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Abstract

Protection of creditors is a key objective of financial
regulation. Where the protection needs are high, that
is, in banking and insurance, regulatory solvency
requirements are an instrument to prevent that
creditors incur losses on their claims. The current
regulatory requirements based on value at risk (V@R)
and average value at risk (AV@R) limit the probability
of default of financial institutions, but they fail to
control the size of recovery on creditors’ claims in the
case of default. We resolve this failure by developing a
novel risk measure, recovery V@R. Our conceptual
approach is flexible and allows the construction of
general recovery risk measures for various risk
management purposes. We provide detailed case
studies and applications. We show that recovery risk
measures can be used for performance-based manage-
ment of business divisions of firms and discuss how to
calibrate recovery risk measures to historical regulatory
standards. Finally, we analyze how recovery risk
measures react to the joint distributions of assets and
liabilities on firms' balance sheets and compare the
corresponding capital requirements with the current
regulatory benchmarks based on V@R and AV@R.
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1 | INTRODUCTION

Banks and insurance companies are subject to a variety of regulatory constraints. A key
objective of financial regulation is the appropriate protection of creditors, for example,
depositors, policyholders, and other counterparties. Corporate governance, reporting, and
transparency are cornerstones of regulatory schemes, but equally important is capital
regulation. Financial companies are required to respect solvency capital requirements that
define a minimum for their current net asset value. Firms that fail to meet these requirements
are subject to supervisory interventions.

The computation of solvency capital requirements is often based on some prespecified
notion of acceptable default risk. Banks and insurance companies must hold enough capital to
meet their obligations in a sufficient number of future economic scenarios. Regulators typically
focus on quantities such as the change of net asset value over a specific time horizon—for
example, 1 year—and require that a suitable risk measure applied to such quantities is below
the current level of available capital. The risk measure implicitly defines a notion of acceptable
default risk. Different risk measures are applied in practice.

The standard example are solvency capital requirements defined in terms of value at risk
(V@R). In this case, a company is adequately capitalized if its default probability is lower than a
given threshold. The upcoming regulatory framework for the internationally active insurance
groups uses a V@R at the level 0.5%. In Europe, insurance companies and groups are subject to
the same requirement under the Solvency II regime. V@R has been strongly criticized due to its
tail blindness and its lack of convexity—not encouraging diversification.

An alternative to V@R is the coherent risk measure average V@R, also called conditional or
tail V@R or expected shortfall. The market risk standards in Basel III, the international
regulatory framework for banks, and the Swiss Solvency Test, the Swiss regulatory framework
for insurance companies, are both based on average V@R with levels 2.5% and 1%, respectively.
In this case, a company or portfolio is deemed adequately capitalized, if it generates profits on
average conditional on its tail distribution below the chosen level. Average value at risk
(AV@R) is sensitive to the tail, and, being convex, it does not penalize diversification. It is also
a tractable ingredient to optimization problems in the context of asset liability management and
provides an instrument for decentralized risk management, for example, limit systems within
firms.

Despite all its merits, AV@R fails—just as V@R—at one central task: It cannot control
recovery in the case of default, that is, the probabilities that creditors recover prespecified
fractions of their claims. This goal is, of course, important from a regulatory point of view.
Recovering, say, 80% instead of 0% in the case of default makes a big difference to creditors
such as depositors or policyholders. This failure is apparent when we consider V@R. By design,
the corresponding solvency tests only limit the probability of insolvency and are incapable of
imposing any stricter bound on the loss given default.

But the same failure is shared by AV@R. In spite of being sensitive to tail losses, AV@R still
leaves too many degrees of freedom to control recovery. This is because the loss given default is
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captured by way of an average loss, which is too gross to exert a fine control on the recovery
probability. An additional key deficiency is that all monetary risk measures in current solvency
regulation focus on a residual quantity, that is, the difference between assets and liabilities, that
is owned by shareholders. This quantity is insufficient to adequately capture what will happen
in the case of default.

I
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The goal of this paper is to address the question:

How should regulators design solvency tests in order to control the recovery on
creditors’ claims in the case of default?

Our contributions are the following:

We demonstrate that classical monetary risk measures such as V@R and AV@R are
unable to control recovery on creditors’ claims in the case of default. In fact, we argue that,
to capture this important aspect of tail risk, one has to abandon solvency tests based on the
net asset value only and consider more articulated solvency tests based on both the net
asset value and the firm's liabilities. This is discussed in Section 2.

We develop a novel risk measure, recovery value at risk (RecV@R), to successfully address
the goal of controlling recovery risk. We demonstrate that RecV@R can serve as the basis
of solvency tests and discuss its operational interpretation as a capital requirement rule.
This new risk measure can be applied to both external and internal risk management and
helps to quantify how far standard regulatory risk measures are from controlling recovery
risk, thereby improving our understanding of (the limitations of) these standard risk
measures. This is discussed in Section 3.

Our conceptual approach is flexible and leads to the construction of general recovery risk
measures that include recovery AV@R. This allows to integrate the ability to control the
recovery on creditors' claims with other desirable properties such as convexity or
subadditivity. Convexity facilitates applications to optimization problems such as portfolio
choice under risk constraints. Subadditivity provides incentives for the diversification of
positions and enables limit systems within firms for decentralized risk management. This
is discussed in Section 4.1 and in Section 4.2.

We demonstrate how recovery risk measures can be applied to performance-based
management of business divisions of firms. We define and investigate the appropriate
notion of RoRaC-compatibility. This is discussed in Section 5.2.

We discuss a possible strategy to calibrate recovery risk measures consistently with
existing regulatory standards, following a common methodology chosen by regulators in
the context of classical risk measures. We refer to Section 5.3.

To better understand the behavior of recovery risk measures we illustrate how they react
to changes of the joint distribution of assets and liabilities on the firm's balance sheet. We
focus on two characteristics—marginal distributions and stochastic dependence—and
compare risk measurements to the classical solvency benchmarks, that is, V@R and
AV@R. This is discussed in Section 5.4.

The paper is structured as follows. Section 2 reviews solvency regulation based on V@R and

AV@R with a focus on recovery risk. In Section 3 we introduce the new risk measure recovery
V@R and discuss its main properties. In the parallel Section 4.1 we introduce the convex risk
measure recovery AV@R. Section 5 focuses on a number of related applications including risk
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allocation in the context of decentralized risk and performance management of firms. We also
discuss calibration issues that arise when solvency regimes are modified. Section 5.4 features
detailed case studies providing insights on how risk measures react to the shape of distributions and
stochastic dependence. General recovery risk measures are discussed in Section 4.2 in the appendix.
All proofs and further technical supplements are collected in Section A of the appendix.

1.1 | Literature

Solvency capital requirements impose constraints on the operations of businesses such as banks
and insurance companies. Their purpose is to protect creditors from excessive downside risk.
Capital requirements are an integral part of broader regulatory frameworks that allow
companies to freely operate within prespecified legal boundaries. Historically, regulatory
deliberations like Basel I and Solvency I formulated simple rules. However, these could be
exploited by regulatory arbitrage, see, for example, Basel Committee on Banking Supervision
(1988), The European Parliament and the Council of the European Union (2002a), The
European Parliament and the Council of the European Union (2002b), and Jones (2000).
Regulatory frameworks have been modified multiple times during the past decades, but—as we
will demonstrate in this paper—serious problems remain.

A key issue is how to define the required solvency capital in an appropriate manner. Basel
I1, Solvency II, and the upcoming international Insurance Capital Standard compute solvency
capital on the basis of V@R, while Basel III and the Swiss Solvency Test use AV@R. The risk
measure V@R has been criticized in the context of solvency regulation since the 1990s, in
particular due to its tail blindness and lack of convexity. The disadvantages of employing V@R
in solvency regulation have been discussed, for example, in Weber (2018) and Huggenberger
and Albrecht (2022). Alternatives are provided by the axiomatic theory of risk measures—
initiated in a seminal paper by Artzner et al. (1999)—that systematically analyzes properties of
risk measures, implications, and examples. The notion of coherent risk measures is introduced
in Artzner et al. (1999) and is generalized to the class of convex risk measures in Frittelli and
Gianin (2002) and Follmer and Schied (2002). Key developments are discussed in the
monograph Follmer and Schied (2016) and the surveys Follmer et al. (2009) and Féllmer and
Weber (2015). The coherence of AV@R is first established in Acerbi and Tasche (2002). We
refer to Wang and Zitikis (2020) for a recent axiomatic characterization of AV@R.

Monetary risk measures are based on the notion of acceptability. While preferences rank
distributions, random variables, or processes, acceptance sets divide the universe of such
objects into acceptable and unacceptable ones. Monetary risk measures can be interpreted as
numerical representations of acceptance sets and parallel in this respect utility functionals that
represent preferences. Within the theory of choice, risk measures provide a model of guard rails
for the actions of financial firms. At the same time, they possess an operational interpretation
as capital requirement rules, measuring the distance from acceptability in terms of cash or,
more generally, eligible assets. We refer to Follmer and Schied (2016) for a broad discussion on
these aspects and to Filipovi¢ and Svindland (2008), Artzner et al. (2009), Farkas et al. (2014),
Feinstein et al. (2017), and Biagini et al. (2019) for specific applications to capital adequacy,
hedging, risk sharing, and systemic risk. Our paper follows the same approach, that is, taking
the notion of acceptability as the starting point when formalizing recovery-based solvency tests.
A different approach is pursued by the literature on acceptability indices that mainly focus on
performance measurement, see Aumann and Serrano (2008), Cherny and Madan (2009), Foster
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and Hart (2009), Brown et al. (2012), Drapeau and Kupper (2013), Rosazza Gianin and Sgarra
(2013), Bielecki et al. (2014)." A related concept is also the notion of loss V@R introduced by
Bignozzi et al. (2020). Monetary risk measures have also natural applications to risk allocation
problems; see, for example, Tasche (2000), Kalkbrener (2005), Tasche (2008), Dhaene et al.
(2012), Bauer and Zanjani (2013), Bauer and Zanjani (2016), Embrechts et al. (2018), Weber
(2018), Hamm et al. (2020), and Guo et al. (2021).

To the best of our knowledge, this paper is the first to introduce and study solvency capital
requirements that are designed to control the recovery on creditors' claims. The literature on
recovery rates has historically focused on explaining the determinants of recovery rates in
specific settings, for example, for corporate and government bonds or bank loans. We refer to
Duffie and Singleton (1999), Altman et al. (2005), and Guo et al. (2009) for a presentation of
different models for recovery rates and to Khieu et al. (2012), Jankowitsch et al. (2014), and
Ivashina et al. (2016) for some recent empirical investigations.

2 | SOLVENCY REGULATION AND CLAIMS RECOVERY

The protection of creditors is a key goal of capital regulation. To achieve this goal, financial
institutions are required to hold a certain amount of capital as a buffer against future losses.
The regulatory capital is chosen such that it ensures an acceptable level of safety against the
risk of default. The standard rules used in practice to compute solvency capital requirements
are based on risk measures such as V@R or AV@R. We demonstrate that these rules are
insufficient to provide a satisfactory control on the recovery on creditors' claims and suggest an
alternative approach that achieves this goal.

From now on, we fix a probability space (Q, F, P) and we denote by X some vector space of
random variables. We assume that X" contains all bounded random variables with discrete
distribution. In particular, X includes all constant random variables. The subset of positive
random variables is denoted by X’;. As usual, we do not distinguish two random variables that
coincide on a set of full probability.

2.1 | Risk-sensitive solvency regimes

Most existing regulatory frameworks share a “balance sheet approach” to determine capital
requirements. The random evolution of assets and liabilities of a financial institution is
captured at time horizons specified by regulators, typically one year.” The following table
displays a stylized balance sheet of a company at a generic time ¢:

'Parametric families of V@R were previously studied in this literature. But acceptability indices are applied to fixed
univariate positions (modeling net asset values). In our case, parametric families of V@R or different risk measures are
applied to bivariate positions (modeling net asset values jointly with liabilities). As a consequence, the formal
construction of acceptability and their financial interpretation differs substantially from our approach.

2A balance sheet approach requires an internal model of the stochastic evolution of the balance sheet of the financial
firm or insurance company that is subject to capital regulation. Many firms do not have sufficient capacities and
expertize to implement and analyze such models. For this reason, in practice, simplifications are admissible which may
substantially deviate from the original objectives of the regulator. Examples are the standard approach in the Insurance
Capital Standard or the standard formula in Solvency II.
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Assets Liabilities
Ay L,
E =A - L

The quantity E, represents the net asset value of the firm and can be either positive or
negative depending on whether the asset value A; is larger than the liability value L; or not. In
the typical setting of a 1-year horizon we have two reference dates which are denoted by t = 0
(beginning of the year) and t = 1 (end of the year). The quantities at time t = 0 are known
whereas the quantities at time f =1 are random variables. In a risk-sensitive solvency
framework, a company is deemed adequately capitalized if its available capital E, is larger than
a suitable solvency capital requirement that reflects the inherent risk in the evolution of the
balance sheet. This is typically captured by applying a suitable risk measure p to the net asset
value variation AE; := E; — E,.> The corresponding solvency test is formally defined by:*

p(AE;) < E,. 1

If p is a monetary risk measure such as V@R or AV@R, condition (1) can be equivalently
expressed in terms of the future net asset value E; only as

p(Ey) <0. @)

The standard risk measures V@R and AV@R at some level a € [0, 1) are defined for a
random variable X by’

V@R (X):=infxe R;P(X + x < 0) < a},

1 [ :
;j; V@R (X)dB, if a € (0,1),

esssup(—X), if a = 0.

AV@R 4(X):

Note that V@R at level a > 0 coincides, up to a sign, with the upper a-quantile of the
probability distribution of X. Equivalently, it coincides with the lower (1 — «)-quantile of the
distribution of —X. Note also that V@R and AV@R at level ¢ = 0 correspond to the so-called
worst-case risk measure which equals the essential supremum of —X, that is, up to a sign, the
smallest realization of X.

In insurance regulation, V@R at level @ = 0.5% is used in the Insurance Capital Standard
and in Solvency II while AV@R at level « = 1% is adopted in the Swiss Solvency Test. In

*In practice, solvency capital requirements may only refer to “unexpected” losses. In this case, E, is replaced by the
expected value of (the suitably discounted) E;. In this respect, the European regulatory framework for insurance
companies Solvency II is contradictory in itself. We refer to Hamm et al. (2020) for a detailed discussion.

“For simplicity, we assume in this paper that interest rates over the 1-year horizon are approximately zero. For
adjustments on the definition of the solvency tests if interest rates are not zero see Christiansen and Niemeyer (2014).
>Throughout the paper we apply the following sign convention: Positive values of X represent a profit or a positive
balance, negative values of X represent a loss or a negative balance.
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banking regulation, AV@R with level « = 2.5% has recently become the reference risk measure
in Basel III, where it replaces V@R at level « = 1%. In a V@R setting, the solvency test (2) can
equivalently be reformulated as

V@R (E) <0 & PE<0D)<La & PE>0>1—-a 3)

This shows that a company is adequately capitalized under V@R if it is able to maintain its
default probability below a certain level. Similarly, in an AV@R setting, we can equivalently
rewrite the solvency test (2) for a > 0 as®

AVER.(E)<0 o [ VORAE)E<0 © E(EIES-VER.(E)20. @
0

Hence, a company is adequately capitalized under AV@R if on the lower tail beyond the
a-quantile it is solvent on average. In this case, we automatically have P (E; < 0) < a. In other
words, if we fix the same probability level «a, capital adequacy under AV@R is more
conservative than capital adequacy under V@R.

It is often stressed that—in contrast to V@R—AV@R is a tail-sensitive risk measure and,
hence, captures tail risk in a more comprehensive way. In fact, V@R is completely blind to
the tail of the reference loss distribution beyond a certain quantile level. While this is correct,
one should bear in mind that AV@R captures tail risk in a specific way, namely via expected
losses in the tail, thereby leaving many degrees of freedom to the behavior of the tail
distribution.

2.2 | Claims recovery under V@R and AV@R

The point of departure of our contribution is to highlight that risk measures such as V@R and
AV@R fail to provide a direct control on a fundamental aspect of tail risk, namely the
recovery on creditors’ claims. The basic problem is that both risk measures are functions of
the net asset value E; only. The net asset value summarizes the financial resources of the
equity holders without any reference to leverage, that is, without imposing any direct
constraints on the liabilities L;. However, controlling the recovery on claims requires to deal
explicitly with L;.

This failure is documented by the next proposition. To motivate it, observe that, for given
a € (0, 1), the solvency test based on V@R as described in (3) guarantees that the probability of
solvency is at least 1 — a. The same is true for the solvency test based on AV@R at the same
level because AV@R dominates V@R. The question we ask is if and how the probability
P (A; > AL;) of recovering at least a fraction 4 € (0, 1) of claims can be made higher than the
probability of solvency. For V@R and AV@R the answer is negative: The lower bound 1 — « is
sharp for any target fraction of claims payments. In other words, both V@R and AV@R impose
the same weak lower bound on recovery probabilities, and this bound cannot be improved
upon, even if the target recovery fraction is arbitrarily small.

The second equivalence holds provided the cumulative distribution function of E; is, for example, continuous.
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Proposition 1. Let (Q, F,[P) be nonatomic. For all « € (0,1) and A € (0, 1) we have

1—a=inf{lP(A > AL); A, L € %, AV@R 4(A — L) < 0}
=inf{P(A > AL); A, L € Z,, V@R (A — L) < 0}.

Proof. See Section A.1. O

The preceding proposition shows that, from the perspective of controlling the probability of
claims recovery (beyond the probability of solvency), there is little difference between V@R and
AV@R. This lack of control is not desirable for a financial regulator, as companies that seek to
boost the payoff to shareholders are not prevented from taking on excessive risk thereby
significantly reducing recovery payments to creditors in the case of their own default. This is
illustrated by the following stylized but insightful example.

Example 2. We consider a scenario space Q consisting of two states, g (the good state)
and b (the bad state). The probability of the bad state is P (b) = % with a close to zero, say
a = 0.5% or a = 1%. An insurance firm sells a policy that results in the following liability
schedule:

L ={0, e=s

100 if w = b.
The firm can manage its assets by engaging in a stylized financial contract, for instance
an internal reinsurance contract, transferring dollars from the good state to the bad
state with zero initial cost. More specifically, we assume that the firm can choose one of
the following asset profiles at time 1:

100 — k ifw=g,

ith k 0, 100].
k if o = p, Vith k € [0, 100]

Alk (w) = {

Hedging its liabilities completely would require the firm to choose k = 100. However,
since the contract transforms dollars in the high probability scenario into dollars in the
low probability scenario, this is not attractive from the point of view of the firm. Indeed,
for any k € [0, 100], the firm's net asset value is given by

Elk(w):{loo_k ifw=g,
k — 100 if w = b.

Due to limited liability, the corresponding shareholder value is

100-k ifw=g
max{Ef(w), 0} = ’
x{Ef @) 0} {0 if = b.

Hence, the choice k = 0 is optimal from the perspective of shareholders. We show that this
choice is possible under capital requirements based on V@R and AV@R. In fact, the firm is
adequately capitalized under V@R and AV@R at level o regardless of the size of k. Indeed,
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V@Ra(Elk) — k — 100 < 0, AV@RO,(E{‘) = é(%(mo —k)+ %(k - 100)) = 0.

At the same time, this choice is detrimental for the policyholders because it leads to
no recovery on the expected claims payment. Indeed, in the default state b, the
policyholders' recovery on their claims is equal to % and may take any value

between 0 and 1, depending on the level of k. For the optimal choice from
the perspective of shareholders, namely k = 0, the recovery fraction in state b is
minimal, in fact zero.

The example shows that pursuing the interests of shareholders might trigger investment
decisions with adverse effects on creditors. A solvency framework based on V@R
and AV@R fails to disincentivize firms from taking investment decisions that
increase shareholders’ value at the price of jeopardizing their ability to cover liabilities.
In the next section, we show how to mitigate this deficiency of current regulatory
frameworks.

3 | RECOVERY VALUE AT RISK

In this section, we introduce a solvency test that controls the loss given default by imposing
suitable bounds on the recovery on creditors' claims. The test is based on a new risk measure
called RecV@R. The main difference with respect to standard risk measures like V@R and
AV@R is that RecV@R is not a function of the net asset value E; only but also of the liabilities
L,. As shown in the previous section, this extension is necessary if we want to explicitly control
the recovery on claims. Throughout the section we continue to use the balance sheet notation
introduced in Section 2.

31 | Introducing RecV@R
Creditors receive at least a recovery fraction 1 € [0, 1] on their claims payments if’
A >AL; & Ei+ (1 —-A)L; >0. (5)

In this event, assets may not be sufficient to meet all obligations, but they cover at least a fraction A of
liabilities. We control recovery by imposing lower bounds on the recovery probabilities

P (4 > AL,)

For simplicity, we neglect bankruptcy costs (administrative expenses, legal fees, etc.) which can substantially impair
the size of recovery. Regulators may improve the efficiency of bankruptcy procedures and thereby decrease their costs,
for example, by requiring last wills of financial institutions.
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for all recovery fractions A € [0, 1].® For this purpose, we introduce the following risk measure.

Definition 3. Let y: [0, 1] — [0, 1) be an increasing function. The Recovery Value at
Risk

RecV@R, : XX X = R U {0}
with level function y is defined by

RecV@Ry(X, Y) = sup V@Ry(,l)(X + (1 - /1)Y) (6)
A€l0,1]

If the random variables X and Y in Definition 3 are interpreted, respectively, as the net
asset value E; and liabilities L, in a company's balance sheet,’ the risk measure RecV@R can be
used to formulate a solvency test of the form (1), namely

RCCV@R y(AEl, Ll) < E(). (7)
To better interpret the solvency test based on RecV@R, observe that
RecV@R ,(AE;, Ly) < E, RecV@R ,(E;, L) <0
Vaie[0,1]: V@R,@A —AL) <0

Vie[0,1]: P(A4 > L) >1 —y(A).

$ ¢ ¢

This shows that (7) is equivalent to requiring that the recovery probabilities satisfy
PA <AL) <y(1) & PA 2AL)21-y@) (8)

for every A € [0, 1]. This guarantees the desired control on the loss given default. More
precisely, the risk measure RecV@R controls the probability with which any given fraction of
liabilities is recovered: The level function y specifies, for each recovery level 1 € [0, 1], an
upper bound y (1) on the probability that the realized recovery level turns out to be lower than
A, or equivalently a lower bound 1 — y (1) on the probability that the realized recovery level is
higher than A. In particular, the solvency test (7) can be seen as a refinement of the standard
solvency test (3) based on V@R where the probability bound « is replaced by a bound that
depends on the target recovery fraction through the function y. The assumption that y is

8We can rewrite the event of recovering a fraction of A in different ways, that is,

{A) > AL} = {A; — AL; > 0} = {A; /L, > A}, where in the last formulation we assume that L; > 0. In particular, our
approach can also be interpreted in terms of target probabilities for future leverage ratios. Focusing on the modified net
asset value A; — AL; instead of the ratio A4; /L, is more aligned with current regulation and has the mathematical
advantage to avoid divisions by zero.

To allow for different applications, we mathematically define recovery risk measures over generic pairs (X, Y) without
any restriction on the sign of X and Y and without any specific assumptions about their relationship and interpretation.
In the relevant applications, we have X = E; or X = AE; and Y = L;.
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increasing captures the basic requirement that smaller recovery fractions on liabilities should

be guaranteed at higher probability levels. It should be noted that, as soon as

y(0+4) := }limy(l) > 0, a control on recovery probabilities does not imply that recovery
-0

fractions are controlled on all events. More precisely, RecV@R does not impose a restriction on
the ratio between assets and liabilities on some rare event that occurs with a probability of
y (0+). While this is true, we argue that this aspect can be safely accounted for. Indeed, the
recovery function y is a normative choice of the regulator, and so is the choice of y (0+). In this
respect, there are two natural options. On the one hand, the regulator may impose a normative
cap on this probability, making it so small that it is negligible in practical situations. On
the other hand, by setting y(0+) = 0, or, if y is continuous at 0, by setting ¥ (0) = 0, the
occurrence of an event with no restriction on the ratio between assets and liabilities can simply
be excluded (almost surely).'®

The recovery-adjusted solvency test (7) can easily be combined with a standard solvency test
based on V@R at level a. Indeed, setting y (1) = «, it follows that

RecV@R ,(AE;, Ly) > V@R (AE)), 9

showing that recovery-based capital requirements are more stringent than the standard ones.
The standard V@R test can be reproduced by setting y (1) = a for all recovery fractions
A € [0, 1], in which case the inequality in (9) becomes an equality. It is worth highlighting that
the level y (1) may also be strictly larger than a regulatory level «. In this case, the inequality in
(9) may be reversed. The recovery-based risk measure RecV@R can be viewed as a flexible
generalization of V@R that reacts to the entire loss tail as specified by the recovery function y.

Remark 4. The solvency test (7) also controls the conditional recovery probabilities
given default. Indeed, assuming that P (E; < 0) > 0, for all fractions 4 € [0, 1] we have

PAL; <A <Lp) _ 1— P(A; < ALy)

P(E, < 0) P (E, < 0)

This implies the following equivalent formulation of the recovery-adjusted solvency test:

RecV@R,(E;, L)) £0 & VA1€([0,1]:

y ()

P(A > ALyA; <L) >1 - ————.
(1 1411 l) [P(E1<0)

1%We thank a referee for pointing out that one always has
RecV@R ,(AE;, L)) < V@R, (o) (AEY).

This implies that the undesirable behavior of V@R discussed in Example 2 can be in principle observed also under
RecV@R. To this effect, however, the parameter a in that example has to be taken to coincide with y (0). Once again,
the regulatory choice of y (0) is critical. If ¥ (0) = 0, the issue simply does not arise. If y (0) > 0, the issue is possible in
theory but will hardly materialize in practice as soon as y (0) is very close to 0.
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In particular, if the company's unconditional default probability P (E; < 0) attains y (1),
then the lower bound on conditional recovery probabilities depends only on y.

Remark 5. Contrary to V@R and AV@R, the risk measure RecV@R depends on the
joint distribution of the tuple (Ej, L;). In particular, the marginal distributions of E; and
L, are not a sufficient statistic for RecV@R but knowledge of the dependence structure,
as captured, for examp, by the copula of the pair, is additionally required.'’ The
evaluation of RecV@R is technically not more complicated than the computation of
standard solvency capital requirements, since it only requires the computation of a
supremum of distribution-based risk measures, namely V@R's. In practical situations,
knowledge of the precise joint distribution between assets and liabilities is challenging.
We refer to Section 5 for a detailed numerical illustration.

3.2 | Choosing the recovery function

The normative choice of the recovery function y is a critical step in our model and should
reflect the risk preferences of the (external or internal) regulators. In this section, we describe a
class of parametric recovery functions'? that provides an ideal compromise between flexibility
and tractability and can be successfully tailored to different applications as demonstrated in
Section 5.

We consider step-wise recovery functions'® of the form

oq if0=rn<i<mn,
o ifn<l<n,
Yy =1 (10)
a, ifrn_1<A<mn,
A1 if 1, <AL 14 =1,

with0 <oy <--<ayy1<land0<n < --- <1, < 1. The parameters 7; correspond to critical
target recovery fractions while the parameters «; define bounds on the corresponding recovery
probabilities for every i = 1, ..., n + 1. This type of recovery functions requires regulators to
specify a finite number of parameters only and might be used to approximate more complicated
recovery functions taking infinitely many values.

"The problem is akin to risk estimation in the presence of aggregate positions where a model for the joint distribution
is also needed. The structure of recovery risk measures opens up a variety of interesting technical questions related to
dependence modeling that, however, go beyond the scope of the current work. The rich and growing literature on the
topic is a good starting point to address such questions, see, for example, Embrechts et al. (2013), Bernard et al. (2014),
Bernard et al. (2017), and Cai et al. (2018).

12We describe a methodology to calibrate y to an existing regulatory framework in Section 5.3. This mirrors a common
strategy chosen by regulators when adapting a new solvency setting to replace a pre-existing one. Another possibility to
choose y is to elicit it from the risk appetite of risk managers or customers, for example, by way of a questionnaire
targeting recovery distributions. This would raise a number of interesting questions for future research that are,
however, beyond the scope of the paper.

3This choice is not particularly restrictive, since an increasing function can be well approximated from below by step
functions.
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As shown in the next proposition, the RecV@R induced by a piecewise linear recovery
function can be expressed as a maximum of finitely many V@R's.

Proposition 6. Let y be defined as in (10). Then, forall X € X and Y € X,

RecV@R,(X,Y) = max V@R X+ (1 - n)Y).
1

i=1, .., n+

Proof. See Section A.2. O

The preceding proposition shows that, under a recovery function of the form (10), the
recovery-based solvency test (7) takes the particularly simple form:

PA >nrl)>1—a,i=1,..n+ 1. (11)

In this case, a company is adequately capitalized under RecV@R if, for everyi =1, ..,n + 1,
assets are sufficient to cover a fraction 7 of liabilities with a probability of at least 1 — ;. The
largest recovery probability oy, with target recovery fraction r,.; =1 caps the default
probability and could correspond to the level of V@R in a classical solvency test. This shows
that a solvency test of the form (11) can easily be harmonized with the solvency tests currently
used in solvency regulation.

3.3 | Basic properties of RecV@R

We ask which basic properties of V@R are inherited by its recovery counterpart RecV@R. For a
comprehensive survey on scalar monetary risk measures we refer to Follmer and Schied (2016).
A monetary risk measure is a function p: X > R U {oo} that satisfies the following two
properties:

» Cash invariance: p(X + m) = p(X) —m forall X € X and m € R;
« Monotonicity: p(X) < p(X) for all X, X, € X with X; > X; P-almost surely.

The cash invariance property formalizes that adding cash to a capital position reduces risk
by exactly the same amount and implies that risk is measured on a monetary scale. In
particular, cash invariance allows to rewrite the risk measure as a capital requirement rule:

pX) =inflm € R; p(X + m) < 0},

that is, the quantity p(X) can be interpreted as the minimal amount of cash that needs to be injected
into the position X to pass the solvency test in (2). If the position already fulfills this solvency
condition, then —p (X) corresponds to the maximal amount of capital that can be extracted from the
balance sheet without compromising capital adequacy. Cash invariance guarantees that risk
measures possess an operational interpretation in the context of solvency tests. Monotonicity reflects
that larger capital positions correspond to lower risk and to lower capital requirements. In addition to
its defining properties, a monetary risk measure may possess the following properties:
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o Convexity: p(aX; + (1 — a)X3) < ap(X) + (1 — a)p(X,) for all X;,X; € X and a € [0, 1];
« Subadditivity: p(X; + X) < p(X) + p(X) for all X, X, € X;

« Positive homogeneity: p(aX) = ap(X) for all X € X and a € (0, »).
« Normalization: p(0) = 0.

The first two properties characterize the behavior of the risk measure with respect to
aggregation and require that diversification is not penalized. The third property specifies that
risk measurements scale with the size of positions.

The next proposition records elementary properties of RecV@R. In particular, RecV@R is a
standard monetary risk measure if the second argument is fixed. The proof follows from the
general result in Proposition 19.

Proposition 7. The risk measure RecV@R , has the following properties:
(a) Cash invariance in the first component: For all X,Y € X and m € R
RecV@R,(X + m,Y) = RecV@R,(X,Y) — m.
(b) Monotonicity: For all X;,X,, Y}, Y, € X with X; > X, and Y; > Y, P-almost surely™
RecV@R ,(X,, ¥)) < RecV@R, (%, Yo).

(c) Positive homogeneity: For all X,Y € X and a € [0, o)
RecV@R,(aX, aY) = aRecV@R (X, Y).

(d) Star-shapedness' in the first component: Forall X € X,Y € X,, and a € [1, o)
RecV@R,(aX,Y) > aRecV@R, (X, Y).

(e) Normalization: For every Y € X, we have RecV@R,(0,Y) = 0.

(f) Finiteness: Forall X € X andY € X, we have RecV@R (X, Y) < o0 if y(0) > O or if

X is bounded from below.

The previous proposition shows that RecV@R is a standard monetary risk measure in its
first component and can conveniently be expressed as a capital requirement:

“Increasing leverage does not necessarily increase risk. However, this will be the case in two situations: If assets are
held constant, increasing the value of the liabilities will increase risk and, similarly, if liabilities are fixed, decreasing
the value of assets will increase risk. The monotonicity of RecV@R does, in this respect, not differ from the standard
monotonicity properties of classical monetary risk measures. Less obvious is the behavior of leverage and risk, if asset
and liability positions are modified at the same time. In these situations, their joint behavior needs to be considered in
detail. Leverage is a rather imprecise quantity to characterize risk, while recovery risk measures have a solid foundation
in terms of the notion of acceptability. At the same time, risk measures possess a simple operational interpretation that
directly links them to solvency tests.

5We refer to the recent preprint Castagnoli et al. (2021) for a study of star-shaped risk measures.
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RecV@R,(E;, Ly) = inf{m € R; RecV@R ,(E; + m, L;) < 0}
=inffm e R;P(4 + m < AL)) <y(1),V 1€ [0, 1]}
=infm e R;PA + m>AL)>1—-y),VAe]O0,1]}

This leads to the following operational interpretation of RecV@R: If RecV@R ,(E3, L;) > 0,
the company fails to pass the recovery-based solvency test (7) and RecV@R,(Ey, L) is the
minimal amount of cash that needs to be added to its assets to become adequately capitalized. If
RecV@R,(Ey, L) < 0, the company is adequately capitalized according to the recovery-based
solvency test (7) and —RecV@R ,(Ey, L;) is the maximal amount of cash that may be extracted
from the asset side without compromising capital adequacy.

Remark 8. From an operational perspective, the interpretation of monetary risk
measures as capital requirement rules relies on the cash invariance property. RecV@R
is cash invariant in the first but not in the second argument. If one intends to modify the
liabilities, for example, by transferring them to another institution, instead of the assets
on the balance sheet, an alternative definition of RecV@R is appropriate, namely
(“L” stands for “liabilities”)

1
LReCV@Ry(Al,Ll) = Sup Z . V@R;,(A)(Al - ALl) (12)

2€(0,1]
In this case, the correct way to express the solvency test (7) is

LRecV@R (4, Ly) < 0, (13)

which is still equivalent to condition (8). Note that LRecV@R is cash invariant (in the
appropriate sense) with respect to its second argument, that is, for all A4, L; € &}
and m € R

LRecV@R (A, L1 + m) = LRecV@R (4, L) + m.

This leads to the following operational interpretation: If LRecV@R ,(4;, L,) > 0, the
company fails the solvency test (13) and LRecV@R ,(4;, L,) is the minimal nominal
amount of liabilities that needs to be removed from the balance sheet to pass the test, for
example, by transferring these liabilities to suitable equity holders outside the firm. If
LRecV@R (A, L;) < 0, the company is adequately capitalized. The company may at
most create an additional amount —LRecV@R (4, L;) of liabilities, for example, via
additional debt, and immediately distribute the same amount of cash to its shareholders.

Observe that assets A; and liabilities L; are used in the definition of LRecV@R instead
of the net asset value E; and liabilities L, to obtain a simple cash-invariant recovery risk
measure with a transparent operational interpretation.'®

%Combining RecV@R and LRecV@R leads to the question of how to combine asset and liability management for
capital adequacy purposes, which, however, goes beyond the scope of this paper. The literature on set-valued risk
measures may help to address this question.
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4 | RECOVERY RISK MEASURES

The risk measure RecV@R allows to control the loss given default by prescribing suitable
bounds on the probability that part of the creditors' claims can be recovered. If one replaces
V@R with other monetary risk measures, for example, convex risk measures, one obtains
recovery risk measures of a different type. In particular, by choosing appropriate monetary risk
measures as the basic ingredients, it is possible to construct convex recovery risk measures. In
this section, we describe the general structure of recovery risk measures and their main
properties. We continue to use the balance sheet notation introduced in Section 2.

41 | Recovery AV@R

We start by focusing on the natural recovery-based version of AV@R, which is arguably the
most important convex risk measure used in practice.

Definition 9. Let y: [0, 1] — [0, 1) be an increasing function. The Recovery Average
Value at Risk

RecAV@R, : XX X = R U {0}
with level function y is defined by

RecAV@R,(X,Y) := sup AV@R,nH(X + (1 — 1)Y). (14)
A€[0,1]

If the random variables X and Y in Definition 9 are interpreted, respectively, as the net
asset value E; and liabilities L; in a company's balance sheet, the recovery risk measure
RecAV@R can be used to formulate the solvency test (17):

RecAV@R ,(AE;, L) < By & YA€ [0,1]: AV@R, (4 — AL;) < 0. (15)

A company will thus be adequately capitalized according to RecAV@R with level function y
if for all recovery fractions 4 € [0, 1] the modified net asset value A; — AL, is positive on
average on the lower tail beyond the y (1)-quantile. Since AV@R dominates V@R at the same
level, domination is inherited by their recovery-based versions, that is, for all X, Y € L!

RecAV@R (X, Y) > RecV@R (X, Y).

The solvency test (15) is stricter than (7) and the recovery probabilities are still controlled as
described in Equation (8).

The next proposition states some basic properties of RecAV@R, which follow from the
general result in Proposition 19 in the appendix. We refer to Section A.4 in the appendix for a
dual representation of RecAV@R.

Proposition 10. The risk measure RecAV@R, is cash invariant in its first component,
monotone, convex, subadditive, positively homogeneous, star-shaped in its first component,
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and normalized. Moreover, RecAV@R ,(X, Y) < oo for all integrable X € X andY € X,
if y(0) > 0 or if X is bounded from below.

The subadditivity of RecAV@R makes it suitable to serve as a basis for limit systems that
enable decentralized risk management within firms. We consider a bank or an insurance
company that consists of N subentities. For each date t = 0, 1 their assets, liabilities, and net
asset value are denoted by A/, L/, and E},i = 1, ..., N. The consolidated figures are denoted by

N . N . N .
A=) AL L= )L, E =) E.
i=1 i=1 i=1
The firm may enforce entity-based risk constraints of the form
RecAV@Ry(E{, L{) <c, i=1,.,N,

where ¢, ..., ¢N € R are given risk limits. If the limits are chosen to satisfy Y ;¢! < 0, then

N
RecAV@R ,(E}, L) < Y RecAV@Ry(Ef, L{) <

i=1 i

<0

M=z

1

by subadditivity. This shows that imposing risk constraints at the level of subentities allows to
fulfill the “global” solvency test (15). A closely related issue is performance measurement and
adaptive management of the balance sheets of firms, as often seen in practice. This is discussed
for general recovery risk measures in Section 5.2.

If the recovery function y is piecewise constant, then RecAV@R is the maximum of finitely
many AV@R's. This parallels the representation of RecV@R recorded in Proposition 6.

Proposition 11. Let y be defined as in (10). Then, forall X € X and Y € X,

RecAV@R,(X,Y) = max AV@R, X+ (1 - n)Y).
i=1, n+1

i=1, ..,

Proof. See Section A.3.
U

Remark 12. A modified version of RecAV@R that is cash invariant with respect to its
second component can be easily constructed as in Remark 8.

4.2 | General recovery risk measures

To motivate the general definition of a recovery risk measure, we observe that RecV@R may be
expressed in terms of a decreasing family of monetary risk measures indexed by recovery
fractions 4 € [0, 1]. Indeed, for a given level function y, the collection of monetary risk
measures o, : X - R given by

pA(X) = V@Ry(/l)(X)’ A’ € [0’ 1]’
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defines the associated RecV@R by setting

RecV@R,(X,Y) = sup p,(X + (1 —A)Y).
A€[0,1]

The same holds for AV@R and its recovery counterpart. By construction, smaller recovery
fractions are guaranteed with higher probability, which is captured by y being increasing. As a
consequence, the family of maps p;,4 € [0, 1], is decreasing in the sense that p A 2 P,
whenever 4; < 4. A smaller recovery fraction corresponds to a more conservative risk measure.
This motivates the general definition of a recovery risk measure.

Definition 13. For every A € [0, 1] consider a map o, : X = R U {oo} and assume that
P, = P;, Whenever 4 < 4. The recovery risk measure

Recp : XX X - R U {0}
is defined by

Reco(X,Y):= sup o;(X + (1 — )Y). (16)
A€[0,1]

In line with our discussion on RecV@R, if the random variables X and Y in Definition 13
are respectively interpreted as the net asset value E; and liabilities L, in a company's balance
sheet, the recovery risk measure Recp can be employed to formulate a solvency test of the form
(1). Indeed, similarly to what we have shown in Section 3, we have

Recp(AE, L) < Ey & VA1€[0,1]: py(A — ALy) < 0. 17)

The specific interpretation of this recovery-based solvency test will, of course, depend on the
choice of the monetary risk measures used to build Recp. In Section A.5 in the appendix we
show how a number of standard properties of monetary risk measures are inherited by their
recovery counterparts and in Section A.6 we discuss dual representations of convex recovery
risk measures.

5 | APPLICATIONS

We complement the foundations on recovery risk measures with detailed case studies and
applications. In Section 5.1 we demonstrate that recovery-based solvency requirements may
help align the decisions of the management of firms with the interest of creditors in protecting
their claims in the case of default. In Section 5.2 we focus on performance-based management
of business divisions of firms for recovery risk measures. In Section 5.3 we address the problem
of calibrating the recovery function to prespecified benchmarks, an issue that is relevant in the
context of regulatory regime changes. Finally, in Section 5.4 we study the impact of the
distributions of the underlying balance sheet figures on capital adjustments.
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51 | Protecting the interests of creditors

We demonstrated in Example 2 that capital requirements based on V@R and AV@R may
fail to provide adequate protection to creditors. We return to this example and show that
RecV@R and RecAV@R can successfully be employed to enforce guarantees on claims
recovery.'’

Example 14. We consider the situation of Example 2, but with a different risk
constraint in terms of RecV@R. While solvency constraints in terms of V@R or AV@R
led to recovery 0, the recovery risk measure RecV@R is able to guarantee a prespecified
recovery level. Throughout we assume that « is close to zero, for example o = 0.5% or
a = 1%. (We need that o < % in some calculations below). We fix a recovery function in
the class described in Section 3.3 with n = 1. For a probability level 8 €(0, «) and a
recovery level r €(0, 1), we set

g ifielo,r),

rid) = {oc it 2 elr,1].

For every choice of k € [0, 100] we obtain from Proposition 6 that
RecV@R, (B, L,) = max{V@R,(E), V@R4EL + (1 — r)L)}.

A direct computation shows that

04
100r—k  ifB< % k<500 + 1),
RecV@R (B, L) =] iff <5 k<500 +1)

k — 100 otherwise.

The company is adequately capitalized under revar if

k>100r ifg<Z,
RecV@R, (B, L) <0 2
k>0 iz 2.

A maximal shareholder value under the recovery-based solvency constraint is
attained with k = 100r when f <% and with k = 0 otherwise. In the first case
RecV@R is therefore more stringent than V@R and the recovery fraction in the
default state is equal to r. This is in contrast to Example 2 with solvency constraints
in terms of V@R or AV@R that led to recovery 0 when the management maximizes
shareholder value.

For detailed calculations we refer to Section A.7 in the appendix.
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Example 15. We consider the same situation as in Example 14, but replace
RecV@R by RecAV@R with the same recovery function. We will demonstrate that
the recovery risk measure RecAV@R is also able to guarantee a prespecified recovery
level. To be more specific, it follows from Proposition 11 that for every choice of
k €0, 100]

RecAV@R (Ef, L,) = max{AV@R(E{"), AV@RL(E/ + (1 — r)L,)}.
A direct computation shows that

AV@R4ES + (1 — PLy)
k — 100 if k > 501 + r),
1l o a . a
= E(E(IOOr —k)—-(@B- E)(lOO —k)  ifk<5001 +71),8> 5

100r — k otherwise.

Since AV@Ra(Elk) = 0, the company is adequately capitalized under RecAV@R if

k > 100r if g <

RecAV@R (Ef, L) <0 & 3
> X{SOoc(l +7) 100/3,0} it g

bl

2

N[R NM|R

a—=p

If B <% and the management selects the optimal admissible level of k from a

shareholder’s perspective, the recovery fraction in the default state is equal to r as
observed in Example 14. In this case, there is no difference between RecAV@R and
RecV@R. Interestingly enough, contrary to RecV@R, claims recovery can be
controlled under RecAV@R even in the situation where § > % In this case, again
under the assumption that shareholder value is maximized, the fraction of claims
recovered in the default state equals

%cx(l +r)—-p
maxy ——,

a—p
28
a

,8:% always ensures a strictly-positive recovery equal to r. In the setting of

This expression is strictly positive as soon as r > = — 1. For example, taking

this example, solvency capital requirements based on RecAV@R are therefore
more effective in controlling claims recovery in comparison to those based on
RecV@R.
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5.2 | Performance measurement

An important issue that is closely related to solvency capital requirements is performance
measurement. We show that this task can be implemented on the basis of recovery risk
measures. A popular metric in practice is the return on risk-adjusted capital (RoRaC). Consider
a recovery risk measure Recp that is subadditive and positively homogeneous as discussed in
Section A.5. The associated RoRacC is defined by

RoRaC(AE,, Ly) := M
Recp(AE;, Ly)

This quantity measures the expected return per unit of economic capital expressed in terms of
the risk measure Recp. We suppose that Recp(AE;, Li) > 0.

The goal of the firm is to improve its RoRaC. We assume that the company is composed of
different subentities labeled i = 1, ..., n. The central management may impose risk limits and
adjust the size of different business units. A key question is which allocation of economic
capital to business units and corresponding performance measurements provide appropriate
information to improve the overall performance of the firm. We denote the net asset values and
liabilities of the subentities at time t = 0,1 by E/ and L/ fori = 1, ..., N, respectively. Note that
fort=0,1

L,=) L, E=)E.
i=1 i=1
The subadditivity of Recp implies

N
Recp(AE), L)) < 3 Recp (AE{, L;’).

i=1
We seek an allocation of economic capital x' :== Recp®™l (AE], L), i = 1, ..., N, satisfying:
« Full allocation: 3\, k' = Recp(AE), L);

« Diversification: k' < Recp(AE], L] for alli = 1, ..., N;
» RoRaC-compatibility: If for some i = 1, ..., N we have

RoRaC! := M > RoRaC(AE,, L) (resp. <),

X
then there exists € > 0 such that for every h € (0, )
RoRaC(AE1 + hAEL Ly + hL{) > RoRaC(AEy, L) (resp. <).

The full allocation property requires that the entire solvency capital is allocated to the
individual subentities. The diversification property specifies that no more capital is allocated to
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the individual subentities than their stand-alone solvency capital, taking beneficial diversifica-
tion effects into account, which is feasible due to the subadditivity of Recp. Finally, RoRaC-
compatibility guarantees that performance measurement based on the chosen capital allocation
provides the correct information to the management of the firm to improve the overall
performance of the firm. To be more precise, if the performance of subentity i—as captured by
RoRaC!—is better than the overall RoRaC, the performance of the entire firm can be improved
by growing subentity i. An allocation fulfilling the above three properties is called a suitable
allocation.

The existence of suitable allocations has been extensively studied in the literature, see, for
example, Tasche (2000), Tasche (2004), Kalkbrener (2005), Tasche (2008), Dhaene et al. (2012),
Bauer and Zanjani (2013), and the general review by Guo et al. (2021). It follows from the
general results in these papers that the only suitable allocation in the above sense is the Euler
allocation

i — d i i
K = ERecp(AEl + hAE! L, + hLl)

ln=0
for alli = 1, ..., N. In the specific case of Rec p = RecAV@R with a simple piecewise constant
level function, the Euler allocation can explicitly be computed.

Proposition 16. Let y be defined as in (10) and let j € {1, ..., N} satisfy

AV@R(AE, + (1 =)L) > max AV@Rq(AE + (1 — n)Ly).
i=1, ..., N,i#j

Under suitable assumptions on the joint distribution of AE] + (1 — r)L{, ...
AEYN + (1 - rj)LlN (see Section A.9), the Euler allocation based on RecAV@R, is given
foreveryi=1,..,N by

Kl = —E(AEf + (1 = LI B+ (1 = 1)L < V@R 4 (B + (1 — rj)Ll)).

Proof. See Section A.9. O

In summary, performance measurement inside firms can be based on recovery risk
measures. Notions such as return on risk-adjusted capital (RoRaC) and RoRaC-compatible
allocations may be extended to solvency regimes that control the size of recovery on creditors’
claims in the case of default.

5.3 | Calibrating the recovery function

When regulatory solvency standards in practice are modified and improved, the old regulatory
framework is often used as a numerical benchmark for the new one. New and old requirements
will, of course, differ for many distributions of assets and liabilities at the considered time
horizon, and many companies might experience corresponding changes in solvency
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requirements. For this reason, a common approach in practice is to calibrate the new standards
in such a way that they produce the same solvency requirement for a prototypical benchmark
company. The rational behind this strategy is to ensure some form of continuity in the sense
that benchmark firms are not too much affected over short time horizons. At the same time,
regulatory standards are ideally modified in such a way that their new design is more efficient
in achieving key regulatory goals in the long run. Choosing a benchmark balance sheet for
calibration naturally remains a political decision.

In this section, we explain in the context of an example how recovery risk measures could
be calibrated to existing regulatory standards. We begin by recalling the transition from Basel II
to Basel III. Basel IT was based on V@R at level « = 1% while the new Basel III has adopted
AV@R at level B = 2.5%. The choice of 8 = 2.5% was justified (a) by assuming in a benchmark
model that changes in net asset value AE; are normally distributed and (b) by requiring"®

AV@R 3(AE;) ~ V@R ((AE)).

The new regulatory level equates capital requirements of normally distributed positions for
old and new standards. In the same spirit, we describe how to calibrate the recovery level
function of RecV@R. A challenge is that we deal with a function y instead of a single parameter
B as well as with a pair of random variables, E; — E, and L;, instead of just one random
variable, E; — E,. The aim is to equate, for given a € (0,1) and for AE; being normally
distributed,

RecV@R,(AE,, L) = V@R (AE)). (18)

The choice of a benchmark is a political decision of the regulator. In our recovery-based
setting, we consider a particularly simple choice. As discussed before, we assume that
AE := E; — E, is normally distributed with mean u,; € R and standard deviation gyg > 0. In
addition, we suppose that L := L; is normally distributed with mean u;, € R and standard
deviation or > 0 and is independent of AE. The latter assumption is not meant to capture
realistic balance sheets, but is simply chosen for illustration as it leads to explicit calculations.
By independence, for every 4 € [0, 1] the random variable AE + (1 — A)L is also normal. We
denote by @ the distribution function of a standard normal random variable."’

We seek a function y such that (18) holds under the assumptions above. A sufficient
requirement is that

V@R, 1)(AE + (1 — )L) = V@R (AE), for every 1 € [0, 1].

A direct calculations yields

ap®Ha) = (1 — Dy
Jode + (1 - AY0?

Yy =2 , Ae€l0,1],

18We refer to Li and Wang (2019) for a general study on the calibration of V@R and AV@R.
“Note that a positive random variable like L cannot have a normal distribution. In practice, this can be taken into

account by imposing the condition CD(—%) =P (L < 0) < ¢ for a sufficiently small € > 0.
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with y (1) = a. This function might be inconsistent with the requirements in Definition 3,
namely with y being increasing. A potential remedy to this problem could be to modify the
choice of y as follows. Since our solution for y is differentiable with respect to A4, by taking
derivatives, its increasing part can easily be characterized by

Y20 & (1-DP Y a)of + pone 20, A€ (0,1).

Here, we have used that ®~!(a) < 0 because « is assumed to be close to zero. Hence, y is
increasing on the interval [A*, 1] where

o),
2= max {1+ —22E_ ol <1,
of ()

If A* = 0, the function y is increasing on the whole interval [0, 1]. Otherwise, we compute

) = of - [ @r + 2L |
or
and redefine y as follows:
e
P|—, [0 (a)? + =% if 1 € [0,2%),
o1
y@) =
1 -1-2
o| 2E2 D) = A= Dy | 45w 1),
\/UKE + (1 — )%}

Finally, if a piecewise-constant recovery function is sought, see Section 3.2, a suitable
approximation of y may be chosen.

5.4 | Numerical case studies

Standard solvency capital requirements based on V@R and AV@R cannot control the
probability of recovering certain prespecified fractions of claims. Additional capital is
required which needs to be computed on the basis of recovery risk measures such as RecV@R
and RecAV@R. In this section, we study the impact of a variation in the distribution of the
underlying balance sheet figures on the size of necessary capital adjustments. Section 5.4.1
numerically illustrates this for standard parametric distributions. This allows to understand
the influence of correlation between assets and liabilities and the tail size of liabilities.
Section 5.4.2 presents a stylized example demonstrating that under standard solvency regimes
sophisticated asset-liability-management may hide substantial tail risk. These situations
correspond to high capital adjustments, if the required capital is instead computed by
recovery risk measures.
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Throughout the section, we consider a financial institution with assets A, liabilities L;, and
net asset value E; = A, — L, at dates ¢t = 0, 1. The changes of the net asset value over the
considered time window or, equivalently, the corresponding cash flows are AE; = E; — E.

5.4.1 | Parametric distributions

In this section, we consider parametric distributions that model the evolution of the company's
assets and liabilities and show how the gap between standard capital requirements and those
based on recovery risk measures is influenced by the dependence between assets and liabilities
and by their marginal distributions, in particular the liability tail size. We refer to Section A.10
for further details.

Distribution of assets and liabilities

We assume that A; possesses a lognormal distribution with log-mean 4 € R and log-standard
deviation o > 0. This specification for the asset distribution is standard in the finance literature
and compatible, for example, with the Black-Scholes setting. We fix u =2 and o = 0.2.
Liabilities L, follow a mixture gamma distribution. More precisely, up to the 95% quantile L,
possesses a gamma distribution with shape parameter 7, > 0 and rate parameter §, > 0; beyond
the 95% quantile L, is determined by a gamma distribution with shape parameter 7 > 0 and rate
parameter 6 > 0. This specification is encountered in many applications, including insurance,
and allows a flexible control on the tail distribution (heavier tails correspond to higher levels
of 7). Setting 6, = § = 1 and 75 = 1, we focus on the range 7 € [1, 5].

Assets and liabilities are linked by a Gaussian copula. This choice allows to capture
dependence by a single parameter, the correlation coefficient p € [—1, 1]. Under positive
dependence (o > 0), shocks increasing the value of liabilities are more frequently accompanied
by increased asset values. In this case, the asset position may be considered a reasonable hedge
of the liability position. We focus on the range p € [0, 1].

Simulated distribution of assets and liabilities

Our computations are implemented using the software R. We resort to standard Monte Carlo
simulation based on quantile inversion (for the marginal distributions) and Cholesky
decomposition (for the joint distribution); see, for example, Glasserman (2013). The simulated
cash flow distribution is displayed in Figure 1. The choice of E, is made to ensure a realistic
probability of observing negative cash flows over the considered period of time, that is,
P (E; < Ey); we target a value of about 50%. This constraint is met in our case if, for example,
E, = 6.5. As expected, increasing the correlation level between assets and liabilities leads to a
more concentrated cash flow distribution. Increasing the size of the liability tail leads to a
heavier cash flow tail. Probabilities of negative cash flows are decreasing functions of the
correlation level and increasing functions of the liability tail size. This is illustrated in Figure A1l
in Section A.12. The first observation is due to the fact that the more positive the dependence,
the more effective are the assets as a hedge against liabilities and the lower the probability of
negative cash flows.

Regulatory capital requirements
We focus on the two most prominent solvency regimes in insurance, Solvency II and the Swiss
Solvency Test, with regulatory capital requirements
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FIGURE 1 Probability distribution function of AE; (left) and a detail of its tail (right) for o = 0.1 (dotted)
and p = 0.9 (plain) and for 7 = 1 (green) and 7 = 5 (red).
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FIGURE 2 The solvency capital requirement g, (AE;) as a function of p (left) for 7 = 1 (green) and t = 5
(red) and as a function of 7 (right) for p = 0.1 (red) and p = 0.9 (green).

AEY = V@R y54(AE;) under Solvency II,
Preg (AEo) = {AV@R 12(AEy) under the Swiss Solvency Test.

Figure 2 displays solvency capital requirements as functions of the correlation level between
assets and liabilities and of the liability tail size. In line with our previous discussion, the level
of regulatory capital is a decreasing function of correlation and an increasing function of tail
size. The risk measure g, (E;) is always negative under our specifications, indicating that we

are focusing on companies that are technically solvent with respect to the regulatory solvency

tests under consideration. In addition, the solvency ratio > f" lies in the interval [1, 3], which
reg 0

is the relevant range in practice. This is illustrated in Figures A2 and A3 in Section A.12.
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Recovery-based capital requirements
We consider recovery risk measures with a simple parametric recovery function belonging to
the class described in Section 3.2 with n = 1. We fix a regulatory level « € (0, 1) and consider a
piecewise constant recovery function

g ifAelo,r)

« ifAe[r] (19

y@) = {
for suitable 8 € (0, ) and r € (0, 1). In line with the Solvency II standards we take a = 0.5%.

The solvency capital requirement induced by the corresponding RecV@R is given by

RecV@R ,(AE;, L;) = max{V@R 4(AE;), V@R g(AE; + (1 — r)L,)},

the solvency test (7) is equivalent to

[P(A1 < Ll) h o and [P(Al < rLl) < ﬁ

Besides controlling the default probability P (4; < L,) at the prespecified regulatory level a,
the recovery risk measure additionally bounds the probability P (4; < rL;) of covering less than
a fraction r of liabilities by a more stringent level S.

Recovery adjustments
To capture the extent to which the regulatory solvency capital requirements fail to control the
recovery on liabilities we define the recovery adjustment

(20)

RecV@R ,(AE;, L
RecAdj (AEy, Ly) = max{ @Ry (AE, 1), }

Preg (AEI)

This quantity is the maximum of 1 and the multiplicative factor by which regulatory
requirements would have to be adjusted to guarantee the considered recovery levels. Recovery
adjustments may also be conveniently expressed as a function of the regulatory level 5 and the
recovery rate r as

ReCAd_](ﬁ V) = max{maX{V@Ra(AEl), V@Rﬁ(AEl + (1 - V)Ll)} 1}

Preg (AE)
We consider the aggregate recovery adjustment

ﬁmax Tmax
AggRecAdj := f f RecAdj(B, r)dBdr
ﬁmin h

min

with (B> Brax) = (0.1%, 0.25%) and (Hmin, fmax) = (80%, 90%). Apart from a normalization
constant, this quantity corresponds to the average recovery adjustment over the chosen range of
the recovery parameters 8 and r. Figure 3 displays the aggregate recovery adjustment as a
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FIGURE 3 The aggregate recovery adjustment AggRecAdj as a function of p (left) for 7 = 1 (green) and
7 =5 (red) and as a function of 7 (right) for p = 0.1 (red) and p = 0.9 (green).

function of the correlation between assets and liabilities and of the size of the liability tail.
Figures A4 and A5 in Section A.12 display recovery adjustments for specific choices of 8 and r.

Observations
The qualitative behavior of recovery adjustments can be described as follows:

(a) Recovery adjustments are typically larger than 1, indicating that regulatory solvency
requirements are too low to fulfill the target recovery-based solvency condition.

(b) The size of the recovery adjustment depends on the recovery-based regulatory level 8 and
the recovery rate r as expected: It is larger if 8 is lower (a tighter constraint on the recovery
probability) and if 7 is higher (a larger portion of liabilities to recover). This relation holds
across liability tail sizes and correlation levels but is more pronounced in the presence of
lighter liability tails and higher correlations.

(c) For sufficiently large correlation levels, recovery adjustments are increasing functions of
the correlation level between assets and liabilities, suggesting that the failure of regulatory
capital requirements to control the recovery on liabilities is more pronounced in the
presence of large correlation levels. This relation holds across all liability tail sizes.

(d) For sufficiently light tails, recovery adjustments are decreasing functions of the liability tail
size, suggesting that the failure of regulatory capital requirements to control the recovery
on liabilities is stronger in the presence of lighter liability tails. This relation holds across
different correlation levels.

(e) These observations hold for both regulatory frameworks under investigation. In
comparison, recovery adjustments in the Swiss Solvency Test are lower than those induced
in Solvency II under our distributional specifications.

Our observations demonstrate the importance of recovery risk measures from a risk management
perspective. First, we observe that, under standard distributional assumptions, there may exist a
considerable gap between the standard risk measures used in practice and our reference recovery risk
measure. Second, this gap tends to be wider in the presence of lighter liability tails and higher levels
of correlation between assets and liabilities. In situations when assets appear to better hedge liability
claims, standard risk measures show lower ability to control recovery rates.
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FIGURE 4 Qualitative plot of the probability density function of L,. The area below the left peak equals
99.5% while the area below the right peak equals 0.5%.

5.4.2 | Sophisticated asset-liability management

In this section, we consider a firm with a stylized balance sheet. Assets are deterministic, but
the firm is capable of controlling the shape of the liability distribution in a sophisticated way.
Our case study provides another perspective on the failure of standard solvency regulation to
control recovery and highlights that this deficiency might be associated with large recovery
adjustments. For detailed calculations, we refer to Section A.11.

Distribution of assets and liabilities

We assume that assets evolve in a deterministic way with A; being equal to a constant k > 0.
The future value of liabilities L; follows a probability density function with two peaks as
displayed in Figure 4. The probability of falling in the light tail peak is equal to 99.5% and that
of falling in the heavy tail peak is equal to 0.5%.*°

Regulatory capital requirements
In line with Solvency II and the Swiss Solvency Test, we focus on VaR at level 0.5% and AVaR
at level 1%. The chosen regulatory risk measure is denoted by Preg- The corresponding solvency

capital requirements admit analytic solutions:

V@R o54(AE) = a — k + Ey,

Preg (AEy) = AV@R. o (AE) = 1 1 a b+c
(AB) = |- - = + — k + E,.
@R 14(AE;) > 320w a 2 0

The capital requirements based on V@R are blind to all liability payments beyond the first
peak while capital requirements based on AV@R react to the entire distribution of liabilities.

*0The explicit expression of the density function is provided in Section A.11.
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Recovery-based capital requirements
Fixing a regulatory level a € (0, 1), consider a piecewise constant recovery function belonging
to the class described in Section 3.2 with n = 1:

g ifrAelo,r)

a ifAe|(r1] @

YD) :{

with 8 € (0,a),r € (0,1), and o = 0.5%. The choice of a is motivated by the standards
implemented in Solvency II. The solvency capital requirement corresponding to RecV@R is

RecV@R ,(AE;, L)) = max{V@R 4(AE;), V@R g(AE; + (1 — r)Ly)}

b+c

max{a,r }—k+E0

and depends on the entire distribution of liabilities. This paralles AV@R, but tail risk is
captured in a more sophisticated way: The recovery level r determines the relative importance
of the peaks of the liability distribution.

Recovery adjustments

As in Section 5.4.1 we consider recovery adjustments as introduced in (20). We will answer the
question how large the recovery adjustments may become, if a firm's asset-liability-
management is constrained by the following conditions:

1) Solvent profile under Preg o (E) <0

) Capital requirement under p,,, Preg (AE) >0

3) Solvent profile under RecV@R, RecV@R ,(E1, L) <0
@) Capital requirement under RecV@R, RecV@R ,(AE;, L) > 0

5) V@R insufficient to control claims recovery RecV@R ,(E1, Ly) > V@R 4(E;)

Eo

(6) Range of admissible regulatory solvency ratios Smin < -~ 55 S Smax
Preg (AEy

More precisely, we focus on the optimization problem

max RecAdj y(AEl, L,) over A; and L, as specified above (22)

under the constraints (1)-(6). The solvency ratios in (6) are in practice typically in the range
between 1.2 and 3.>' It turns out that in many cases the highest admissible recovery adjustment
coincides with sp,x, that is, capital requirements under RecV@R can be as large as sp,x times
the capital requirements under V@R or AV@R. This implies that the difference between the

2n general, we assume that 1 < Spmin < Smax-
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current capital requirements and their recovery-based versions in our asset-liability setting may
be substantial. The next proposition states this in detail.

Proposition 17. The optimal value of (22) is bounded from above by Smax. If
Preg = V@Ros, this upper bound is attained for every choice of y. If p,,, = AV@Rq,

this upper bound is attained for special choices of y, for example, when (3 2% and

1 [2a 1 V2a 1 22

- |— <rX<

4\ a-8 _4\/5_\/“_6%_'-%\/2(15:@

Proof. See Section A.8. O

The preceding result suggests that companies subject to capital requirements based on V@R
and AV@R may be far from guaranteeing acceptable recovery rates on their creditors' claims.
In the V@R case, this is a consequence of tail blindness, which, in the absence of external
controls, allows companies to accumulate tail risk without any regulatory cost. Also in the
AV@R case this problem does not disappear because increased tail risk may often be
compensated by a suitable shift in the asset distribution or in the body of the liability
distribution. In our example, a more dispersed distribution beyond the 99.5% quantile may
leave the AV@R unchanged provided the distribution within the same quantile level shrinks.*

6 | CONCLUSION

Risk measures used in solvency regulation specify guard rails for financial firms such as banks
or insurance companies. Within their legal boundaries firms can otherwise freely choose their
actions, for example, to maximize shareholder value. As a consequence, an axiomatic theory
of risk measures for solvency regulation should carefully formulate and capture the goals of
regulation, and determine and investigate suitable instruments to meet them. The issue of
recovery on creditors’ claims has not yet been considered in sufficient detail, and the existing
literature lacks solvency requirements that provide adequate protection of customers and
counterparties in the case of default. In this paper, we propose the novel concept of recovery
risk measures to resolve this issue. We analyze the properties of these risk measures and
describe how to apply them in the context of solvency regulation, performance measurement,
and portfolio optimization. Our findings suggest that recovery risk measures add value to the
current risk management toolkit. They are tractable tools for both internal risk management
and solvency regulation and can be employed to provide a more comprehensive picture on tail
risk with a focus on safeguarding the interests of creditors and policyholders.

Various extensions of the suggested framework are possible. Our framework focuses on a
static setting as common in solvency regulation where relevant time horizons are fixed.
Dynamic or conditional solvency risk measures would be an interesting extension; see Bielecki
et al. (2017) for a survey on previous research on this topic. Recovery risk measures are applied
to single firms in this paper. From this perspective, another natural extension is the regulation

2ZFor instance, if B = 2 then we can take 50% < r < 95%.
2This phenomenon refers to the lack of surplus invariance and was studied in Koch-Medina and Munari (2016).
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of financial systems. As outlined in the literature, systemic risk measures should capture the
local and global interaction of economic agents and operationalize the emerging risk at the
level of the entire system; see, for example, Chen et al. (2013), Kromer et al. (2016), Feinstein
et al. (2017), and Biagini et al. (2019). A related issue is the study of optimal investment under
risk constraints in the spirit of Markowitz (1952), where the variance is replaced by a recovery
risk measure. Our approach to model firms' balance sheets offers a natural and flexible starting
point to address optimal asset-liability problems of this type.
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APPENDIX A
Al. Proof of proposition 1

Proof. Fix A € (0, 1). By nonatomicity, for every p € (0, «) we find an event F, € F
such that P(F,)=p. Set A,= %plF; and L,=1p and note that

a

Ay —L,=—1p + a—fplF;. Note also that both A, and L, belong to X. A simple

computation shows that

1
V@R(4, ~ L) < AV@R4(A) ~ L) = —|p — (a - p)ﬁ =0

Moreover, we have P (4, > AL,) = [P(F;) =1 — p. As a result,
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1—a<inffP(A>L);A L€ Z, V@R(A — L) <0}
<inf{P(A > AL);A,L € Z;, V@R (A — L) < 0}
<inf{P(A > AL); A, L € Z,, AV@R4(A — L) < 0}
<inf{P(A, > ALy);0 < p < a}
=inf{l —-p;0<p<al=1-a.

This yields the desired statements. O

A2. Proof of proposition 6

Proof. Fix i =1,..,n and observe that y is constant and equal to «; on the interval
[r-1, ). Hence, we get

V@R, )X+ (1 -A1Y)= VOR,(X+ (1 -1Y) < VOR,(X+ (1 - 1Y)
for every A € [1_1, 1) by positivity of Y and monotonicity of V@R. As a result,

sup V@R, X+ (1 -2)Y) = VaR (X + (1 - n)Y).

A€[r-1,1)

Similarly, observe that y is constant and equal to a,,; on the interval [r,, 1]. Hence,
we get

V@R, )X + (1 —A1)Y) = VOR,, X+ (1 -1)Y) < V@R, (X)

An+1 An+1

for every A € [, 1] by positivity of Y and monotonicity of V@R. As a result,

sup V@Ry(,l)(X + (1 — /1)Y) = V@Ra,,+1(X)-
A€[r,1]

The desired assertion is a direct consequence of the above identities. |

A3. Proof of proposition 11

Proof. Fixi=1,..,n and observe that y is equal to a; on the interval [r,_1, 1;). Hence,

AV@R, (X + (1 = 1)Y) = AV@R,(X + (1 — 1)Y) < AV@R,,
X+ 0 -nY)

for every A € [r,_1, 1;) by positivity of Y and monotonicity of AV@R. As a result,

sup AV@R, (X + (1 = )Y) = AV@R (X + (1 — )Y).

A€[r-1,1)

Similarly, observe that y is constant and equal to a,,; on the interval [r,, 1]. Hence,
we get
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AV@R, (X + (1 — 1)Y) = AV@R,,, (X + (1 — 1)Y) < AV@R,,,,(X)

An+1 Xn+1

for every 4 € [r,, 1] by positivity of Y and monotonicity of AV@R. As a result,

sup AV@R, )X + (1 —1)Y) = AV@R,,, (X).

A€E[r,1]
The desired assertion is a direct consequence of the above identities. O
Ad. Dual representation of RecAV@R
We establish a dual representation of RecAV@R in terms of probability measures as in the
classical framework of monetary risk measures. Here, we denote by M°(P) the set of all

probability measures Q over (Q, F) that are absolutely continuous with respect to P and such
that the Radon-Nikodym derivative 3% belongs to L*.

Proposition 18. For all X, Y € L! the following representation holds:

RecAV@R,(X,Y) = sup (Eq(—X)— (1 —-A1(Q))Eg(Y))
QeMy(P)

where for each Q € M (P) we set

dq |[*
A@Q)=supsA e [0,1;y(1) L ||— .

dP ||,
Proof. 1t is well-known, see for example, Theorem 4.52 in Follmer and Schied (2016) for
the classical statement in L®, that for all 1 € [0,1] and X € L!

AV@R,»(X) = sup (Eqo(—X) — :(Q))
QeMr®)

where

.. dQ 1
0 if — < —

@) = aP ~ y(d)
) otherwise.

Exchanging the supremum in the definition of RecAV@R with that in the dual
representation of AV@R yields

RecAV@R,(X,Y) = sup (Eq(—X) — ay(Q))
QeEM(P)

where
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ay(Q) = Eq(Y) + inf (a(Q) — AEQ(Y)).
1€[0,1]
Now, for every Q € M (P) define

dQ

dpP

ol
P
© Y@

and set 1(Q) = supA(Q). Since Y is positive, it is easy to see that

AQ) = {/1 € [0,1];

inf ((Q) — AEQ(Y)) = inf (=AEq(Y)) = —2(Q)Eq(Y)
A€[0,1] 1eAQ)

for every Q € MP(P). This implies that

RecAV@R,(X,Y) = sup (Eqo(—X)— (1 — A(Q))Equ(Y)).
Qe.4P(P) 0

As discussed in (5), the term E; + (1 — 4)L; represents the available resources of the firm at
time 1 beyond a recovery level A. For a fixed probability measure Q € M?(P), we can thus
interpret Eq(—E;) — (1 — A)Eq(L;) as the expected shortfall below the recovery level 1 with
respect to the measure Q. Proposition 18 thus represents RecCAV@R, as a supremum over
expected shortfalls below different recovery levels over the collection of absolutely continuous
probability measures with bounded Radon-Nikodym density: The recovery levels depend on Q
and are given by the generalized inverse of y evaluated at the inverse of the supremum norm of
the Radon-Nikodym derivative of Q with respect to the reference measure P. The robust
representation in Proposition 18 can thus be interpreted as a worst-case approach in the face of
Knightian uncertainty: The recovery risk measure RecAV@R, is the worst-case expected
shortfall beyond different recovery levels over a class of probability measures. The size of
the recovery level encodes to what extent different probability measures contribute to the
worst-case.

A5 Properties of recovery risk measures

The next result collects some basic properties of recovery risk measures. In particular, we
analyze how a recovery risk measure inherits the key properties of its underlying building
blocks.

Proposition 19. A recovery risk measure Recp : X X X > R U {oo} has the following
properties:

(a) Cash invariance in the first component: If o, is cash invariant for every 1 € [0, 1],
then for all X, Y € X and m € R

Reco(X + m,Y) = Recp(X,Y) — m.

(b) Monotonicity: If o, is monotone for every A € [0, 1], then for all X;, X%, Y1, Y» € X such
that X; > X, and Y, > Y, P-almost surely
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Recp(X;, ;) < Recp (X, Y3).

(c) Convexity: If p, is convex for every A € [0, 1], then for all X,X%,Y;, Y, € X and
ae€0,1]

Recp(aX; + (1 — a)Xs,a¥; + (1 — a)¥;) < aRec
p (X1, Y1) + (1 — a)Recp (X, Va).
(d) Subadditivity: If p, is subadditive for every A € [0, 1], then for all X1,X, Vi, Y, € X

Reco(X + X, Yi + ¥3) < Recp (X, Y)) + Recp (%, Yo).

(e) Positive homogeneity: If p, is positively homogeneous for every 1 € [0, 1], then for all
X,Ye X and a € [0, o0)

Recp(aX,aY) = aRecp(X,Y).

(f) Star-shapedness in the first component: If p, is monotone and positively homogeneous
for every 2 € [0,1], then forall X € X, Y € X,, and a € [1, )

Recp(aX,Y) > aRecp(X,Y).

(g) Normalization: If p, is monotone and p,(0) =0 for every A€ [0,1], then
Recp(0,Y) =0 for every Y € X,.

(h) Finiteness: If p, is monotone for every A € [0,1], then for every X € X with
0o (X) < o0 and for every Y € X, we have Recp(X,Y) < co.

Proof.
(a) For every X € X and m € R the cash invariance of p, readily implies
RecoX +m,Y)= sup (X +m+ (1 —-A1)Y)= sup p,
2€[0,1] A€[0,1]

X+(0-A4)Y)—m= Recp(X,Y) — m.

(b) Since X; + 1 — YL > X + (1 — )Y, for every A € [0, 1], the monotonicity of p,
yields

Recp(Xy, Y1) = sup p; (X + (1 —A)Y) < sup p;
A€[0,1] 2€[0,1]

(% + (1 — DY) = Recp (X, V).

(c) It follows from the convexity of p, that
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Recp(aX; + (1 — a)Xz, a1 + (1 —a) = sup g(a(X + (1 - )Y)

A€[0,1]
Y2)
+Q-a%+@A-21)
Y2))
< sup (ap (X + (1 —)¥)
2€[0,1]
+ (1 - a)p (X
+ (1 -DY))
<asup p;(X; + (1 - 1)
2€[0,1]
+ (1 —a) sup p,

1€[0,1]
% + (1 — DY)
= aRecp(X, ¥)) + (1 — a)
Recp (X, Ya).

(d) Similarly, we can use the subadditivity of p, to get

Reco(X; + X, 1+ V)= sup X1+ (1 - DY+ X% + (1 - DY)
1€[0,1]

< sup {p (X + (1 -2V
1€[0,1]

+ 0, + 0 -}

< sup p(Xa + (1 —A)¥) + sup py
2€[0,1] A€[0,1]

X+ 0 -DY)
= Recp (X, 1) + Recp (X, V2).

(e) Using the positive homogeneity of p,, we easily see that
Recp(aX,aY) = sup g (aX+ (1 —A)aY) = sup a
1€[0,1] 2€[0,1]

0, X+ (1 —-2)Y)=aRecp(X,Y).

(f) Observe that a(1 —A)Y > (1 —A1)Y for every 4 € [0,1]. This is because Y is
positive. Then, it follows from the monotonicity and positive homogeneity of o, that

Recp(aX,Y) = sup p;(aX+ (1 —A)Y) > sup p;
21€[0,1] 21€[0,1]

(aX+ (A —-A4)Y)) =aRecp(X,Y).
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(g) It follows from monotonicity that o, (1 — 4)Y) < p,(0) for every 4 € [0, 1]. This is
because Y is positive. Then, normalization yields

0=p,(0) < Recp(0,Y) = sup p((1 —A)Y) < sup p;(0) =0.
A€[0,1] A€[0,1]

(h) Take X € X such that p,(X) < co and observe that X + (1 — 1)Y > X for every
A € [0, 1]. This is because Y is positive. Then, monotonicity implies

Recp(X,Y) = sup (X + (1 —)Y) < sup p;(X) = py(X) < oo,
A€[0,1] A€[0,1]

where we used that p,(X) > p, (X) for every 1 € [0, 1] by assumption.

(]

A6. Dual representation of recovery risk measures

If the risk measures p,'s are convex, the recovery risk measure Recp admits a dual
representation similar to the classical representations discussed in Follmer and Schied (2016).
Suppose X = L? for some p € [1, oo]. For every q € [1, o] we denote by M{(P) the set of
probability measures Q over (Q, F) that are absolutely continuous with respect to P and satisfy
Z% € L4. Recall that a map p : LP - R U {oo} satisfies the Fatou property if for every sequence

(X,) € LP and every X € LP we have

X, — X P-almost surely, suplX,l € L? = p(X) < lim inf p(X),).

nenN n-
The Fatou property corresponds to a weak form of continuity, namely lower semicontinuity,
with respect to dominated almost-sure convergence. A well-known result by Jouini et al. (2006)
shows that every distribution-based monetary risk measure defined on L*® has the Fatou

property. We refer to Gao et al. (2018) for a general result beyond bounded random variables.

Proposition 20. For all X,Y € LP the following representation holds:

Recp(X,Y) = sup (Eqo(—X) — ay(Q))
QeM{P)

where q = ﬁ and for every Q € M{(P) we set

ay(Q) = |EQ(Y) + inf (Sup [EQ(—X) - AEQ(Y))
2€[0,1] XeA;

where Ay = {X € L?; p,(X) < 0}
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Proof. Fix 1 € [0, 1]. It follows at once from Theorem 4.33 in Féllmer and Schied (2016)
(if p = o) or from Corollary 7 in Frittelli and Gianin (2002) (if p < o) that, if o, is a
convex monetary risk measure with the Fatou property, then for every X € L?

p(X) = sup (Eo(=X) - x(Q)),
QeM{(P)

where for every Q € M{(P) we have set o, (Q) = sup Eq(—X). As a result,
XeA,

Reco(X,Y) = sup sup (Eg(—X - (1 -21)Y) - a(Q))
QeMi(P) 1€[0,1]

= sup (Eqo(—X) — ay(Q))
QeM{(P)

for all X, Y € LP, concluding the proof. O

A7. Complementary material for Section 5.1
Fix k € [1, 100]. We know from Example 2 that V@Ra(Elk) = k — 100. Moreover,

101
100r — k ifﬁ<%,k§w,

V@R g(Ef + (1= 1)Ly) = 2

k + r — 101 otherwise.

It follows from Proposition 6 that
RecV@Ry(Elk, Ll) = max{V@Ra(Elk), V@Rﬁ(El" +(1- r)Ll).
As a result, a direct calculation yields

a
100r — k if g < <,k < 50(r + 1),
RecV@R,(Ef, L) = F<3 r+1

k — 100 otherwise.

This shows that

k > 100r if B <

RecV@Ry(Elk, Ll) <0 o cso itps
2 1 =

N[N

We turn to RecAV@R. We know from Example 2 that AV@Ra(Elk) = 0. Moreover,
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AV@R ﬁ(El" +(1 - r)Ll)

100 — k ifﬁ<%,ksw,

101
F— 101+ 2014997 + |1 - &k g & k< 1L FIT
28 3 2 2
k+r—101 otherwise.

It follows from Proposition 11 that
RecAV@R, (Ef, L) = max{AV@R (Ef), AVeR4(Ef + (1 - )}
y\E1, L1 ) = al\ L1 )s B\ E£1 L)

As a result, we obtain
RecAV@Ry(E{‘, Ll)
1007 — k if g < % k < 100r,

r— 101 + (101 + 997r) + (1 - E]k iftg> % k
28 3 2
< (99a + 28)r — 101(28 — a)

s

B 2(a—p)
0 otherwise.
We infer that
k > 100r if B < %
RecAV@R,(Ef, L) <0 & _ _
( ) k> max (99a + 2B)r — 10128 a),O if g > a
2(a — B) 2

A8. Proof of Proposition 17

Proof. Throughout the proof we use the notation from Section A.11. In the V@R case,
the optimization problem can be reformulated in explicit terms as
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rqg(b, ¢) — k + Ey
a—k+ E,
st. (Wk>a,
2)k < a + Ey,
k> rq[g(b’ c),
(4) k < rgg(b, ¢) + Eo,

(5) rgg(b, ¢) > a,
E,
(6) Sin < aTo-i-Eo < Smaxs

over k>0andO0O<a<b<e.

max

It is clear that, due to (5), both conditions (1) and (4) can be dropped as they are implied
by conditions (3) and (2), respectively. Moreover, (6) clearly implies (2). Since the
objective function is increasing in the term g4 (b, c), the maximum is achieved by taking
rqg (b, ¢) = k in (3). In this case, condition (5) is implied by (6). By conveniently rewriting
condition (6), we thus obtain the equivalent problem

Ey
max ———
a—k+ EO
Smin — 1 S -1
s.t. a+ 2 _"F<k<a+ 2 ___F,
Smin Smax
over k> 0and a > 0.

Note that the new objective function is increasing in k. As a result, the maximum is
achieved by taking k = a + ™2~ EO, which yields a recovery adjustment equal to

Ey
a—(a+ Smax — E0)+E0

Sma

= Smax-

The parameter a can be selected to ensure a realistic loss probability. Indeed, we have

1
IP(E1<E0):P(L1>G— E()]
max

It is then clear that we can always choose a so as to ensure a loss probability around 50%.
To this effect, it suffices to have (a -1 Ey ~ %) To deal with the AV@R case, it is first

max

convenient to define the quantity

The corresponding optimization problem can be rewritten in explicit terms as

371
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rqs(b, ¢) — k + Ep
max

§a+b+c—k+E0
s.t. (1)k2§a+b:c,
Qk<ta+ 25 4R,

(3) k = rgg(b, ¢,
(4) k < rqg(b, c) + Eo,
(5) rgs(b, ) > a,

Ey
b+c

(6) Smin < < Smax>

ga +

—k+E

over k>0and0O<a<b<ec.

Observe that we cannot proceed as in the V@R case because of a more complex
dependence on the parameters b and c. As a first step, note that condition (6) implies
both conditions (1) and (2). The objective function is decreasing in a. As a result, the

maximum is achieved by taking a = %(k - b:C — o _IEO) in (6). We thus obtain the

equivalent problem

rdz(b, c) — k + Ep
Eo

Smax

st. (1Nk> rqﬁ(b, c),
(20 k < rqg(b, ) + Eo,

3) rqﬁ(b’ c) > é(k _ b:—c _ Sm;x—_lEo),

max

(40 < é(k _ bre S‘““—_lEO) < b,

4 Smax

over k>0and0<b<ec.

The new objective function is decreasing in k. This implies that the maximum is achieved
by taking k = rqg (b, ¢) in (1), which entails a recovery adjustment equal to

rdg (b, ¢) — rqs(b, ¢) + Ep

T = Smax-

Smax

In this case, condition (2") is automatically satisfied. We need to show when there exist
0 < b < c satistying all the remaining conditions, namely (3’) and (4’), under

k= rqﬁ(b, c). We focus on the case 8§ > % In this case, setting 4 = /"‘2;'8 € (0, %], we

can write gg (b,c¢) = (1 — )b + Ac. Condition (3) can equivalently be written as
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((1 —Erd-A) - %)b + ((1 — O - %)c < Smax = 1p

Smax

This holds for all 0 < b < ¢ provided that the two expressions multiplying b and ¢ are
both negative, that is

1

S —
40 =00 -8

(A1)

Similarly, condition (4’) is equivalent to

Smax = 1p (r(l - %)b < (r/l _ i)c < Smax = 1p

Srnax Smax

For every b > 0, this holds for a suitable ¢ > 0 provided that the expression in parenthesis
multiplying b and the expression multiplying ¢ are both strictly positive, that is

1
> —. A2
" (A2)

To ensure that ¢ can be taken to satisfy c > b, it suffices to impose the bound
b < L 3m=lp This shows that we can indeed find 0 < b < ¢ satisfying (3’) and (4')

1
rA— n Smax

under k = rqg (b, ¢) provided that (A1) and (A2) hold. O

A9. Proof of Proposition 16

Proof. We rely on Lemma 5.6 in Tasche (2000). To this effect, the random variables
X! = —(AEII +(1 - rj)Lll), XN = —(AElN +(1 - rj)LlN)

have to satisfy the so-called (S)-Assumption in that paper. This stipulates some
requirements on the joint distribution of the above random variables, namely:

« X', .., XN are integrable and continuously distributed,;
« the conditional distribution of X! given X2, ..., X"V has a density ¢;

o x> @(x!, x?, ..., xN) is continuous for all x2, ..., xN € R;
« the maps @y, ..., &y : R X R\ {0} x R¥"! — R defined by

. (xL, wy, ..., uy) =Ep (¢(u1_1 (xl - ul-Xi),Xz, ...,XN)),

W, w, .., y) = Ep (X’¢(uf1 (¢! - Sowx?). X2, . xV) ),

I=2,.,N,

are finite valued and continuous;
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« for every u = (uy, ..., uy) € R\ {0} x RN~ we have

> 0,
i=2

N
[E[p[c,b[ufl (qaj(u) - ul-X"],Xz, ...,XN]

where g, (u) = inf{x € R; [P(Zf\iluiXi <x)>1-a

Now, fix i=1,..,N and for every k=1,..,n+ 1 consider the convex (hence,
continuous) function f** : R — R defined by setting

Fik(h) = AV@Ry, (AE1 + (1= )L+ h(AE + (1 - rk)L{)).

By assumption we have that

fi(0) > max  fb%(0).
k=1, ..., n+1,k#j

It follows from continuity that there exists € > 0 such that

fH(h) > ) max  fbk(h).

=1, ..., n+1,k#j

for every h € (—¢, €). As a result,

for every h € (—¢, €). This immediately yields

_ 4
o dh

iRecAV@Ry(AEI + hAEL L, + th)l (0).

dh

Since the (S)-Assumption holds, we infer from Theorem 4.4 in Tasche (2000) that

dfij . .
g—h(O) - _E (AE; +(1 = rLi| AR + (1 - 1)Ly
< —V@R4(AF; + (1 - rLy)
This delivers the desired statement. O

A10. Complementary material for Section 5.4.1
The probability distribution function of A; is specified by
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log(x) — u
P4 <x)= o
0 ifx<o0,

) if x>0,

where @ is the distribution function of a standard normal random variable. To define the
probability distribution function of L,, recall that the gamma distribution with rate a > 0 and
shape b > 0 is given by

ab X o1
— “lem¥dy ifx> 0,
Gu(®) = { T(b) fo Y Y
0 ifx<o,
where T is the gamma function. For every p € (0, 1) set

q,(Gyp) = inffx € R; Gop(x) > p}.

The probability distribution function of L, is then specified by

G5oyfo (X) if x < q97.5% (G5o,70)’

P(L,<x)= .
{G&T (X + G754, (Gs.0) = Go754 (Gsr)) 1 X 2 oy 59, (Gayro)-

Recall that, by Sklar's Theorem, see, for example, Theorem 2.3.3 in Nelsen (2007), the joint
distribution of A; and L; can be expressed through a suitable copula function C : [0, 1] X
[0,1] = [0, 1] as

P(A <x,L; <y)=C(P(A <x),P(L; Y)).
The assets and liabilities are linked through the Gaussian copula
1 Up) poig) _w-2ouv+r?
C(p,q) = 7f f e 20-p») dudv
27141 — p? J-o —o0

where p € (—1, 1) is the correlation coefficient.

All. Complementary material for Section 5.4.2
Distribution of assets and liabilities. The probability density function of L, is explicitly given by

a? 2
_4(1;oc)x+4(1—oc) if£<x§a,
a a 2
fx) = 4o . 4ab ibebe+c’
(c — b)? (¢ — b)? 2
_ 4 4+ 4ac ifb+c<x§c,
(c—Db) (c—Db)
0 otherwise,
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for @ = 0.5% and for fixed parameters 0 < a < b < c.
Regulatory benchmarks. Note that P(L; <a)=1—a and P(I; £x) <1 — a for every
X < a. This yields

V@RO.S%(EI) = V@Ra(—Ll) —k= inf{x €R; [P(-Ll +x < O) < 0(} -
=infxeR;P(Ll1<x)>1—-a}—k=a—k.

The computation of AV@R 14(E;) requires a bit more effort. First of all, define

q = V@R (L) = infix e R; P(L; £x) > 1 — 2a.

Note that g must satisfy

a

1. q)(_4(1 - oc)q N 401 — oc)] _

& ] Since g < a must hold, we obtain

20-a) )
[ a
q_a[l— 72(1_(1) ]

This gives q = a(l +

As a next step, observe that

E (Li1z,>q))
AV@R(—Ly) = E(L41IL1 2 V@R(—L1)) =Bl 2 @) = —————.
P(L>q)

We clearly have P (L, > q) = 2a. Moreover, noting that g > % we get

b+c

E (Lilisg) = fq "3 (odx = fq " (dx + [ s ) " (dx
2

bre
4(1_“)f(ax—x2)dx+ da [fz o2 — bx)dx

(b — c)?
+ fmc(cx - xz)dx]

2

_40-a 1 4 (1 1
o5+ 3o - qar)+ (b—c)Z(E(b3+c3)_£(b”)3)

41 -a) « 1 1@ ), Aot o

- 2(1—05)[2 3 2(1—cx)]a +( 0?8 (b+c)(b c)
(1 1 a ] b+c

=2\ = a+a )
2 3\201 -a) 5
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As a result, it follows that

_ N1 a b+c
AV@R14(E;) = AV@R 2 (—Ly) k—[2 3 /2(1—a)}a+ . k.

Recovery-based capital requirements. We turn to the computation of RecV@R ,(Ej, L;). To
this effect, define

qs = V@Rg(—Ly) =inflx e R; P(L; <x) > 1 - 6.

If § < 0.25%, then gz must satisfy

4ac _
c)z) =5

l(c_ |- 4a +
W\ o-—c®" -

2

This gives g; = ¢ = \/g(c — b). Since gz < ¢ must hold, we obtain

qﬁz\/gb+[l— %]c.

Similarly, if § > 0.25%, then g, must satisfy

1 4a dab | _
5<qﬁ_b)[<b—c)2qﬁ_<b—c)2)_“ s

This gives g, = b + /“2;5 (c — b). Since gz > b must hold, we obtain

gs = [1 - \/“2;5 ]b + \/—“;Cﬁc.
\/zb+(1—\/z]c if B < 0.25%,
2a 2a

[1—\/“_B]b+\/“_5c if B > 0.25%.

For convenience, we set

%(b, C) =

20

It follows that

V@Rﬁ(Al - rLl) = VV@Rﬁ(—Ll) —k= rqﬁ(b, C) — k.

As a result, we conclude that
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RecV@R ,(Ey, L) = max{V@R(E1), V@R g(A; — rL;)} = max{a, rqﬁ(b, c)} —k.

A12. Additional plots for Section 5.4.1
See Figure Al.
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FIGURE Al The loss probability P (AE; < 0) as a function of p (left) for r = 1 (green) and t = 5 (red) and as
a function of 7 (right) for p = 0.1 (red) and p = 0.9 (green).

See Figure A2.
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FIGURE A2 The regulatory risk measure Preg (Ey) as a function of p (left) for 7 = 1 (green) and 7 = 5 (red)
and as a function of 7 (right) for o = 0.1 (red) and p = 0.9 (green).
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See Figure A3.
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FIGURE A3 The solvency ratio pEizE as a function of p (left) for = 1 (green) and v = 5 (red) and as a
reg 1
function of 7 (right) for o = 0.1 (red) and © = 0.9 (green).

See Figure A4.
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FIGURE A4 The recovery adjustment RecAdj(B, r) for 8 = f3,,,, = 0.25% and r = hy;, = 50% as a function
of p (left) for r = 1 (green) and 7 = 5 (red) and as a function of 7 (right) for o = 0.1 (red) and p = 0.9 (green).
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See Figure AS.
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FIGURE A5 The recovery adjustment RecAdj(B, r) for 8 = B,,;,, = 0.1% and r = e = 90% as a function of

o (left) for 7 = 1 (green) and 7 = 5 (red) and as a function

of 7 (right) for p = 0.1 (red) and o = 0.9 (green).
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