TWMS J. App. and Eng. Math. V.13, N.3, 2023, pp. 1029-1041

UPPER BOUNDS FOR COVERING TOTAL DOUBLE ROMAN
DOMINATION

D. A. MOJDEH", A. TEYMOURZADEH!, §

ABSTRACT. Let G = (V, E) be a finite simple graph where V = V(G) and E = E(G).
Suppose that G has no isolated vertex. A covering total double Roman dominating func-
tion (CTDRD function) f of G is a total double Roman dominating function (T DRD
function) of G for which the set {v € V(G)|f(v) # 0} is a covering set. The covering
total double Roman domination number 7etqr(G) is the minimum weight of a CTDRD
function on G. In this work, we present some contributions to the study of yetar(G)-
function of graphs. For the non star trees T', we show that vetar(T) < w
where n(T), s(T) and I(T") are the order, the number of support vertices and the number
of leaves of T respectively. Moreover, we characterize trees T achieve this bound. Then
we study the upper bound of the 2-edge connected graphs and show that, for a 2-edge
connected graphs G, Yerar(G) < 4?" and finally, we show that, for a simple graph G of

order n with §(G) > 2, verar(G) < 4% and this bound is sharp.

)
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1. INTRODUCTION

Let G be a finite simple graph with vertex set V = V(G) and edge set £ = E(G). For
the terminologies and notations which are not defined here explicitly, we may use [10] as
a reference. The open neighborhood of a vertex v € V(G) is the set N(v) = {u : wv €
E(G)}. The closed neighborhood of a vertex v € V(G) is N[v] = N(v) U {v}. The open
neighborhood of a set S C V is the set N(S) = UyesN(v). The closed neighborhood of
a set S C V is the set N[S] = N(S)US = UyesN|[v]. We denote the degree of v by
deg(v) = degg(v) = |[N(v)|]. By A = A(G) and § = §(G), we denote the mazimum degree
and minimum degree of a graph G, respectively. We write K,,, P,, and C,, for the complete
graph, path and cycle of order n, respectively.
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A set S C V in a graph G is called a dominating set if N[S] = V. The domination
number v(G) of G is the minimum cardinality of a dominating set in G, and a dominating
set of G of cardinality v(G) is called a y-set of G [5].

Let G be a connected graph. An edge cut of G is a subset F' of E(G) such that G — FE
is disconnected. In the other words an edge cut is an edge set of the form [S,S], where
S is a nonempty proper subset of V(G) and S = V(G) \ S. A k-edge cut is an edge cut
of k elements, i.e. |[9,5]| = k. The minimum size of any edge cut is called the edge-
connectivity of G and denoted by A\(G). The graph G is said to be k-edge connected if
A(G) > k. All nontrivial connected graphs are 1-edge connected. An (open) ear of a graph
G is a maximal path whose internal vertices has degree 2 in G. A closed ear of a graph
G is a cycle, whose all vertices except one have degree 2 in G. A closed ear decomposition
of G is a decomposition G = UF_jP;, where P, is an (initial) cycle and P; for i > 1 is an
(open) ear or a closed ear in G, [2, 10].

Given a graph G and a positive integer m, assume that g : V(G) — {0,1,2,...,m} is a
function, and suppose that (Vp, Vi, Va, ..., V},) is the ordered partition of V' induced by g,
where V; = {v € V|g(v) =i} fori € {0,1,...,m}. So we can write g = (V, V1, Vo, ..., V).

A double Roman dominating function on a graph G is a function f : V — {0,1,2,3}
such that the following conditions are met:

(a) if f(v) = 0, then vertex v must have at least two neighbors in V5 or one neighbor in
V3.
(b) if f(v) = 1, then vertex v must have at least one neighbor in V5 U V.

The weight of a double Roman dominating function is the sum wy =3, cy/(¢) f(v), and

the minimum weight of wy for every double Roman dominating function (DRD function) f
on G is called double Roman domination number of G. We denote this number with v;r(G)
and a double Roman dominating function of G with weight v4r(G) is called a y4r(G)-
function of G. Double Roman domination was studied in [1, 6, 8, 9] and elsewhere.
The total double Roman dominating function (T’ DRD function) on a graph G with no
isolated vertex is an DRD function f on G with the additional property that the subgraph
of G induced by the set {v € V| f(v) # 0} has no isolated vertices. The total double Roman
domination number viqr(G) is the minimum weight of a TDRD function on G. A TDRD
function on G with weight v14r(G) is called a viar(G)-function [3]. About the parameters
of domination one see the latest book authored by Haynes et al. [4]. Another invariant of
double Roman dominating function is defined as follows.

A covering total double Roman dominating function (CTDRD function) on a graph G

is a TDRD function for which {v € V|f(v) # 0} is a covering set or Vo = Vof ={v e
V|f(v) =0} is an independent set. The covering total double Roman domination number
Yetar(G) equals the minimum weight of a CTDRD function of G.
It should be noted that the classic concept of vertex covering instead of outer independent
in the graph, has so far been used for other domination parameter. For example, you can
see the paper entitled: Covering Italian domination in graphs [7].

The paper is organized as follows. We study the upper bound for some families of

graphs G in section 2, and next in section 3, we show that for a simple graph G of order

A
n with 6(G) > 2, Year(G) < ?”

2. TREES

In this section we investigate the upper bound for covering total double Roman domi-
nation number of trees. We start by a path P,.
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Lemma 2.1. Let P, = z1,--- ,z, be a path of order n > 3 and n # 4. Then there exists
a CTDRD function f of P, such that w(f) < %” and f(x1) = f(xn) = 1. This bound is
sharp forn =3 and n = 6.

Proof. The proof is given by using induction on n. The result is an immediate for n < 8.
Let n > 8 and let the result hold for all paths of order less than n. Let P, be a path
of order n > 8. Assume that P’ is the path obtained from P, by removing the vertices
x1,%2,r3. From the induction hypothesis, there exists a CTDRD function g of P’ such
that w(g) < MTE} and ¢g(z4) = g(z,) = 1. Define the function f on P, by f(z1) =
f(z3) =1, f(x2) =2, and f(x) = g(z) otherwise. Clearly, f is a CTDRD function of P,,

with f(z1) = f(z )—1,andw(f)g@+4§%n, .

As an immediate consequence we have.

Corollary 2.1. Let P, = x1,- -+ ,xy, be a path of ordern > 3 andn # 4. Then Yerar(Pn) <
15

20 28 32

It is easy to see that yuqr(Ps) = 6 < 3 3 Yetar(Ps) = 10 < 3

36 40
Yetdr(Po) = 11 < 3 and Yerar(Pro) = 12 < 3 Now using induction posed in Lemma

s Yetdr(Pr) = 9 < —

4.
2.1 it follows that Year(Pp) < ?” for n # 3, 6.

Let 71 be a family of trees T such that every vertex of T" is a support vertex or a leaf.
Let 73 be a family of trees T obtained from two stars S, and S, with p,q > 1, such that
the center of S}, is adjacent to an end vertex of a path P35 and the center of S, is adjacent
to the other end vertex of this P3. Let S,, = K1 ,-1 be a star of order n.

We remark the following immediately.
Remark 1
o If T =S5, for n > 3, then y.qr(T) =4 > %‘9_4[ = 3. S0 Yetar(Sn) = w + 1.
e Let T #£ S, be a tree of order n > 4 and let v be a support vertex of T, and f be a
CTDRD function of T. Then we can assume that f(v)+ f(L,) = 3 where L, is the set of
leaf u adjacent to v. In particular,
e if |L,| > 2, then we may have f(v) =3 and f(L,) =0;
o if L, = {u}, and degy(v) = 2, then we may have f(v) =2 and f(u) =

Here, our aim is to determine some bounds on the CTDRD number of trees. We
bound the CTDRD number of trees from above and characterize all trees attaining the
bound. Let L(T') and S(T) be the set of leaves and the set of support vertices of a
tree T, respectively. Let I(T) = |L(T)| and s(T) = |S(T)|. In order to characterize all
trees 1" attaining the upper bound given in the next theorem, we introduce a partition
of V(T') as follows. Let F' be the forest obtained from 7" by removing L(7) and S(T')
from T and let T be a tree as a component of the forest F'. Let v be a leaf of T” with
its distance from v mod 4. This produces four sets A(T") = {u : dg(u,v) = 0(mod 4)},
B(T") = {u : dp/(u,v) = 1(mod 4)}, C(T") = {u : dp/(u,v) = 2(mod 4)} and D(T") =
{u : dp/(u,v) = 3(mod 4)} that partition the vertices of 7". We now have the partition
P={S(T)UL(T),A(T"),B(T"),C(T"), D(T") } 1+ of the set of vertices of T. For the sake
of convenience, we let A(T) = U A(T"), B(T) = Uy B(T"), C(T) = Uy C(T) and
D(T) = Uy D(T').
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Theorem 2.1. Let T be a tree of order at least 2 with s(T') support vertices and I(T)
leaves. If T # S,, n > 3, then

An(T) 4 5s(T) — 41(T)

Yetdr(T') < 3

The equality holds if and only if T € T1 U Ta.

Proof. We make use of the notations which were introduced earlier. Clearly, n(F') = n(T)—
s(T) —I(T). Suppose that g assigns 1 to the vertices in A(T') and the vertices u such that
u is a leaf of some T" in B(T)UC(T)UD(T), and 2 to the non leaf vertices in B(T)UD(T),
and 0 to the non leaf vertices in C(T'). Iterate this process for all components 77 of F. It

is not difficult to check that for any 7" in F, w(g|7) < % and w(g|r) = % if and

only if 7" = P3. Therefore w(g) = 4n§F). We now define f: V(T) — {0,1,2,3} by
g(u), ifue AT)UB(T)UC(T)UD(T),
flu) =< 3, if ue S(T),
0, ifue L(T).
It is easy to check that f is a CTDRD function of 7. Therefore, v.ar(T) < w(f) =
@ +38(T) = 4n(T) +58§T) —4Z(T).

Let vear(T) = An(T) + 5S§T) — 4Z(T). By the definition of function g on F, if F
contains a component 7" of order m # 3, then we can see that Y. qr(T) < % +
35(T) = An(T) + 5s(T) — 4U(T)
P3 = v'w'u/, then by changing f(v) = 0 or f(v') = 0, it follows that the resulted function is
a CTDRD function of T" and denotes Yeiqr(T) < @ +3s(T) = An(T) +55(T) = 4l(T).
On the other hand, if F' has exactly one component 77 = Ps, then w(g) = 4 and yqr(T) =
w3 | gy = 4n(T)+55(T) — 4U(T)
every vertex of T is a leaf or a support vertex. It follows that n(F) = 0 and veqr(T) =

An(T T)—4l(T
@—i—fﬂs(T) =3s(T) = n(T) + 5(T) ( ) This tree T is in 7;. On the other hand,

if T € 71 U Ty, then the equality is clear. O

; or if F' contains at least two components P3 = vwu and

. This tree T is in T5. If F is an empty set, then

3. 2-EDGE CONNECTED GRAPHS

In this section we investigate the upper bound of covering total double Roman domina-
tion number of some connected graphs. For integers m and k where m > 3 and k > 3, let
Chn i be the graph obtained from a cycle Cy, : 122 - - - 2,21 and a path y1ys - - - yr, where
y1 = x; and y, = x; and the order of Cy 41 isn=m+k — 2.

Lemma 3.1. Let C,, = x1,--- ,xp21 be a cycle of order n > 3. Then there exists a
CTDRD function f of Cy, such that f(z1) > 1 and w(f) < 4. This bound is sharp for
n=3 and n = 6.

Proof. The proof is given by induction on n. The result is obvious for n < 6. Let
n > 6 and let the result hold for all cycles of order less than n. Assume that C’ is the
graph obtained from C,, by removing the vertices x2, r3, x4 and joining x; to x5. By the
induction hypothesis, there exists a CTDRD function g of C’ such that w(g) < @
and g(x1) > 1. If g(x1) = 3, g(z5) = 0. Define the function f by f(z2) =0, f(z3) =1,
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f(z4) =3, and f(z) = g(x) otherwise. If g(x1) = 2,3 and g(z5) > 1. Define the function
f by flx2) = f(xs) =1, f(z4) = 2, and f(z) = g(z) otherwise. If g(x1) = 2, g(x5) = 0.
Define the function f by f(x2) = 0, f(z3) = f(x4) = 2, and f(z) = g(z) otherwise. If
g(z1) = 1, g(xs) = 0,1. Define the function f by f(z2) = f(z4) = 1, f(x3) = 2, and
f(z) = g(z) otherwise. All in all show that, f is a CTDRD function of C,, such that
fla1) > 1, and w(f) < 208 g < 40

U

As an immediate consequence we have.
Corollary 3.1. Let Cp, = x1,- -+ ,xn21 be a cycle of order n > 3. Then Year(Cr) < L%J
We have the classical result as follows.

Theorem 3.1. ([10]) Let G be a graph of order at least 3. G is a 2-edge connected if and
only if it has a closed ear decomposition. Moreover Fvery cycle in 2-edge connected graph
18 the initial cycle in some such decomposition.

Now we have.

Proposition 3.1. Let G = C,, for integers m > 3 and k > 3. Then there exists a
CTDRD function f of Cy o such that f(x1) =1 = f(yx) and w(f) < W.

Proof. Proof. Let Cy, : x1x2 - 2,21 and a path y1y2 - - -y where y1 = z; and y;, = ;.
If ; = x;, then we have two cycles with one common vertex v = z; = y1 = y,. Without
lose of generality we assume that f(v) = 2 and then it is easy to see that Yeqr(Crmx) <

W. Now let z; # x;. If k = 3, then in one of assignments, we can assign 2 to

xz; = y1 and 1 to yp. It follows that Yerqr(Cm,1) < %. If £ ¢ {3,4,6}, then using

Lemmas 2.1and 3.1 it follows that vetar(Cr k) < W. Let k = 4. If m # 6, then the
graph C,,  finds one of the situations of the case k = 3 or the case k ¢ {3,4,6}. f m =6
and one of the path between x; and x; is other than of length 3, then the graph C,, . finds
one of the situations of the case £ = 3, or Cy. If all paths between z; and z; is of length
3, then we assume that z; = z1 and x; = x4. By assigning 2 to vertices x1, 2, x5, y2, and

1 to x4, z¢ and 0 otherwise. It follows that veqr(Chu k) < w. Let k = 6. If m ¢ 10,
then C),  finds one of the above situations. If m = 10, and one of the path between x;
and x; is other than of length 5, then the graph C), ;. finds one of the above situations,
or C14. If all paths between x; and x; is of length 5, then we assume that z; = z; and

xj = xg. By assigning 2 to vertices x2, x4, T6, 28, T10, Y2, and 1 to x3, x7, x9,y1,y3,y4 and 0
otherwise. It follows thaty.iqr(Cm k) < W. Therefore the desired result holds. [

s =

Now we investigate the covering total double Roman dominating of 2-edge connected
graph G.

4n(Q)

5
Proof. Let H be a 2-edge connected graph and G be a graph obtain from H by adding a
path Py with end vertices vy, v in H such that the vertices degq(v;) =2 for 2 <i < k—1.
Let the path P, be added to H as an (open) ear. If k > 5(k # 6), then vuqr(G) <
YetdR(H) + Yetar(Pr—2) < 4”§)H) + 4(k3_2) = 4”§G). Now assume that k € {3,4,6}. For
k = 4, we delete the vertices vy, v2, v3 and connect vy to the all neighbors of vy, the resulted
graph H is 2-edge connected. In the resulted graph H, if the weight of v; is 0, then in
graph G we assign 0 to vg, 1 to v3 and 3 to v9 or 0 to vy, 2 to vg and 2 to vy object to

Theorem 3.2. Let G be a 2-edge connected graph. Then Yeqr(G) <
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the weight of neighbors of v4. If the weight of v; is 1, then in graph G, we assign 1 to
vy, 1 to v3 and 2 to ve. If in the resulted graph, the weight of vy is 2, then in graph G,
we assign 2 to v4, 1 to v3 and ve. If in the resulted graph, the weight of v; is 3, then
in graph G, we assign 3 to v4, 1 to v3 and 0 to vg, or we assign 3 to v4, 0 to vg and
1 to vy. For k = 6, we delete the vertices vo,v3,v4 and connect vs to vy, the resulted
graph H is 2-edge connected and 7uqr(H) < %. In H if we assign 0 to wvs, then
by assignment 1,2,1 to the vy, v3,vo respectively, or 2,1,1 to the v4,vs,vo respectively,
or 3,1,0 to the vy4,vs,vo respectively. If we assign 1 to vs, then by assignment 0,3, 1
to w4, vs, v2 respectively, or 1,2,1 to the vy, v3, v respectively, or 2,1,1 to the v4,v3, vo
respectively, or 3,0, 1 to the vy, v3, vo respectively. If we assign 2 to vs, then by assignment
1,1,2 to vy, vs, vo respectively. If we assign 3 to vs, then by assignment 0, 1, 3 to vg, v3, vo
respectively, or 1,0,3 to the v4,vs, vy respectively, or 1,2,1 to vy, vs, vy respectively. Let
k = 3. Then in one of assignments, we can assign 2 to vy or vz, and 1 to two of them. The
proof will be ended, whenever we investigate the case of adding a path P as a closed ear.
Let G be a graph obtained from H by adding a path Pj as a closed ear, with end vertices
v1, v in H such that the vertices degg(v;) = 2 for 2 < i < k — 1. The proof is similar to
the proof of the case, whenever Py is an open ear. O

Let Q be a family of connected graphs with this property, Vear(Q) < % for any
Q€ Q.

Proposition 3.2. Let Q € Q and u € V(Q). Let H be a 2-edge connected graph and yj,
be a vertex in H. If G is a graph obtained from Q and and H, by adding the edge uyy,

then ~utar(G) < 260,

Proof. Let f be a yqr(Q)-function and g be a y.qgr (H)-function with g(yx) = 1. Then the
function h defined by h(z) = f(z) for z € V(Q) and h(z) = g(z) otherwise, is a CTDRD

function of G. By Theorem 3.2 we can show that y.qr(H) < 4néH) and g(yx) = 1. The fact

of Q@ € Q and Yqr(H) < % conclude that v.qr(G) < w(f) +w(g) < % + % =

in(G
© O

In later result we have shown that some family of graphs with connectivity 1 satisfy in
this bound. In the next section we study the CTDRD of graphs with §(G) > 2, which
includes all connected graph with connectivity 1.

4. GrRAPHS G WITH 6(G) > 2

For upper bound, we show that for any graph with minimum degree 2, it follows
thaty.tar(G) < %” and this bound is sharp.

Theorem 4.1. Let G be a simple graph of order n with 6(G) > 2. Then

’thdR(G) < —.
This bound is sharp for graphs (U;>; Cs) U (Uj21 C3) where i +j > 1.

Proof. Suppose that G is a simple graph of order n with §(G) > 2. For n < 10, It is not
difficult to show that the result holds for any graph G for which 6(G) > 2. We proceed the
proof by induction on n. Suppose that n > 3 and the result hold for all graphs of order
less than n with §(G) > 2. To prove the inductive verdict, we investigate the graphs with
0(G) = 2 and the graphs with §(G) > 3 separately. For the simple graphs with §(G) = 2
there are the following cases.
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Case 1. Suppose that G has an induced path P, = v1,v, -+ ,v; with k > 3. Let u,w
be two vertices of degree at least three for which vy, v are adjacent to u,w respectively.

We delete three vertices vi,vs,v3 and add the edge vyu if k > 4, otherwise, add wu.

4(n—3
The resulted graph G’ has degree at least 2. By using induction, veqr(G') < L

Now by deleting the edge vqu (wu) and assigning 1 to vy, vz and 2 to va, it follows that

YetdrR(G) < Vetar(G') +4 < L%n

Case 2. Suppose that G has an induced path P, = v1,v2 as a maximal path. Let u, w
be two vertices of degree at least three for which vy, vy are adjacent to u,w respectively
and there do not exist another path between v and w. For graph G we consider the as-
signment as follows.

We delete three vertices vy, v2, w, and join u to each vertex z € Ng_,,(w). Let G’ be the
4(n —3
resulted graph. Then 6(G) > 2. By using induction, v.qr(G’) < 4n—3)
to vy, u, 0 to w and 2 to vy , or 1 to w, vy, 2 to v; and 0 to u if the weight of v in G’ is 0.
We assign 1 to one of v or vo and 2 to one of the others, and 1 to vy, if the weight of u
in G’ is 1. We assign 1 to vy, and v9 and 2 to w, if the weight of u in G’ is 2. We assign 3

to w and 0 to one of v1 or vy and 1 to one of the others if the weight of u in G’ is 3. All

4
in all, it follows that yuqr(G) < Vetar(G') +4 < ?n

. We assign 1

Case 3. Suppose that G has two paths P| = z1,22 and P, = yi,y2 as maximal
paths. Let u,w be two vertices of degree at least three for which x1,y; and xo,yo are
adjacent to u,w respectively and there have no other path between v and w. Let H =
G — {x1,x2,11,y2,u} be a subgraph of G and G’ be a graph obtained from H by joining
w to the vertices in N(u) \ {x1,y1}. Let f be the v.qr-function on G'.

If f(w) =0, we extend f to the y.qr-function g on G by assigning, g(u) = 0, (g(x1) =

9(y1) =2, g(x2) = g(y2) = 1, or g(z1) = g(y2) = 2, g(z2) = g(y1) = 1), and g(v) = f(v)

for v € G'.

If f(w) =1 and its adjacent vertex z in G’ with f(z) = 2 is not in Ng(u) (is in Ng(u)),

then we extend f the 7. qr-function g on G by assigning, g(u) = 1, (g(z1) = g(y1) = 2,

g9(x2) = g(y2) = 0,9(w) = 2, and g(v) = f(v) for v € G' —w (g(u) = g(x2) = g(y2) = 2,

g(z1) = g(y1) = 0, and g(v) = f(v) for v € G').

If f(w) =2 and its adjacent vertex z in G’ with f(z) > 1 is not in Ng(u) (is in Ng(u)),

then we extend the 7.qp-function g on G by assigning, g(u) = g(x1) = g(y1)

9(y2) =0, and g(v) = f(v) for v € G’ (g(u) = g(z2) = g(y2) = 2, g(21)

g(v) = f(v) for v € G).

If f(w) = 3 and its adjacent vertex z in G’ with f(z) > 1 is not in Ng(u) (is in Ng(u)),

then we extend the ~v.ggr-function g on G by assigning, g(u) = 3, g(z1) = g(y1) = 1
(

g(w2) = g(y2) = 0 (g(u) = 3, g(x1) = g(y1) = 0, g(x2) = g(y2) = 1), and g(v) =

ved. ok A
All in all, it follows that Yetar(G) < Yerar(G') + 6 < (”;) 3”

Case 4. Suppose that G has k > 3 paths Pjs = v;1, v;2 as maximal paths for 1 <i < k.
Let u,w be two vertices of degree at least three for which wv;1,v;0 are adjacent to u,w
respectively and there have no path P; = v such that v be adjacent to w and w. If v and
w have no another neighbors, then the result is clear. Therefore we assume that u or w
has another neighbors. Let H = G — {v;1,v2 : i = 1,2---k} be a subgraph of G and G’
be a graph obtained from H by joining w to the vertices in Ng(u) \ {vi1 : i =1,2---k}.
Let f be the y.qr-function on G.
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Henceforth, a similar discussion of the proof of Case 3, it follows that Yeiqr(G) < Yerar(G')+

2k +3 < A — 2k +1)) +2k+3§4§n,becausek23.

Case 5. Suppose that G has an induced path P, = v; as a maximal path. Let u,w
be two vertices of degree at least three for which vy be adjacent to uw,w and there have
no other path of length 1 between u and w. If u,w have neighbors of degree at least
three, we delete three vertices vy, u,w, then the resulted graph G’ has §(G’) > 2. By
4(n —3)

using induction, y.qr(G') < . By assigning 1 to u, w and 2 to vy, it follows that

4n
Yetdr(G) < Yetdr(G') +4 < R

If w or w has at least another neighbor of degree 2, and assume that wvo,vs,--- , v, are
vertices of degree 2 in N(w). We delete the vertices w, vy, -+, v from G and G’ is the
4n—k—1)

resulted graph. Then §(G’) > 2. By using induction, v.qr(G’) < 3

4
assigning 1 to vy, -+, v, and 2 to w, it follows that Yeqr(G) < Yetar(G') + k +2 < ?n’
because 3(k +2) < 4(k+1) for k > 2.

Case 6. Suppose that G has an induced path P; = v; as a maximal path. Assume
that, for any two vertices u,w of degree at least three, there dose not exist a path of
length 1 adjacent to u,w or there exist at least two paths of length 1 between u,w. Let
there exist ¢ > 2 paths P3 = x3,--- , P,1 = x41 where z;1 be adjacent to v and w. If the
other neighbors of both v and w are of degree at least three, then we delete the vertices
w,x3, -+, 241, u from G and G’ is the resulted graph with 6(G’) > 2. By using induction,

4in —t—2
van(@) < Hn=t=2)

By

. By assigning 1 to x3, 2 to w and u, 0 to xa1,- - , x4, it follows

3

that Yerar(G) < Yerar(G') +5 < w +5< Z%n—i—, because t > 2.

If the vertices w or w has neighbors x1,z9, -,z Or y1,¥2, - ,yr of degree 2 and since
there is no path P, in G, then for every vertex z € N(z;) or y € N(y;), deg(z) >
3, deg(y) > 3. We delete the vertices y1,y2, -+ , Yk, W, T3, "+ , T41, Uy T1, T2, " -+ , Ty from G
and G’ is the resulted graph with §(G”) > 2. By assigning 1 to x3, y;s, s, 2 to w and u, 0 to
4(n—(t+2+k+m))+

To1, -, L1, it follows that Yuar(G) < Yetar(G') +5+k+m+ < 3

5+k+m< Z%n—k, because t > 2,k or m > 1.

Case 7. Suppose that G has k > 1 paths Pjo = x;1, x40 for 1 < i < k and m > 1 paths

Pj; = y;1 for 1 < j < m with common end vertices u,w. Assume that other neighbors of

u and w has degree at least three. We delete the vertices u, w, z;15, 725, y;15. Then the

resulted graph G’ is a graph with 6(G’) > 2. By assigning 1 to x;1s, z;28, 2 to w and u, 0 to

4n— (2k+m+2))
3

4
yj18, it follows that Yerar(G) < Vetdr(G') +4+2k < +4+2k < §n+,

because k,m > 1.

Let w1, wo, -+ ,w; be vertices of degree at least three such that there exist k; > 1 paths
of length 2 and m; > 1 paths of length 1 with end vertices w;, w;+1. Without loss of
generality we can assume that the other neighbors of w;s (if exists) are of degree at least
three. Let H be the subgraph induced by w;s and the paths between them and G' = G— H

be the resulted graph. Let H contains q paths of length 2 and r paths of length 1, where
4n—(t+2q+71))

q,r >t — 1. By using induction, vuqr(G') < . By assigning 1 to the

vertices of ¢ paths of length two, 0 to the vertices of r paths of length one, and 2 to w;s, it
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dn— (t+2q+r))
3

4
follows that Yetar(G) < Yerar(G') + 2t +2q < +2t4+2q < gn, because

q,r>t—1.

For the simple graphs with §(G) > 3 there are the following case and subcases.

Case 8. Let 0(G) > 3 and z,y,z € V(G) be three vertices such that y be adjacent to
x,z. Assume that Q = {x,y, z} and H = G — Q. Then there exist the following subcases.

Subcase 8.1 Let 6(H) > 2. Say G’ = H, by using induction, y.qr(G’) < @. We
assign 2 to y, and 1 to z, z. It follows that v.tqr(G) < Vetar(G') +4 < @ +4 < 4?”.

Now let for every such @ and H = G — @, §(H) < 1. Then there exist vertices
v;-, uj € V(G) such that vés are adjacent to vertices u;, two vertices of () where deg(vg) =3
for 1 <i<k,1<j <k and k # 1, or there exist vertices v/, u,. € V(G) such that ver-
tex vl is adjacent to u.., two vertices of @ such that u] is adjacent to a vertex of @ and
deg(v].) = deg(ul.) =3 for 1 < r < k", or there exist vertices wgs € V(G) such that those
are adjacent to all vertices of @ and deg(ws) = 3 for 1 < s <, or there exist vertices w;s
€ V(G) such that those are adjacent to at least two vertices of @ and degy (w};) = 1 for
1 <t <!l'. Then there exist the following subcases.

Subcase 8.2 Let ¥/ = 1and ! > 1 or !’ > 1. First let [ > 1. Then G’ be the
graph obtained from G by removing the vertex y. The induction hypothesis implies
that, there exists a CTDRD function f of G’ such that w(f) < %"l). Then we ex-
tend f to g on G by assigning 1 to y and ¢(t) = f(t) for otherwise. It follows that

4dn
YetdrR(G) < Vetar(G') +1 < 3
If I’ = 1, then G’ is the graph obtained from G by removing the vertices x, y, z, and joining

v} to w] and joining the vertex v]l to v;-s. By using induction, there exists a CTDRD

function f of G’ such that w(f) < %"/). Then we extend f to g on G by assigning 1,2,1

to the vertices x,y, z respectively, if f(v}) € {0,1}, f(w]) € {0,1} or by assigning 2 to
z,y,z, 0 to vf, if f(v]) =2 and f(w]) = 0, by assigning 2 to two the vertices of {z,y, 2},
1 to one of the others, v} if f(v]) € {2,3} and f(w)) € {1,2,3} or by assigning 2 to z, vy, z,
1 to vf, if f(v]) = 3 and f(w)) € {0,1} or by assigning 1 to two the vertices of {z,y, 2},
2 to one of the others if f(v}) € {0,1}, f(w}) =2 or f(v]) =1, f(w]) = 3 or by assigning
2 to wf, to two the vertices of {x,y, z}, 1 to one of the others if f(v]) =0, f(w}]) = 3 and

4
g(t) = f(t) for otherwise. It follows that Vetar(G) < Yetar(G') +4 < g

Now let I’ > 1. let G’ be the graph obtained from G by removing the vertices z,y, z, 11,
wys, and joining the vertex vjl. to vis and joining the vertex uj to v € V(G) where v be
adjacent to w}. By using induction, there exists a CTDRD function f of G’ such that
w(f) < @. Then we extend f to g on G by assigning 2 to two the vertices of {x,y, z},
1 to one of the others, v}, wis if f(u}) € {0,1}, f(v) € {0,1,2} or by assigning 2 to w},
two the vertices of {x,y, 2}, 1 to one of the others, to wj,--- ,w), 0 to vy if f(u}) = 2,
f(v) € {0,1,2,3} or f(u}) =3, f(v) € {1,2,3} or by assigning 2 to two the vertices of
{x,y,2}, v}, 1 to one of the others, to wy,--- ,wy, 0 to vy, 3 to wy if f(u}) =3, f(v) =0
or by assigning 2 to z,y, z, 1 to wh, - ,wy,, uj, 0 to v}, w] if f(u]) =0, f(v) =3 or by
assigning 2 to z,y, z, 1 to w;s, 0 to v} if f(u)) =1, f(v) = 3 and g(t) = f(¢) for otherwise.

4n
'thdR(G) < ’thdR(G/> +5+10 < ?
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Subcase 8.3 Let ¥/ =1 and ' = k = k' = 0. If y is adjacent to v}, u}, then assume
that G’ is the graph obtained from G by removing the vertex y. By the induction hy-
pothesis, there exists a CTDRD function f of G’ such that w(f) < %nl). We extend f
to g on G by assigning 1 to y, and g(¢t) = f(t) for otherwise. On the other hand let G’
be the graph obtained from G by removing the vertices v, u, v}, where v,u € {z,y, 2}, u}
is not adjacent to u,v. By the induction hypothesis, there exists a CTDRD function f
of G’ such that w(f) < @. We extend f to g on G by assigning 1 to u,v, 2 to v} or
2 to one of v or w and 1 to one of the others, v] and ¢(t) = f(t) for otherwise. Thus

4n—n') 4n
’thdR(G) < ’thdR(G/) + 3 < 3

Subcase 8.4 Let ¥/ =1 and k > 2, ¥ > 1. Let G’ be the graph obtained from G by

removing the vertices x, y, z, and joining the vertex 1)]1» to v}s, and joining the vertex v to

vi. By using induction, there exists a CTDRD function f of G’ such that w(f) < @.
Without loss of generality we first assume that f(v{) = 1, f(u1) = 3. Then we extend f
to g on G by assigning 2 to y, 1 to z, z, and g(t) = f(t) for otherwise.

If f(vi) =2, f(v3) =1, f(u1) = 0 then we extend f to g on G by assigning 2 to z,v, 2,
1 to u1, 0 to vi,v?, and g(t) = f(t) for otherwise. If f(vi) =2, f(v}) =0, f(u1) = 2
then we extend f to g on G by assigning 2 to z,2, 1 to y,v{, and g(t) = f(¢) for oth-
erwise. If f(vi) = 3, f(v?) = 0, f(u1) > 1 then we extend f to g on G by assigning
2 to wy if f(u;) = 1, also by assigning 2 to two vertices of {z,y,z} where are adja-

cent to v}, 1 to one of the others, v{, and g(t) = f(t) for otherwise. It follows that

4n
Yetdr(G) < Yerar(G') +4 < 3

Subcase 8.5 Let k” #1 and [ > 1 or I’ > 3. Let G’ be the graph obtained from G by
removing the vertices z,y, z, wss, w;s, and joining the vertex vjl- to v;'-s, and joining v} to
vls. The induction hypothesis implies that, there exists a CT DRD function f of G’ such
that w(f) < %n/). First assume that f(vi) =1, f(u1) = 3. Then we extend f to g on G
by assigning 0 to wss, 1 to wys, 2 to x,y, z, v}, if f(v]) = 3 or by assigning 0 to wss, 1 to
wis, g(z) + g(y) + g(2) =5 and g(t) = f(¢) for otherwise.

If f(vi) =2, f(v?) =1, f(u1) = 0, then we extend f to g on G by assigning 2 to z,v, 2,
1 to ug,w;, 0 to vi, v}, ws and g(t) = f(t) for otherwise. It follows that v.qr(G) <

4n
Yetar(G') +5+1' < ER

Subcase 8.6 Let I’ = 2 and k” = 0. Let G’ be the graph obtained from G by removing
the vertices z,y, z, and joining the vertex 1)]1» to vji»s and joining vertex w] to wj. By the
induction, there exists a CT DRD function f of G’ such that w(f) < %",). Without loss
of generality we first assume that f(vi) =1, f(u1) = 3. If f(w}), f(wh) € {0,1}, then we
extend f to g on G by assigning ¢g(y) = 2, g(z) = g(z) = 1 and g¢(t) = f(¢) for otherwise.
If f(w})=0,1,2,3, f(w)) = 2, then extend f to g on G by assigning g(v) = 2 for one
vertex v € @ where v € N(w}), g(x) =1 for z € Q — {v} and g(t) = f(t) for otherwise.
If f(w)) = 1,2,3, f(w)) = 3, then by assigning g(v) = 2 for one vertex v € @ where
v € N(wy), glz) = 1 for z € Q — {v} and g(t) = f(t) for otherwise. If f(w}) = 0,
f(wh) = 3, then by assigning g(v) = 2 for one vertex v € @ where v € N(w}), g(z) =1
for x € Q — {v}, g(w)) =1, g(wh) =2 and ¢(t) = f(¢t) for otherwise.

Now let f(vi) =2, f(v}) =1, f(u1) = 0. We extend f to g on G by assigning 2 to z,v, 2,

4
1 to ug, 0 to vi,v} and g(t) = f(t) for otherwise. Then Yetqr(G) < Yerar(G') + 4 < ?n
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Subcase 8.7 Let I’ = 1 and £” = 0 and w] be adjacent to y. Let G’ be the graph
obtained from G by removing the vertices z,y, z, w}, and joining the vertex vjl to vis. By

the induction hypothesis, there exists a CTDRD function f of G’ such that w(f) < %nl).
We first assume that f(vi) = 1, f(u1) = 3. Then we extend f to g on G by assigning
g(y) =2, g(x) = g(z) = g(w}) =1 and g(t) = f(t) for otherwise.

Iff(vl) =2, f(vl) =1, f u1) = 0, then we extend f to g on G by assigning 2 to z,y, z, 1 to

(
u1,w}, 0 to v}, v} and g(t) = f(¢) for otherwise. It follows that V.ar(G) < Yerar(G') +5 <
4dn

Subcase 8.8 Let I’ = 1 and £” = 0 and w; do not be adjacent to y and let y be adjacent
to at least two vertices other than z,z and vjs in G. Let G’ be the graph obtained from

G by removing the vertices x, z, w}, and joining the vertices vjl-s to vés. By the induction

hypothesis, there exists a CT DRD function f of G’ such that w(f) < %n/). First assume
that f(vl) = 1, f(u1) = 3. Then we extend f to g on G by assigning g(w]) = 2,
g(z) = g(z) =1 and g(t) = f(t) for otherwise.
If f(vi) =2, f(v3) =1, f(u1) = 0, then we extend f to g on G by assigning 2 to the
vertices of x,u1, 2, 1 to w}, 0 to vi,v? and g(t) = f(t) for otherwise. It follows that
'thdR(G) < 'thdR(G/> +4 < %l

Subcase 8.9 Let I’ =1 and ¥” = 0 and w] is not adjacent to y and let y be adjacent
to at most one vertex other than x, z and U;-S in G. First assume that y is not adjacent to

any vertex other than x, z and vés in G. Let G’ be the graph obtained from G by removing

the vertices x,y, z, w}, and joining the vertex vjl- to v;-s. By the induction hypothesis, there

exists a CTDRD function f of G’ such that w(f) < %n/). Then we extend f to g on G
by assigning g(w}) =1, g(z) = g(z) = 2, g(y) = 0 and g(t) = f(¢) for otherwise.

Now assume that y is adjacent to one vertex other than x, z and U;'-S in G, say v. Assume
that Ny (w)) = u. Let G’ be the graph obtained from G by removing the vertices x, y, z, v,
and joining the vertex vjl- to v}s and joining v to u. Using induction hypothesis, there exists

a CTDRD function f of G’ such that w(f) < %n/). Assume that f(vi) = 1, f(u1) = 3.
We extend f to g on G by assigning 2 to z,z, 1 to y, 0 to w} or 2 to z,z, 1 to w}, 0 to y
if f(v) € {0,1}, f(u) € {0,1}, and by assigning 1 to z,y,z, 2 to wj or 0 to y, 1 to z, z,
3 to wy if f(u) € {0,1,2,3} and f(v) € {2,3}, and by assigning 1 to x,z,w], and 2 to y
if f(u) = 2, f v) € {0, 1} and by assigning 3 to y and 0 to w}, 1 to z,z or 2 to y, 1 to
x,z wl if f(u) =3, f( ) € {0,1} and g(t) = f(t) for otherwise.
If flol) =2, f(v2) =1, f(u1) = 0, then we extend f to g on G by assigning 2 to z,y, 2,
1 to ug,wy, 0 to vi,v? and g(t) = f(t) for otherwise. Thus Vear(G) < Yerar(G') +5 <
4(n —4) 4n
—+5< 5

Subcase 8.10 Let 1 <!’ < 2 and ¥” > 2. Let G’ be the graph obtained from G by
removing the vertices x,y, z,w;s, and joining the vertex vjl- to v;'-s, and joining v} to v]s. By

the induction hypothesis, there exists a CTDRD function f of G’ such that w(f) < @.
First assume that f(vi) = 1, f(u1) = 3. Then we extend f to g on G by assigning 2 to
z,y,uy, 1to z, wis If f(v]) =0, f(u)) = 3 and by assigning 2 to x,y, z, 1 to w;s, 0 to v} If
f(W) =0, f(u)) =2, f(vh) =2, by assigning 2 to z,y, z, 1 to w;s, 0 to vh, vs If f(v]) =0,
Fub), fu) > 1. F(1h) = F(v§) = 2, by assigning 2 to .y, 2, 1 to wls, 0 to v} If f(v]) = 0.
f(uhy) > 1, f(vh) = 3, and by assigning 2 to z,y, z, 1 to w;s, 0 to v} if f(v]) = f(uh) =1,
f(vh) =2 and 2 to x,y, 1 to z, wis, 0 to v} if f(v]) =1, f(u}) =2 and by assigning 2 to
z,y,z, 1 to uj, wis, 0 to v] or 2 to x,y,z, 1 to wis, 0 to v] If f(v]) =3 and by assigning
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2 to two vertices of x,y, z, 1 to one of the others, v}, wis, 0 to v} or 2 to x,y, z, 1 to w;s,
0 to v} If f(v}) = 2.
If f(vi) = 2, f(v?) = 1, f(u1) = 0, then we extend f to g on G by assigning 2 to
z,y,2, 1 to uy, wis, 0 to vi,v? and g(t) = f(¢) for otherwise. It follows that v.qr(G) <
~ o An—n') _4n
Yetar(G') + ——5— < —-. O
3 3
As an immediate consequence from Theorem 4.1 it follows that:

Corollary 4.1. Let G be a simple graph of order n with 6(G) > 2. Then

Taan(G) < |5

5. CONCLUSIONS

We already discuss on the covering total double Roman domination of trees, 2-edge
connected graphs and graph with minimum degree 2. Therefore, there exist some problems
as follows.

1. Let G be a graph of order n with minimum degree 2. Characterize the graph G for

. 4dn
which 7etar(G) < [ 5]
2. The complexity the CTDRD of graph G.

3. What is the relationship between CTDRD with other domination parameters?
4. The CTDRD of (Cartesian, lexicographic, strong) products of graphs may be studied.
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