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THE GENERALIZED ¢-OPERATOR ,&, AND ITS APPLICATIONS IN
¢-IDENTITIES

HUSAM L. SAAD, SADEQ M. KHALAFZ2, §

ABSTRACT. Based on the basic hypergeometric series ,¢s, we construct a new general-
Aly.e.yQr |
bi,....bs D
identities, we generalize several well-known g-identities, such as the ¢g-Gauss sum, the
g-Chu-Vandermonde sum, and the g-Pffaf-Saalschiitz sum.

ized g-operator P, ( —cf | and obtain some of its identities. Using these
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1. INTRODUCTION AND NOTATIONS

In this paper, we will follow the notations that were used in [5]. We assume that |¢| < 1.
Let a be a complex variable. The g-shifted factorial is defined by [5]

n—1 00
(@go=1, (aqn=][[0-ad®), (6500 =]]Q - ad".
k=0 k=0

We adopt the following compact notation for the multiple g-shifted factorial:
(ala <oy Qpg Q)n = (a1§ Q)n oo (ar; Q)na

where n is an integer or oc.
The basic hypergeometric series ¢, is defined by:

ar, ..., ay (a1; )k - - (ar; k(]

r®Ps 5 g, -1 s

(B ) - 5 et (o]
bs

where r,s € N; ay,...,a.,b1,...,
ZEro.

€ C; and none of the denominator factors evaluate to
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The convergence conditions for the basic hypergeometric series ,¢5 are as follows [5]:

(a) If s > r — 1, the series is convergent for all x € C.
(b) If s < r — 1, the series is convergent only when x = 0.
(c) If s =r — 1, the series is convergent for |z| < 1.

The most important case of the above series is when 7 = s + 1,

A1y ey Qsy (a3 (ast1; )k &
34, T | = x, x| < 1.
oo (0 ) 2 T Orid G © 1

The ¢-binomial coefficient is given as

n %, if0<k<ng
el = @Dk (4 Dnr
0, otherwise,
where n, k € N.
The following identities will be used in this paper [5]:

(@ q)n a\E (5)—nk
a; Qg = ——2n (D) (5) -k, 1
(@ Dt (¢'"/a; @)k ( a) 1 1)
g (MY,
(a/a; )k = (—a) a2 ) (ag™; 0)oo (a3 0)oc- (2)
Cauchy identity is given by [5]
= (@G Dk (3 ¢)oo
The special case of Cauchy identity was founded by Euler which is given by [5]:

0 (_1)kq(2)
> CEE sk — (1) 0
= (@D

The ¢-Gauss sum is [5]

(¢/a,¢/b; @)oo

2¢1 (CL, ba ¢ q, C/(Ib) (C, c/ab; Q)oo ) |C/a | < ( )
¢-Chu-Vandermonde’s sums are [5]
qin7 b n (C/b7 Q)n
2¢1 < c, y4,¢q / ) (67 q)n ( )
q—n7 b (C/b7 q)n (o
2¢)1 ( ¢, y 4, Q) (C; q)n (7)
The g-Pfaff-Saalschiitz’s sum is [5]
a,b,g" (c/a,c/b;q)n
a0, L2 TR 8
392 < cabg' /e 7T q> (c,c/ab; q)n ®)

The operator 6 is defined as [7]
ag™t) — f(a
o{s(ayy = LI, )

Theorem 1.1. [7]. The Leibniz rule for 6. Let § be defined as in (9), then

6" f(a)g(a)} = ZHH’“{f 110"+ {glag ™). (10)
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The following identities are easy to prove:

Theorem 1.2. [2, 9, 11] Let 0 be defined as in (9), then

Gk {an} _ (q( q;])nkankq(g)—nk+k. (11)
0" {(at; 9)oc} = (=1)"(at; @)oo (12)
k[ (at; @)oo — Fa ) (4 /0 (at; )oo av
’ {(av;Q)oo} e ’Q)k(av/qk;q)oo’ Jawl < 1 (13)
In 1997, Chen and Liu [2] defined the g-exponential operator E(bf) as follows:
_ 5= (00)"g)
B0 =2 g a4

b .

b ) =N @D
1%( - 9) Z(q;cz)n< o (15)

In 2007, Fang [3] defined the Cauchy operator 1P < q, —09) as follows:

Fang [3] proved the following result:

Theorem 1.3. [3]. Let 1Py < E i q, —00> be defined as in (15) then:

—n b 1—n
302 < e Cadb ;q,q> = a”m ¢2< 1 ’nq/c q/cnd/bb ,q,q>- (16)

The series g5 is defined as follows [1, 8, 10]:
a a > (a ar;q)
1y-- T 1y Ury{d)n n
1, ) = "
<b1,...,b 'q ) ;(q,bl,...,bs;q)n

Note that when r = s 4+ 1, we have 51105 = s4+1Ps.

In 2010, Zhang and Yang [10] construct the finite g-Exponential Operator
261 { 1

v’ w :q, dG] with two parameters as follows:

-N N (N, w:q)
&4 ’w;q,dﬁ]: W W Dn oy
? 1[ v ,;) (¢:v;9)n ()

A generalization for the ¢g-Chu-Vandermonde’s summation formula (7) has been found by
Zhang and Yang [10] as follows:

Theorem 1.4. [10]. We have

- b; @) +
[g) m+(N—n+m)k c/b k
ZZ el ld S (c/b)

m=0 k=0

=a (6/(a q;:((c/b) L 42 < . 1’2;: zqgan/ce 14, q) (17)
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In 2014, Fang [4] defined the generalized g-operator as follows:

00
ag, - ,0s (a07"'7a5;q)n n
P ;q,cDg | = cD,)".
H S( bl"”’bs ! q> ngo(qvblf"J)s;q)n( q)

Fang found a general identity for the operator ;11®¢ by solving a general g-difference
equation and then used this g-difference equation to give a generalizations of Andrews-
Askey integral and Askey-Wilson integral.

In 2016, Li and Tan [6] introduced the generalized g-exponential operator E [ vl,Uu q; tﬁ]

with three parameters as follows:

v, u — (v,u;9)n
E| 7 q;tG]:E ————(t0)".
[ w | = (q7w;q)n( )
Li and Tan [6] obtained a generalization for the ¢g-Chu-Vandermonde summation formula

6) by using the generalized g-exponential operator E %Y q;t0].
w

The paper is structured as follows. In section 2, we define the general operator

A1y, G . o . . .
d LoD ;1q,—cf |. Some operator identities are also given. Section 3 generalizes

T*s

bi,...,bs
many well-known ¢-identities, including the ¢-Gauss sum, the g-Chu-Vandermonde sum,
and the ¢-Pffaf-Saalschiitz sum.

2. THE GENERALIZED ¢-OPERATOR ,®; AND ITS IDENTITIES

Aly...,0p

In this section, we define the generalized g-operator , @ < b b
1,---50Us

1 q, 09> , and then
find some of its operator identities.

The generalized g-operator P ( 9. -5 Or i q, —06> is defined as follows:

bi,...,bs

al,...,ar 2 (a1, qQ)g (—cH)F O

rPs T g, —cl ) = -1 2 _
( br.oobs ) kZ:O (brs- -2 bs3 @)k (¢59) [( )'a }

Several previously described operators can be obtained by passing special values to the
generalized g-operator ,®g, see [2, 3, 6, 10].

(a,. .-, a3 Q) by W. Then the generalized

(b1,...,bs; Q)

" g, —09> can be written as follows:

In this paper, we’ll denote to the fraction

al,...,a
g-operator P < bi.....b

S

@, ( RO —09) _ liwk(—cj)): [ <§)}1+s_r. -

(q;

Theorem 2.1. Let , P, ( Zl’ o ’ZT :q, —09) be defined as in (18), then
Lyeooybs
a a (au, at,ax; q) (au, at, az; q) oo o= o=
P 1ye--yQr | - 9 ) ) ) [e’e) _ ) ) ) [e'e] W o
ne ( bi,....bs P > { (av, aw; q)so } (av, aw; q)so ZZZ ktiti

i=0 k=0 j=0
pri (-1)*q(2) [(Cayrsig3] 7 (ol alatia) (t) (t/v;q);

X (ez) (¢;9)k (¢,q9/aw;q); \v

v) (q,9);
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(q/ax;q)j+i
X 77
(CI/CW; Q)j+i

(19)

provided that maz{|av|, |aw|} < 1.

Proof. From the definition of the operator ,.®, <

rule (10), we have

—cG) and by using Leibniz

ay,...,ar o\ f(au at,aziq)oo
(o) (e
=S O [y (9] g f (e atiazi @)
2 Wi gy (CD'] 0 e
S D [y ®] S [F g {0t | g ¢ g
_kZOWk(q,q)k ( 1)(] Jz;)[] {a’u . q) }9 ]{< q]’Q)oo}
N O T @1 S K] S [ g f (00 g (0t )
_kZOWk(q’q)k U JZ;)[];[] { Q)oo}gj {(avqi;q)oo}
x 6" j{(axq 15q)o0 }
5w C O] ” iy )
kZ:OWk(%Q)k [( } ]EZ:O (¢,9) Zz; (4,9)i ) o
ey (G Doo (7Y i (atq” afJ)
(/s ) o e ) g )
x Ok {(axqij;q)oo} (by using (2) and (13))
IR C L S (5] . (4, Dk - (¢, 4) wio— ()
_kZ:OWk(%Q)k (1] ]Z:%(q 9);(4,9)1— ;(q,q) (@a)
< (ufws ) L0 4)oc ¢ ) oy (t/vr0)

(—1)i(aw)iq_(;) (q/aw q)i(aw; q) oo

_ (au, at,

(av, aw;

)-
(—1)i(av)ig~ ()~
)

(by using (2) and (12))

ﬁ“zzzm@[—“W“waWWMW

k=0 j=0 =0
(t/v;q)j—i (q/ax;q); q~

(¢,q/aw; q);

kj

()

_ (au,at
 (aw,

(u/w,q/at; q);
(¢, q/aw; q)i

oo

cmzxqq = ZZEWkJr ca)kt [ _ )k+jq(’“jﬂ)]

(¢,9)i—i (q/av;q); (¢ Dr—j

J N 14s— Ny

7=0 k=0 =0

(%

(@ D

(t>z (t/v;q);—i (q/az; q); ¢~ ki

(,0)j—i (q/av;q);
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O XX 14+s—r

— w Z Z Z Wi i (cx)k—irﬁ-z [(_1)k+j+iq(k+§+i)} (—1)j+i

(av, aw; g)oo i=0 k=0 j=0

(J“)ﬂﬂ(u/u“l/qu)( ) (t/v:9); (a/aw; q)j+i g~ FHHIGH)
(¢,q/aw;q); \v/) (¢,9); (¢/avi@)jri (G Dk

X q

[© o 2ENNe SlNe o]

_ szzzwlﬂﬂﬂ(cx)kﬂﬂ(l)kq@ |:(71)k+j+iq(k+g+i):|sfr

(av, aw; q)oe = im0 (4 9)k

. (w/w,q/at;q); ( ) (t/v;q); (¢/ax; q)jvi

(¢, g/ aw; q); (¢:0); (a/aviq)jvi
]
e Setting x = 0 in (19), we get
Corollary 2.1.
Gl,..., 0 (au, at; @)oo (au, at; @)oo cq/a )it
r P ’ ’ ;q, —cl = i
< bi,... by D¢ > {((w,aw;q)OO (av, aw; q)so ;;) J+ (q/av;q)j+i
L i 1Hs—r < q); i : .
~ |:(_1)j+zq(7;r )] (u/'IUa(I/at:(I)z <t> (t/UNI)j’ (20)
(¢:9/aw;q)i \v/) (g.9);
provided that max{|av|, law|} < 1.
e Putting v = 0 in (20) yielding
Corollary 2.2.
ai,...,a, (au, at; q) oo (au, at; q) oo (ct)k
rPs ’ ’ 34, 09) { } = Wiyj—
( bise- - bs (aw; q)oo (aw; q)oo ]Z;;O g a)n
1+s—r (u/w q/at q) . (5\1S—T o
1)kq() WU/, 4795 9 o yi [(—1)ig(3) j(s—) 91
< |Enr ] S ey [ e, (21)
Provided that |aw| < 1.
e When v =0 in (21), yielding
Corollary 2.3.
at,. .., ar (at; @)oo (at;9)oo o cq\*
r(I)s ’ ’ 4, — 0 = Wi (—
< bro.o by P0TE > {(aw;q)oo} (aw;q)ookzzo k(a)
Ths=r (t/w;q)k
1)kq() WDk 29
[( ) } (¢, g/ aw; q)k (22)
Provided that |aw| < 1.
Theorem 2.2. Let Dy ( Zl’ o ’ZT i q, —c€> be defined as in (18) and n € ZT, then
1rons0s
al,...,0r (at7 Q)oo oo Cg/a’)
rPs ’ ’ 34, _66> {an } =a"
( bi,...,bs (av; @)oo ]20;) kﬂ (q/av; q)k+j
k1 14+s—r (qfn q/at q) X .\ 1+s—r (t/'u q)k . _
X (=1 kq(Z) M AT A (ot fav) | (=1 ]q(g) ’ qk](1+s 7")’ 23
[( : } (439); (et/av) [( : } O (23)

Provided that |av| < 1.
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Proof. From (18), we have

ai 28 (ata Q)oo
T(I)S ’ ’ s 4y T 0 "
< b17 '7bS @ ) {a (CL’U,(])OO}
> PV 14+s5—r
= E Wi (o) {(_1 kq(z)} i k {a” (2, 9)oc }
= (@ (a3 q)oc
By using Leibniz rule (10), we have

A1y ..., Ay (at, q)oo
rq)s< bi’.“,bs —CG>{ CL’U(] }
_ 0 (—C)k B 1+s—r k i k—j (atq ,q)
_kZOWk((NCI)k 0] ]Z:He o {(avqfq) }
_ iwk( C [ }1—&-3 rzk: (—1)ja"7jqj(qin'q)‘
(¢;9)k p )k—g Y
gk—i { ((ZZJ]_;;. (Z]))(:} (by using (1) and (11))
oy (29 b O TN (@ae Jan =i (=" ).
ZWk(q,q [ ~1a } ;(q,q)j(q;q)m( D (a5,
X q—(’“gj)(vq*j)kfj(t/v; Dk (av(;t?/qzﬂ;'qi):)oo (by using (13))
o CO e (TS (@ Ja" =g (g ).
N ,;OW’“ (% ) 0] ; G, Ve,
e . 1 (atyq U3 ) (q/at; q):(a
a7 (g VI (o @iy (=1)/(at) g~ Z (¢/at; q)j(at; g)oo (by using (2))
(~1)*(av)tq~("2) (q/av; q)r(av; 9)oc
_ (et - (ea/a)* ok (] (@ a/at); (0 Dk
(av; ¢)oo kzojzg (q/av; q)k [( Ve } (©9);  (GDk—j (t/v)
_ ot oo (ca/a)* vk (9] (a7 a/at;q),
(av; ) oo ZZ "9 () avi @ity [( Ve } (¢;9);

=0 k=0
W= (L/03 Ok kj(14s—r)

x (ctq/av)! {(—qu@} (¢ D

3. APPLICATIONS OF THE GENERALIZED OPERATOR , P

In this section, we apply the generalized operator ,®; to find a generalization for some
known g¢-identities such as the ¢-Gauss sum (5), ¢-Chu-Vandermonde sum (7), and g¢-
Saalschiitz sum (8).

3.1. Generalization of the ¢-Gauss Sum. By acting the operator ,®; with respect to
the parameter ¢ on both sides of the ¢-Gauss sum (5) and by using equations (23) and
(20), we get a generalization of the g-Gauss sum as follows:
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Theorem 3.1. (Generalization of the q—Gauss sum). Given q-Gauss sum (5), then

Z(“bq (/a3 / S5 (1@ (Cdg few) Wi
(g,¢;9)i

’ j=0 k=0

/)" k() HHM Ki(Ls—r)

(q/cv; @)k [ ! } @r ’

oo o0

_ C/CL c/b; @)oo ZZ (b,bg/c; q < dQ>j [(_1)jq(%)}l+s_r Wi (_dQ/C)k

(c,c/ab; q)so — = (q,abg/c;q); (q/cv; Q)rtj

1+S r . _ (1/7}6 q)k
w [(=1)kq(2) kj(1+s—r) \2/ V0 D)k
[( S } ! O
provided that |c/ab| < 1.

Proof. The ¢-Gauss sum (5) is

i (a,b; q)k(c/ab)k _ M lc/ab| < 1.

2 (q.cq) (c. c/ab; q)ox

we can rewrite the above equation as follows:

S OB Du sy k1 apyt = (Ll 0o

= (GO (¢/ab; q)oo
1
Multiplying both sides of the above equation by W, we obtain
> b; i. o ) b q) oo
Z (a’ Q) ( Ccq; Q) Cl(l/ab)l — (C/aa C/ aQ)
= (¢9)i (V@)oo (cv, ¢/ ab; q)oo
Acting the operator D Zl’ o dc9> with respect to the parameter ¢ yielding
1y ’
— (a,b;9)i ar,....ar (g @)oo
1/ab L —do){c
D g, (o (:0)o0

. (Zi::::,?ﬁ —de){m}‘

By using (23) and (20), we get
Z(a bQ)z(/ : cq qwzz ,Q/cq i [y (g’ ey Wi,
(4:9): (cv; q)oo

i=0 =0 k=0
_(dgfef* 1k ®) *M T
(q/cv; Qrrj [( 1 } (G ’

oo o0

_ (c/a,c/biq)e (b,gb/c;q); ( dg J O b A (dq/c)¥
~ (ev,c/ab;q)ss ZOkZD ,qab/c; q); <cvb> [( e } Vs (v, g
Ky s ] s—r (1/Ub; Q)
X [(—l)kq(Q):| qk (1+ )(qT)k
Z (@,0:0)i (o) ZZZ ’ql Z/C 9); [( 1)]4(%)}”“ (dg’ /ev) Wiy s

C;
i=0 (g, ¢:9)i §=0 k=0 9);j
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(dg/c)* [ iy q(g)r“*T (4'/05 Dk sas-n
k+j

(q/cv;q) (4 )k
_ C/a c/b; @)oo o (Bbafei@); (da N 7, o] (da/o)f
(¢, ¢/ab; q)oo E_:Okzo (9,abg/c; q); (cvb> [( a } W Ta v e,
s it (1/0b; @)k
[( 1)kqz )} "+ S

O

3.2. Generalization of ¢-Chu-Vandermonde Sum. By acting the operator ,®, with
respect to the parameter ¢ on both sides of g-Chu-Vandermonde sum (7) and by using
equations (20) and (22), we obtain the following generalization of ¢-Chu-Vanermonde sum:

Theorem 3.2. (Generalization of ¢-Chu-Vandermonde Sum (7)). Given q-Chu- Vandermonde
sum (7), then

ZZ g ;) " (?)Z [<_1)iq(;)}1+s—rwi((qk/w

=0 i=0 q,c,q)k q,q/cv; q)i
C/b q N o n n l—n/c. q) dqn+1 J Ly (;) 14s—r
a jz;; q,bq1 n/c;q); < bev ) [( 1'e }
. ‘M i (DT s (@ /v )i
x Wit (q/cv;q)ity [( D' ] 1 (¢;9); (24)

provided that max {|cv|} < 1.
Proof. ¢g-Chu-Vandermonde sum (7) is

n

(" bk (c/b;@)n .,
kzo Gk (G b

- b Dk ¢ (cq® (cq",c/b;q)
)oo = i
z% il (cq™/b; q)oo

Multiplying both sides of the above equation by , we obtain

b
(cv; @)oo

zn: (07" i)k g (cd" @)os _ (cq" c/bi)o pn
= Gk (V@) (cv,cq"/b )00

A1y ..., Qp .
bi,....bs D
respect to the parameter ¢ we get

i(qinab; Q)k qk o ( at,...,ar .q _d0> {(quQQ)oo}
(e T\ Dby T (cvs q)oo
ai, ..., ar (cq",¢/b;q)oo
:rq)s ’ ’ ; ,—d9 T b
< bi,...ibs Y > {(cv,cq"/b;q)oo
Using (20) and (22) yielding

2":( ( UL ((cc(i) ;1 % Z <dq> [(_1)2'61(;)}”3_’“ Wi((q’“/v;g)i

k=0 q; q) q, Q/C’U7 Q)Z

By acting the operator , ®, < —d@) on both sides of the above equation with
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B ((Ccvq qu//bbqqoo ZZ (g, bq1 ”n/c .q) (dq:;)] [(_1)]@(;‘)}1“—’"

7=0 =0

x Wz‘-l—j(dQ/c;l [(—1)iq(§)] e i) (@0 Dign

(q/cvi@)i+j (¢:9)i
Thus, we have

ZZ ”7b ;])k k <dcq>l [(_1)iq(;)}1+s—r WZ((qk/U’q)Z

k=0 i=0 Gk q,q/cv; q);
C/b q n oo n c: ) <dqn+1>j iz 1Hs—r

b" -1 Jq(z)

jz%; (q, bq1 ”/c q) bev [( ) }

x W ‘M i s (/i)
g/ cv; @i { b'e } v (G9)i
O

e Setting r =1, s = 0 and v = 0 in (24), we get Lemma 5.1 obtained in Fang [3]
(equation (16)).

b
o Settingr =2, s=1,a1 =¢ V,v=0and d = ——lth in (24), then by using (6)
ai

and (1) we get Theorem 2.3 obtained in Zhang and Yang [10] (equation (17)).

3.3. Generalizations of ¢-Pfaff-Saalschiitz’s Sum. By acting the operator ,®; with
respect to the parameter a on both sides of ¢-Pfaff-Saalschiitz’s sum (8) and by using
equations (19) and (21), we get a generalization of ¢-Pfaff-Saalschiitz’s sum as follows:

Theorem 3.3. (Generalization of ¢-Pfaff-Saalschiitz’s Sum). Given q-Pfaff-Saalschiitz’s
sum (8), then

q*",%b;q S oo o0 n i g I+54+1 sS—7r
(q (C abql—"/c)-kq)quZZZVVZ'HH(QMI +k/c)l+1+ (_1)l+]+ q( 2 )}

[e.9]

k=0 =0 =0 j=0
y (-1)'q(?) (¢, c/aq); (g)i (g/cv;q)j (cq" " /ab; q)ji
() (g, H“/Of )i (¢:9);  (q/av;q)ji

c/a ¢/b; q)n (bg/cv, 99" /a;q);
" (e, ¢/abiq)n Zgzzg (q,q/av;q);
. . (5\]8—T 1-n ( .o 1Hs—r L
(o [(-17g@] i I [y ] gten, (25)
Proof. ¢-Pfaff-Saalschiitz’s sum (8) is

i (@007 9k g _ (c/a:c/ba
“ (q,¢,abg' =" /c; Q) (¢, ¢/ab; q)n

Let a — aq/c and a — abg/c in (2), respectively, we get

(26)

cla: = (—=1)""(aqg/c)™" (”ﬁl)m
(¢/aia), = (~1)"(aae) " "F) L)

c/ab: = (—1)"(a c_"(n;rl)w
(¢/ab; q)n = (=1)"(abg/c)"q @1/ 2o
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Substitute the above equations in (26), we get

N0k (@59)00 (abg' " [ q) 0
% @k

6k (ad*; @) (abg'™"/c¢;q) oo

_ (e/b:q)n (~1)"(ag/) "q\") (ag'"/e:q)oe (abg/ciq)sc
(& Dn (—1)n(abg/c)-ng("s) (aa/¢; @)oo (abg"™"/c; q)oo

1
Multiplying both sides of the above equation by ﬁ’ rearrangement the above equa-
av; q)co
tion and applying the operator ,®, < 621, B ZT ;q, —g0 | with respect to the parameter
1y-++50s

a, we obtain

o) —n 1. l—n+k /..
Z(q ab7 q)qurq)s ajy...,qp .q, —99 (CL, GQ/Ca abq /C7 Q)OO
2 (g ciq) b.... bs :

q,C4)k (av,aq 7q)oo
(¢/b;q)n ai, ..., a (abg/c,aq' ™"/ ¢; @)oo
- bn q)s ’ ’ 74, — 9 :
(C, q)n bi,...,bs &9 (aUQQ)oo

By using equations (19) and (21), we obtain

(S S IENNe OlNe o]

s ,b:q aaqcabqln+ ¢ q)oo n i
3 (( )qu( / / SOSTS Wi algbg = f)

k=0 q’C’Q) (av aq q i=0 1=0 j=0

x[ )it ””i)r‘r (-1)'q) (47, c/a; ) (q) ' (g/cv; q);

(g;9)1 (q, =k /a;q); \ev/  (q,9);

. la/aba'~ "R e q) g

(q/av; q)JJrz
B » (c/b;q)n (abg/c, ag! ”/c q)oo bq/cv 99" /a; q);
= G (a3 0)os ZO — (¢,9/av;q);

(o [(-1yal) " Wiy W [y ] T g

> a,b; q)g l-n L—n+k / \I+j+i
ag/c,abg " /¢; @)oo Wit j+i(gbg c)™
kzoq’cabql (o ) 330D Wi /0

i e (=1)'B) (g7 e/asq); i (q/cv;q);
) [(_1)lﬂ+ o )} (o) (q,9"7%/a;q); <7) (2,9);
(cq" " /ab; q)j+i
(Q/GU;Q)J‘H

W aba e ad T e gy (LY Dn g (ba/ev, 99" /a5 q),
_b ( bq/a q /7Q)oo ZZO (q,Q/a’U;C])j

% (g /e [(~1)7q@] T Wm%

S AT ;) 1) D e/t )

— (g:c, abq1 "/¢ Q)
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[c e XNe OlNe o}

X ZZZVVH-J.H gbql n-i-k/C)H—]-H [( )l+]+zq(l+é+i):|s—r (_1)lq(2) (qik,C/a;q)i

=0 1=0 j=0 (301 (g:¢"7%/a;q)i

" (g)i (q/cv;q);j (cq" % /ab; q) ;1
cw/  (¢:9);  (¢/aviq)jti

= b"(abg/c; @)oo (~1)"(a/¢)"q~ 3 (c/as q)n(ag/c; Q)oo(cé_b; D »> bafev, 907/ 0);

x (94" " /c)! [(—qu(QF% Wi+jw [(—1)2'61(2)}

i ,a,b; q quZZVVH—]-H gbql n—l—k/c)l—i-]—i—z [(_1)l+j+iq(l+%+i)}s
=0

(q,c, abq1 "Gk i

-

X

(-1'q'?) (¢, c/a;q); (g)l (a/cv;q); (cg" " /ab; q) i
(49) (q, “’“/a' q); (:9);  (g/aviq)jti
_ (c¢/a,c/b;q)n (bg/cv, 99" /a; q);

(¢, c/abyq)y ,:0; (q,q/av;q);

J
N7 S—T 1-n c . i s—r ..
x (99" " /)’ [(—1)jq(§)} Wm(g(fq q)/l) [( 1)161(2)}1+ g7,

4. CONCLUSIONS

(1) Numerous operators can be obtained by using the generalized g-operator ,®4 with
some special values.

(2) Several well-known g¢-identities can be generalized by using the generalized g¢-
operator ,P;.
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helped us refine an earlier edition.
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