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ABSTRACT

In this paper, we show that Severi varieties parameterizing irreducible reduced planar curves of a given degree
and geometric genus are either empty or irreducible in any characteristic. Following Severi’s original idea, this gives a new
proof of the irreducibility of the moduli space of smooth projective curves of a given genus in positive characteristic. It is
the first proof that involves no reduction to the characteristic zero case. As a further consequence, we generalize Zariski’s
theorem to positive characteristic and show that a general reduced planar curve of a given geometric genus is nodal.
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1. Introduction

In the current paper, we study the geometry of Severi varieties over an algebraically
closed field K of arbitrary characteristic. Recall that the Sever: variety V, ; is defined to be
the locus of degree d reduced plane curves of geometric genus g in the complete linear
system | Op2(d)|. We denote by lffi the union of the irreducible components parameter-
izing irreducible curves. The main goal of this paper is to prove that the Severi varieties

erd are either empty or irreducible.
These varieties were introduced by Severi in 1921 in order to prove the irreducibil-
ity of the moduli space M, of genus g compact Riemann surfaces [Sev21]. He noticed
that for d large enough, there exists a natural surjective map from Vi;rd to M, since any

s

Riemann surface of genus g admits an immersion as a plane curve of degree d. Therefore,
the irreducibility of M, follows once one proves that ‘g”d itself'is irreducible.

The irreducibility (or rather connectedness) of M, was first asserted by Klein in
1882, who deduced it from the connectedness of certain spaces parameterizing branched
coverings of the Riemann sphere, nowadays called Hurwitz schemes, see [Kle82, Hur91,

EC85, Ful69]. Severi’s goal was to provide an algebraic treatment of Klein’s assertion.
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However, his proof of irreducibility of V;“Zi contained a gap, and the question, of whether
Severi varieties are irreducible, remained open for more than 60 years.

In 1969, Deligne and Mumford proved the irreducibility of the moduli space .7,
of smooth projective genus g curves in arbitrary characteristic [DM69]; see also [Ful69].
The proof uses reduction to characteristic zero and Teichmiiller theory over the field of
complex numbers. As a result, it is based on transcendental methods. Only in 1982 Fulton
gave a purely algebraic proof of the irreducibility of .#, in an appendix to the paper
[HM82] of Harris and Mumford, who constructed a good compactification of Hurwitz
schemes. However, Fulton’s proof still proceeds by a reduction to the characteristic zero
case.

Although the question of the irreducibility of .#, was settled, the Severi problem
remained open and attracted quite a lot of attention. In 1982, Zariski gave a dimension-
theoretic characterization of Severi varieties in characteristic zero [Zar82]. Namely, he
proved that if V C |Op2(d)| parameterizes reduced curves of geometric genus g, then the
dimension of V is bounded by 3d + g — 1. Moreover, if equality holds, then a general
curve parameterized by V is necessarily nodal. An alternative proof of this result can
be given using the techniques developed by Arbarello and Cornalba; [AC81a, AC81b].
Both approaches, however, fail in positive characteristic.

Soon after, Harris settled the Severi problem in characteristic zero [Har86]. Har-
ris’ proof of irreducibility follows the general line of Severi’s approach. He first proves that
any component of Vz,”d contains a rational nodal curve and then shows that such a com-
ponent is unique. The second step is relatively simple and uses a monodromy argument.
However, the first step is rather involved: it uses Zariski’s theorem, a careful analysis of
degenerations of curves, and a remarkable trick based on studying the deformation spaces
of tacnodes.

In positive characteristic, much less was known about the Severi problem and
Zariski’s theorem. In 2013, the third author proved that the bound in Zariski’s theo-
rem holds true in arbitrary characteristic. However, the assertion about the nodality of a
general curve of genus g was shown to be wrong, at least on certain weighted projective
planes; see [Tyol3]. In the planar case, however, it remained an intriguing open question,
which we also settle in the current paper. Notice that in characteristic zero, both parts of
Zariski’s theorem generalize naturally to many rational surfaces, including weighted pro-
jective planes, see, e.g., [KS13].

1.1. The main result. — Letd>1and 1 —d <g < (d;I) be integers. We first prove
that V, ; is locally closed (Lemma 2.6) of pure dimension 3d +g — 1 (Proposition 2.7). The
main result is then the following theorem, which settles the Severi problem in arbitrary
characteristic.

Man Theorem. — Let d > 1 and 0 < g < (dgl) be integers. Then the Severi variety Vigr,rd i
irreducible of dimension 3d + g — 1 over any algebraically closed ground field.
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As an intermediate step, we establish Zariski’s theorem in arbitrary characteristic
(Corollary 5.3):

Theorem (Zarisk’s Theorem). — Let N C V4 be an irreducible subvariety. Then,

(1) dim(V) <3d+g—1, and
2) f dim(V) =3d + g — 1, then for a general [C] € V, the curve C is nodal.

Note that unlike in the proof of Harris in characteristic zero, we do not use Zariski’s
theorem to establish the degeneration part of the argument but rather obtain Zariski’s
theorem as a consequence of our Degeneration Theorem (Theorem 5.1).

As an immediate corollary of the main result, we obtain the first proof of the irre-
ducibility of the moduli spaces .#, in arbitrary characteristic that involves no reduction
to characteristic zero. Indeed, since there is a dense open subset U of V;frﬂ, that parame-
terizes nodal curves, the universal family of curves over U is equinormalizable and hence
induces a map U — .#,. However, since for any d large enough, any smooth genus g
curve admits a birational immersion as a planar degree 4 curve, it follows that the map
U — #, is dominant. Thus, the irreducibility of .#, follows from the Main Theorem in
arbitrary characteristic.

1.2. The techniques and the idea of the progf. — Our proof of the Main Theorem also
follows the general strategy of Severi’s original approach. However, the tools we use are
completely different and combine classical algebraic geometry and tropical geometry.

As a first step, we prove the Degeneration Theorem asserting that the closure
V C |Op2(d)| of any irreducible component V C V, ; contains V,_; ;. We proceed by in-
duction, i.e., we prove that V contains an irreducible component of V,_; 4, and therefore
a component of V|_, 4. But the variety V,_, 4 1s irreducible since it parameterizes unions
of d distinct lines, which allows us to conclude that V contains the whole of V,_, ;. This
is the step where the new tools from tropical geometry are involved. To do tropical ge-
ometry, we assume that the ground field is the algebraic closure of a complete discretely
valued field, which is harmless because the irreducibility property is stable under field ex-
tensions, and any field is a subfield of the algebraic closure of the field of Laurent power
series with coefficients in the given field.

To prove that V contains an irreducible component of V,_; ,, we consider the in-
tersection Z of V with the space of curves passing through 3d 4+ g — 2 points in general
position, chosen such that their tropicalizations are vertically stretched. By carefully analyz-
ing the tropicalization of the corresponding one-parameter family of curves of genus g,
we show that there exists [C] € Z such that C is a reduced curve of geometric genus g — 1.
Since such a C passes through 3d + g — 2 points in general position, it follows that the
intersection VN V,_1,4 has the same dimension as V,_ ; itself and therefore contains one
of its irreducible components.

Our degeneration argument is based on the study of the tropicalization of gen-
eral one-parameter families of algebraic curves. For such a family, we investigate the
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induced map a: A — M;r(;pv from the tropicalization of the base to the moduli space of
parameterized tropical curves. We prove that « is a piecewise integral affine map and in
good cases, it satisfies the harmonicity and local combinatorial surjectivity properties, see Defi-
nition 3.4 and Theorem 4.6. These properties allow us to describe the intersection of the
image of o with two types of strata of Mtgf(;f)v: the nice strata — parameterizing weightless
tropical curves whose underlying graph is 3-valent, and the simple walls — parameterizing
such curves but with a unique 4-valent vertex. We show that for a nice stratum, the image
of a 1s either disjoint from it or intersects it along a straight interval whose boundary does
not belong to the stratum. For a simple wall, we show that the image of « is either disjoint
from it or intersects a// nice strata in the star of the wall.

Next, we use these general properties to reduce the assertion of Theorem 5.1 to a
combinatorial game with floor decomposed tropical curves, the latter being a very con-
venient tool in tropical geometry introduced by Brugallé and Mikhalkin [BMO09]. The
goal of the game 1s to prove that the image of o necessarily intersects a nice stratum pa-
rameterizing tropical curves having a contracted edge of varying length. Indeed, if this is
the case, then A contains a leg parameterizing tropical curves for which the length of the
contracted edge is growing to infinity. Since the legs of A correspond to marked points
of the base, it follows that there is a closed point [C] € Z, such that the generalized trop-
icalization of the normalization of C has an edge of infinite length, i.e., C has geometric
genus less than g. With a minor extra effort, we show that C is necessarily reduced, see
Step 3 in the proof of Theorem 5.1.

On the tropical side of the game, we show that for a point ¢ € A corresponding
to a tropical curve passing through 3d 4+ g — 1 vertically stretched points, the stratum
Mg of M;zpv containing «(¢) is nice, and the boundary of the interval Im(a) N Mg
belongs to simple walls adjacent to Mg. We then use the floor-elevator structure of floor
decomposed curves to describe the nice strata adjacent to these simple walls. We show
that by traveling along the nice strata and by crossing the corresponding simple walls, we
can find a leg of A such that o maps it to a nice stratum parameterizing tropical curves
having a contracted edge of varying length, see Lemma 5.5, and the figures within its
proof.

To complete the proof of the Main Theorem we follow the ideas of [Tyo07], and
consider the so-called decorated Severi varieties U, s that parameterize reduced curves with
6= (dgl) — g marked nodes. We prove that these varieties are smooth and equidimen-

sional and that the natural map ﬁd,a — |Op2(d)| is generically finite and has Vg’d as its
image. Finally, we show that the variety UY; parameterizing irreducible reduced curves
of degree d with § marked nodes is irreducible (Theorem 7.1), which implies the Main
Theorem.

The analysis of the decorated Severi varieties allows us to generalize the well-
known description of the local geometry of the closure of the Severi variety Vg,d along
Vi_s4 to the case of arbitrary characteristic (Theorem 6.1). We show that as in the

case of characteristic zero, at a general [Cy] € V|_; 4, the variety Vg,d consists of smooth
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branches parameterized by the subsets i of § nodes of Cy. Furthermore, the intersections
of branches are reduced, have expected dimension, and the branch corresponding to p

belongs to Virrd if and only if Gy \ p is connected.

1.3. Generalizations and applications. — The ideas and the techniques introduced in
this paper admit a variety of generalizations and applications, some of which we investi-
gate in our follow-up papers. In particular, our Key Lemma (Lemma 5.5) is a new tool
providing good control over the skeletons of curves and the way they vary as curves move
in tropically general one-parameter families. Therefore, we expect that further applica-
tions of our tropical machinery to studying families of curves will be found soon. Let us
describe two generalizations we already explored.

A natural generalization considered in [CH'T22a] is the case of polarized toric sur-
faces corresponding to A-transverse polygons, e.g., Hirzebruch surfaces. These are the types
of polygons for which the technique of floor-decomposed curves applies. It turns out that
if a polygon A is /-transverse, then any component of the Severi variety VgrA contains
Vs nits closure. However, unlike in the planar case, to prove this in full generality, one
must deal with walls corresponding to elliptic components. This brings the geometry of
the moduli spaces of elliptic curves with a level structure into play and restricts the va-
lidity of the results for the general A-transverse polygons to characteristic zero (or large
enough characteristic). In some cases, such as Hirzebruch surfaces, one can avoid ellip-
tic walls and prove the degeneration result in arbitrary characteristic. The degeneration
result combined with the recent monodromy result of Lang [Lan20] gives rise to the ir-
reducibility of the Severi varieties on most such surfaces. Notice, however, that there are
examples of reducible Severi varieties even on polarized toric surfaces corresponding to
certain /-transverse polygons; see [1yol4] for a simple example.

In [CHT22b], we develop further the tropical tools introduced in the current pa-
per, and deduce the irreducibility of Hurwitz schemes in small positive characteristic.
Remarkably, our tools allow to replace the monodromy argument with a purely tropical
one. To the best of our knowledge, this problem has been open since Hurwitz schemes
were introduced by Fulton in 1969 [Ful69].

1.4. The structure of the paper. — The first two sections are preliminaries from alge-
braic and tropical geometry. In Section 2, we define the Severi varieties and prove that
they are equidimensional of the expected dimension. In Section 3, we recall the notion
of parameterized tropical curves, their moduli spaces, and floor decomposed curves.

In Section 4, we study the tropicalization of a general one-parameter family of
smooth curves with a map to the projective plane. The results of this section are the main
technical tool in the proof of the Degeneration Theorem, which is proved in Section 5
together with the generalization of Zariski’s theorem to the case of positive characteristic
(Corollary 5.3).
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The main result of Section 6 is Theorem 6.1 describing the local geometry of
V, . along V,_, ;. We also define and study the decorated Severi varieties in this section.
Finally, in Section 7, we prove the irreducibility of decorated Severi varieties and deduce
the Main Theorem.

2. Severi varieties

In this section, we recall the notion of Severi varieties on algebraic surfaces and
prove their basic properties. We show that in the case of toric surfaces, Severi varieties
are locally closed, and their closures are either empty or equidimensional of the expected
dimension. Let S be a projective surface over an algebraically closed ground field K, and
£ aline bundle on S. We write [C] € |.Z| for the K-point in the complete linear system
|-Z| parameterizing a curve C.

Defimition 2.1. — The Severi varieties V, ¢ and ng are defined to be the following loct
n|ZL|:
V, = {[C] € |2 C is reduced, C NS¢ = @, pe(C) :g} ,
where pg(C) denotes the geometric genus of C,, and

v = {[C] €V, ¢ | C is irreducible}

We denote by V, & and V:,rrg the closures in |.Z| of V, & and giip, respectively.

Notice that since the locus of integral curves is open in the linear system, the variety Vmig

is a union of irreducible components of Vg, 2 If (S, %) = (PQ, Op2 (d)), we will often use
the classical notation V, ;, :=V, ¢ and Vigfﬂl = Vgrf

Definition 2.2. — A _family of curves & — B is called generically equinormalizable ¢ff
the normalization of the total space, & — B, is a_family of curves with smooth generic fiber.

Lemma 2.3. — [d796, §5.10] Let 2~ — B be a projective morphism of integral schemes with
reduced curves as fibers. Then there exist maps

2.1) 2 ¥

.

B —— B

such that B' — B is finite and surjective, 2" is an irreducible component of (Z~ X B')req dominating
2L and X' — B’ is a generically equinormalizable family of reduced projective curves.
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Remark 2.4. — 1In characteristic zero, any family 2~ — B like in Lemma 2.3 is
generically equinormalizable by [DPT80, Page 80] and [CHLO6]. This fails in character-
istic p, as the classic example below shows. Furthermore, the map B’ — B of Lemma 2.3
may fail to be generically étale, which is one of the pitfalls in a naive attempt to gener-
alize the known characteristic-zero approaches to Zariski’s theorem and Harris’ theorem
to the case of positive characteristic.

Example 2.5. — In characleristic p > 2, consider the family over Ay = Spec(K[t]), given
in an affine chart Spec(K[x, y, t]) by »* 4+ y> + t = 0. It has normal total space isomorphic to Ay.
However, none of its fibers is smooth. In this case, the necessary base change in Lemma 2.3 1s given by
adjoining ¥/t In particular, the base change is nowhere étale.

Lemma 2.6. — The Severt varieties foig and V, o are locally closed subsets of | L |.

Proof. — Since V:if is the mtersection of V, & with the open locus of irreducible
curves in |.Z’], it is sufficient to prove the assertion for V, &. Since the universal curve
2 ¢ — |Z] is flat and proper, the set U, := {[C] € |-Z|| C is reduced } is open in |.Z|;
see [Sta20, Tag 0COE].

Let us first show that V, ¢ is constructible. We can inductively define a finite strat-
ification of U, by geometric genera as follows: Consider the restriction 2y, — U of the
universal curve to U;. Assume first that the total space 2y, is irreducible. Let 27 — U]
be a family associated to 2y, — U as in Lemma 2.3. Then there is a dense open subset
Vi of U} over which 2} — Uj has constant geometric genus. Since the map U} — U,
is finite, the image Z of the complement of V| is closed and nowhere dense in U,. Set
V,:=U; \ Z. Then V] is open and dense in U,. Furthermore, 2y, — U, has constant
geometric genus over V| since so does Z{; — U/ over V), and the pullback of V, is a
subset of V. If the total space 2y, is reducible, we apply the above reasoning to each ir-
reducible component of Zy;, separately and define V| to be the intersection of the dense
open sets obtained in this way.

For an irreducible component U, of the complement U, \ V,, the same procedure
gives rise to a dense open subset Vo C Uj such that the restriction of 2y, — U to Vy has
fibers of constant geometric genus. Repeating this process for all irreducible components
of the U; \ V;, gives a finite stratification of U, by the locally closed V;’s. By construction,
each V, ¢ is a union of V;’s, hence a constructible subset of [.Z’| as asserted.

It remains to prove that the constructible subsets Ug Vg ¢ and Ug,<g Vg ¢ are
closed in Uy, since then V, & is locally closed. Let R be a discrete valuation ring, and
¢: Spec(R) — U, a map taking the generic point € Spec(R) to [C,] € V, ¢ for some
¢ < g. After a quasi-finite base change, we may assume that the normalization of C,
1s smooth over n and admits a stable model over Spec(R). Let [C] € U, be the image
of the closed point of Spec(R). Then C 1s a reduced curve dominated by a semi-stable
reduction of the normalization C;. Thus, p,(C) < p,(C,)) =g Therefore | J ¥ Sng/, o and

’fg
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Ug/<€ V. & are closed in U; by the valuative criterion [Sta20, Tag 0ARK], and we are
done. UJ

In general, Severi varieties may have components of different dimensions; see
[CC99]. However, in the case of toric surfaces, they are equidimensional, as the following
proposition shows:

Proposition 2.7. — If S s a toric surface, then the Severi varieties Vgri? and V, o are ei-
ther empty or equidimensional of dimension — Ks + g — 1. Furthermore, a general [C] €V,
corresponds to a curve C intersecting the boundary divisor transversally.

Proof. — Since V™ ¢ 18 a union of irreducible components of V,, ¢, it is sufficient
to prove the assertion for V, . Let VCV, & be an irreducible component, and [C] € V
a general point. Suppose that the curve C has m irreducible components Cy, ..., G,,. Set
g = pe(C,) and .Z := O5(C,), and consider the map [, V,.# — V, . Its fiber over
[C] is finite, and the map is locally surjective. Thus, dimg(V) = Y7, dimye;(V,, ).
However, dim(¢(V,,. z) < —Z,.Ks + g — 1 by [Tyol3, Theorem 1.2], and hence

m

=1

Furthermore, if C intersects the boundary divisor non-transversally, then the inequality
1s strict. Next, let us show the opposite inequality, implying both assertions of the propo-
sition.

Let X be the normalization of C, and f: X — S the corresponding map. It
defines a point [X, /] in the Kontsevich moduli space .#,, (S, |.Z|) of stable maps
to S with image in |.Z]; see [Kon95] and [dJHS11, Theorem 5.7]. Since f is bi-
rational onto its image, it is automorphism-free, and hence .#,, (S, |-Z]|) is a quasi-
projective scheme in a neighborhood of [X, f]. Let (R, m) be the formal completion
of the algebra of functions on .#,, (S, |.Z|) at [X,f]. By [IlI71, Théoreme II1.2.1.7],
the tangent space to .4, (S, |.Z]) at [X, ] is given by (m/mQ)* =H"(X, .4}), where
N7 = Coker(Tx — f*Ty) is the normal sheaf to f, and the obstruction space is a sub-
space in H'(X, .A4)).

Let us express the algebra (R, m) as a quotient of a ring of formal power series
(A, n) by an ideal I C n such that n/n* >~ m/m?. Then, by a standard argument in de-
formation theory, the ideal I is generated by at most 4'(X, .#/) elements, and hence
the dimension of any local germ of .#,, (S, |-Z]) at [X, /] is bounded from below by
X (X, A7); cf. [Mor79, Proposition 3]. Since ¢ (A) = =2 Kg + 2¢g — 2, it follows from
the Riemann-Roch theorem that

dimx j1 My S, | LD = x X, M) =ci( M)+ 1 —g=—ZL Ks+g— L.
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Consider the projection from a small neighborhood of [X, /] to |-Z| given by send-
ing a point [X', /'] to [f"(X)]. Since the fiber over [C] is finite, it follows that

dim[c](V) > dim[xdr] %g,n (S, |$|) = _gKS +g — 1,

and we are done. O

Remark 2.8. — 1If M is a lattice, and (S, .Z) is the polarized toric surface corre-
sponding to a convex lattice polygon A C Mg, then — % .Kg = [0A N M|. Hence the
dimension of the Severi varieties can be expressed combinatorially in terms of A and g.
In particular, dim(V, ;) =3d +g— 1.

3. Tropical curves

In this section, we review the theory of (parameterized) tropical curves and recall
the notions of floor decomposed curves and moduli spaces of parameterized tropical
curves. We mainly follow [Mik05, GM07, BMO09, Tyol2, ACP15], to which we refer for
further details. We also discuss families of parameterized tropical curves, cf. [CCUW20,
Ran19], and introduce the notions of harmonicity and local combinatorial surjectivity of
the induced map to the moduli space. Throughout the section, M and N denote a pair
of dual lattices.

3.1. Famuilies and parameter spaces for tropical curves.

3.1.1. Abstract tropical curves. — The graphs we consider have half-edges, called
legs. A tropical curve 1s a weighted metric graph I' = (G, £) with ordered legs, 1.e., G is a
(connected) graph with ordered half-edges and equipped with a weight (or genus) function
g: V(G) = Z-,, and a length function £: E(G) — R.(. Here V(G) and E(G) denote the
sets of vertices and edges of G, respectively. We denote by L(G) the set of legs of G and
extend £ to it by declaring the lengths of the legs to be infinite. Set E(G) :=E(G)UL(G).
We will view tropical curves as polyhedral complexes by identifying the edges of G with
bounded closed intervals of corresponding lengths in R and identifying the legs of G with
semi-bounded closed intervals in R.

For ¢ € E(G) we denote by ¢° the interior of e, and use ¢ to indicate a choice of
orientation on e. If ¢ € L(G) is a leg, then it will always be oriented away from the vertex.
Bounded edges will be considered with both possible orientations. For v € V(G), we
denote by Star(v) the star of v, i.e., the collection of oriented edges and legs having v
as their tail. In particular, Star(v) contains two oriented edges for every loop based at
v. The number of edges and legs in Star(v) is called the valency of v and is denoted by
val(v). By abuse of notation, we will often identify Star(v) with its geometric realization
— the vertex v with germs of the oriented edges ¢ € Star(v) attached to it.
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The genus of I' 1s defined to be g(I') = g(G) :=1 — x(G) + ZUGV(G)g(v), where
X (G) := by(G) — b,(G) denotes the Euler characteristic of G. Finally, a tropical curve
I' = (G, ¢) is called stable if so is G, that is, if every vertex of weight zero has valency at
least three, and every vertex of weight one has valency at least one.

3.1.2. Parameterized tropical curves. — A parameterized tropical curve is a pair (I', h),
where I' = (G, £) is a tropical curve, and /: I' = Ng is a map such that:

(a) for any ¢ € E(G), the restriction /], is an integral affine function; and

(b) (Balancing condition) for any vertex v € V(G), we have ) - .. % =0.
Note that the slope % € N is not necessarily primitive, and its integral length 1s the stretch-
ing factor of the affine map £|,. We call it the multiplicity of h along ¢. In particular, % =0
if and only if / contracts e. A parameterized tropical curve (I, %) is called stable if so 1s T".
Its combinatorial type ® is defined to be the weighted underlying graph G with ordered legs
equipped with the collection of slopes % for ¢ € E(G). We define the extended degree V to
be the sequence of slopes (%) , and the degree V to be the subsequence (%) , where

IeL(G) i

[;’s are the legs not contracted by 4. The (extended) degree clearly depends only on the
combinatorial type ®. An womorphism of parameterized tropical curves 2: I' — Ng and
#': T" — Ng is an isomorphism of metric graphs ¢ : I' — I'” such that # = /" o ¢. Simi-
larly, an zsomorphism of combinatorial types ® and @' is an isomorphism of the underlying
graphs respecting the order of the legs, the weight function, and the slopes of the edges
and legs. We denote the group of automorphisms of a combinatorial type ® by Aut(®),
and the isomorphism class of ® by [O].

3.1.3. Fanulies of tropical curves. — Next we define families of (parameterized) trop-
ical curves; cf. [CCUW20, §3.1] and [Ranl9, §2.2]. We will adapt these more general
definitions to the special case we need — families of (parameterized) tropical curves over a
tropical curve A without stacky structure. Since tropical curves are nothing but param-
eterized tropical curves with N = 0, we discuss only families of parameterized tropical
curves.

Let A = (G, £4) be a tropical curve without loops. Loosely speaking, a family of
parameterized tropical curves over A is a continuous family such that for any ¢ € E(G,),
the combinatorial type of the fiber is constant along ¢° and the lengths of the edges of the
fibers, as well as the images of the vertices of the fibers in Ng, form integral affine func-
tions on ¢. To define this notion formally, consider a datum () consisting of the following:

e an extended degree V;

e a combinatorial type ®, = (GE, (g—;)) of extended degree V foreach ¢ € E(G,);
e an integral affine function £(y, -): ¢ — R, for each ¢ E_E(GA) and y € E(G,);
e an integral affine function /(, ) : ¢ — Ng for each ¢ € E(G,) and u € V(G,);

e a parameterized tropical curve /,: I',, — Ng of extended degree V for each

w € V(G,);
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e a weighted contraction ¢;: G, = G,, preserving the order of the legs for each
w € V(G,) and ¢ € Star(w).

For any ¢ € E(G,) and g € ¢°, set I, := (G, ¢{,), where £,: E(G,) — R is the function
defined by £,(y) := £(y, ¢). Denote by 4,: I') — Ng the unique piecewise affine map for

which , () = h(x, g) for all u € V(G,) and (“ ) -V

Definition 3.1. — Let A be a tropical curve without loops. We say that a datum () is a family
of parameterized tropical curves over A if the following compatibilities hold for all w € V(Gy),
¢ € Star(w), and q € ¢°:

(L) (T'y, hy) 15 a parameterized tropical curve of combinatorial type ©,;
(2) the length of @:(y) in 'y, 1s £(y, w) forall y € E(G,);
(3) hw(@:(w)) = h(u, w) for allue V(G,).

A famuly of parameterized tropical curves over A will be denoted by h: T'y — Ng.

3.1.4. The parameter space. — We denote by M v the parameter space of isomor-
phism classes of genus g stable parameterized troplcal curves of degree V with exactly
contracted legs. We assume that the contracted legs are /, ..., /,. Similarly to the case of
the parameter space of abstract tropical curves studied in [ACP15, Section 2], we con-
sider M oy as a generalized polyhedral complex, i.e. M v 1s glued from “orbifold” quotients

of polyhedra M factored by finite groups of automorph1sms Aut(0®). In particular, the
integral affine structure on the quotient is determined by that of Mg, and the “new”
faces of the geometric quotient Mg /Aut(®) are not considered to be faces of the orbifold

quotient; see loc. cit. for more details. More explicitly, M npv is constructed as follows.

A parameterized tropical curve of type ® deﬁnes a point in NQ @ % Rféc)l, and
the set of parameterized tropical curves of type © gets identified with the interior Mg

of a convex polyhedron Mg C va(G)‘ Rféc)l see, e.g., [Mik05, Proposition 2.13] or

[GMO7, § 3] for details. The lattice NVOI x ZIEGT Nllz @ %« RIE@)! defines an integral
affine structure on Mg. o
For each subset E C E(G), the intersection of Mg with the locus

{1, %) € Ng @' x REP [, =0 ifand onlyif ¢eE}

1s either empty or can be identified naturally with Mg, , where ®y is the type of degree
V and genus g, obtained from ® by the weighted edge contraction of E C E(G). Plainly,
the corresponding inclusion tg . : Mg, > Mg respects the integral affine structures.
Next, notice that an isomorphism «: ®; — ®y of combinatorial types induces
an isomorphism Nlly(Gl)l x RIECII NQZ(GM x RIE©@I that takes Mg, to Mg, and also

respects the integral affine structures. We thus obtain isomorphisms ¢, : Mg, — Mg, . In
particular, the group Aut(®) acts naturally on Mg.



12 KARL CHRIST, XIANG HE, ILYA TYOMKIN

The space M o is defined to be the colimit of the diagram, whose entries are Mg’s
for all Comblnatorlal types ® of genus g, degree V curves having exactly n contracted legs
by, ..., l;; and arrows are the inclusions tg p’s and the isomorphisms ¢,’s described above.
By the construction, for each type ® of degree V and genus g with exactly n contracted
legs /, ..., l,, we have a finite map Mg — M;r,;},)w whose image Mg /Aut(®) is denoted
by M[@] .

Defination 3.2, — Let A be a tropical curve, and ot : A — M; oy @ continuous map. We say
that « is piecewise integral affine if for any e € E(A) the restriction o), lifls to an integral affine
map ¢ — Me for some combinatorial type ©.

Proposition 3.3. — Let h: T’ A —> Nr be a_family of parameterized tropical curves of degree
V. Then the induced map o : A — M v 1 precewise integral affine.

Progf. — Follows immediately from the definitions. 0J

Definition 3.4. — Let A be a tropical curve, a: A — Mf,r:pv a precewise integral affine map,
w a vertex of A, and © a type such that a(w) € Mg

(1) Suppose o(Star(w)) C Mie). We say that a is harmonic at w if ., Ufis
to a harmonic map a, : Star(w) — Me, e, o, is piecewise integral affine, and
day
ZeEStar(w) gle -
(2) Suppose a(Star(w)) ¢ Mio). We say that o is locally combinatorially surjective at w f
Jor any combinatorial type ®' wzth an inclusion te' x,: Mg <> Mey, there exists a germ ¢

of Star(w) such that a(¢) N Mgr) # @.

3.1.5. Regularity. — A parameterized tropical curve (I', %), its type ©, and the
corresponding stratum Mg, are called regular if Mg has the expected dimension,

expdim(Mg) = |V| 4+ n+ (rank(N) — 3) x (G) — ov(G),

where G, as usual, denotes the underlying graph, x(G) its Euler characteristic, and
ov(G) the overvalency of G, ie., ov(G) := ZUEV(F) max{0, val(v) — 3}. By [Mik05,
Proposition 2.20], the expected dimension provides a lower bound on the dimension of a
stratum Mg. Note that in /loc. cit., the expected dimension is stated to be expdim(Mg) — ¢,
where ¢ denotes the number of edges contracted by 4. This discrepancy in the formulae
for the expected dimension appears because in loc. cit. only deformations of the image
h(I') are considered. The following is Mikhalkin’s [Mik05, Proposition 2.23] stated in
terms of the current paper:

Proposition 3.3. — Assume that rank(N) = 2 and h 1s an immersion away from the contracted
legs. If G s weightless and 3-valent, then (I', ) is regular, and dim(Me) = |V|+n+g—1. On
the other hand, if ov(G) > 0, then dim(Mg) < |V|+n—x(G) = 1 <|V|+n+g—2.
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3.1.6. The ecvaluation map. — Consider the natural evaluation map
ev: My'"y — N,

defined by ev(I', #) := (h(L)), . .., h((,)). Let © be a combinatorial type, (g1, - .., ¢,) € Ng

any tuple, and evg the composition Mg — M;r(;p v — Ng. Notice that evg 1s the restriction

of a linear projection N‘IY(G)' x RIF©®I — Nz Thus, evg' (g1, . .., ¢,) is a polyhedron cut
out in Mg by an affine subspace, and hence its boundary is disjoint from Mg unless
evg (q1s ..., ¢,) is a point.

Defination 3.6. — We say that a tuple (q1, . . ., q,) € Ng s general with respect to V and
g if for any combinatorial type © of degree V and genus g with exactly n contracted legs, the intersection
ev(f)1 (q15 -5 qu) N Mg s either empty, or has codimension n - rank(N) in Mg.

In what follows, tuples of points will be called general, without mentioning V and
g, which we tacitly assume to be fixed. Since there are only finitely many isomorphism
classes of types of fixed degree and genus, the set of non-general tuples is a nowhere dense
closed subset in Ng.

Remark 3.7. — Other notions of general position can be found in the literature. For
mstance, Mikhalkin uses a different definition in case rank(IN) = 2, [Mik05, Definitions
4.2 and 4.7]. Let n = |V| + g — | and suppose that (¢;,...,¢,) € Ng are in general
position in the sense of Mikhalkin. Then, by Mikhalkin’s definition, any curve (I', ) of
genus g and degree V passing through the ¢’s is necessarily 3-valent, weightless, and
all slopes of / are non-zero (except for the slopes of the contracted legs). In our setting,
similar properties hold true as the following proposition shows.

Proposition 3.8. — Assume that rank(N) =2, n=|V|+g— 1, and (q1, ..., ¢.) € Nx
is a general tuple. Let © be a combinatorial type of degree V and genus g with n contracted legs and let
G be its underlying weighted graph. If evg' (g1, ..., q,) # 9, then G is 3-valent and weightless, and
all slopes are non-zero, except for the slopes of the contracted legs.

Proof — Let € € evg'(qy, ..., ¢,) be any point. Since weightless 3-valent graphs
are not contractions of other stable weighted graphs, we may assume that § € Mg. The
map eve Is the restriction of a linear projection NIIIT(G) | x RGO Nk to the polyhedral
cone Mg C N‘IY(G)l x RIE@I By definition of points in general position, evg' (g1, - - -, ¢,)
has codimension 27 in Mg. Since N has dimension 2z, it follows that evg is a submersion
at any point of evg'(q1, ..., ¢,) N Me, hence also in a small open neighborhood of &. By
[Mik05, Corollary 4.12], the tuples of points in tropically general position in the sense
of Mikhalkin are dense, and hence there exists a small perturbation &' € evg' (¢, ..., ¢.)
of &, where (¢}, ..., ¢,) is a tuple in tropically general position in the sense of Mikhalkin.
Thus, the assertion holds by definition (see Remark 3.7). UJ
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Defination 3.9. — A stratum M;e; C Mz?fv us called nice if it 1s regular, and the underlying
graph G s weightless and 3-valent. A stratum Mg, ts called a simple wall if it is regular, and G s
weightless and 3-valent except for a unique 4-valent vertex.

Lemma 3.10. — Assume that (qi, ..., q,) € Ng s general, evg)l(ql, ces @) F D, and
rank(N) = 2. Then,

(1) Ifn=|V|+g—1, then Mg, ts nice;

) Ifn=|V|+g— 2 and Mg, is a simple wall, then evg' (¢, ..., q,) is a point in Me;

(3) Ifn=|V|+g— 2 and Mgy is nice, then evg' (q1, ..., ¢.) C Me is an interval, whose
boundary s disjoint from Meg.

Proof. — Assertion (1) follows from Proposition 3.8. Thus, we may assume that
n=|V|4+g—2.If Mjg is a simple wall, then it is regular, and the graph G is weightless
and has overvalency one. Therefore,

dim (evg' (g1, ..., ¢)) = V|+n+g—2—2n=0,

and hence evg'(qy, ..., ¢,) is a point in Mg, as asserted in (2). Similarly, if M;e; is nice,
then the dimension count shows that evg'(gy, ..., ¢,) is an interval, which implies asser-
tion (3). 0J

3.2. Floor decomposed curves. — Next, we recall the notion of a floor decomposed
curve as introduced by Brugallé and Mikhalkin [BM09]. We will follow the presentation
in [BIMSI5, §4.4], see also [Raul7, §2.5]. For the rest of this section, we will assume
M =N =2Z% and A C Mg = R? is an A-transverse polygon (cf. [BM09, §2]), e.g., the
triangle A, with vertices (0, 0), (0, d) and (d, 0). We associate to A the reduced degree
V of tropical curves dual to A, i.e., V consists of primitive outer normals to the sides of
A, and the number of slopes outer normal to a given side is equal to its integral length.

Definition 3.11. — Let & € R be a positive real number. A point configuration q, . .., q, n
R? is called vertically \-streiched if for any pair of distinct poinis q; = (x,») and ¢ = (¥, ) in the
configuration the following holds: |y — y'| > A - |x — x/|.

Defination 3.12. — A parameterized tropical curve (I, h) s called floor decomposed if for any
edge e of I, the slope ? us either (£1, %) or (0, *).

e

Let (I', #) be a floor decomposed parameterized tropical curve. If the image of a
non-contracted edge (resp. leg) is vertical, then the edge (resp. leg) is called an elevator.
After removing the interiors of all elevators in I', we are left with a disconnected graph.
The non-contracted connected components of this graph are called the floors of I'. In
Figure 1, the elevators are the red edges, and the blue components are the floors.
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Fic. 1. — A collection of vertically stretched points, and a floor decomposed cubic tropical curve passing through them
and having the reduced tropical degree associated to A

Proposition 3.13. — [BM09, §5.1] Let g be an integer, and set n 2= |V |+ g — 1. Then there
exists A such that for any generic configuration qy, . .., q, C R> of vertically A-stretched points, every
parameterized tropical curve (U, h) in ev™'(q1,...,q,) C M;,?,)v i floor decomposed. Furthermore,
each floor and each elevator of I contains exactly one of the q;’s in its vmage.

By abuse of language, we call a collection of points as in Proposition 3.13 vertically
stretched.

Remark 3.14. — If A = A,, then there is a unique elevator adjacent to the top
floor, and, by the balancing condition, for every floor, there is a downward elevator ad-
jacent to it. The elevator adjacent to the top floor and the downward elevators adjacent
to the bottom floor — all have multiplicity one. If, in addition, the points ¢, ..., ¢, be-
long to the line given by » = —ux for > 1, then the x-coordinate of the marked point
belonging to the image of the top floor is smaller than the x-coordinate of any other ¢;.

Remark 3.15. — In the original definition of [BMO09], an elevator either connects
two floors or is a leg. In our convention, an elevator of [BMO09] may split into a couple of
elevators separated by a vertex mapped to one of the ¢;’s.

4. Tropicalization

In this section, we construct the tropicalization of one-parameter families of alge-
braic curves with a map to a toric variety (Theorem 4.6). As a result, we obtain a tropical
tool (Corollary 4.9) for studying algebraic degenerations that plays a central role in the
proof of the Main Theorem.

4.1. Notation and terminology. — Throughout this section, we assume that K is
the algebraic closure of a complete discretely valued field. We denote the valuation by
v: K — RU {00}, the ring of integers by K°, and its maximal ideal by K®. We fix a pair
of dual lattices M and N and a toric variety S with lattice of monomials M. In this paper,
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we will mostly be interested in the case S = P2, but the tropicalization we are going to
describe works in general.

By a famuily of curves, we mean a flat, projective morphism of finite presentation
and relative dimension one. By a collection of marked points on a family of curves, we
mean a collection of disjoint sections contained in the smooth locus of the family. A
family of curves with marked points is prestable if its fibers have at-worst-nodal singularities;
cf. [Sta20, Tag OE6T]. It is called (semi-)stable if so are its geometric fibers. A prestable
curve with marked points over a field is called split if the irreducible components of its
normalization are geometrically irreducible and smooth, and the preimages of the nodes
in the normalization are defined over the ground field. A family of prestable curves with
marked points is called split if all of its fibers are so; cf. [d]J96, § 2.22]. If U C Z is open,
and (Y, o,) 1s a family of curves with marked points over U, then a model of (Y, 0,) 1s a
family of curves with marked points over Z, whose restriction to U is (Y, o,).

4.2. Tropicalization of curves. — We first recall the canonical tropicalization con-
struction for a fixed (parameterized) curve over K. This is well established, and we refer
to [BPR13, Tyol2] for details. The normalization of signs is chosen such that the alge-
braic definition is compatible with the standard tropical pictures. A parameterized curve in
S is a smooth projective curve with marked points (X, o,) and a map f/: X — S such
that /(X) does not intersect orbits of codimension greater than one, and the image of
X\ (U ) under / is contained in the dense torus T C S.

Letf: X — S be a parameterized curve, and X% — Spec(K") a prestable model.
Denote by X the fiber of X° over the closed point of Spec(KO) As usual, a point s € X is
called special if 1t 1s either a node or a marked point of X. LetD = 2,D; be the boundary
divisor of S. Set f*(D)) := X,d; ,p;, with d;, € N and p;, € X. By deﬁnltlon {vi,} S o}
The collection of multisets {d},}, for each j is called the tangency profile of f: X — S. We
say that the tangency profile is trivial if ¢, = 1 for all j and 7.

The tropicalization trop(X) of X with respect to the model X" is the tropical curve

= (G, £) defined as follows: The underlying graph G is the dual graph of the central
ﬁber X, i.c., the vertices of G correspond to irreducible components of X, the edges — to
nodes, the legs — to marked points, and the natural incidence relation holds. For a vertex
v of G, its weight is defined to be the geometric genus of the corresponding component
of the reduction X, . As for the length function, if ¢ € E(G) is the edge corresponding to
a node z € )N(, then £(e) is defined to be the valuation of A, where A € K% is such that
étale locally at z, the total space of X" is given by xp = A. Although A depends on the
étale neighborhood, its valuation does not, and hence the length function is well-defined.
Finally, notice that the order on the set of marked points induces an order on the set of
legs of I'. By abuse of notation, we will not distinguish between the tropical curve trop(X)
and its geometric realization.

Next, we explain how to construct the parameterization 4: trop(X) — Ng. Let
>’ZU be an irreducible component of X. Then, for any m € M, the pullback /*(x™") of
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the monomial x™ is a non-zero rational function on X’, since the preimage of the big
orbit is dense in X. Thus, there is A,, € K*, unique up to an element invertible in K,
such that A,,/*(x™) is an invertible functlon at the generic point of X,. The function
h(v), associating to m € M the valuation v(4,), is clearly linear, and hence 4(v) € Ng.
The parameterization #£: trop(X) — Npg is defined to be the unique piecewise integral
affine function with values A(v) at the vertices of trop(X), whose slopes along the legs
satisfy the following: for any leg /; and m € M we have %(m) = —ord,,/*(x"), where
o; 1s the marked point corresponding to /;. Then £: trop(Xl) — Ng is a parameterized
tropical curve, by [Tyol2, Lemma 2.23]. The curve trop(X) (resp. 4: trop(X) — Ng)
is called the tropicalization of X (resp. f: X — S) with respect to the model X", Plainly,
the tropical curve trop(X) 1s independent of the parameterization and depends only on
X, If the family X — S is stable and X" is the stable model, then the corresponding
tropicalization is called simply the tropicalization of X (resp. f: X — S). Plainly, trop(X)
(resp. /: trop(X) — Ng) is stable in this case.

Remark 4.1. — Let /; be the leg corresponding to a marked point o;. If 0; is mapped
to the boundary divisor D, then, by definition, f(o;) belongs to a unique component of
D, and in particular, to the smooth locus of D. Thus, the slope = [~ 1s completely deter-
mined by the 1rreduc1ble component of D containing the i 1mage of o0;. Furthermore, the
multiplicity of 22 57 1s the mulaplicity of o; in /*D. Note also that 2 57 = 01if and only if /(0;)
is contained in the dense orbit T C S.

Next, let us recall the tropicalization map trop: X(K)\ |J; 0; = trop(X) from the set
of K-points of X to its tropicalization. The image trop(n) of a K-point n € X(K)\ |, 0;
1s defined as follows. We temporarily add 7 to the collection of marked points of X and
consider the minimal modification (X’)" — X’ such that (X°)’ is a prestable model of
(X, a., n). Then trop(X)’ is obtained from trop(X) by attaching a leg either to an existing
vertex or to a new two-valent vertex splitting an edge or a leg of trop(X). Either way, the
geometric realization of trop(X)’ is obtained from trop(X) by attaching a leg to some
point ¢ € trop(X). The tropicalization map trop: X(K)\ |, 0; = trop(X) sends 7 to the
point g.

Remark 4.2. — The tropicalization defined above is compatible with the natural
tropicalization of the torus in the sense that the following diagram is commutative:

X\ D) =F1(T) —2 trop(X)

b I

trop
T > Nr

where the map trop: T — Ng is defined by p — (m = —v(x’"(p))). In particular, in the
notation of Remark 4.1, if 4 contracts /, then 4(/;) = trop(f (o).
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Below we will need a more explicit description of trop(n) € trop(X). Let
¥ : Spec(K) — X be the immersion of the point 7. Since X° — Spec(K") is proper,
¥ admits a unique extension ¥: Spec(K®) — X° with image 7. Let s € Spec(K’) be
the closed point. Its image in X under the map ¥ is called the reduction of n, and is
denoted by red(n). If the reduction of 1 is a non-special point of a component X,, then
(X% =X’ and trop(n) = v. If the reduction of 1 is a node z € 5&, then trop(n) belongs
to the edge ¢ corresponding to z, and we shall specify the distance from trop(n) to the two
vertices v and w adjacent to e. Let A € KOO be such that X" is given by ab = A étale locally
at z, and let X, X,, be the branches of X associated to the vertices v and w, respectively.
Without loss of generality, X, is given locally by a = 0 and X, by b=

Lemma 4.3. — The distance from trop(n) to w w e s giwen by v(Y*(a)).

Proof. — The model (X”)' is a blow up of X’ at the point z, and its local charts
are given by at = and bt~' = Au~!. In the first chart, the exceptional divisor is given
by a =0 and Siw by ¢ = 0. Furthermore, ¥*(¢) € K is invertible since 7 specializes to a
non-special point of the exceptional divisor. Thus, v(¢¥*(a)) = v(u) is the distance from
trop(n) to w in e. ]

Finally, if the reduction of 7 is the specialization of a marked point o;, and /; is the
leg corresponding to o;, then trop(n) belongs to the leg /. To specify the distance from
trop(n) to the vertex w adjacent to , let = 0 be an étale local equation of o) in X"
around ¥°(s). Then,

Lemma 4.4. — The distance from trop(n) to w wm [; s given by v(¥*(a)).
Progf. — The proof'is completely analogous to that of Lemma 4.3. 0J

4.3. Tropicalization of one-parameter families of curves. — In this section, we describe
the tropicalization procedure for one-dimensional families of stable curves with a map
to a toric variety. We expect that the main existence statement — the first part of Theo-
rem 4.6 — is known to experts; see, in particular, [ACGS20, CCUW20, Ran19] for related
constructions. We use the local (toroidal) structure of the moduli space of pointed curves
and the universal curve over it; cf. [DM69, Theorem 5.2] and [Knu83, Theorem 2.7].

Definition 4.5. — A family of parameterized curves in S consists of the following data:

(1) a smooth, projective base curve with marked pownts (B, t,),

(2) afamily of stable marked curves (2" — B, 0,), smooth over B := B\ (U, 1), and

(3) a rational map [: X --+ S, defined over B', such that_for any closed point b € B', the
restriction f: Ay — S is a parameterized curve.
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Theorem 4.6. — Let f: X --+ S be a family of parameterized curves, B a prestable model
of the base curve (B, t,), and assume that the family (2~ — B, 0,) admils a split stable model
(2" — B, 00). Let A :=trop(B) be the tropicalization of (B, t,) with respect to B® and assume
that A has no loops. Then there exists a_family of parameterized tropical curves h: T'x — Ng such
that for any K-point n € B' =B\ (UZ ‘L'i), the fiber of (I, h) over trop(n) s the tropicalization
of [ Xy — S with respect to the model X °|5. Furthermore, the induced map o= A — M;rflpv i
either harmonic or locally combinatorially surjective at any vertex w € V(A) for which the curve Ty, s

weightless and 3-valent except for at most one 4-valent vertex.

Definition 4.7. — The famuly h: T'x — Ngr constructed in Theorem 4.6 is called the tropi-
calization of f: 2~ -+ S with respect to 2 ° — B,

Remark 4.8. — Without the splitness assumption, the dual graphs G,, can be de-
fined only up to an automorphism. In general, one needs to consider families I'y — A
with a stacky structure, following [CCUW20].

Corollary 4.9. — Letf: X --> S be a family of parameterized curves, and h: Ty — N its
tropicalization with respect to Z° — BY. Let T € B(K) be a marked point, | € 1.(A) the associated
leg, and Gy the underlying graph of the tropical curves parameterized by I. Assume that the lengths of all
but one edge of Gy are constant in the famuly T and the map h is constant on all vertices of Gy. Then,

(1) Z: has exactly one node. In particular, the geometric genus of 2 is one less than the
geometric genus of a general fiber of & — B;

(2) The rational map f = X --+ S is defined on the fiber 2. Furthermore, | maps the generic
pownt(s) of X+ to the dense orbit T C S, and f: X7 — S has the same tangency profile as
the general fiber [ : X, — S.

Remark 4.10. — Under the assumptions of the corollary, the edge of varying length
gets necessarily contracted by the map #.

The rest of the section is devoted to the proof of Theorem 4.6 and Corollary 4.9.
Recall that K is the algebraic closure of a complete discretely valued field, which we
denote by F. Any K-scheme of finite type is defined over a finite extension F' of F, which
is also a complete discretely valued field since so is F. Thus, we may view a K-scheme of
finite type as the base change of a scheme over I. In the proofs below, we will work over
F’ to have a well-behaved total space of the families we consider. To ease the notation, we
will assume that all models and points we are interested in are defined already over F
but will not assume that the valuation of the uniformizer 7 is one.

In particular, we may assume that B’, 27°, 2% — B’, and 7 are all defined over
F°. In the proof, we will use the following notation: ¥ : Spec(F) — B will denote the
immersion of the point 1, s := red(n) € B its reduction, and Z; the corresponding fiber.

We set Dgo := BU (UZ ri) and D g0 := 2 U (UZ %) U <Uj O‘) , where 2. are the fibers
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over the marked points 7; € B(F). Then the pullback of any monomial function /*(x™) is
regular and invertible on 2" \ D 40 by the assumptions of the theorem.

4.4. Proof of Theorem 4.6.

Step 1: the tropicalization hy,: trop(Z,) — Ng depends only on trop(n) € A. — We set
q := trop(n). After modifying B, we may assume that s € Bis non-special and, by defini-
tion, this modification depends only on trop(n), cf. Section 4.2. Let B,, be the component
containing s, and w = ¢ the corresponding vertex of A. By definition, the underlying
graph of trop(Z,) is the dual graph G, of 2. Let z be a node of 2. Then there exist
an étale neighborhood U of s in B” and a function g. € 0y;(U) vanishing at s such that
the family 2" xpo U is given by xy = g. étale locally near z. After shrinking U, we may
assume that the latter is true in a neighborhood of any node of Z; over U. Furthermore,
since s € B is non-special, we may choose U such that the pullback of Dgo to U is B,.

By assumption, 2" is smooth over B’, and hence each g, is invertible on the com-
plement of Dpo, 1.e., away from Ew However, U is normal, and g.(s) = 0 for all nodes
z. Thus, all the g.’s vanish identically along B,,, which implies that the dual graph G, of
Z; is étale locally constant over Ew. We claim that the lengths of the edges of G, are also
étale locally constant. Indeed, pick a node z € Z.. Since g, is invertible away from B.,
and m vanishes to order one along B,, there exists &, € N such that 77 g. 1s regular and
invertible in codimension one, and hence, by normality, it is regular and invertible on U.
Thus, the length of the edge of G, corresponding to z is given by V(¥ "g,) = k,v(77), cL.
Section 4.2, which is étale locally constant around s. Finally, since 2 |5, — B,, is split,
the identifications of graphs G, with the dual graph G,, of the generic fiber is canonical.
Hence the tropicalization trop(Z£}) depends only on ¢, and we set I', := trop(.2Z7).

It remains to check that the parameterization /4, also depends only on ¢. Since the
tangency profile of 2, — S is independent of 1, so are the slopes of the legs of trop(.2Z7),
cf. Remark 4.1. Let u be a vertex of G, and Z, C £ the component corresponding
to u that dominates B,,. Pick any m € M. Since f*(x") is regular and invertible away
from Dy, 2 is normal, and 7 vanishes to order one along Z,, it follows that there
is an integer £, € Z such that mhf*(x™) is regular and invertible at the generic point of
Z.. Thus, h,(u)(m) = kv (), and hence %, depends only on ¢. We set #, := h,, and
obtain a parameterized tropical curve 4, : I') — Ng that is canonically isomorphic to the
tropicalization of /1 2, — S for any K-point € B’ satistying trop(n) = ¢.

Step 2: h: T'x — Nr s a famuly of parameterized tropical curves. — We need to show that
the fiberwise tropicalizations constructed in Step 1 form a family of parameterized tropi-
cal curves; that is, we need to specify a datum (T) as in § 3.1.3 that satisfies the conditions
of Definition 3.1. Since the tropicalizations of K-points give rise only to rational points in
the tropical curve, we will work with rational points Ag C A, and in the very end, extend
the family by linearity to the non-rational points of A.
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By Step 1, the extended degree of ,: I'y — Ng is independent of ¢ € A, and will
be denoted by V. Furthermore, if ¢ is an inner point of some ¢ € E(Gy,), and trop(n) = ¢,
then s is the special point of B corresponding to ¢, and the underlying graph of I'; is the
dual graph of the reduction ,%7; Therefore, the underlying graph of I, depends only on
¢ and will be denoted by G,. We will see below that in this case, the slopes of the bounded
edges of I', also depend only on e. Hence so does the combinatorial type of (I'y, £,).

Next, we specify the contraction maps. Let s’ € B,, be a node of B corresponding
to an edge ¢ of A, and G, := Gy the corresponding weighted graph. Any degeneration
of stable curves corresponds to a weighted edge contraction on the level of dual graphs.
Thus, for the étale local branch of B, at s/ corresponding to ¢ € Star(w), we get the
contraction ¢;: G, — G, between the associated dual graphs. Analogously, for the re-
duction s’ € B,, of a marked point with corresponding leg / € LL(A), we obtain the desired
contraction ¢;: G; — G,,.

Finally, let us define £ and 4. Let w € V(A) be a vertex, and ¢ € Star(w) an edge
or a leg. We define the functions £(y,-): ¢eN Q — R and Ay, ) : e N Q — Ng for
each y € E(G,) and u € V(G,) as follows: if ¢ € ¢° N Q, then we set £(y, ¢) :=£,(y) and
h(u, q) := hy(u), and if ¢ is the tail of ¢, then £(y, q) := L,(p:(y)) and A(u, q) := h,(@:(w)).
To finish the proof of Step 2, it remains to show that the functions £(y, -) and A(u, -) are
restrictions of integral affine functions on e. Indeed, if this is the case, then the family
extends to the irrational points of e. Furthermore, it follows that the slope of /4, along any
y € E(G,) is continuous on ¢°, and obtains values in N at the rational points ¢ € ¢° N Q,
Therefore, it 1s necessarily constant on ¢°, and hence so is the combinatorial type.

Notice that for the function 4, the assertion can be verified separately for the eval-
uations A(u, -)(m) of h(u, -) for each m € M. For the rest of the proof, we fix an m € M, an
edge y € E(G,), and a vertex u € V(G,). Let z € Z; denote the node corresponding to
y and é}: « the irreducible component of 32: corresponding to u; see Figure 2. There are
two cases to consider.

Case 1: 5 € B is a node. Let e be the edge of A corresponding to s. Then qeE
and G, = G,. After shrinking U, we may assume that it is given by ab = 7 for some
positive integer £, and B has two components B, and B, in U given by ¢ =0 and 6 =0,
respectively. Thus, the length £, (e) is given by kv ().

We start with the function £. Since g, is regular and vanishes only along B,UB,
in U, there exist k,, k;, k; € N such that @ *b~"m g is regular and invertible on U.
Therefore,

(4.1) Ly, 9 =v(¥'g) =kv'a) + ky(¥*b) + k()
= (ks = k)v(¥*a) + kyla(e) + kv ().

By Lemma 4.3, v(¥*(a)) is the distance of ¢ from w in e. Thus, (4.1) defines an integral
affine function of ¢ on e with slope £, — £;; see Figure 3 for an illustration.
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FiG. 2. — The left picture shows the components of D -0. On the right, we indicate the irreducible components of Z

Z,s

trop (%)

vy* (@)

w  trop(n) v

F1c. 3. — The tropicalization of 2"~ — B near a node of B

It remains to show that the value of (4.1) for v(¥*(a)) = 0 18 £,,(¢:(y)), where
the orientation on ¢ is such that w is its tail. By Step 1, £,,(¢:;(y)) = k,v (). Since a is
invertible at the generic point of B,,, the order of vanishing £,, of g. at the generic point

of B, is equal to the order of vanishing of 47" which in turn is the order of vanishing
of whk+h Thus,

(4.2) Cu(@i(y)) = kv () = (ks + k)v() = k(o) + kv (),

as needed.
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Next we consider the function /. For the two orientations ¢ and ¢ on e, let
¢:: G, > G, and ¢;: G, > G, be the weighted edge contractions defined above. As
in Step 1, we have irreducible components Z,,) and 2y, of Z'; they are the compo-
nents of 2~ containing 2, , and supported over B, and B,, respectively; see Figure 2.
Since f*(x™) is regular and invertible outside D 40, there exist 7, 7,7, € Z such that
a“b" " f*(x™) is regular and invertible at the generic points of £, and 2., and
hence, by normality of 27, it is regular and invertible in a neighborhood of the generic
point of Z; ,. Therefore,

(4.3) h(u, ¢)(m) = 1,0 (¥ (@) + v (Y™ (b)) + ryv ()
= (1, — )V (@) +1lale) + v ().

By Lemma 4.3, v(¥*(a)) 1s the distance of ¢ from w in e. Thus, (4.3) defines an inte-
gral affine function on ¢ with slope 7, — 7,. Furthermore, the value of this function for
v(Y¥*(a)) = 01s /, (¢:(w)). Indeed, since a is regular and invertible at the generic point of
B, itis regular and invertible at the generic point of Z,.(,. Thus, by the definition of /,,

b (@) = v (") = v (") = (k4 1)V () = 1€ (&) + 10 (T),

as needed. Similarly, the value of (4.3) for v(¥*(a)) = £4(e) 1s A, (9:(w)).

Case 2: s € B s the reduction of a marked pownt. Let T € B be the marked point with
reduction s, / the associated leg of A, and B, the component of B containing s. Then
q € [° and G, = G,. After shrinking U, we may assume that BUrt in Uis given by
ma=0.

Again, we start with the function £. Since g, is regular in U and vanishes only
along BUrt , there exist &y, k& € N such that 7 "¢ *g. is regular and invertible on U.
The length £(y, ¢) = v(¥*g,) 1s thus given by

(4.4) Ly, q) = kyv(T) + kv(¥*(a)).

By Lemma 4.4, the valuation v(¥*(a)) is the distance of ¢ from w in /. Thus, (4.4) defines
an integral affine function on [ with slope &; and, by Step 1, its value at v(¥*(a)) =0 is
kyv () = £, (¢;(y)), as required; see Figure 4 for an illustration.

We proceed with the function 4. Let ¢;: G; — G, be the edge contraction defined
above. As before, we have a unique component '%szr(u) of 2 containing %u and sup-

ported over B,,. Similarly, there is a unique component 2, of 2 containing % . N its
closure. Since f*(x™) 1s regular and invertible away from D g0, there exist 7, 7, € Z such
that 7@ f*(x™) 1s regular and invertible on U. Therefore,

(4.3) h(u, ) (m) = rev (Y™ (@) + v ().

By Lemma 4.4, the valuation v(¥*(a)) is the distance of ¢ from w in /. Thus, (4.5) defines
an integral affine function on [ with slope 7;, and the value 4, (¢;j(«))(m) at w, since w is
given by v(¥*(a)) =0, cf. Step 1.
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trop(%y)
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F1G. 4. — The tropicalization of 2~ — B near a marked point of B

Step 3: the harmonicity and the local combinatorial surjectivity of the map o. — Let w € V(A)
be a vertex, ® the combinatorial type of «(w), and € — %&Hm the universal curve.
Consider the natural map to the coarse moduli space x : B — M, ., v;. There are two
cases to consider: _ ~ —

Case 1: g contracts By,. Set p =X (By,). Since 2 — B is split, it follows that the
restriction of 2 to B,, is the product B,, x €. Furthermore, G,, is the dual graph of 6,
and o maps Star(w) to Mje;. Since « is a piecewise integral affine map, it lifts to a map
to Mg, which we denote by «,,. Let us show that « is harmonic at w, 1.e.,

aw
Z;;:O-

eeStar(w)

The latter equality can be verified coordinatewise. Recall that the integral affine structure
on Mg is induced from Nlly Gl RIFGWI Let y € E(Gy,) be an edge corresponding to
a node z € 6, and assume for simplicity that y is not a loop. The case of a loop can be
treated similarly, and we leave it to the reader. Let u, ' € V(Gy) be the vertices adjacent
to y, €, and f@ the corresponding components of €,, and Z,, Z,, Z the pullbacks of
G, Gy, 210 2, respectively. The universal curve € is given étale locally at z by xp = m,,
where m. is defined on an étale neighborhood of p and vanishes at p. Thus, 2™ is given
by xp = g, := x*m, in an étale neighborhood of Z. Notice that we constructed a function
defined in a neighborhood of the whole family of nodes Z, which globalizes the local
construction of Step 1 in the case we consider here.

To prove harmonicity with respect to the coordinate x, corresponding to y, we
now consider (7 7"“’gz)r|vgw, where, as in Step 1, £, denotes the order of Vanishigg of g,

at the generic point of B,,. Thus, (7 _k"’gz)lﬁw is a non-zero rational function on B,,, and
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hence the sum of orders of zeroes and poles of this function is zero. We claim that this
is precisely the harmonicity condition we are looking for. Indeed, since 2™° is smooth
over B', the function gz is regular and invertible away from Dpgo, and hence, as usual,
(" g,)|5, has zeroes and poles only at the special points of B,,. For ¢ € Star(w), let s
be the corresponding special point. If s is a node of B, and B, is the second irreducible
component containing s, then pick & € N as in Case 1 of Step 2, i.e., such that B” is given
étale locally at s by ab = %, Then, using Case 1 of Step 2,
ax)/ . Ev(y) - fw()/) _ kv - kw

o RO ok

which is the order of vanishing of (7 v g,) |5, ats. Similarly, if 5 1s the specialization of a
marked point, aﬂ is again the order of vanishing of (7 *g,)|5, at s.

Next, let us show harmonicity with respect to a coordinate n, for u € V(G,,), that
is, we need to show that

dh(u, -) (m)
y e
. de
eeStar(w)
for any m € M. Let k, € Z be such that 7r*/*(x") is regular and invertible at the generic
point of Qf Then the divisor D,,,, of (7’ f *(x horizontal components sup-

ported on the special points of the fibers of X - B, and vertical components supported
on the preimages of the special points of B,. Pick a general point ¢ € 6, and consider the
horizontal curve Bw,ﬂ =B, x{c} C e%” . It intersects no horizontal components of D, ,,,
and intersects 1ts vertical components transversally.

Let s € B, be a special point, and Z;, the corresponding vertical component of
D, . Its multiplicity in D,,, is equal to the multiplicity of the point (s, ¢) in the divisor
of (rhuf*(x™)) |§M, and hence the sum over all special points of B,, of these multiplicities
vanishes. On the other hand, we claim that the multiplicity of 3?: . In D, ,, 13 nothing
but 20 " \where ¢ € Star(w) corresponds to the special point s. Indeed, if s is the

de
specialization of a marked point 7, then ah(uﬁ).;)(m)

S (&™) at T as in Case 2 of Step 2. Since 7 does not vanish at 7, we conclude that

= r;, where r; is the order of pole of
Bh(u,-)(m)
e

is the multlphmty of the reduction % . of 7 inD,,, as asserted. A similar computation
shows that if s is a node of B then W 1s again the multiplicity of %u in D,,. We
leave the details to the reader. '

Case 2: x does not contract B,,. By the assumptions of the theorem, the graph G,
is weightless and 3-valent except for at most one 4-valent vertex. Since rational curves
with three special points have no moduli, it follows that G,, has a 4-valent vertex, which
we denote by u € G,,. In this case we will show that the map « is locally combinatorially
surjective at w; see Figure 5 for an illustration.

Consider 5{ as above. By construction, 2. > B, isa family of rational curves
and since 2 — B is split, the four marked points in each fiber define sections of the
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F1G. 5. — An illustration for Case 2 of Step 3 in the proof of Theorem 4.6. Since I' is not embeddable in R? the picture
is a “cartoon”. The valency of w may be greater than three, but for each resolution of the 4-valent vertex, there is at least
one germ in Star(w) as in the picture

family. Let &: Ew — MM ~ P! be the induced map. Since x does not contract Ew, it
follows that & is not constant, and hence surjective. We conclude that B,, contains points,
the fibers over which have dual graphs corresponding to the three possible splittings of
the 4-valent vertex « into a pair of 3-valent vertices joined by an edge. In particular, o
does not map Star(w) into Mg}, and we need to show that for each ®" with an inclusion
Mg <> Mg there is ¢ € Star(w) such that a(¢) N M,e; # 9. To see this, notice that any
such polyhedron Mg corresponds to one of the three possible splittings of the 4-valent
vertex  since, by balancing, the slope of the new edge 1s uniquely determined. U

4.5, Proofof Corollary 4.9. — Set s' :==red(7) € B, and let 2 be the node of the fiber
Zy corresponding to the edge of varying length y € E(G)). Let B,, be the component

of B containing 5'. Recall that we set D 50 := 2" U (U; 27)u (Uj O’j), where o; are the

marked points of Z~ — B.

(1) As in Case 2 of Step 2 in the proof of Theorem 4.6, in an étale neighborhood
U of ¢/, BU T is given by wa = 0, and the family 2% — B" over U is given étale locally
near z by xy = g. for some g, € Oy (U). The length of y is an integral affine function on
[, and by (4.4), its slope is given by the order of vanishing £, of g. at . Since the slope
of £(y, ) along [ is not constant, &, > 0, i.e., g. vanishes at . Thus, Z; has a node as
asserted. Vice versa, any node of 2, specializes to some node 7' of 2, corresponding
to an edge ¥’ € E(G,). Then étale locally at 7/, the family 2™ — B is given by xp = g.,,
and g~ vanishes at 7. By (4.4) we conclude that the slope of £(y’, -) is not constant along
[. Thus, y = ¥’ by the assumption of the corollary, and hence 7 = z.

(2) Let 2 € 27 be an irreducible component. First, we show that the pullback
S*(x™) is regular and invertible at the generic point of 2. for any m € M. Hence the
rational map f is defined at the generic point of .27/ and maps it to the dense orbit T.
Pick a vertex u of G, such that 2, belongs to the closure of 2. By (4.5), the slope of
h(u, -)(m) along [ is given by the order of pole of /*(x") along 2. However, &(u, -)(m) is
constant along / by the assumptions of the corollary, and hence f*(x") has neither zero
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nor pole at the generic point of 2. Second, notice that since 2 is normal, /*(x") is
regular and invertible away from D -, and it is regular and invertible in codimension

one on 2, it follows that / is defined on 2 \ (U ), Qj). Pick any o;, and let us show that

f is defined at 0;(t) € 27, too. Let S; C S be the affine toric variety consisting of the
dense torus orbit and the orbit of codimension at most one containing the image of o;(5)
for a general b € B. Then the pullback of any regular monomial function x" € Os(S;)
is regular in codimension one in a neighborhood of oj(t), and hence regular at o;(7)
by normality of 2™°. Thus, f is defined at 0;(t), and maps it to S;. The last assertion is
clear. UJ

5. Degeneration via point constraints

In this section, (S, %) = (PQ, Op2 (d)), M =N =22, and V =V, is the reduced
degree of tropical curves associated to the triangle A,, 1.e., V consists of 3d vectors: (1, 1),
(—=1,0), (0, =1), each appearing d times. Recall that for an integer | —d <g < (dgl), the
Severi variety parameterizing curves of degree ¢ and geometric genus g is a locally closed
subset V, ; € |Op2(d)| of pure dimension 3d + ¢ — 1 by Lemma 2.6 and Proposition 2.7.
In this section, we prove the Degeneration Theorem and its corollary, which generalizes
Zariski’s Theorem to arbitrary characteristic.

Theorem 3.1 (Degeneration Theorem). — Letd e N and 1 —d < g < (dgl) be integers, and
V CV, ; an irreducible component. Then V contains Vi_ia

Remark 5.2. — 1If the geometric genus of a degree d curve C is 1 — d, then C is

. ) ) . . Y .
necessarily a union of ¢ lines. Therefore, V,_; ; is dominated by ((Pz)*) . In particular,
V| _4.4 1s irreducible, and its general element corresponds to a nodal curve.

Corollary 5.3 (Zaniski’s Theorem). — Let N C V4 be an irreducible subvariety. Then,

(1) dm(V) <3d+g— 1, and
2) o dim(V) =3d + g — 1, then for a general [C] € V, the curve C is nodal.

Progf: — Assertion (1) follows from Proposition 2.7. If dim(V) = 34 + ¢ — 1, then
V is an irreducible component of 'V, ; by Proposition 2.7, and hence V,_; ; € V by The-
orem 5.1. Thus, there exists [C] € V such that C is nodal. However, the locus of nodal

curves is open in V by [Sta20, Tag 0DSC], and V is irreducible. Hence for a general
[C] € V, the curve C is nodal. O

Remark 5.4. — Assertion (1) in arbitrary characteristic and for any toric surface
was already proved in [Tyol3, Theorem 1.2] by the third author. Examples of toric sur-
faces for which assertion (2) fails can also be found /loc. cit.
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The rest of the section is devoted to the proof of Theorem 5.1, which proceeds by
induction on (d, g) with the lexicographic order. The base of induction, (4, g) = (1, 0),
is clear. To prove the induction step, let (d,g) > (1,0) be a pair of integers such that
l-d<g< (dgl), and assume that for all (', ¢') < (d, g) the assertion is true. Let us
prove that it holds true also for the pair (d,g). If g =1 — d, then there is nothing to
prove since the variety V,_;, is irreducible by Remark 5.2. Thus, we may assume that
g>1—d.

Step 1: the reduction to the case of irreducible curves. — We claim that it is enough to prove
the assertion for V C Vi;”;,. Indeed, let [C] € V be a general point and assume that C is
reducible. Denote the degrees of the components by 4;, and their geometric genera by g;.
Then d; < d forall i, d =) d, and g — 1 =) (g — 1). Consider the natural finite map

]_[Vigjdi — V, 4, whose image contains [C]. By Proposition 2.7, the dimension of each

irreducible component of Vm 4 1s equal to 3d; + g — 1, and since

> Bdi+g—1)=3d+g—1=dim(V),

i=1

it follows that V is dominated by a product of irreducible components V; € V:rd By the
induction assumption, V,_; . € V; for all i. But a general point of [ V,_, , corresponds
to a union of d = ) _d; general lines, and hence the map ]_[V;rr P V, . takes it to a

general point of VI_M. It follows now that V,_,, € V. From now on, we assume that
vevy,

Our goal is to prove that the locus of curves of geometric genus ¢ — 1 in V has
dimension 34 4+ g — 2, since then V necessarily contains a component of V,_1,4 by Propo-
sition 2.7, and hence also V,_;, by the induction assumption. We proceed as follows:
set n:=3d + g — 1, and pick n — 1 points {§;}/=} C P? in general position. For each i,
let H; C |Op2(d)| be the hyperplane parameterizing curves passing through the point p;.
Since dim(V) = n and the points {pi};’:—ll C P? are in general position, the intersection

Z:=Vn <ﬂ;:11 Hl-) has pure dimension one and a general [C] € Z corresponds to an

integral curve G of geometric genus g that intersects the boundary divisor transversally
by Proposition 2.7. It is sufficient to show that there exists [C] € Z such that C is reduced
and has geometric genus ¢ — 1. Indeed, such a C’ passes through a general collection of
n— 1 points {;}}=] C P2, and therefore the locus of curves of geometric genus g — 1 in V
has dimension n — 1 =3d + g — 2.

To apply the results of the previous section, we assume that the field K is the al-
gebraic closure of a complete discretely valued field, which we may do by the Lefschetz

n—1

principle. Furthermore, we may assume that the points {$;}'=; C P? tropicalize to dis-

tinct vertically stretched points {¢;}=! in R?. This assumption allows us to work on the
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tropical side with floor decomposed curves, which are very convenient for controlling the
degenerations of curves parameterized by Z. The rest of the proof proceeds as follows.
In Step 2, we modify the base curve Z and the family of curves over it so that both Z
and the general fiber of the family become smooth. Hence, the tropicalization results of
Section 4.3 apply. And in Step 3, we investigate the tropicalization of the modified family
and prove that it necessarily contains a tropical curve that corresponds to an algebraic
fiber of genus g — 1.

Step 2: constructing a family of parameterized curves. — This step follows the ideas and the
techniques of de Jong [dJ96] based on the results of Deligne [Del85]. The goal is to con-
struct a family f: 2" --» P? of parameterized curves over a smooth base curve (B, t,), a
prestable model B of (B, 7,) whose reduction B has smooth irreducible components, and
a finite morphism B — Z that satisfy the following properties: (i) (2~ — B, 0,) extends
to a split family of stable marked curves over B, and (ii) for a general [C] € Z, the fibers
of Z" — B over the preimages of [C] are the normalization X of C equipped with the
natural map to P? and with 3d 4+ » — 1 marked points such that the first 7 — 1 of them
are mapped to pi, ..., p,—1, and the rest — to the boundary divisor; cf. Definition 4.5.

Let us start with the normalization B — Z and with the pullback 2" — B of the
tautological family to B equipped with the natural map f: 2~ — P2. We will replace
B with finite coverings, dense open subsets, and compactifications several times, but to
simplify the presentation, we will use the same notation B, 2", and f. First, we apply
Lemma 2.3. After replacing B with B and 2~ with 2™ as in the lemma, we may assume
that the family .2~ — B is a generically equinormalizable family of projective curves.
After shrinking B, we may further assume that 2~ — B is equinormalizable, the pullback
of the boundary divisor of P> on each fiber is reduced, and the preimages of p;’s are
smooth points of the fibers.

Second, we label the points of 2" that are mapped to {;}'—| and to the boundary
divisor, which results in a finite covering of the base curve B. After replacing B with this
covering, and 2" with the normalization of the pullback, we equip the family 2" — B
with marked points o, such that the first » — 1 of them are mapped to p, ..., p,—1, and
the rest — to the boundary divisor. In particular, we obtain a 1-morphism B — . 5,1,
that induces the family (2~ — B, 0,). Notice that the natural morphism f: 2~ — P?
satisfies Property (ii).

By [d]96, §2.24], the compactification %g,gdﬂ_l admits a finite surjective mor-
phism from a projective scheme M. Thus, after replacing B with an irreducible com-
ponent of B X st M, we may extend the family (2~ — B, o,) to a family of stable
curves with marked points over a smooth projective base, 1.e., we may assume that B is
projective. Furthermore, the family over B is the pullback of the universal family over M
along B — M. Plainly, the induced rational map f: 2 --» P? still satisfies Property (ii).

Let By be the stable model of B, and B? the closure of the graph B — M in the
product By, x M. It is a projective integral model of B over which the family (2~ — B, o,)
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naturally extends. Furthermore, the extension is obtained by pulling back the universal
family from M. After replacing B® with a prestable model dominating B”, whose reduc-
tion has smooth irreducible components, we obtain a model of the base over which the
family extends to a family of stable marked curves satisfying Property (ii). It remains to
achieve splitness. To do so, we proceed as in [d]96, § 5.17].

We begin by adding sections such that the nodes of the geometric fibers are con-
tained in the sections. Such sections exist by [dJ96, Lemma 5.3]. We temporarily add
these sections as marked points, replace B with an appropriate finite covering, and con-
struct a prestable model of the base over which the family of curves with the extended
collection of marked points admits a stable model. By construction, the irreducible com-
ponents of the geometric fibers of the new family are smooth. By applying [dJ96, Lem-
mata 5.2 and 5.3] once again, we may assume that the new family admits a tuple of
sections such that for any geometric fiber, any component contains a section, and any
node 1s contained in a section. This implies that the new family is split; cf. [dJ96, § 5.17].
Finally, we remove the temporarily marked points 0;’s and stabilize. The obtained family
1s still split.

To summarize, we constructed a projective curve with marked points (B, 7,),
its integral model B’, a family of marked curves (2~ — B, 0,), and a rational map
f: & --»P? that satisfy Properties (i) and (ii).

Step 3: the conclusion.

Lemma 5.5. — Let h: Ty — R? be the tropicalization of f: X --+ P? with respect to
20 — B, Then there exists a leg | of A such that the lengths of all but one edge v, of G; are constant
in the family T n and the map h s constant on all vertices of G, where Gy s the underlying graph of
the tropical curves parameterized by . Furthermore, each connected component of G,\{y,} contains a
non-contracted leg.

We postpone the proof of the lemma and first deduce the theorem. Let T € B(K)
be the marked point corresponding to the leg / as in Lemma 5.5. By Corollary 4.9, the
geometric genus of Z; is g — 1. Furthermore, the map f is defined on 2, and maps
its generic points to the dense orbit. We claim that f]4: is birational onto its image,
and hence [/ (Z;)] € Z is a reduced curve of genus g — 1, which completes the proof of
Theorem 5.1.

To show the birationality of f]4:, first note that / does not contract irreducible
components of 2. Indeed, the tropicalization of a component must contain a non-
contracted leg by Lemma 5.5 and therefore, its image intersects the boundary divisor.
However, its generic point is mapped to the dense orbit, which implies that the compo-
nent is not contracted by f. If f]2; is not birational onto its image, then f(Z;) (with
the reduced structure) is a curve of geometric genus at most ¢ — 1 and degree at most
d — 1. However, f(Z;) passes through the n — 1 = 3d + g — 2 points in general position
pis - pu—1, which is a contradiction by Proposition 2.7. U
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Proof of Lemma 5.5. — To prove the lemma, we shall first analyze the image of the

induced map o: A — MZZP_LV. The strata of the moduli space we will deal with admit

no automorphisms. Thus, throughout the proof, one can think about MZ;{I’V as a usual
polyhedral complex rather than a generalized one. In particular, we will use the standard
notion of star of a given stratum in a polyhedral complex.

Notice that « is not constant, since by the construction of B, for any p € P2, there
exists b € B such that the curve /(%) passes through p, and hence A(T o) contains
trop(p), which can be any point in Q* C R?, cf. Remark 4.2. We will also need the fol-
lowing key properties of «, which we prove next: (a) if @ maps a vertex v € V(A) to
a simple wall Mg, see Definition 3.9, then there exists a vertex w € V(A) such that
a(w) = a(v) and the map « is locally combinatorially surjective at w; and (b) if Mg 1s
nice and a(A) N Mg # @, then

a(A) NMg = Mg Nevg (g1 - -+ i),

where evg denotes the evaluation map defined in Section 3.1.6. In particular, & (A) NMg
1s an interval, whose boundary is disjoint from Mg by Lemma 3.10 (3).

We start with property (a). Notice that Mg N evg'(qi, ..., ¢,1) is a point by
Lemma 3.10 (2). However, o is not constant, and hence there exists a vertex w such
that o (Star(w)) Q Mg and a(w) = a(v). Thus, « 1s not harmonic at w, and hence it is
locally combinatorially surjective at w by Theorem 4.6.

Property (b) follows from harmonicity. Indeed, since Mg/ N evg) (g1, - -+, ¢u_1) is
an interval, ¥ # a(A) N Mg € Mg N ev(:)/l (¢15--+, qs—1), and « 1s affine on the edges
and legs, it follows that a(A) N Mg is a finite union of closed intervals. However, by
Theorem 4.6,  is harmonic at the vertices w € V(A) that are mapped to Mg . Thus,
a(A)NMg is a single closed interval, whose boundary is disjoint from Mgy, which implies
(b).

Pick a point p, € P? with tropicalization ¢, € R? such that the collection {;}%_, is in
general position, and the configuration {¢;}"_, is vertically stretched, see Section 3.2. As-
sume further that the points {¢;}"_, belong to a line defined by y = —px for some pu > 1.
Let b € B(K) be a point such that f(Z}) passes through p,. Then the tropicalization
(T, ) of (Z},[) is a floor decomposed curve by Proposition 3.13. By Proposition 3.8, if
we marked the point p, on £, the tropicalization trop(:Zy; p1, - - -, p,) would be weight-
less and 3-valent, and the map to R? would be an immersion away from the contracted
legs. The tropicalization trop(Zy; p1, - .., pu—1) is obtained from trop(:Zy; p1, - - -, pu) by
removing the leg contracted to ¢, and stabilizing. Thus, a(trop()) belongs to a nice
stratum Mgy .

Denote the floors from the bottom to the top by Fy, ..., F, and the elevator ad-
jacent to the top floor by E. Recall that E has multiplicity one, cf. Remark 3.14. Let Fy,
k < d, be the non-top floor adjacent to E. We may assume that ¢, belongs to the image of
the elevator E, and ¢; to the image of the floor F; for all 1 <7 < d. Indeed, pick a permu-
tationo: {1,...,n} = {1,..., n} such that ¢,y € /(E) and ¢, € /(F;) forall 1 <:<d.
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Set § := po (s, and consider the curve B associated to {#/}}=] and the corresponding fam-
ily of parameterized curves f': 2" --» P2, By construction, there exists ' € B'(K) such
that ( bf,f’Iggb;) = (Z}, f|2;). It remains to replace B with B', (£, f) with (£, "),
and p;’s with p’s.

Denote the x-coordinate of E N F; by x and let E’ be the downward elevator ad-
jacent to F; whose x-coordinate x" is the closest to x. Notice that by Remark 3.14, the
x-coordinate of the marked point ¢, does not belong to the interval joining x and «'.
Without loss of generality, we may assume that ¥ > x. We will call a point of F; special
if it 1s either a marked point or a vertex. Denote the x-coordinates of the special points
of F; that belong to the interval [x, '] by x = x) < x; < --- <&, = x". If x; belongs to an
elevator, then the elevator will be denoted by E;. Plainly, E = Ej, and E, = E'.

Set ¢,(¢) := ¢, + t(x; — xp,0), 0 <t < 1, and consider the continuous family of
tropical curves (I';, ) € Mo N evg),l(ql, «evs @u—1), where (I'y, #p) = (I', &), and such that
¢.(t) € ly(E) for all ¢. Since ¢y, ..., ¢,—1, ¢,(¢) are vertically A-stretched for a very large
value of A, the floors of the curve remain disjoint in the deformation (I';, #;). Notice
also that since the points ¢y, ..., ¢,— are fixed, the x-coordinate of each elevator except
E remains the same in the deformation. Furthermore, the x-coordinates of all elevators
adjacent to F; are fixed in the deformation for any  # £, d, as well as the position of
the marked point ¢; on F;. Thus, the restriction of the parameterization /4 to F; is also
fixed. Finally, since the x-coordinate of ¢, does not belong to [, x'], it follows that (I';, /)
belongs to the intersection Mo N evé}(ql, eevs @u—y) for any 0 < ¢ < 1. Furthermore, the
curve (I}, #;) belongs to a simple wall Mg, in which the elevator E = E, gets adjacent to
a 4-valent vertex on the floor I, together with either the elevator E; or the leg contracted
to the marked point ¢.

E=E, E E E
Ei Ey E E;
u
Fy
F Fy Fie
a X, \ \ \

E=E

0 E E E

Fy Fy Fy qdk
qk qk qk '\, Fy. —K
M@ M@/ M@!I M@W

F16. 6. — On the left, the elevator E reaches a special point. On the right — the local pictures of typical elements in the
three nice cones in Star(Mg). The top row illustrates the case when the special point is a vertex, and the bottom — when it
is a marked point
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Mo | Mo |

F1G. 7. — The case in which the 4-valent vertex is adjacent to two elevators of multiplicity one. The right picture illustrates
the fact that in this case, the curves parameterized by Mg» N ev;),ln(%, ...+ ¢,—1) have constant image in R? and contain
an edge of varying length contracted to

Let us describe Star(Mg) explicitly. It consists of three nice strata Mg/, Mg, Mg,
cf. Case 2 of Step 3 in the proof of Theorem 4.6. The stratum Mg, parameterizes curves
in which the elevator E = E, has x-coordinate larger than that of E,; (resp. ¢;), and Mg~
parameterizes curves in which Eqy and E,; (resp. ¢;) get adjacent to a common vertex u
in the perturbation of the 4-valent vertex of (I'}, /,); see Figure 6. By Property (b), there
exists a vertex v of A, such that «(v) € M;ZELV 1s the 1somorphism class of (I'}, /), and
hence by Property (a), there exists a vertex w such that a(w) = «(v) and « is locally
combinatorially surjective at w.

We proceed by induction on (%, r) with the lexicographic order and start with the
extended base of induction: » = 1 and the multiplicity of E' is one. Since V is reduced, this is
the case in the actual base of induction (£, 7) = (1, 1). Let ¢ € Star(w) be an edge such
that a(¢) C Mgr. Since the elevators E and E’ both have multiplicity one, it follows from
the balancing condition that the third edge adjacent to u gets contracted by the parame-
terization map /; see Figure 7. Thus, the locus Mg~ N ev(:)}//(ql, ooy Qu—1) 18 an unbounded
interval. Furthermore, all curves in this locus factor through (I'y, /#;). By Property (b),
Mg N evg),l,/(ql, coes @um1) = a(A) N Megr. Hence there exists a leg / € L(A) such that
a(l) C Mgr N ev(:),l,,(ql, .« s ¢u—1) 1s not bounded. The leg / satisfies the first assertion of
the lemma. Note that here the edge y; is just the third edge adjacent to u (considered as
a vertex of G)) other than E and E', mentioned above. As y, connects F; and u, and « is
connected to the top floor F, by E, each component of G,\{y;} contains either the non-
contracted legs in F; or the non-contracted legs in F,. This fulfils the second assertion.
Next, let us prove the induction step. We distinguish between two cases.

Case 1: 7 > 1. Let ¢ € Star(w) be an edge such that a(¢) C Mgy, and (I'j 4, #14¢)
the tropical curve parameterized by any point in ¢°. Then the corresponding invariant is
(k,r — 1), and hence, by the induction assumption, there exists a leg / € L(A) satisfying
the assertion of the lemma. See Figure 8 for an illustration.

Case 2: r =1 and k > 1. We already checked the case when the multiplicity of E
1s one in the extended induction base. Thus, we may assume that the multiplicity 1o (E’)
of E' is greater than one. Let ¢; be the marked point contained in 4, (E’), and E” the
second elevator for which ¢; € 4;(E"). Let Fy be the floor adjacent to E”. Then £ < k.
Let ¢ € Star(w) be an edge such that a(¢) C Mg», where Mg~ denotes the nice cone
in the star of Mg in which the elevators E and E’ get attached to a 3-valent vertex u
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F16. 8. — Moving the elevator E along the floor F;. The top row illustrates the wall-crossing corresponding to a marked

point, the bottom — to a downward elevator

obtained from the perturbation of the 4-valent vertex of (I'j, #;). We denote the two
elevators corresponding to E' in this cone by E| and Ej, see Figure 9 for an illustration.

It follows from the balancing condition that the slope of the elevator E} in Star(u)
is (0, 0(E) — 1). Thus, the locus Mg~ N ev(f),l,/(ql, .++» ¢u—1) 1s 2 bounded interval, whose
second boundary point belongs to a simple wall Mg, which parameterizes curves with a
4-valent vertex ' adjacent to the elevators E, I, E” and to the leg /; contracted to ¢;.

As before, there exists a vertex w’ of A such that «(w’) € Mg and « is locally
combinatorially surjective at w’ by Property (b). Let Mgz € Star(Mg) be the nice stra-
tum in which the 4-valent vertex «' is perturbed to a 3-valent vertex adjacent to E and
the downward elevator Ej, and a 3-valent vertex adjacent to E’ and /. By Property (a),
the image of « intersects Mz non-trivially. Furthermore, Mz N evg/1 (g1 ey quy) 18 @
bounded interval, whose second boundary point belongs to the simple wall My param-
eterizing curves with a 4-valent vertex #” adjacent to the floor Fy and to the elevators E
and E”. As usual, Mg N evg} (15 -+, gu—1) belongs to the image of o, and hence all three
nice strata of Star(My) intersect the image of @ non-trivially. In particular, there exists
an edge ¢ of A parameterizing curves with invariant (£, %) < (£, 1), and hence, by the
induction assumption, there exists a leg / € L(A) satistying the assertion of the lemma,
which completes the proof. 0J
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Fd_._/ Fd_._/ Fy _._/ F4 _._/

qn ¢ qn(1) ¢ qn(1) ¢ qn(1) o
LE ‘E :
P ’\/ Fy
E E
149j 14j 14j
EE” EEH : E” l E”
Mey Men ™ Mz
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Fic. 9. — Going down with an elevator E’ of multiplicity greater than one, and the corresponding wall-crossings

6. The local geometry of Severi varieties

In this section, we describe the local geometry of \_@,d and Vzrd along V,_; ..

Theorem 6.1. — The germ of Vg,d at a general [Col] € V_q.4 ts a union of smooth branches
indexed by subsets u C Cy"® of cardinality § := (d;l) — g. Moreover,

(1) The scheme-theoretic intersection Br(p) N Br(w') is smooth of codimension |’ \ w| in

Br(w); .
(2) The branch Br(i) belongs to V;”d if and only if Co \ [ 1s connected.

Throughout this section, we fix the degree d > 1, the genus 1 —d <g < (d 1) and
a general union of lines [Cy] € V_,,. Recall that for a projective algebraic curve C and
a point p € C, the §-mmvariant of C at p is defined to be §(C; p) := dim ((ﬁcu/ﬁc) ® ﬁc’p),
where C¥ denotes the normalization of C. Plainly, 6 (C; p) # 0 if and only if p is singular.
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The total §-invariant of C is then defined to be §(C) := dim (O /O¢) = Zpec 3(G; p).

Recall also, that § (C) = p,(C) — pe(C) is the difference between the arithmetic and the
-1 o

) ) — g, which is the total

8-invariant of an irreducible curve of degree d and geometric genus g in P%. In order to

analyze the local geometry of V, ; along V_; 4, it is convenient to consider the decorated

geometric genera; see, €.g., [Rosd2, Theorem 8]. We set 6 := (

Severi varieties as introduced in [Tyo07].

Definition 6.2. — The decorated Severi variety s the incidence locus
U5 C|Op(d)] x (P*)°

consisting of the tuples [C; py, ..., ps], in which C s a reduced curve of degree d, and p,, . . ., ps are
distinct nodes of C. The union of the irreducible components U C U, 5, for which C is irreducible, is
also called a decorated Severi variety, and is denoted by U,

The following is a version of [Tyo07, Proposition 2.11].

Proposition 6.3. — Let ¢: |Op2(d)| x (P*)° — |Op2(d)| be the natural projection, and
C:=1[C;py,...,ps1 € Uys any point. Then,

(1) The restriction of dep to the tangent space T'c (U, s) 1s injective;
(2) The variety U, 5 ts smooth of pure dimension dim(U,, 5) = (d;rQ) —1-6=3d+g—1;

8) #Uss) = Vear and ($I5,,) " Vo) =Ty

Progff — The proof is a rather straight-forward computation. After removing a
general line from P?, we get an open affine plane A? = SpecK[x, y] C P? containing
all the p;’s. We denote the coordinates x, y on the /-th copy of P? in (P?)? by x;, y;, and
identify H’(P?, Op:(d)) with the space of polynomials of degree at most ¢ in the variables
x and y. Then the decorated Severi variety U, s is given locally at C by the system of 38
(homogeneous in the coefficients of I) equations:

F(x, 1) = Fo(x,00) = F,(x, 1) = 0,

where F=)" i aﬁxiy/ e H'(P?, Op2(d)), and F,, F, are its partial derivatives.

Let G € H(P?, Op2(d)) be a polynomial defining C, and for each /, let (A;, ;) be
the coordinates of the point p;. Then the tangent space T¢(U,s) 1s given by the system
of 38 equations

Y. Mittdag + G (pr)dv + Gy (pdy = 0
(6.1) Vi3 Wday + Ga(p)da + Gy (pody = 0
Y M dag + Gy (p)dv + Gy (p)dy = 0
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Notice that the kernel Ker(d¢) is given by da; = 0 for all 2 and j. However, since p; € C is
a node for each /, the matrices

G)gy (ﬁl) ny (Pl)

are invertible, and G,(p;) = G,(p;) = 0. Therefore, the intersection T¢(Uy5) N Ker(de)
is zero, and assertion (1) follows. Furthermore, the dimension of the space of solutions
of (6.1) is equal to the dimension of the space of solutions of the following system of &
equations:

(6.2) Vi Y Aida; = 0.
)

Using the canonical identification Tc;(|@p2(d)|) = HY(C, O (d)), we conclude
that the differential d¢ induces an isomorphism T¢(U,s) — H(C, Z(d)), where . is
the ideal sheaf of the scheme of nodes Z := U?:l pi. To proceed, we need the following
lemma, whose proof we postpone.

Lemma 6.4, — h'(C, Z(d)) = 0.
It follows from the lemma that the sequence
0 — H(C, . (d)) — H"(C, Oc(d)) — H"(Z, O;) = 0

is exact. Thus, £°(C, Oc(d)) — I°(C, Z(d)) = i’ (Z, U7) = §, and hence the system (6.2)
has full rank. Therefore, U, s is smooth of pure dimension (d;rQ) — 1 — & by the Jacobian
criterion, and assertion (2) follows.

To prove (3), notice that the fibers of ¢|y,, are finite. Thus, ¢ (U, ) is pure di-
mensional of dimension (d;rQ) —1—98=23d+ g — 1. However, by the very definition,
¢ (U,s) C Ug/fgvé’/vd’ and dim(V, ,) =3d+¢ — 1 < 3d+g— 1 for any ¢’ < g by Propo-
sition 2.7 and Remark 2.8. Thus, ¢ (U ) is a union of irreducible components of vg,d-
On the other hand, by Corollary 5.3, any irreducible component V C V, ; admits a dense

open subset that parameterizes nodal curves, and hence belongs to ¢(Uys). Therefore,
V,a €@ (U,s), and hence ¢ (U, s) =V, ;. The last assertion of (3) now follows from the

definitions of V;”d and ﬁldrra. O

Proof of Lemma 6.4. — The lemma is identical to [Tyo07, Claim 2.12], and the
proof given in loc. cit. works in arbitrary characteristic. For the completeness of the pre-
sentation, we include a variation of this proof that proceeds by induction on the number
of irreducible components of C.

If C is irreducible, consider the conductor ideal .#<"! C O, i.e., the annihilator
of Ouv /O, where C' — C denotes the normalization of C. Notice that .# "¢ is an
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ideal also in O¢» under the natural embedding O¢ € Ov. Since the fibers of G’ — C
are zero-dimensional, H (C, .#°"(4)) = H/(C", #°"Y(d)) for all ¢. It follows from the
definition that the vanishing locus of .# ™ is C"¢ and hence .# " C .#. Consider the
exact sequence of cohomology

H'(C, .7°"(d)) - H'(C, .Z(d)) - H'(C, .7 | 7" ® Oc(d)).

Since the quotient .# /. is a torsion sheaf, the group H!'(C, ./ ® O (d))
vanishes, and hence the map H'(C, #°"(d)) — H'(C, .#(d)) is surjective. However,
by [Ros52, Theorem 14], the degree of the invertible sheaf .# () on C" is given by

a (I (d) = d* = 28(C) =d* + 2p,(C") — (d = 2)(d — 1)
=3d+2¢—2>2¢—2,
and hence /4! (C, Z°(d)) = h' (C", F"Y(d)) = 0, which implies 4' (C, .# (d)) = 0.

To prove the induction step, let C; C C be an irreducible component of degree
dy < d, and Cy be the union of the other irreducible components. Set dy := d — d,,
and Z; ;= (ZNGC)) \ Cs_; for : = 1,2. Let & C O, be the ideal sheaf of Z; and
F; € HY(C, O (d)) a polynomial defining C;. Finally, denote by ¢ the closed immersion
C, = C. Consider the exact sequence

(6.3) 0= t,.9(d) — () — F(d)— 0,

where the first map is multiplication by Fy. Then % is supported on Cy. Furthermore,
it is the ideal sheaf of Z, union with the zero-dimensional scheme defined by the ideal
(Fy, Fy). In particular, there is a natural embedding .%;(dy) < .% (d) given by multipli-
cation by F;, whose cokernel ¢ is a torsion sheaf. We conclude that there is an exact
sequence of cohomology

H'(Cy, S(dr)) — H'(Cy, F(d)) — H'(Cy,9),

in which the first group vanishes by the induction assumption and the last group vanishes
since ¢ is a torsion sheaf. Thus, H'(C, .Z (d)) = H'(Cy, 7 (d)) = 0. Similarly, we get an
exact sequence of cohomology

H' (C, . %(d))) — H'(C, S (d)) - H'(C, F (d))

associated to (6.3). The last group vanishes, and the first group vanishes too by the induc-
tion assumption, since it is isomorphic to H'(Cy, .#,(4))). Therefore 4'(C, .#(d)) = 0,
which completes the proof. 0J

Definition 6.5. — A §-marking on C is an ordered subset i < Cﬁj“g of cardinality §. A
8-marking i is called irreducible if Co \ [ is connected.
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Remark 6.6. — Since § and C are fixed, we will usually call §-markings on Cj
simply markings. For a marking ji we denote the underlying set by .

Proof of Theorem 6.1. — Let ji = (p1, ..., ps) be a marking. Consider the germ U
of the decorated Severi variety U, s at [Co; py, - . ., ps]. By Proposition 6.3, it is smooth of
dimension 3d + ¢ — 1, and U} is isomorphic to its image under the natural projection ¢
to |Op2(d)]. Thus, ¢ (Uy) is a smooth branch of Vg,d. Furthermore, the germ of \_/'g,d 18
covered by such branches. Plainly, ¢ (U;) depends only on the underlying set w, and we
set Br(u) := ¢(Uj). On the other hand, the set p is determined by the branch Br(u).
Indeed, a general curve [C] € Br(u) corresponds to a nodal curve C of geometric genus
g by Corollary 5.3. Thus, it has precisely § nodes, and the set u is the specialization of
the set of nodes of C to Cy. We conclude that the germ of \_/'g,d at [Cy] consists of smooth
branches indexed by subsets u € C;™ of cardinality 8.

To prove (1), let 0 = {p1, ..., ps} and u' = {p}, ..., ps} be two subsets of Cj"* of
cardinality 8. Set r := | N u'[. Without loss of generality, we may assume that p; = p!
for all 1 < ¢ <r. Then the intersection Br(u) N Br(u') contains Br(pw U w'), which is
the image of the germ of Uy 95—, at [Co; p1,...ps, p), 1, .-, p5]. Recall that Br(u U ') is
smooth of dimension (d;rQ) — 1 — (26 — r) by Proposition 6.3, and let us show that the
scheme-theoretic intersection Br(u) N Br(u’) coincides with Br(u U @'). To do so, we
compare the tangent spaces.

Let  C O, I' C O¢,, and Z C O, be the ideal sheaves of , u', and p U p/
respectively. Then the tangent space to Br(u) is given by

Ticy(Br(n) =H’(Cy, F(d)) S H(Cy, Oc,(d));

cf. the proof of Proposition 6.3. Similarly, the tangent space to Br(u') is given by
Ticy Br(n) =H(Cy, #(d)),and to Br(uU ) by Tic, Br(npUn)) =H(Cy, 7 ().
Thus,

Ty (Br(i)) N Tie, Br(n')) = H(Co, #'(d)) NH(Co, £ (d))
=H"(Cy, 7 (d))
= Tic(Br(n U '),

which implies Br(u) N Br(x') = Br(u U ') scheme-theoretically. In particular, the in-
tersection Br(u) N Br(w') is smooth of dimension (d;Q) — 1 — (28 — r). However, by
Proposition 6.3, Br(u) is smooth of dimension (d;’Q) — 1 —§. Hence the codimension of
Br(u) NBr(') in Br(w) is § —r= |’ \ | as asserted.

To prove (2), notice that a general curve C in a given branch Br(u) is irreducible
if and only if its normalization C" is so. But C” specializes to the partial normalization
of Cy at u. Hence CV is irreducible if and only if the partial normalization of Gy at p is
connected. The latter is clearly equivalent to C” \ u being connected. UJ
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7. The proof of the Main Theorem

The Main Theorem follows from the following stronger assertion about the irre-
ducibility of decorated Severi varieties:

Theorem 7.1. — The decorated Severi variety Uid% us either empty or vrreducible. Furthermore,
i s empty if and only if § > (dgl).

Indeed, set 6= (d;) —g.Thend < ({1;1) since g > 0. By Proposition 6.3 (3), Vlg"d 1s
the image of ﬁj; under the natural projection to |Op2(d)|. By Theorem 7.1, Uijfs 1s non-
empty and irreducible, and hence so is V;“Zi Finally, by Proposition 2.7, the Severi variety
V.4 1s either empty or equidimensional of dimension 3d + ¢ — 1. Thus, the dimension of
Vigfrfl 1s 3d 4+ g — 1, which completes the proof of the Main Theorem. UJ

The proof of Theorem 7.1. — 1f § > (d;), then U = @ since the geometric genus
of any plane curve of degree d with § nodes is at most dg—l — 6 < 0, and hence none of

.. . . d—1
such curves is irreducible. Vice versa, assume that § < ( ) ) Then

Q-1 (d .
65( 2 ):(2)—<d—1>=|co - 1).

Pick an irreducible component L of C. Then the number of nodes of Cj that belong to L
is d — 1, and hence there exists a marking [t disjoint from L. Since L intersects any other
component of C, it follows that i is an irreducible marking. Thus, by Theorem 6.1 (2),
Vigfrd 1s not empty, and hence so 1s Uidr’r(3 by Proposition 6.3 (3). We conclude that Uijﬁs =0
if and only if § > (*}").

Assume that Uj’s is not empty, and let us show that it is irreducible. We start by
defining an equivalence relation on the set of markings. Let & be the full group of sym-
metries of the set Cy™* of (;) nodes of Cy. The group & acts naturally on the set of
markings, and we use the notation 1° to denote the image of a marking & under the
action of o € &. Let ji be a marking, and L, I/, I” three different components of Cy. Set
p=LNL,¢g:=L'NL" and r:=LNL", and let T € & be the transposition switching ¢
and r. If p ¢ w, then we say that &7 is similar to [i. Plainly, i is irreducible if and only if
so is 1. We define the equivalence relation ~ on the set of markings to be the minimal
equivalence relation for which any pair of similar markings is equivalent. Since similarity
is a symmetric relation, the equivalence relation ~ is nothing but the transitive closure of
the similarity relation. Theorem 7.1 now follows from the following two lemmata — the
first 1s purely combinatorial, and the second is algebraic.

Lemma 7.2. — Any two wrreducible markings are equivalent.
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Lemma 7.3. — If the markings (py, ..., ps) and (p), ..., ps) are equivalent, then the tuples
[Cos p1, .. ps] and [Co; pls . . ., ps] belong to the same vrreductble component of Uy 5.

Indeed, by the lemmata, there exists a unique irreducible component U C Uy, s
that contains [Co; p1, .. ., ps] for any irreducible marking &t = (py, ..., ps). If U C Ui;fa
is any irreducible component, then the projection ¢ (U") of U’ to |Op2(d)| is dense in an
irreducible component of V;”d by Proposition 6.3, and Cy, € ¢ U by Theorem 5.1. Thus,
there exists a marking [t = (py, ..., ps) such that [Cy; p1, ..., ps] € U'. Since U’ C Ugfa,
the marking ¢ is irreducible by Theorem 6.1 (2) and Proposition 6.3 (3). Hence U’ = U,
which completes the proof. 0

Proof of Lemma 7.2. — Although the lemma is a particular case of [Tyo07, Lemma
3.10], we include its proof for the reader’s convenience. Denote the irreducible compo-
nents of Cy by L, ..., Ly, and set ¢;; := L; N L. Let L be an irreducible marking.

First, let us show that ji is equivalent to a marking disjoint from L;. If u N L, # @,
then the union C of the components L of Cy for which LN L; € u is not empty. Let
C’ be the union of the remaining components excluding L;. Since Cy \ p is connected,
C’' # @, and there exists r € C N C’ that does not belong to w. Let L; € C and L; € C' be
the components containing 7. Then ¢, ; € i, ¢1; ¢ i, and hence 1 ~ i%, where 7 is the
transposition switching ¢, ; and . Since r ¢ p and ¢, ; € , it follows that the intersection
u® N L; contains fewer points than w N L;. Thus, repeating this process finitely many
times, we can find a marking disjoint from L; and equivalent to fi. It remains to show
that if & and ¢’ are disjoint from L, then it ~ ft'.

Assume that @ is disjoint from L;. Let 7 be a transposition switching a pair of
distinct nodes in C;"*\ L;. It is sufficient to prove that ;i ~ ji*. Indeed, such transpositions
generate the full symmetric group of nodes C;,"* \ L;. Therefore, if @i’ is disjoint from L;,
then i’ = 1% for some permutation o of Cy" \ L;, and hence ji ~ ji’. Let us prove that
i~ [T

Assume first, that there exist indices z,7, £ > 1 such that 7 switches the nodes ¢;;
and ¢; ;. Let 7; be the transposition switching ¢;; and ¢; 1, and 7; the transposition switch-
ing ¢;; and ¢;,. Since ¢, 11 & K, it follows that & is equivalent to %%, However,
T,7;T; = T, which implies the claim. Assume that there are no ¢, j, £ as above. Then there
exist four distinct indices ¢, 7, £, [ > 1 such that T switches ¢; ; and ¢; ;. Let 7; be the trans-
position switching ¢;; and ¢;;, and 7; be the transposition switching ¢;; and ¢;;. Then
fL ~ (7% by the first case considered above. However, T = 7;7;7;, and we are done.  [J

Proof of Lemma 7.3. — As before, we denote the irreducible components of Cy by
Ly, ..., Ly and set ¢;; := L; N L;. It is sufficient to prove the lemma for similar markings.
Set p 1= (p1, ..., ps), and let T be the transposition for which u* = (¢}, ..., p5). Without
loss of generality we may assume that ¢, 9 ¢ p, and 7 is the transposition switching ¢, 3
and ¢93. Set 8" := (;l) — 1, and pick a §'-marking i1’ = (py, ..., py) extending u such that
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o= Cf)ing \ {¢1.2}. It is enough to show that there exists an irreducible component U of

U, s containing both [Co; py, ..., ps] and [Co; T(p1), ..., T(ps)]. Indeed, consider the
natural forgetful map ¥ : U,y — U,s. Then ¥ (U) € U, ;s 1s an irreducible subvariety
that contains both G := [Cy; p1, ..., ps] and G :=[Co; T(p1), ..., T(ps)], and hence G,
and G{ belong to the same irreducible component of U, 5, as asserted.

Let us show that U as above exists. To simplify the notation, we assume that § = §’
and reorder the points so that

(pl’ s 7108) = ((]1,3, ey ql,d» (]2,3, R} QQ,d, C]3,4, ceey %,d, e qdfl,d)'

In particular, ¢; 3 = p, and ¢o.3 = p,—1. Then 7 is the transposition on C?)ing switching p,
and p,_;. Notice that the action of T on {C,, Cj} extends to action on Uy, s that switches
the first marked point with the (¢ — 1)-st, and hence induces a permutation on the set of
the irreducible components of U, 5. Let U be the irreducible component containing G,
and let us show that G € U.

By Proposition 6.3, the variety U, s has pure dimension 24 + 1. In particular,
dim(U) = 2d + 1. Thus, by dimension count, a general G :=[C;r,...,75] € U is a
union of a general conic Q and d — 2 lines L, ..., L, in general position. Furthermore,
ONL = {r_g, 1444} forall 3 <i<d, and L; NL! = {r4,_7} for all 4 <7 <d. We fix
general Q, L), ..., L, as above, and set D := (U4 L)) U Q.

Consider the dense open subset W C (P?)* parameterizing the lines 1" C P? that
intersect D transversally and such that I N D" = ¢4, Let W be the incidence variety
parameterizing tuples [L'; 7}, 7),_,, 7, 5, ..., 75, ;], where 7], r,_, are the points of inter-
section of L with Q, and 7). ; is the point of intersection of L with L for all 4 <7 < d.
Then W — W 1s an étale covering of degree two. Furthermore, there is a natural mor-
phism ¢: W — Uy, that maps [L; s Ty gy Togsgs o v s Toy_7] tO

I . / / /
[L U D, 7’1, 79y ooy Tg—9, 7(1—17 Yis o« - To4—4, 72(1—3’ ey 73d_7, Y3d—6s « - » 7’5].

It is easy to see that W is irreducible. Indeed, consider the natural projection
W — Q? mapping [L; 7,7, Thygs -+ Tay_7] to (7], r;,:}). Since the line 1" is uniquely
determined by the pair of points (7], 7,_,), the variety W is mapped bijectively onto its
image in Q?, and hence the image has dimension

dim(W) = dim(W) = dim ((P*)*) = 2 = dim(Q?).

Thus, W — Q? is dominant, and bijective onto its image. Hence W is irreducible since
so is Q7. To finish the proof, it remains to notice that both C and C* belong to L(W), and
hence belong to the same irreducible component of U, 5. But G € U and CG* € U*, which
implies U = U*. Thus, Gj € U" = U, and we are done. ]
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