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TOTAL ABSOLUTE DIFFERENCE EDGE IRREGULARITY
STRENGTH OF SOME FAMILIES OF GRAPHS

A. LOURDUSAMY'*, F. J. BEAULA', §

ABSTRACT. A total labeling £ is defined to be an edge irregular total absolute differ-
ence k-labeling of the graph G if for every two different edges e and f of G there is
wt(e) # wt(f) where weight of an edge e = zy is defined as wt(e) = |£(e) — &(x) — £(y)].
The minimum & for which the graph G has an edge irregular total absolute difference
labeling is called the total absolute difference edge irregularity strength of the graph
G, tades(@). In this paper, we determine the total absolute difference edge irregularity
strength of the precise values for some families of graphs.

Keywords: Edge irregularity strength, total absolute difference edge irregularity strength,
double fan, quadrilateral snake.
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1. INTRODUCTION

Throughout this paper we consider only finite undirected graphs without loops or mul-
tiple edges. Chartrand et al. in [2] introduced edge k-labeling of a graph G such that
w(z) # w(y) for all vertices z,y € V(G) with x # y. Such labelings were called irregular
assignments and the irregularity strength s(G) of a graph G is known as the minimum k
for which G has an irregular assignment using labels at most k. Baca et al. in [1] started
to investigate the total edge irregularity strength of a graph, an invariant analogous to
the irregularity strength for total labeling. Recently Ivanco and Jendrol [3] proved that

for any tree T
tes(T) = maz { {E(Gg + 2} 7 ’VA(GQ) + 1} } _

! Department of Mathematics, St. Xavier’s College, Palayamkottai, 627002, Tamil Nadu, India.
e-mail: lourdusamy15@gmail.com; ORCID: https://orcid.org/0000-0001-5961-358X.

* Corresponding author.
e-mail: joybeaula@gmail.com; ORCID: https://orcid.org/0000-0002-5348-7567.

§ Manuscript received: April 19, 2021; accepted: September 30, 2021.
TWMS Journal of Applied and Engineering Mathematics, Vol.13, No.3 (© Isik University, Department
of Mathematics, 2023; all rights reserved.

1005



1006 TWMS J. APP. AND ENG. MATH. V.13, N.3, 2023

Moreover, they posed a conjecture that for an arbitrary graph G different from Ky and
having maximum degree A(G)

tea(G) = maxHE(G) +2w | [A(G) + 1} }

3 2

The Ivanco and Jendrol’s conjecture has been verified for complete graphs and complete
bipartite graphs in [4] and for categorical product of cycle and path in [6].

Motivated by the total edge irregularity strength of a graph and the graceful labeling,
Ramalakshmi and Kathiresan introduced the total absolute difference edge irregularity
strength of graphs to reduce the edge weights. For a graph G = (V(G), E(G)), the weight
of an edge e = xy under a total labeling ¢ is wt(e) = [£(e) —&(x) —&(y)|. For a graph G we
define a labeling ¢ : V(G)|JE(G) — {1,2,...,k} to be an edge irregular total absolute
difference k-labeling of G if for every two different edges e = xy and f = xgyg of G one has
wt(e) # wt(f). The total absolute difference edge irregular strength, tades(G), is defined
as the minimum & for which G has an edge irregular total absolute difference k-labeling.
In [5], they posed the following conjectures,

(1) For every tree T' of maximum degree A(G) on p vertices,

tades(T) = maz {g A(Gg“}

(2) For any graph G, tes(G) < tades(G).

Theorem 1.1. [5] Let G = (V, E) be a graph with vertex set V and a non-empty edge set
E. Then @ < tades(G) < |E| + 1.

In this paper we discuss with snake related graphs, wheel related graphs, lotus inside
the circle and double fan graph. We determine the total absolute difference edge irregular
strength for these families of graphs.

The join of two graphs G; and Gs is denoted by G1 + G2 and whose vertex set is
V(G1 4+ Ga) = V(G1) UV (G2) and edge set is E(G1 + G2) = E(G1)JE(Ga) J{uv :
u € V(G1),v € V(Ga)}. The double fan DF, is defined as P, + 2K;. The wheel W,
is defined as the join C, + Kj. The vertex K; is the apex vertex and the vertices on
the underlying cycle are called rim vertices. The edges of the underlying cycle are called
the rim edges and the edges joining the apex and the rim vertices are called spoke edges.
The gear graph G, is obtained from the wheel W,, by adding a vertex between every
pair of adjacent vertices of the cycle C),. The helm H,, is obtained from a wheel W, by
attaching a pendant edge at each vertex of the cycle C,,. The flower graph Fl, is the
graph obtained from a Helm by joining each pendant vertex to the central vertex of the
Helm. The closed helm CH,, is a graph obtained from a Helm H,, by joining each pendant
vertex to form a cycle. The web Wb, is the graph obtained by joining the pendant vertices
of a helm H,, to form a cycle and then adding a pendant edge to each vertex of outer cycle.

The lotus inside a circle LC), is a graph obtained from the cycle C,, : bibs - - - b,b1 and
the star Ky, with central vertex u and the end vertices a1, az,as,...,a, by joining each
b; to a; and a;41 (mod n).
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A K,-snake is defined as a connected graph in which all blocks are isomorphic to K,
and the block-cut point graph is a path. A Kjs-snake is called triangular snake.

The quadrilateral snake is obtained from a path ajas - - - an41 by joining a;, a;41 to new
vertices b;, ¢; respectively and joining b; and ¢;.
2. SNAKE RELATED GRAPHS

In this section we discuss the total absolute difference edge irregular strength for snake
related graphs.

Theorem 2.1. For T,,, n > 1, tades(T,) = [2}].

Proof. Let T, be a triangular snake with n blocks. Since |V(T,)| =2n+1 and |E(T},)| =
3n. Let k = [2*]. From Theorem (1.1), tades(T,) > [2*]. It is enough to prove that

2 ifiisevenand 2<i<n
1 ifiisodd and 2 <i<m;
iui+1):1, 1< <n.

tades(T,,) < [2]. Define the labeling ¢ as follows:

§(ur) = 1;
Elug) =3i—1, 1 <i<[%];
§(ugiy1) = 3i, 1 <i < L%J
E(vaic1) =3i—2, 1 <i < [§];
E(voi) =30, 1 <0 < [2];
§(uruz) = 2;
S(uuipr) =1, 1 < <m;
§(urv) = 2;

(us

(v

Now,
maz{{&(u)lu € V(T,)}, {&(e)le € B(T)}} = [F]
and we observe that,
wt(uv;) =3i—3, 1 <i <
wt(viuipr) = 3i— 1, 1 <i < n;
wt(uiuiﬂ) =31 — 2, 1 § /) § n.
The weights are distinct. Hence tades(T,) = [2]. O

Theorem 2.2. For Q,, n > 1, tades(Qy,) = 2n.

Proof. Let @, be a quadrilateral snake with V(Q,,) = {a;|1 < i < n+1}J{bi, ci|1 <i < n}
and E(Qn) = {aiais1,a:b;,aip1ci,bici]l < i < n}. Therefore, |V(Q,)| = 3n + 1 and
|E(Qn)| = 4n. From Theorem (1.1), tades(Q,,) > 2n. For the reverse inequality, we define
the labeling & as follows.
£(ar) = 1;

£(az;) —4@—2 1<i<[2];
Elagiyr) = 4i, 1 <i < L%J’
g( )—22—1 1<i<m
£(ci) = 24, 1§l§n;
£(araz) =
'f(aazﬂ)—l 2<i<m;
£(arbr) = 2;
f(bcz)—l 1<i<ng
é-(a ) == ]. 2 < 17 < n;
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Now,
maz{{€(a)la € V(@Qu)}, {&(e)le € E(Qu)}} = 2n
and we observe that,
wt(ajaip1) =4i—3, 1 <i <n;
wt(aibi) =45 — 4, 1 S 7 S n;
wt(bic;) =4i—2, 1 <i<mn;
wt(ajp1c) =4i—1, 1 <i<n.
The weights are distinct. Hence tades(Q,) = 2n. O

3. WHEEL RELATED GRAPHS

In this section we investigate the total absolute difference edge irregular strength for
wheel related graphs.

Theorem 3.1. For H,, n >3, tades(H,) = [2].
Proof. Let V(Hy,) = {a,z;,yi|]1 < ¢ < n} and E(H,) = {az;,zyll < ¢ < n}{
3

{ziziy1, wnz1|l < i <n—1}. Since |V (Hy)| = 2n+1 and |[E(H,)| = 3n. Let k = [2]. By
Theorem (1.1), we have tades(Hy) > {an It is enough to prove that tades(H,) < [32].

Define the labeling £ : VJE — {1,2,3,..., [22]} as follows:

Case 1. n is odd.

€la) = k; &(z) = [ 2]+, 1 <i<my&(y) =1, 1
§(wivip1) =i+ 1, 1 <i<n—1; {(znx1) = 1; §(739)
Case 2. n is even.

§(a) = k; &(xi) = 5+4, 1 < i <m; §y) =1, 1 <
(rizip1) =1+2, 1 <i<n—1; {(wprr) = 25 g(xzyz) =

Now,
maz{{€@)le € V(H)}{6(e)le € B(H,)}} = [%]
and the edge weights are as follows:
wt(az;)) =2n—14+14, 1 <i < n;
wt(xixiv) =n+i—1, 1 <i<n-—1;
wt(xy) =i—1, 1 <i<mn;
wt(xpxy) =2n — 1.
Hence, the weights are distinct. Therefore, tades(H,) = [32]. O

Theorem 3.2. For CH,, n > 3, tades(CH,,) = 2n.

Proof. Let V(CH,) = {a,z;,yi|]l < i < n} and E(CH,) = {az;,x;y;|l <
{ZiTit1, o1, YiYit1, Ynv1|1 < i <m—1}. Define the labeling £ : VI E — {1, 2,
by

—
—_
IN
IN
S

=
—
IN
IN
S

i < n}U
3,...,2n}

(
(@i
(yz) 1 S i <
(ax )—1, 1<i<m
(rizip1) =14+2, 1 <i<n-—1,;
(riyi) =i+1, 1 <i<m;
(yiviv1) =i+2, 1 <i<n-—1;
(zn1) = E(Yny1) = 2.
Now,
maz{{£() e € VICH}, {€(e)le € BCH,)}} = 2n

and we observe that,
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wt(az;)) =3n—14+14, 1 <i<n;
wt(xajzﬂ)—Qn—l—z—l 1<i<n-—1;
wt(ziy)) =n+i—1, 1<i<n.
wt(yiyir1) =i—1, 1 <i<n—1;
(xn ) =3n—-1
wt(ynyl) =n-—1.
The weights are distinct. Then we have tades(CH,,) < 2n. However by Theorem (1.1),
tades(CH,,) > {47"} = 2n, that is tades(C Hy) > 2n. This completes the proof. O

Theorem 3.3. For Wb, n > 3, tades(Wb,) = [22].

Proof. Let V(Wb,) = {a,zi,yi, 2|1 < i < n} and E(Wb,) = {ax;, 2y, yizi|l < i <
n} UH{ziziv1, Tn1, Yilir1, ynyr|l <0 <n— 1} Let k = [%n] By Theorem (1.1), we
have tades(Wb,) > (57"} It is enough to prove that the reverse inequality. We define the

function & by considering the following two cases.
Case 1. n is odd.

33
I
o
|
S
+
<.
|
;_n
—_
IN
.
TN
S

rivip1) = E(Yiyir1) =i+ 1, 1<i<n—1;
znr1) = E(Yyny1) = 1;
ry) =1, 1 <i<m;

E(yizi) = L%J +2, 1 <1< n.

8

i)=k—-—n+i, 1<i<mn;
yi)=k—2n+1i, 1 <i<mn;
zi)=1, 1<1<m;

Titiv1) = §(yiyir1) =i+2, 1 <i<n-—1
1) = (Y1) = 2;
) =i+ 1, 1<i<n;
yizi):%+2, 1< <n.
Now,
maz{{g(@)x € V(Wb)}, {(e)le € EW)}H = [3]
and we observe that,
wt(ax;) =4n —1+1, 1 <i<m;
wt(zizit1) =3n+i—1, 1 <i<n-—1,
wt(xy)) =2n+i—1, 1 <i<n.
wt(yiyiy1) =n+i—1, 1 <i<n-—1,
wt(y;zi) =1—1, 1 <i<n.
wt(:znazl) =4n — 1,
wt(ypy1) = 2n — 1.
The weights are distinct. Hence tades(Wby,) < [22]. O

Theorem 3.4. For Fl,, n > 3, tades(Fl,) = 2n.

Proof. Let V(Fl,) = {a,z;,yi|]l < i < n} and E(Fl,) = {az;,ay;,zy;|1 < i < n}J
{zizit1,zpz1|1 < i <n—1}. Define the labeling £ : VJFE — {1,2,3,...,2n} by
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§(a) = 2n;

E(x;) =1, 1 <i<m

g(yl): +Z71§Z§n7

Elaz;)) =1, 1 <1< mn;

flay)) =1, 1 <i < m;

E(ziy) =i+ 1, 1 <i <
§(izip1) =i+2, 1 <i<n-—1;
E(xpxy) =2

Now,
maz{{€(@)le € V(FL)}, {€(e)e € B(Fl,)}} = 20
and we observe that,
wt(ax;) =2n—1+1, 1 <i<mn
wt(ay;)) =3n—14+1, 1 <i<n;
wt(xiy;)) =n+i—1, 1 <i<n.
wt(z;zit1) =i—1, 1 <i<n-—1;
wt(rpr1) =n — 1.
The weights are distinct. Then we have tades(Fl,) < 2n. However by Theorem (1.1),
tades(Fly,) > [47”] = 2n, that is tades(Fl,) > 2n. This completes the proof. O

Theorem 3.5. For Gy, n > 3, tades(G,) = [22].

Proof. Let V(Gp) = {u,a;,b|]l < i < n} and E(G,) = {ua;,abi|]l < i < n}{J
{biait1,bpa1]l < i < n—1}. Let k = [2]. From Theorem (1.1), tades(G,) >
[37”] It is enough to prove that tades(Gp) < [37”] Define the labeling £ : VU E —
{1,2,3,..., 2]} by

Case 1. n is odd.

E(u) =k; &(a;) =k—n+i, 1 <i<n;&(b;) =k—n+i—2,1<i<n;&(ua;) =2,1<i<n;
§(a,bz) =n-+ 1, 1 < ) < n; §(biai+1) =n-+ 1, 1 < /) <n-— 1; f(bnal) =1.

Case 2. n is even.

E(u) =k; &(a;) =k—n+i, 1 <i<mn; (b)) =k—n+i—1, 1 <i<n;{(ua;) =1,1<i<m
E(abi) =n+1, 1 <i<n;&(bait1)=n+1, 1<i<n-—1;¢&0bya)=1.

Now,
mas{{£(@)la € V(Ga)}, {€(e)le € BGn)}} = [%]
and we observe that,
wt(ua;)) =2n— 1414, 1 <i < n;
wt(aibi) =29 — 2, 1 S 7 S T,
wt(biai+1) =21 — 1, 1 S ) S n— 1;
wt(bpay) = 2n — 1.
The weights are distinct. Hence tades(G,) = [32]. O

4. SOME FAMILIES OF GRAPHS

In this section we determine the total absolute difference edge irregular strength for
lotus inside the circle and double fan graph.

Theorem 4.1. For LC,, n > 3, tades(LC),) = 2n.

Proof. Let V(LCy) = {u,a;,b; : 1 < i < n} and E(LC,) = {ua;,a;b;]1 < i < n}{J
{aHlbi,bibi+1,a1bn,bnb1|1 < /) <n-— 1} Let £ = 27’L, then from (11) it follows that,
tades(LCy,) > 2n. We define a total labeling £ as follows.

§(u) = 2n;

Elai) =n+i, 1<i<n;
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Eb))=1i+1,1<i<n-—1
g(bn =1

E(ua;)) =1, 1 <i<n;
£(a¢bi):1, 1§i§n—1,
g(an n) =n+1;

g(aﬂrlb’i) = 17 1 S 7 S n— 1)
g(albn =1;

E(bibiy1) =143, 1<i<n-—2
f(bnflbn) = 2;

&(bpby) = 3.

Now,

maz{{¢(@)la € V(LCw)}, {€(e)le € B(LCA)}} = 2n
and the edge weights are as follows:

wt(uaz) =3n+i—1,1<i<n;

wt(a; )—n+21 1<i<n-—-1;
w(anbn) =
(al+1b)_n+21+1 1<i<n-—1;
wt(arby) =n + 1;
wt(bibit1) = 1, 1<z<n—1
wt(blb )=0.
The weights are distinct. Hence tades(LC,,) = 2n. O

Theorem 4.2. For DF,, n > 2, tades(DF,) = (7371271]-

Proof. The vertex set of DF,, is V(DF,) = {z;,a,b|]1 < i < n} and edge set of DF,, is
E(DF,) = {az;,bx;|]1 < i < n}U{xizit1]l <i < n —1}. Therefore, |V(DF,)| =n + 2
and |E(DF,)| = 3n — 1. By Theorem (1.1), we have tades(DF,) > [3%-1]. For the
reverse inequality, we define the labeling £ : V{JE — {1,2,3,...,[251]} by considering
the following two cases.
Case 1. n is odd.
Ela) = 1; €0b) = [ €(@i) = k—n+id, 1 < <n; &lay) = 3, 1 < i <
E(xixip1) =141, 1<i<n—1;¢0bz;) =1, 1 <i<n.
Case 2. n is even.
£(a) = 1; &(b) = [Bnl]s g(m) =k —n+i—1, 1<i<n;&laz;))=%+1 1<i<m
E(xixipr1) =1, 1 <i<n—1;&0bz;) =1, 1 <i<n.
Now,
maz{{€(@)|z € V(DF,)}, {E()le € B(DF,)}} = [3251]
and the edge weights are as follows:

wt(ax;)) =i—1, 1 <i<mn;

wt(zizit1) =n+i—1, 1 <i<n—1;

wt(bz;) =2n+i—2, 1 <i<n.

Hence, the weights are distinct. Therefore, tades(DF,,) = [%] O

5. CONCLUSIONS

In this paper, we have determined the edge irregular total absolute difference k-labeling
for snake related graphs, wheel related graphs, lotus inside the circle and double fan graph.
We are further investigating Transformed tree related graphs, super subdivision of graphs,
ladder and bistar related graphs admit edge irregular total absolute difference k-labeling.
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