the graceful exit phase, i.e., the transition
from slow contraction to the bounce stage. We show that
the sourcing is due to a common feature of classical
(nonsingular) bounce models in which higher-order kinetic
terms associated with the scalar matter fields become
important during graceful exit [18,19]. For concreteness,
we present an example in which the only significant
fluctuations at the beginning of the graceful exit phase
are entropic but, by the end of the phase, the entropic
fluctuations have become negligible and the curvature
fluctuations have a nearly scale-invariant spectrum with
an amplitude consistent with observations.

II. COSMOLOGICAL MODEL

In the scenario that we shall consider the cosmological
evolution is sourced by two kinetically-coupled scalar
fields ¢ and y both of which are minimally coupled to
Einstein gravity. The corresponding Lagrangian density is
defined as

1 1

L= ER (aﬂ¢)2 - V(¢,){)

2
1 1
=5 Z1(@)(0u)* + 7 52(9) ()", (3)
where R is the Ricci scalar; X, (¢) is the quadratic kinetic
coupling function; %,(¢) is the quartic kinetic coupling
function and V(¢,y) is the scalar potential depending on

both ¢ and y fields. The potential is steep and negative
along the ¢ direction while nearly constant along the y
direction. Throughout, we use reduced Planck units.

Our interest here is analyzing what happens after a
period of slow contraction has already homogenized and
isotropized spacetime well-described by an FRW metric.
Varying the action given through Eq. (3) with respect to the
scalar fields and evaluating for the FRW background yields
the evolution equations for ¢ and y:

. . 1 N
¢ + 3H¢ + V’qﬁ = <21¢ +§22¢)(2> E)(z, (43)
2 2
X . Zigp+Zogx s\ .
3H + ———————
( ts +2'2>1+< SN
\%
e S (4b)
Zl + 22)(

Note that the symmetries of the FRW space-time geometry
lead to spatially homogeneous background field distribu-
tions, i.e., ¢ = ¢(1), x = x(1).

Variation of Eq. (3) with respect to the metric yields the
stress-energy tensor 7#,. On an FRW background, scalar
fields (collectively) act as perfect fluids and can be
associated with an energy density p and pressure p being
given by the temporal and spatial components of T#,:

1. 1 34 .5,).
P——T00—§¢2+5<21+§22)(2>)(2+V’ (5a)

1 . 1. 1 1. .,).
p:ngl:§¢2+§<zl+522)(2))(2—V (Sb)

With Eq. (2), we can define the effective equation of state
associated with the “fluid” as follows:

e—3-12 V. (6)

Finally, the Friedmann constraint and evolution equation
take the form:

1., 1 3
3H2:p:2¢2+2<21+222;32>;32+V, (7a)

—2H =p+p = + (, + L)% (7b)

III. ENTROPY MODES FROM SLOW
CONTRACTION

As an example, we consider a scalar field potential that,
during the slow contraction phase, is negative and steeply
graded along the ¢ direction:
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V(g.x) m =Voe!™M. (8)

Here V, > 0 is constant and M is the characteristic mass
scale associated with ¢. At low energies, especially during
the smoothing slow contraction phase, higher-order kinetic
terms as well as the y field’s potential energy density are
negligible, such that the Einstein-scalar system reduces to
the simple set of evolution and constraint equations:

$+3Hp - MO M %0, (9a)
y Zigoa\ .
2 i 1 52 M

For X, = e?/™, where m < M, it is straightforward to
show (see Ref. [17]) that the unique attractor scaling
solution of the Einstein-scalar system of equations (9) is
¢ ~—2M x In (A1),

7~0,  (10a)

€N ( i ) . (10b)
where A = Mple\/V,y/(e —3) and € is the equation of
state as defined in Eq. (2). The FRW time coordinate ¢ runs
from large negative to small negative values and we
normalized a such that a =1 at the onset of slow con-
traction. Apparently, the solution in Eq. (10) corresponds to
the physical situation of smoothing slow contraction with
|H™!| ~ a¢ shrinking exponentially faster than the scale
factor a. For example, for M /Mp; ~ 0.1, € ~ 50 such that
|H~'| shrinks by a factor of 2°° while a decreases by a
factor of 2, the case described in the Introduction.

A key to the background dynamics during the smoothing
phase is the nonlinear o-type Kkinetic interaction
21 (¢)(d,x)* between the ¢ and y fields. As can be seen
from Eq. (9b), this contribution changes the Hubble
antifriction term (o 3H) into a friction term

p 2 M\2 M

if Mp;/M > 3(m/Mp). As a result, the two scalar fields
exhibit very different dynamics. The y field is being
continuously damped by the friction in Eq. (9b) until it
eventually “freezes” at some constant value y. At the same
time, the ¢ field, which only experiences antifriction
according Eq. (9a), is being blue-shifted due to the pure
Hubble antifriction and hence keeps rolling down its
negative potential energy curve, rapidly becoming the

dominant stress-energy component, which robustly homog-
enizes and isotropizes the cosmological background [20].

While the y-field does not contribute to the background
smoothing, it plays an important role at perturbative order:
quantum fluctuations in the ¢ field, which experience the
same Hubble anti-friction as the background, blue-shift.
The opposite is true for the y field. Due to the modified
damping term as given in Eq. (11), quantum fluctuations in
the y field “see” a de Sitter-like background and redshift.
Consequently, by means analogous to the case of inflation,
they can lead to a nearly scale-invariant spectrum of
y-fluctuations with super-Hubble wavelengths.

This becomes particularly clear if we follow the evolu-
tion of the canonically normalized perturbation variable
v, = a\/Z,8y, where &y is the linearized field variable
associated with y. For each Fourier mode with wave
number k, the corresponding Mukhanov-Sasaki equation
takes the simple form:

Z//
vy + <k2 - ?> v, =0, (12)

where z = \/Z,a, and prime denotes differentiation with
respect to the conformal time coordinate 7 defined through
dr = a~'dt. Bvaluating for the scaling solution as given in
Eq. (10), we find the variable z as a function of z:

7 (—T)_ﬁ(%g_l), (13)

and, hence, z”/z « 1/7% turning Eq. (12) into a Bessel
equation. At the onset of slow contraction, the energy
density ~H? is small and space-time is leading-order
classical, such that it is natural to assume Bunch-Davies
boundary conditions (v, = et/ 2k for 7 » —o0). The
corresponding solution to the Bessel equation (12) then
takes the well-known form:

b, = %(—T)Hﬁ”(—kf), (14)
where H ,Sl) is a Hankel function of the first kind, and
1 L, 1 Me—1\?
P2 = (1422 ), 15
vERtT TG ( i (15)

On large scales (—kz < 1), the modes have the following
asymptotic:

v, « (—7)™71- kv (16)

X

such that the spectral tilt of the y perturbations is given by

Me—1
ng—1=3-2v=2(1-2 ) (17)

€ —
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Note that strictly equal mass scales (M = m) lead to an
exactly scale-invariant spectrum (n;, — 1 = 0). However, if
the mass M is slightly greater than the scale m associated
with the kinetic interaction (e.g., M = 1.02m), the spec-
trum is slightly red in agreement with microwave back-
ground observations (n, — 1 ~ —0.04).

It has been common to identify fluctuations in y with
entropy perturbations because, in field space, the y field
defines a direction perpendicular to the adiabatic background
trajectory; see, e.g., Ref. [21]. However, this geometric
interpretation has limited applicability: it is only valid in
cases where all scalar matter fields have canonical kinetic
energy density; see Ref. [22]. A more general and precise
statement is that §y sources (macroscopic) entropy modes,

SEH(é—p—é—'p)EHép—,nad, (18)
p

provided it generates a nonzero pressure contribution on
hypersurfaces of constant density, i.e.,

SPrat = 6p — gap #0. (19)

As we will show next, this occurs naturally during graceful
exit from slow contraction to the onset of the bounce stage.
Furthermore, we demonstrate that the same entropy modes
source super-Hubble curvature modes consistent with cos-
mic microwave background observations.

IV. SOURCING CURVATURE MODES DURING
GRACEFUL EXIT

The smoothing slow contraction phase comes to an end
when the scalar field kinetic energy increases relative to the
potential energy such that € — 3. The phase that connects
to the bounce stage is called “graceful exit.” In scenarios
where the cosmological bounce occurs at high yet sub-
Planckian energies, this intermediate stage is dominated
by the kinetic energy of the fields. In particular, this is
precisely where one expects higher-order kinetic terms to
start playing a role; see, e.g., Refs. [18,19,23]. As we will
see, this naturally leads to the sourcing of super-Hubble
curvature modes by the fluctuations in y generated during
the smoothing phase.

In Ref. [22], we have shown that, on large scales
(k < a|H|), the conservation of stress-energy leads to a
simple relation describing the evolution of curvature
fluctuations R as a function of the entropy modes:

5[’ nad

ptp 20)

R—3HSH
p

In spatially flat gauge, the co-moving curvature perturba-
tion can be expressed as a function of the perturbed scalars
as follows:

R ¢5¢ + VI + Ioy )(5)( (21)
F+ () + )PP

and, for our model as described in Eq. (3), the nonadiabatic
pressure contribution is given by

d -
5pnad ~ 26% |:_22)€3 X E (¢f)
1 .
+ ((Zl + 22)22) (V«ﬁ —I—ZZQ,(M“)X — V,Z(p) X j’:] .
(22)

Here

lte)(5) @
PP \T @

describes the relative field fluctuations; and the formal
quantity

, PP
EE AR S it (24)

denotes the propagation speed of the adiabatic mode.
Below, we present an example where the sound-speed is
~] for all modes with all kinetic couplings being positive
definite. This is sufficient for our purposes. (We note,
though, that in general the y-field might have superluminal
modes, if the quartic coupling is negative. Such modes are
not necessarily problematic, for a detailed discussion see,
e.g., Refs. [24,25].) The detailed dynamics of R and S
can be determined by integrating the closed system of
Egs. (A3)—(A4) under spatially flat gauge conditions, as
detailed in the Appendix.

During slow contraction, dp,,q = 0, as can be seen when
evaluating Eq. (22) for the scaling attractor solution for
which y ~ 0. During graceful exit, on the other hand, y is
nonzero and X, is non-negligible. In contrast to the
smoothing phase, the relative field fluctuations F lead to
a nonzero nonadiabatic pressure which, in turn, sources
super-Hubble comoving curvature modes.

Since the curvature perturbations R are sourced by S on
super-Hubble scales, as indicated in Eq. (20), R automati-
cally inherits the nearly scale-invariant form of the entropic
spectrum.

A particular example illustrating the sourcing of R ()
by S(1) is presented in Fig. 1. In this example, the kinetic
coupling functions in the action, Eq. (3), have a simple
exponential form: X£; = et/m 2 = e?/m with m = 0.67
and m, = —0.5. We have also taken the dependence of
the potential on ¢ in this transition phase after slow
contraction to be negligible and on y to be small:
V(g.y) = Voy, with Vi =2x 10713 such that V(¢,y)

L101302-4
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FIG. 1. A plot of the magnitude of the curvature perturbation on
comoving hypersurfaces, |R(f)| (top), and the entropy perturba-
tion, |S(#)| (bottom), as a function of time  (expressed in reduced
Planck units) for the example discussed in the text.

is small compared to the total kinetic energy density
throughout the bounce phase (from the end of slow
contraction at time f=1t; = -3 x 10* to the bounce
itself at 1t = 1, = —102, expressed in reduced Planck time
units), as expected when approaching a bounce. The
background initial conditions are the following:
b =—-15, ¢;=2Tx10"%, 4, =0, 7, =—-2.3x107°.
These background conditions were chosen such that
the energy density in ¢ dominates over the energy
density in y at the end of the slow contraction
phase, as expected in bouncing scenarios: that is
Q;/Q,|,—,, > 1. Conversely, the initial ratio of the
curvature perturbation is set to be negligible compared
to the entropic perturbation ((R/S)?>~107* <« 1), as
expected when first ending the slow contraction phase
because the adiabatic fluctuations are not amplified
during slow contraction.

The evolution of R(f) and S(t) for a super-Hubble
radius mode with k/a|H| < 1 is shown in Fig. 1 as
obtained from numerical integration of Egs. (A3)-(A4)
in the spatially-flat gauge. As anticipated, beginning from
a negligible curvature perturbation, the sourcing of R by
the entropic perturbation causes R < 107> to grow to an
amplitude consistent with observations (see Fig. 2),

FIG. 2. A plot of [R(#)/S(t)]? (top) for the example discussed
in the text. At the end of the slow contraction phase and entering
the bounce phase, |R| < S is negligible; but, by the time the
bounce would occur (f & —100 in this example), the sourcing of
the curvature perturbation by the entropic perturbation leads to
|R| > S. Consequently, the fractional contribution of the entropy
modes to the total power spectrum, |Bi, (1) = S?/(R? + §?), is
nearly one entering the bounce phase but negligibly small by the
time the bounce occurs, consistent with current observations.

R =~ 107>. The total curvature perturbation power spectrum
amplitude is then

(R*(x)) = /(Z:fp <§>2 = /‘ik <§;> 13-
= [ %0 (25)

Taking the R obtained from the numerical integration to
correspond to k, = 0.002 M pc!, we obtain

AR(K)] 1=, =25 %107 with n =096, (26)

in accord with current observations [1]. Over the same
period of evolution, Fig. 2 shows that (R/S)? grows to
be greater than 10° such that the fractional contribution
of isocurvature perturbations to the total power spectrum
Piso becomes negligible, also in accord with current
observations.
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V. CONCLUSION

Scalar field perturbations of quantum origin can source
adiabatic or entropic fluctuations on super-Hubble scales.
Entropic fluctuations on super-Hubble scales can source
curvature modes on super-Hubble scales as a consequence
of stress-energy conservation. If our universe has under-
gone a phase of slow contraction that connects to the
current expanding phase through a cosmological bounce,
adiabatic and gravitational wave fluctuations from the
smoothing phase decay and therefore cannot contribute
to the observed fluctuation spectra of the cosmic micro-
wave background. Rather, we would expect that the
temperature anisotropies stem from super-Hubble entropy
modes generated during slow contraction that sourced
curvature modes before the onset of decelerated expansion.

In this paper, we described a scenario for how this
mechanism might naturally occur during graceful exit when
slow contraction ended but the bounce has not yet occurred.
Furthermore, we presented an explicit example that gen-
erates a spectrum of primordial perturbations that agrees
with current cosmological observations.

The key ingredients of this new mechanism are

(i) a nonlinear o-type kinetic interaction between two
scalar fields that acts as a friction term (typical of de
Sitter-like expansion) on one of the fields which it
“freezes,” leading to a nearly scale-invariant spec-
trum of this field’s quantum fluctuations;

a higher-order quartic kinetic term that typically
comes to dominate at the end of slow contraction
and at the onset of the classical (nonsingular) bounce
stage. This term naturally leads to a nonadiabatic
pressure contribution, sourcing super-Hubble curva-
ture modes before the bounce occurs.
This novel kinetic sourcing mechanism opens up several
new avenues for future research. For example, it will be
|

(i)

L K K? .
L= a3 |:—3l//2 +?l//2 - 2?63;1(1// + Ha) -2

1, 1 s s+ (Ls,
_ (3 H = =2 (2 322;(2);(2) o - (45545 + (521,4%2 +

1 k2

B 1.
— ((Z) + 322387 + V Sy )a + 55452 - 525(;52 +

2

.k . iy .k
(3Hv/ + azW) a+ (¢pdp + (1 + Zo*)xdx) (311/ + 3%

1

2

interesting to see if different graceful exit and bounce
mechanisms leave different detectable imprints on the
spectrum when the curvature modes are being sourced
by entropy modes during graceful exit.
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APPENDIX: EVOLVING THE LINEARIZED
SCALARS 8.5y

In this Appendix, we derive the evolution equations for
the perturbed scalars §¢ and dy that we used to numerically
compute the example presented in Figs. 1 and 2 above.

Scalar variables of the linearly perturbed line element for
a spatially flat Friedmann-Robertson-Walker (FRW) space-
time are given by

ds* = —(1 + 2a)di* + 2a(t)0,pdtdx’

+ a*(1)[(1 = 2w)6;; + 20,0,E|dx'dx,  (Al)
where a and f are the linearized lapse and (scalar) shift
perturbations, respectively, and —yé;; + 0,0;E is the scalar
part of the linearized spatial metric.

With ¢ = ¢ (1) + 5¢p(t, %), x = (1) + Sy (t,x) denoting
small inhomogeneities in the scalar fields around the
homogeneous background, the linearized action (3) takes
the form:

2

1 ot + V,¢) 545) a

o

. 1 .
gl + 122,4541%4 Ve

&

1 e ] NS . . , 1
) (T, +3Z0%)87° — 3 (T + 2% ;5)(2 + (12 + Zogh)5057 =V 4, 65y — 2 V,MCS)(Z} ) (A2)
where 6, = a(aE — f§) is the scalar part of the linearized shear.
Variation of Eq. (A2) with respect to a and f leads to the linearized Hamiltonian and momentum constraints:
2 1 12 1 ) 3 <4 . k2 1 N M 1 AN .
3H? =57 =527 =5 %07 a—|—3Hl//+;(l//+HaSh) +5 954 +§(2, + 35,07 )16y
1/1 H 3 " 1

+ 5 521,(/,)( + ZEZ’(/)X + V,{/, 6¢ + 5 V»){é)( =0, (A3a)
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.1 oy
Ha +yr =5 (§5¢ + (1 + 2o7)26y) = 0.

Varying Eq. (A2) with respect to d¢ and oy yields the evolution equations for the perturbed scalar fields:

. k2 . k2
5¢+;5¢+3H§¢—¢(d+3lf/+?6§h

— (Z1p + Zo g2 )27 +V 4,00 — <¢ +3H¢p — 52145)(2 — =S50t - V,¢>0€ =0;

. . o [k N &
(Z) +3Z002) (67 + 3HSy — y @) + () + Zo7°) (?5;( —)((31,1/ + ?03h>)

+ (B +3Z02) Sy + V.0 + Vo — (21 + 3Z00%) (7 + 3Hy )a — (Z) + 3Zox7) yax

+ (24 + 22,¢)52))55¢ + (Zyp + Zogh?) 760 + (Zip + Zogx*) (7 + 3H)Sp + V 4,6¢ = 0.

(A3D)
1% —12 '2—12 A6
+{ Vo LgpX X | 0P
2 4
3
) (Ada)
(Adb)

In spatially flat gauge (y, E =0), the evolution and constraint equations (A3)—(A4) together with the background
equations (4), (7) yield a closed system for the dynamical variables §¢» and §y which we used above to numerically compute
the gauge-invariant quantities S and R defined in Eqs. (18) and (21), respectively.
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