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ON THE M-FOLD PRODUCT OF FRACTIONAL OPERATORS

ÖZNUR KULAK1, §

Abstract. In this work, using the m-fold product of fractional integral and maximal
operators, we prove that the boundedness of these fractional operators and their cor-
responding multilinear fractional operators under some conditions on weighted variable
exponent Lorentz spaces.

Keywords: Multilinear fractional maximal operator, multilinear fractional integral oper-
ator, weighted variable exponent Lorentz spaces.
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1. Introduction

Throughout this paper, the space L1
loc (Rn) consists of all (equivalence classes) measur-

able functions f on Rn such that f.χK ∈ L1 (Rn) for every compact subset K ⊂ Rn, where
χK is the characteristic function of K. Let µ be a Borel measure on Rn. The distribution
function of f is defined as

λf (y) = µ ({x ∈ Rn : |f (x)| > y}) =

∫
{x∈Rn:|f(x)|>y}

dµ (x) , y ≥ 0.

The rearrangement function of f is given by

f∗ (t) = inf {y > 0 : λf (y) ≤ t} = sup {y > 0 : λf (y) > t} , t ≥ 0.

The average function of f∗ is defined to be

f∗∗ (t) =
1

t

t∫
0

f∗ (s) ds

for t > 0, [6].
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of Mathematics, 2023; all rights reserved.

963



964 TWMS J. APP. AND ENG. MATH. V.13, N.3, 2023

Let 0 < l ≤ ∞. We denote

p− = inf
x∈[0,l]

p (x) , p+ = sup
x∈[0,l]

p (x) .

Moreover, we use the notation

Pa =
{
p : a < p− ≤ p+ <∞

}
, a ∈ R.

The set ℘ [0, l] is the family of p ∈ L∞ ([0, l]) such that there exist the limits p (0) =
lim
x→0

p (x), p (∞) = lim
x→∞

p (x) and we have

|p (x)− p (0)| ≤ C

ln 1
|x|

, |x| ≤ 1

2
(C > 0)

and

|p (x)− p (∞)| ≤ C

ln (e+ |x|)
, (C > 0) . (1.1)

If l = ∞, then it’s enough to the inequality (1.1) satisfies. We also denote ℘a ([0, l]) =
℘ ([0, l]) ∩ Pa ([0, l]) .

Let Ω be open set in Rn. We denote by l = µ (Ω). Assume that p, q ∈ ℘0 ([0, l]) . The

variable exponent Lorentz space Lp(.),q(.)(Ω) is defined as the set of all (equivalence classes)
measurable functions f on Ω such that ρp,q(f) <∞, where

ρp,q (f) =

l∫
0

t
q(t)
p(t)
−1

(f∗ (t))q(t) dt. (1.2)

We use the notation

‖f‖1Lp(.),q(.)(Ω) = inf

{
λ > 0 : ρp,q(

f

λ
) ≤ 1

}
.

Let p ∈ ℘0 ([0, l]) and q ∈ ℘1 ([0, l]). If l =∞, then the equality (1.2) is equivalent to the
following sum

1∫
0

t
q(0)
p(0)
−1

(f∗ (t))q(t) dt+

∞∫
1

t
q(∞)
p(∞)

−1
(f∗ (t))q(t) dt.

If l <∞, then the equality (1.2) is equivalent to the integral

l∫
0

t
q(0)
p(0)
−1

(f∗ (t))q(t) dt.

The space Lp(.),q(.)(Ω) is normed vector space with norm

‖f‖Lp(.),q(.)(Ω) = inf

{
λ > 0 : ρp,q(

f

λ
) ≤ 1

}
,

where ρp,q (f) =
l∫
0

t
q(t)
p(t)
−1

(f∗∗ (t))q(t) dt, [3]. Also if p(.) = p and q(.) = q are constants,

then the space Lp(.),q(.)(Ω) coincide with usual Lorentz space Lp,q(Ω). In the literature,
there is another definition of variable exponent Lorentz spaces in which variable exponent
Lorentz spaces coincide with variable exponent Lebesgue spaces when p(.)=q(.), [7]. But
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since the variable exponent p(.) is defined on Ω and not on [0, l] in the variable exponent

Lebesgue spaces, the identity Lp(.),p(.)(Ω) = Lp(.)(Ω) does not hold for this definition we
used in our study.

A weight ω function is defined by nonnegative and measurable function on [0, l]. The

weighted Lorentz space L
p(.),q(.)
ω (Ω) with the weight ω consists of f ∈M (Ω, µ) such that

‖f‖1
L
p(.),q(.)
ω (Ω)

=
∥∥∥ω (t) t

1
p(t)
− 1
q(t) f∗ (t)

∥∥∥
Lq(.)(Ω)

<∞.

Also, it is normed space with the norm

‖f‖
L
p(.),q(.)
ω (Ω)

=
∥∥∥ω (t) t

1
p(t)
− 1
q(t) f∗∗ (t)

∥∥∥
Lq(.)(Ω)

.

Let p, q ∈ ℘1 ([0, l]), γ ∈ ℘ ([0, l]) and ω (t) = tγ(t). If γ satisfies the following conditions

γ (0) <
1

p′ (0)
, γ (∞) <

1

p′ (∞)
,

then
‖f‖1

L
p(.),q(.)
ω

≤ ‖f‖
L
p(.),q(.)
ω

≤ C ‖f‖1
L
p(.),q(.)
ω

are obtained, where C > 0 does not depend on f , [3]. In other words, we have ‖f‖1
L
p(.),q(.)
ω

≈
‖f‖

L
p(.),q(.)
ω

. In this paper, we will assume that p, q ∈ ℘1 ([0, l]), γ ∈ ℘ ([0, l]), ω (t) = tγ(t),

γ (0) < 1
p′(0) and γ (∞) < 1

p′(∞) . Also, we will use the notation f . g to mean that there

is a positive constant C such that f (t) ≤ Cg (t) for all t ∈ Ω.
Recently, the boundedness of various types of operators between the some function

spaces, which play an important role in harmonic analysis and partial differential equa-
tions, have been studied. One of them, the fractional integral operator is given as

Iα (f) (x) =

∫
Rn

f (y)

|x− y|n−α
dy, x ∈ Rn, 0 < α < n

for any f ∈ S that is Schwartz class. This operator plays an important role in the theory
of Sobolev’s embeddings, [11]. Also, L. Ephremidze, V. Kokilashvili and S. Samko (see

[3, 9]) proved the boundedness of fractional integral from the space L
p(.),q(.)
ω (Ω) with the

weight ω (t) = tγ(t) into the space L
pα(.),q(.)
ω (Ω), where 1

pα(t) = 1
p(t) −

α
n , p, q ∈ ℘1 ([0, l]) ,

γ ∈ ℘ ([0, l]), γ (0) < 1
p′(0) and γ (∞) < 1

p′(∞) .

The fractional integral operator of variable order α (.) is defined for any f ∈ S by

Iα(.) (f) (x) =

∫
Rn

f (y)

|x− y|n−α(x)
dy, x ∈ Rn,

where 0 < α (.) < n. This operator was shown to be bounded from the variable exponent

Lebesgue space Lp(.) (Rn) into the weighted variable exponent Lebesgue space L
q(.)
ρ (Rn),

where ρ (x) = (1 + |x|)−γ with some γ > 0, 1
q(x) = 1

p(x) −
α(x)
n , p ∈ ℘ ([0, l]) and 1 <

p (∞) ≤ p (x) ≤ P <∞, [10].
The Hardy-Littlewood maximal operator is defined for any f ∈ L1

loc (Rn) by

M (f) (x) = sup
x∈Q

1

|Q|

∫
Q

|f (y)| dy, x ∈ Rn,

where the supremum is taken over all cubes with sides parallel to the coordinate axes.
The boundedness of Hardy-littlewood maximal operator is considered on Lebesgue spaces,
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variable exponent Lebesgue spaces, variable exponent Wiener amalgam spaces, etc. L.
Ephremidze, V. Kokilashvili and S. Samko (see [3, 9]) proved the boundedness of this op-

erator in the variable exponent weighted Lorentz space L
p(.),q(.)
ω (Ω), where p, q ∈ ℘1 ([0, l]),

ω (t) = tγ(t), γ ∈ ℘ ([0, l]) , γ (0) < 1
p′(0) and γ (∞) < 1

p′(∞) . Moreover, A. Kucukaslan,

V.S. Guliyev, C. Aykol and A. Serbetci proved the boundedness of the Hardy–Littlewood
maximal operator on local variable Morrey–Lorentz spaces, [12].

Another important operator is the called fractional maximal operator Mα is defined by

Mα (f) (x) = sup
x∈Q

1

|Q|1−
α
n

∫
Q

|f (y)| dy, x ∈ Rn,

for any f ∈ L1
loc (Rn). Similarly under some conditions, using the boundedness of fractional

integral operator, this operator is bounded from the space L
p(.),q(.)
ω (Ω) with the weight

ω (t) = tγ(t) into the space L
pα(.),q(.)
ω (Ω), where 1

pα(t) = 1
p(t) −

α
n , [3].

The fractional maximal operator of variable order α (.) is given for any f ∈ L1
loc (Rn) by

Mα(.) (f) (x) = sup
x∈Q

1

|Q|1−
α(x)
n

∫
Q

|f (y)| dy, x ∈ Rn.

The fractional maximal operator of variable order α (.) is bounded from the variable ex-

ponent Lebesgue space Lp(.) (Rn) into the weighted variable exponent Lebesgue space

L
q(.)
ρ (Rn), where ρ (x) = (1 + |x|)−γ with some γ > 0, 1

q(x) = 1
p(x) −

α(x)
n , p ∈ ℘ ([0, l]) and

1 < p (∞) ≤ p (x) ≤ P <∞, [10].
In many research, the boundedness of multilinear integral operators (multilinear frac-

tional integral operators, multisublinear maximal operators etc.) in weighted function
spaces is considered. These operators play an important role in Harmonic Analysis. His-
torically, the multilinear fractional integrals were introduced by L. Grafakos [4], C. Kenig
and E. Stein [8], L. Grafakos and N. Kalton [5]. They make with the operator

BK (f, g) (x) =

∫
Rn

f (x+ t) g (x− t)K (t) dt, x ∈ Rn,

where K (t) = 1
|t|n−α , 0 < α < n. They obtained that BK is bounded from Lp1 × Lp2 to

Lq under the conditions 1
q = 1

p −
α
n ,

1
p = 1

p1
+ 1

p2
, 1 < p1, p2, q < ∞. This boundedness

follows from the pointwise estimate

BK (f, g) (x) ≤ Iα (f r)
1
r Iα (gs)

1
s ,

where r = p1
p , s = p2

p , f, g ≥ 0, [17]. As a tool to understand BK , the following operator

is defined.
Let m ≥ 1 and 0 < α < nm. For

−→
f ∈ S × ...× S , the multilinear fractional integral

operator is defined by

Iα

(−→
f
)

(x) =

∫
(Rn)m

f1 (y1) ...fm (ym)

(|x− y1|+ ...+ |x− ym|)nm−α
d−→y ,

where d−→y = dy1...dym,
−→
f = (f1, ..., fm) . If the functions αi (1 ≤ i ≤ m) satisfy the

statements 0 < αi < n and α1 + ...+ αm = α, then Iα

(−→
f
)
≤

m∏
i
Iαifi, [17, 18].
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Let
−→
f ∈ L1

loc (Rn) × ... × L1
loc (Rn) and 0 ≤ α < nm. the multisublinear fractional

maximal operator (multilinear for brevity) is given by

Mα

(−→
f
)

(x) = sup
x∈Q

1

|Q|m−
α
n

m∏
i

∫
Q

|fi (yi)| dyi.

Also if α1 + ...+ αm = α, then Mα

(−→
f
)
≤

m∏
i
Mαifi. Let 0 < α < nm. Then, there exists

a positive C such that Mα

(−→
f
)
≤ CIα

(∣∣∣−→f ∣∣∣), [17, 18].

2. Main Results

In this section, we will first give the boundedness of the linear fractional integral operator
and maximal operator on weighted variable exponent lorentz spaces under some conditions.

Theorem 2.1. Let 0 < α−, α+ < n. If - 1
p(0) < γ (0), γ (0) + α+

n < 1
p′(0) , - 1

p(∞) < γ (∞)

and γ (∞)+ α+

n < 1
p′(∞) , then Iα(.) is bounded from the space

(
L
p(.),q(.)
ωα−

∩ Lp(.),q(.)ωα+

)
(Ω) into

the space L
p(.),q(.)
ω (Ω), where ωα− (t) = tγ(t)+

α−
n and ωα+ (t) = tγ(t)+

α+
n . The condition at

infinity being needed in the case l =∞.

Proof. Take any f ∈
(
L
p(.),q(.)
ωα−

∩ Lp(.),q(.)ωα+

)
(Ω). Since α− < α (.) < α+, we have

∣∣Iα(.) (f) (x)
∣∣ =

∣∣∣∣∣∣
∫
Ω

f (y)

|x− y|n−α(x)
dy

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∫

{x∈Ω: |x−y|≤1}

f (y)

|x− y|n−α(x)
dy +

∫
{x∈Ω: |x−y|>1}

f (y)

|x− y|n−α(x)
dy

∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣
∫

{x∈Ω: |x−y|≤1}

f (y)

|x− y|n−α+
dy

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
∫

{x∈Ω: |x−y|>1}

f (y)

|x− y|n−α−
dy

∣∣∣∣∣∣∣
<

∫
Ω

|f (y)|
|x− y|n−α+

dy +

∫
Ω

|f (y)|
|x− y|n−α−

dy

= Iα+ (|f |) (x) + Iα− (|f |) (x) (2.1)

for all x ∈ Ω. Then by (2.1), we can write(
Iα(.) (f)

)∗
(t) ≤

(
Iα− (|f |) + Iα+ (|f |)

)∗
(t)

≤
(
Iα− (|f |)

)∗( t
2

)
+ (Iα+ (|f |))∗

(
t

2

)
, t > 0. (2.2)
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By (2.2), we find∥∥Iα(.) (f)
∥∥
L
p(.),q(.)
ω (Ω)

≈
∥∥Iα(.) (f)

∥∥1

L
p(.),q(.)
ω (Ω)

=
∥∥∥ω (t) t

1
p(t)
− 1
q(t)
(
Iα(.) (f)

)∗
(t)
∥∥∥
Lq(.)(Ω)

≤
∥∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
((
Iα− (|f |)

)∗
+ (Iα+ (|f |))∗

)( t
2

)∥∥∥∥
Lq(.)(Ω)

≤
∥∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
(
Iα− (|f |)

)∗( t
2

)∥∥∥∥
Lq(.)(Ω)

+

∥∥∥∥tγ(t)+ 1
p(t)
− 1
q(t) (Iα+ (|f |))∗

(
t

2

)∥∥∥∥
Lq(.)(Ω)

≤
∥∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
(
Iα− (|f |)

)∗∗( t
2

)∥∥∥∥
Lq(.)(Ω)

+

∥∥∥∥tγ(t)+ 1
p(t)
− 1
q(t) (Iα+ (|f |))∗∗

(
t

2

)∥∥∥∥
Lq(.)(Ω)

.

(2.3)

Also, we have

(
Iα− (|f |)

)∗∗( t
2

)
=

2

t

t
2∫
0

(
Iα− (|f |)

)∗
(s) ds

≤ 2

t

t∫
0

(
Iα− (|f |)

)∗
(s) ds = 2

(
Iα− (|f |)

)∗∗
(t) . (2.4)

Similarly, we write

(Iα+ (|f |))∗∗
(
t

2

)
≤ 2 (Iα+ (|f |))∗∗ (t) (2.5)

Hence by (2.3), (2.4) and (2.5), we get∥∥Iα(.) (f)
∥∥
L
p(.),q(.)
ω (Ω)

.
∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
(
Iα− (|f |)

)∗∗
(t)
∥∥∥
Lq(.)(Ω)

+

+
∥∥∥tγ(t)+ 1

p(t)
− 1
q(t) (Iα+ (|f |))∗∗ (t)

∥∥∥
Lq(.)(Ω)

. (2.6)

On the other hand by [19], there exist C1 > 0 and C2 > 0 such that

(
Iα− (|f |)

)∗
(t) ≤ C1

t−1+
α−
n

t∫
0

f∗ (s) ds+

l∫
t

f∗ (s) s−1+
α−
n ds

 (2.7)

and (
Iα+ (|f |)

)∗
(t) ≤ C2

t−1+
α+
n

t∫
0

f∗ (s) ds+

l∫
t

f∗ (s) s−1+
α+
n ds

 . (2.8)

Now let α1 (t) = γ (t)+α−
n + 1

p(t)−
1
q(t) , α2 (t) = γ (t)+α+

n + 1
p(t)−

1
q(t) , β (t) = γ (t)+ 1

p(t)−
1
q(t)

and v (t) = 0. Since γ ∈ ℘ ([0, l]) and p, q ∈ ℘1 ([0, l]), it is clear that α1, α2, β, v ∈ ℘ ([0, l]).
If we use (2.7) and Hardy-type inequalities (see [2]), we achieve∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
(
Iα− (|f |)

)∗∗
(t)
∥∥∥
Lq(.)(Ω)

≈
∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
(
Iα− (|f |)

)∗
(t)
∥∥∥
Lq(.)(Ω)

≤ C1

∥∥∥∥∥∥tγ(t)+ 1
p(t)
− 1
q(t)

t−1+
α−
n

t∫
0

f∗ (s) ds+

l∫
t

f∗ (s) s−1+
α−
n ds

∥∥∥∥∥∥
Lq(.)(Ω)
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.

∥∥∥∥∥∥tγ(t)+
α−
n

+ 1
p(t)
− 1
q(t)
−1

t∫
0

f∗ (s) ds

∥∥∥∥∥∥
Lq(.)(Ω)

+

∥∥∥∥∥∥tγ(t)+ 1
p(t)
− 1
q(t)

l∫
t

f∗ (s) s−1+
α−
n ds

∥∥∥∥∥∥
Lq(.)(Ω)

=

∥∥∥∥∥∥tα1(t)+v(t)−1

t∫
0

f∗ (s) sα1(s)

sα1(s)
ds

∥∥∥∥∥∥
Lq(.)(Ω)

+

∥∥∥∥∥∥tβ(t)+v(t)

l∫
t

f∗ (s) sβ(s)+
α−
n

sβ(s)+1
ds

∥∥∥∥∥∥
Lq(.)(Ω)

.
∥∥∥f∗tα1(t)

∥∥∥
Lq(.)(Ω)

+
∥∥∥f∗tβ(t)+

α−
n

∥∥∥
Lq(.)(Ω)

=
∥∥∥ωα−t 1

p(t)
− 1
q(t) f∗

∥∥∥
Lq(.)(Ω)

+
∥∥∥ωα−t 1

p(t)
− 1
q(t) f∗

∥∥∥
Lq(.)(Ω)

= 2 ‖f‖
L
p(.),q(.)
ω− (Ω)

. (2.9)

Similarly if we use (2.8) and Hardy-type inequalities, we get∥∥∥tγ(t)+ 1
p(t)
− 1
q(t) (Iα+ (|f |))∗∗ (t)

∥∥∥
Lq(.)(Ω)

≈
∥∥∥tγ(t)+ 1

p(t)
− 1
q(t)
(
Iα+ (|f |)

)∗
(t)
∥∥∥
Lq(.)(Ω)

.

∥∥∥∥∥∥tα2(t)+v(t)−1

t∫
0

f∗ (s) sα2(s)

sα2(s)
ds

∥∥∥∥∥∥
Lq(.)(Ω)

+

∥∥∥∥∥∥tβ(t)+v(t)

l∫
t

f∗ (s) sβ(s)+
α+
n

sβ(s)+1
ds

∥∥∥∥∥∥
Lq(.)(Ω)

=
∥∥∥ωα+t

1
p(t)
− 1
q(t) f∗

∥∥∥
Lq(.)(Ω)

+
∥∥∥ωα+t

1
p(t)
− 1
q(t) f∗

∥∥∥
Lq(.)(Ω)

= 2 ‖f‖
L
p(.),q(.)
ω+

(Ω)
. (2.10)

Combining (2.6), (2.9) and (2.10), we obtain∥∥Iα(.) (f)
∥∥
L
p(.),q(.)
ω (Ω)

. ‖f‖
L
p(.),q(.)
ω− (Ω)

+ ‖f‖
L
p(.),q(.)
ω+

(Ω)
= ‖f‖

L
p(.),q(.)
ω− ∩Lp(.),q(.)ω+

.

This completes the proof. �

Corollary 2.1. Let 0 < α−, α+ < n, γ ∈ ℘ ([0, l]). If - 1
p(0) < γ (0), γ (0) + α+

n <
1

p′(0) , - 1
p(∞) < γ (∞) and γ (∞) + α+

n < 1
p′(∞) , then Mα(.) is bounded from the space(

L
p(.),q(.)
ωα−

∩ Lp(.),q(.)ωα+

)
(Ω) into the space L

p(.),q(.)
ω (Ω). The condition at infinity being needed

in the case l =∞.

Proof. Let f ∈
(
L
p(.),q(.)
ωα−

∩ Lp(.),q(.)ωα+

)
(Ω) be given. It is known that there exist C > 0 such

that

Mα(.)(f) (x) ≤ CIα(.) (|f |) (x) , (2.11)

for all x ∈ Ω, [11]. Then by Theorem 2.1 and (2.11), we conclude∥∥Mα(.) (f)
∥∥
L
p(.),q(.)
ω (Ω)

.
∥∥Iα(.) (|f |)

∥∥
L
p(.),q(.)
ω (Ω)

. ‖f‖
L
p(.),q(.)
ω− ∩Lp(.),q(.)ω+

. (2.12)

�

Lemma 2.1. Let l = µ (Ω) ≤ 1, 0 ≤ α1 ≤ α2. Then

Lp(.),q(.)ωα1
(Ω) ↪→ Lp(.),q(.)ωα2

(Ω),

where ωαi (t) = tγ(t)+
αi
n , i = 1, 2.

Proof. By assumptions, we can write ωα2 (t) = tγ(t)+
α2
n ≤ tγ(t)+

α1
n = ωα1 (t). Then, we

have ‖.‖
L
p(.),q(.)
ωα2

(Ω)
≤ ‖.‖

L
p(.),q(.)
ωα1

(Ω)
. So by Closed Mapping Theorem, we obtain L

p(.),q(.)
ωα1

(Ω) ↪→

L
p(.),q(.)
ωα2

(Ω). �
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Theorem 2.2. Let l = µ (Ω) ≤ 1, 0 < α−, α+ < n. Then Iα(.) is bounded from the space

L
p(.),q(.)
ωα−

(Ω) into the space L
p(.),q(.)
ω (Ω), if - 1

p(0) < γ (0), γ (0) + α+

n < 1
p′(0) .

Proof. Since ωα+ ≤ ωα− and by Lemma 2.1, we have L
p(.),q(.)
ωα−

(Ω) ↪→ L
p(.),q(.)
ωα+

(Ω). Now,

take any f ∈ Lp(.),q(.)ωα−
(Ω). Then, by (2.12)∥∥Iα(.) (f)

∥∥
L
p(.),q(.)
ω (Ω)

. ‖f‖
L
p(.),q(.)
ω− ∩Lp(.),q(.)ω+

= ‖f‖
L
p(.),q(.)
ω− (Ω)

+ ‖f‖
L
p(.),q(.)
ω+

(Ω)
≤ 2 ‖f‖

L
p(.),q(.)
ω− (Ω)

.

Therefore, the desired is achieved. �

The following Corollary is easily proved by Theorem 2.2 and the inequality (2.11).

Corollary 2.2. Let l = µ (Ω) ≤ 1, 0 < α−, α+ < n. Then, Mα(.) is bounded from the

space L
p(.),q(.)
ωα−

(Ω) into the space L
p(.),q(.)
ω (Ω), if - 1

p(0) < γ (0), γ (0) + α+

n < 1
p′(0) .

Definition 2.1. Let 0 ≤ αi (.) < n, i = 1, ...,m and
−→
f ∈ S × ...× S. The m-fold product

of fractional integral operator of variable order α (.) is given by

I⊗α(.)

(−→
f
)

(x) = Iα1(.) (f1) (x) Iα2(.) (f2) (x) ...Iαm(.) (fm) (x) , x ∈ Ω,

where α (.) = α1 (.) + ...+ αm (.) and
−→
f = (f1, ..., fm) .

Definition 2.2. Let
−→
f ∈ L1

loc (Rn)× ...× L1
loc (Rn) and 0 ≤ αi (.) < n, i = 1, ...,m. The

m-fold product of fractional maximal operator of variable order α (.) is defined by

M⊗α(.)

(−→
f
)

(x) = Mα1(.) (f1) (x)Mα2(.) (f2) (x) ...Mαm(.) (fm) (x) , x ∈ Ω,

where α (.) = α1 (.) + ...+ αm (.) and
−→
f = (f1, ..., fm) .

M. Carro and E. Roure (see [1]) defined the 2-fold product of Hardy-Littlewood maximal
operator. They study boundedness of this operator from the space Lp1,1 (ω1)× Lp2,1 (ω2)

into Lp,∞
(
ω

p
p1
1 ω

p
p2
2

)
under some conditions. They so proved the boundednes of the

bilinear Hardy-Littlewood maximal operator from the space Lp1,1 (ω1) × Lp2,1 (ω2) into

Lp,∞
(
ω

p
p1
1 ω

p
p2
2

)
.

The proof of the following lemma is obtained immediately from the inequality (2.11).

Lemma 2.2. Let 0 ≤ αi (.) < n, i = 1, ...,m. Then

M⊗α(.)

(−→
f
)
. I⊗α(.)

(∣∣∣−→f ∣∣∣) ,
where α = α1 (.) + ...+ αm (.) ,

−→
f = (f1, ..., fm) and

∣∣∣−→f ∣∣∣ = (|f1| , ..., |fm|) .

In the following Lemmas and Theorems, we will assume γi ∈ ℘ ([0, l]), pi, qi ∈ ℘1 ([0, l]),
(i = 1, ...,m) and take ω (t) = ω1 (t) ... ωm (t), 1

p(.) = 1
p1(.) +...+ 1

pm(.) , 1
q(.) = 1

q1(.) +...+ 1
qm(.) ,

ωi (t) = tγi(t), ωαi−
(t) = tγi(t)+

αi−
n , ωαi+

(t) = tγi(t)+
αi+
n (i=1,2,...,m).
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Lemma 2.3. If γi (0) < 1
p′i(0)

, γi (∞) < 1
p′i(∞)

(i = 1, ...,m), then for all fi ∈ Lpi(.),qi(.)ωi (Ω),

there exists C > 0 such that∥∥∥∥∥
m∏
i=1

fi

∥∥∥∥∥
L
p(.),q(.)
ω

≤ C
m∏
i=1

‖fi‖Lpi(.),qi(.)ωi

.

The condition at infinity being needed in the case l =∞.

Proof. Let fi ∈ Lpi(.),qi(.)ωi (Ω) be given for i = 1, ...,m. We easily write,(
m∏
i=1

fi

)∗
.

m∏
i=1

f∗∗i

by (2.14) in [15]. If we use the Hölder inequality for variable exponent Lebesgue spaces,
then there exists C > 0 such that∥∥∥∥∥

m∏
i=1

fi

∥∥∥∥∥
L
p(.),q(.)
ω (Ω)

≈

∥∥∥∥∥
m∏
i=1

fi

∥∥∥∥∥
1

L
p(.),q(.)
ω (Ω)

=

∥∥∥∥∥ω (t) t
1
p(t)
− 1
q(t)

(
m∏
i=1

fi

)∗∥∥∥∥∥
Lq(.)(Ω)

.

∥∥∥∥∥ω1 (t) ...ωm (t) t

(
1

p1(.)
− 1
q1(.)

)
...t

(
1

pm(.)
− 1
qm(.)

) m∏
i=1

f∗∗i

∥∥∥∥∥
Lq(.)(Ω)

≤ C
m∏
i=1

∥∥∥∥ωi (t) t

(
1

pi(.)
− 1
qi(.)

)
f∗∗i

∥∥∥∥
Lq(.)(Ω)

=
m∏
i=1

‖fi‖Lpi(.),qi(.)ωi
(Ω)

.

�

Theorem 2.3. Let 0 < αi−, α
i
+ < n (i = 1, ...,m) and α (.) = α1 (.) + ...+ αm (.). Then,

I⊗α(.) is bounded from the space

(
L
p1(.),q1(.)
ω
α1−

∩ Lp1(.),q1(.)
ω
α1+

)
(Ω)×...×

(
L
pm(.),qm(.)
ωmα−

∩ Lpm(.),qm(.)
ωαm+

)
(Ω) into the space L

p(.),q(.)
ω (Ω), if - 1

pi(0) < γi (0), γi (0) +
αi+
n < 1

p′i(0)
and - 1

pi(∞) < γi (∞),

γi (∞) +
αi+
n < 1

p′i(∞)
, (i = 1, ...,m) . The condition at infinity being needed in the case

l =∞.

Proof. Let
−→
f = (f1, ..., fm) ∈

(
L
p1(.),q1(.)
ω
α1−

∩ Lp1(.),q1(.)
ω
α1+

)
(Ω)×...×

(
L
pm(.),qm(.)
ωmα−

∩ Lpm(.),qm(.)
ωαm+

)
(Ω) be given. From Theorem 2.1 and Lemma 2.3, there exists C > 0 such that∥∥∥I⊗α(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

=
∥∥Iα1(.) (f1) Iα2(.) (f2) ...Iαm(.) (fm)

∥∥
L
p(.),q(.)
ω (Ω)

≤ C
m∏
i=1

∥∥Iαi(.) (fi)
∥∥
L
pi(.),qi(.)
ωi

(Ω)
. C

m∏
i=1

‖fi‖Lp1(.),q1(.)ω
αi−

∩Lp1(.),q1(.)ω
αi+

= C
∥∥∥−→f ∥∥∥(

L
p1(.),q1(.)
ω
α1−

∩Lp1(.),q1(.)ω
α1+

)
×...×

(
L
pm(.),qm(.)

ωmα−
∩Lpm(.),qm(.)

ωαm+

) . (2.13)

�

Corollary 2.3. Let 0 < αi−, α
i
+ < n (i = 1, ...,m) and α (.) = α1 (.) + ... + αm (.).

Then, the operator M⊗α(.) is bounded from the space

(
L
p1(.),q1(.)
ω
α1−

∩ Lp1(.),q1(.)
ω
α1+

)
(Ω) × ... ×(

L
pm(.),qm(.)
ωmα−

∩ Lpm(.),qm(.)
ωαm+

)
(Ω) into the space L

p(.),q(.)
ω (Ω), if - 1

pi(0) < γi (0), γi (0) +
αi+
n <
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1
p′i(0)

and - 1
pi(∞) < γi (∞), γi (∞) +

αi+
n < 1

p′i(∞)
, (i = 1, ...,m). The condition at infinity

being needed in the case l =∞.

Proof. By Lemma 2.2 and Theorem 2.3, the proof is clear. �

Definition 2.3. Let m ≥ 1 and 0 < α (.) < nm. For
−→
f ∈ S × ...× S, the multilinear

fractional integral operator of variable order α (.) is defined by

Iα(.)

(−→
f
)

(x) =

∫
(Rn)m

f1 (y1) ...fm (ym)

(|x− y1|+ ...+ |x− ym|)nm−α(x)
d−→y ,

where d−→y = dy1...dym and
−→
f = (f1, ..., fm) . If the functions αi (.) (1 ≤ i ≤ m) satisfy the

conditions 0 < αi (.) < nm and α1 (.) + ...+αm (.) = α (.), then Iα(.)

(−→
f
)
≤

m∏
i=1

Iαi(.)fi =

I⊗α(.)

(−→
f
)

.

Definition 2.4. Let
−→
f ∈ L1

loc (Rn)×...×L1
loc (Rn) and 0 ≤ α (.) < nm. The multisublinear

fractional maximal operator (multilinear for brevity) of variable order α (.) is given by

Mα(.)

(−→
f
)

(x) = sup
x∈Q

1

|Q|m−
α(.)
n

m∏
i=1

∫
Q

|fi (yi)| dyi.

Also if α1 (.) + ...+αm (.) = α (.), then Mα(.)

(−→
f
)
≤

m∏
i=1

Mαi(.)fi = M⊗α(.)

(−→
f
)
. Also it is

clear by (2.11) that there exists a positive C such that Mα(.)

(−→
f
)
≤ CIα(.)

(∣∣∣−→f ∣∣∣).

Theorem 2.4. Let 0 < αi−, α
i
+ < n (i = 1, ...,m) and α (.) = α1 (.)+...+αm (.). Then, the

multilinear operators Mα(.) and Iα(.) are bounded from the space

(
L
p1(.),q1(.)
ω
α1−

∩ Lp1(.),q1(.)
ω
α1+

)
(Ω)

× ...×
(
L
pm(.),qm(.)
ωmα−

∩ Lpm(.),qm(.)
ωαm+

)
(Ω) into the space L

p(.),q(.)
ω (Ω), if - 1

pi(0) < γi (0), γi (0) +

αi+
n < 1

p′i(0)
and - 1

pi(∞) < γi (∞), γi (∞) +
αi+
n < 1

p′i(∞)
, (i = 1, ...,m) . The condition at

infinity being needed in the case l =∞.

Proof. Let
−→
f ∈

((
L
p1(.),q1(.)
ω
α1−

∩ Lp1(.),q1(.)
ω
α1+

)
× ...×

(
L
pm(.),qm(.)
ωmα−

∩ Lpm(.),qm(.)
ωαm+

))
(Ω) be given.

Since Iα(.)

(−→
f
)
≤ I⊗α(.)

(−→
f
)

and by (2.13), we have∥∥∥Iα(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

≤
∥∥∥I⊗α(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

.
∥∥∥−→f ∥∥∥(

L
p1(.),q1(.)
ω
α1−

∩Lp1(.),q1(.)ω
α1+

)
×...×

(
L
pm(.),qm(.)

ωmα−
∩Lpm(.),qm(.)

ωαm+

) .

Similarly, using the inequality Mα(.)

(−→
f
)
≤M⊗α(.)

(−→
f
)

, by Lemma 2.2 and (2.13), we get∥∥∥Mα(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

≤
∥∥∥M⊗α(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

.
∥∥∥I⊗α(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

.
∥∥∥−→f ∥∥∥(

L
p1(.),q1(.)
ω
α1−

∩Lp1(.),q1(.)ω
α1+

)
×...×

(
L
pm(.),qm(.)

ωmα−
∩Lpm(.),qm(.)

ωαm+

) .
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Hence we say that the multilinear operators Mα(.) and Iα(.) are bounded from the space(
L
p1(.),q1(.)
ω
α1−

∩ Lp1(.),q1(.)
ω
α1+

)
(Ω)×...×

(
L
pm(.),qm(.)
ωmα−

∩ Lpm(.),qm(.)
ωαm+

)
(Ω) into the space L

p(.),q(.)
ω (Ω).

�

Theorem 2.5. Let l = µ (Ω) ≤ 1, 0 < αi−, α
i
+ < n (i = 1, ...,m) and α (.) = α1 (.) + ...+

αm (.). Then, I⊗α(.) is bounded from the space

(
L
p1(.),q1(.)
ω
α1−

× ...× Lpm(.),qm(.)
ωαm−

)
(Ω) into the

space L
p(.),q(.)
ω (Ω), if - 1

pi(0) < γi (0) and γi (0) +
αi+
n < 1

p′i(0)
, (i = 1, ...,m).

Proof. Take any
−→
f ∈

(
L
p1(.),q1(.)
ω
α1−

× ...× Lpm(.),qm(.)
ωαm−

)
(Ω) . Then by Theorem 2.2 and

Lemma 2.3∥∥∥I⊗α(.)

(−→
f
)∥∥∥

L
p(.),q(.)
ω (Ω)

.
m∏
i=1

∥∥Iαi(.) (fi)
∥∥
L
pi(.),qi(.)
ωi

(Ω)
.

m∏
i=1

‖fi‖Lp(.),q(.)
ωi−

(Ω)

=
∥∥∥−→f ∥∥∥

L
p1(.),q1(.)
ω
α1−

×...×Lpm(.),qm(.)
ωαm−

is obtained. Therefore, we completed the proof. �

Following Corollary is obtained easily by Lemma 2.2 and Theorem 2.5.

Corollary 2.4. Let l = µ (Ω) ≤ 1, 0 < αi−, α
i
+ < n (i = 1, ...,m) and α (.) = α1 (.) + ...+

αm (.). Then, M⊗α(.) is bounded from the space

(
L
p1(.),q1(.)
ω
α1−

× ...× Lpm(.),qm(.)
ωαm+

)
(Ω) into the

space L
p(.),q(.)
ω (Ω), if - 1

pi(0) < γi (0)and γi (0) +
αi+
n < 1

p′i(0)
, (i = 1, ...,m).

Corollary 2.5. Let l = µ (Ω) ≤ 1, 0 < αi−, α
i
+ < n (i = 1, ...,m) and α (.) = α1 (.) +

... + αm (.). Then, the multilinear operators Iα(.) and Mα(.) are bounded from the space(
L
p1(.),q1(.)
ω
α1−

× ...× Lpm(.),qm(.)
ωαm+

)
(Ω) into the space L

p(.),q(.)
ω (Ω), if - 1

pi(0) < γi (0)and γi (0) +

αi+
n < 1

p′i(0)
, (i = 1, ...,m).

Proof. If we use the inequalities Iα(.)

(−→
f
)
≤ I⊗α(.)

(−→
f
)

, Mα(.)

(−→
f
)
≤ M⊗α(.)

(−→
f
)

, by

Theorem 2.5 and Corollary 2.4 we find the desired. �

3. Conclusions

The bilinear and multilinear operators have been been studied in a number of papers
[4, 5, 8] and have been proved the boundedness on some function spaces, [13, 14, 15, 16,
17, 18]. In this study, we are primarily motivated to boundedness of the n-fold product of
fractional operators of variable order α (.) under some conditions. In this way, we had the
opportunity to consider the boundedness of the multilinear fractional operators of variable
order α (.) on weighted variable exponent Lorentz spaces.
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Öznur Kulak graduated from the Department of Mathematics, Ondokuz Mayıs
University in 2006. She received her Ph.D. degree on Mathematics from Ondokuz
Mayıs University in 2014. She is currently working as an Associate Professor in the
Department of Mathematics at Amasya University.


