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STANDARD SINGLE VALUED NEUTROSOPHIC METRIC SPACES
WITH APPLICATION

O. BARKAT', S. MILLES?*, A. LATRECHE"x, §

ABSTRACT. In recent years, J. R. Kider and Z.A. Hussain have introduced the notion
of standard fuzzy metric space and some basic properties were proved. In this paper,
we generalize this notion to the setting of single valued neutrosophic sets. Furthermore,
some interesting properties related to this notion are studied such as the continuity prop-
erty of the mappings defined on standard single valued neutrosophic metric spaces. As
an application, we establish the Edelstein fixed point theorem for standard single valued
neutrosophic metric spaces.
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1. INTRODUCTION

A metric space is a particular type of topological space where the topology is defined
by a distance function. It is one of the important basic areas of research for the mathe-
maticians. In 1906, Maurice Fréchet in his doctoral thesis [9] introduced the concept of a
metric space. However, the name is due to Felix Hausdorff. Later on, many researchers
developed this concept either by introducing different contractions in different fields or by
extending number of variables in it. Metric spaces have applications in many mathemat-
ical branches, as well as in topology and its analysis approaches (e.g. [2]), they appear
also in differential geometry (e.g. [31]), linear algebra (e.g. [12]), geographic information
systems (e.g. [8]), computer science (e.g. [19]) and in coding theory (e.g. [7]).

Recently, Smarandache [23] generalized the concepts of intuitionistic fuzzy sets and
other types of sets to the notion of neutrosophic sets. He introduce this concept to know
the correct way of dealing with imprecise and indeterminate data. Neutrosophic sets are
characterized by three independent components such that truth membership function (7°),
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indeterminacy membership function (I) and falsity membership function (F'). Many re-
searchers like Abdel-Basset et al. , Broumi et al. [3,4] and others have studied and applied
in various fields the neutrosophic sets and its different extensions such as medical diagnosis
(e.g. [34,36]), management (e.g. [1]), decision making problems (e.g. [10,35]), image pro-
cessing (e.g. [5]), educational problem (e.g. [18]), conflict resolution (e.g. [20]) and in social
problems (e.g. [21]). In particular, Wang et al. [32] introduced the notion of single valued
neutrosophic set as an instance of neutrosophic set which can be used in real scientific
and engineering applications. Since its introduction, it has become omnipresent, where
the studies whether theoretical or applied on the single valued neutrosophic set have been
advancing at an accelerated pace. For more details on single valued neutrosophic set and
background, the readers are referred to [13,17] and more others.

From the idea of neutrosophic sets, Kirigci and Simsek [15] defined the neutrosophic metric
spaces (NMS). They investigated some of their properties and proved that Baire category
theorem and uniform convergence theorem. Thereafter, Kirigci et al. [16] introduced the
neutrosophic contractive mapping and gave a fixed point results in complete neutrosophic
metric spaces. Simsgek and Kirigci [26] discussed some fixed point results in (NMS), where
they defined new infinite products by continuous ¢-norms and proved the Banach contrac-
tion theorem for (NMS) by these products. Moreover, there are many researchers have
created other types of metric spaces in the context of the neutrosophic theory, where the
latter also still knows many developments such as Sahin and Kargin [27] introduced the
notion of neutrosophic triplet v-generalized metric space (NTVGM) in which that the con-
cept of neutrosophic triplet (NT) is a new theory in neutrosophy, and the v-generalized
metric is a specific form of the classical metrics. In this study, they proved that (NTVGM)
is different from the classical metric and neutrosophic triplet metric (NTM). In [30], Tasg
et al. defined the neutrosophic valued metric spaces and the neutrosophic valued g-metric
spaces. Furthermore, they determined a mathematical model for clustering the neutro-
sophic big data sets with the use of g-metric. In this regard, we find that other authors
have adopted the same approach, such as Sahin et al. [28,29].

Motivated by the recent relevant developments to this context, in the present paper,
we introduce the notion of standard single valued neutrosophic metric space as a gener-
alization of standard fuzzy metric space introduced by Kider and Hussain [14] and many
fundamental properties related to this concept are investigated, especially, the continuity
property because of its frequent use in many applications such as in fixed point theory.
As an application, we extend the Edelstein fixed point theorem [6] to the standard single
valued neutrosophic metric spaces. It is worth noting here that the adoption of the new
definition of neutrosophic metric space which we called standard single valued neutro-
sophic metric space, allowed us to obtain many results and demonstrated them smoothly
to a large extent. Specifically, during the generalization from the fuzzy case.

This paper is structured as follows. In Section 2, we recall the necessary basic notions
and properties of standard fuzzy metric space and single valued neutrosophic sets with
some related concepts that will be needed throughout this paper. In Section 3, the notion
of standard fuzzy metric space is introduced and some fundamental properties related
to this concept are studied. Subsequently, several interesting properties of single valued
neutrosophic continuous mappings in standard single valued neutrosophic metric space
are investigated. As an application, Section 4 is devoted to explaining a generalization
of Edelstein’s fixed point theorem in a standard single value neutrosophical metric space.
We end with some conclusions and discuss future work in Section 5.
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2. PRELIMINARIES

This section contains the basic definitions and properties of single valued neutrosophic
sets and some related notions that will be needed throughout this paper.

2.1. Standard fuzzy metric space. The standard fuzzy metric space has been men-
tioned as an example of fuzzy metric in a particular case by George and Veeramani [11]
and its definition was introduced with studied extensively by Kider and Hussain [14].

Definition 2.1. [14] A triple (X, M, *) is said to be standard fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm and M is a continuous fuzzy set on X2 satisfying
the following conditions:

(i) pap(z,y) >0 for all z,y € X;

(i) par(x,y) =1 if and only if © = y;

(i) ponr(o, ) = (g 2) for all 2,y € X;

(iv) pnr (@, 2) = par (@, y) = pr (y, 2) for all 2y, = € X.

Example 2.1. Let X = R. Define the t-norm a * b = ab, for all a, b € [0,1] and let M
be fuzzy set on X? defined as: p(z,y) = exp~|*=vl.

It is clear that all the conditions from (i) to (iv) realized. Therefore, (X, M, ) is a standard
fuzzy metric space.

2.2. Single valued neutrosophic sets. In 1998, Smarandache [23] defined the concept
of a neutrosophic set as a generalization of Atanassov’s intuitionistic fuzzy set. Also,
he introduced neutrosophic logic, neutrosophic set and its applications in [24,25]. In
particular, Wang et al. [32] introduced the notion of a single valued neutrosophic set.

Definition 2.2. [24] Let X be a nonempty set. A neutrosophic set (NS, for short) A
on X is an object of the form A = {{x,ua(x),04(x),va(z)) | x € X} characterized by a
membership function pa : X —]70,17[ and an indeterminacy function o4 : X —]70,17|
and a non-membership function va : X —]70,17[ which satisfy the condition:

0 < pa(x) +oa(z) +valz) <37, for any x € X.

Next, we show the notion of single valued neutrosophic set as an instance of neutrosophic
set which can be used in real scientific and engineering applications.

Definition 2.3. [32] Let X be a nonempty set. A single valued neutrosophic set (SVNS,
for short) A on X is an object of the form A = {(zx,pa(x),04(x),va(z)) | © € X} char-
acterized by a truth-membership function pa @ X — [0,1], an indeterminacy-membership
function o4 : X — [0,1] and a falsity-membership function va : X — [0,1]. A continuous

single valued neutrosophic set can be defined as A = [(z,pa(z),04(z),va(z)) | 2 € X.
b's

The class of single valued neutrosophic sets on X is denoted by SV N(X).
For any two SVNSs A and B on a set X, several operations are defined (see, e.g., [32,33]).
Here we will present only those which are related to the present paper.

(i) ACBif pa(z) < up(z) and o4(z) < op(x) and va(x) > vp(x), for all x € X,

(i) A= B if pa(z) = pp(zr) and o4(x) = op(z) and va(z) = vp(z), for all z € X,
(iii)) ANB = {(z,pa(x) AN up(x),ca(x) Nop(z),va(x) Vvg(z)) |z € X},
(iv) AUB = {(z, pa(z) vV p(x),04(2) V op(z),va(z) ANvp(2)) | 2 € X},
v) A={{z,1 —vy(x),1 —0oa(z),1 —pa(z)) |z € X},
(vi) [A] = {{z, pa(x),04(2), 1 — pa(x)) |z € X},
(vii) (A) = {(z,1 —va(z),04(z),va(x)) | x € X}.
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3. STANDARD SINGLE VALUED NEUTROSOPHIC METRIC SPACE

In this section, we generalize the notion of standard fuzzy metric space introduced by
Kider and Hussain [14] to the setting of single valued neutrosophic sets. Also, the main
properties related to standard single valued neutrosophic metric space are studied.

3.1. Definitions.

Definition 3.1. A quintuple (X, M, *,<,9) is said to be a standard single valued neutro-
sophic metric space if X is an arbitrary set, *, < are a continuous t-norms, © is a t-conorm
and M is a continuous single valued neutrosophic set on X? satisfying the following con-
ditions:
(i) pm(z,y) >0, op(x,y) >0 and vy (x,y) < 1 forall x,y € X;
(i) pm(z,y) =1, opm(z,y) =1 and vpy(z,y) = 0 if and only if v = y;
(i) par(z,y) = pu(y, @), onm(z,y) = om(y, ) and var(z,y) = v (y, x) for all z,y €
X;
(iv) pnr(z,2) > par(x,y) * pun(y, 2), opm(x,2) > op(x,y) <onm(y, z) and va(x, z) <
vp(z,y) ova(y, z) for all x,y € X.
Here, pp(z,y), op(z,y) and vpr(x,y) denotes the degree of nearness, the degree of neu-
tralness, and the degree of non-nearness between x and y, respectively.

Remark 3.1. If the set X given in the previous definition is a metric space with an
ordinary distance d, then (X, M,x,<,0) is called a standard single valued neutrosophic
metric space induced by (X,d), and the single valued neutrosophic distance M is called a
standard if it is induced by the ordinary distance d.

Example 3.1. Let (X, d) be an ordinary metric space. Define the t-norms x and < by:
xxy =min{x,y}, <y = min{x,y}, and the t-conorm ¢ by: oy = mazx{z,y}, for all
z, y € [0,1]. Define the single valued neutrosophic set M on X? as:

d(x,
MM(xvy) = ma O'M(ﬂ?,y) =1 +d($7y)7 VM(iU,y) = 1_0_((1(;37):[/)'

Then, (X, M,*,<,0) is a standard single valued neutrosophic metric space.

Remark 3.2. Let x be a t-norm, ¢ be a t-conorm and ri,r9 € [0,1]. If r1 > ro, then there
exist r3,r4 €]0,1[ such that r1 xr3 > 19 and r1 > ro © r4. Moreover, for any rs5 €]0,1],
there exist r¢,r7 €]0, 1] such that r¢ xr¢ > r5 and r7ory < rs.

Remark 3.3. Let (X, M,*,<,0) be a standard single valued neutrosophic metric space.
Then, pyr, onr are a monotone mappings, and vy is an antitone mapping.

Next, we introduce the standard single valued neutrosophic distance between an element
and a subset of X and the standard single valued neutrosophic distance between two
subsets of X.

Definition 3.2. Let (X, M, x,<,¢) be a standard single valued neutrosophic metric space.
For x € X and A, B are two subsets of X. Then

(i) the standard single valued neutrosophic distance between x and A is defined as
pn(, A) = infipm(@,y) [y € Ay, om(z, A) = inf{om(z,y) |y € A}
and vy (z, A) = sup{vy(x,y) |y € A};
(ii) the standard single valued neutrosophic distance between A and B is defined as
pr(A, B) = inf{um(z,y) |z € Ay € B}, om(A, B) =inf{om(z,y) |z € A,y € B}
and vy (A, B) = sup{vy(z,y) |z € A,y € B}.
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Definition 3.3. Let (X, M, x,<,¢) be a standard single valued neutrosophic metric space.
For z € X and r €0, 1], the open ball B(x,r) with radius r and center x is defined by

B(x,r)={y € X | pp(z,y) >1—7r, op(x,y) >1—1r and vy (x,y) <r}.

Definition 3.4. Let (X, M,*,<,¢) be a standard single valued neutrosophic metric space.
A subset A of X is said to be an open set (OS, for short) if for any x € A there exists
r €]0, 1[ such that B(x,r) C A. The complement of an open set is called a closed set (CS,
for short) in X.

Definition 3.5. Let (X, M, *,<,0) be a standard single valued neutrosophic metric space.
Then
(i) a sequence (xy) in X is said to be convergent to a point v € X (i.e., limy_yo0 Tp, =

) if,

lim pp(zpn, ) =1, lim op(an,z) =1 and lm vy (zp, x) = 0;
n—oo n—oo n—oo

(ii) a sequence (xy) in X is said to be Cauchy sequence if, for each k > 0,
Um par(Tpsn, on) =1, lim oy (zptk, 2n) =1 and lim vy (zp4k, 2n) = 0.
n—oo n—o0 n—oo

Definition 3.6. Let (X, M, x,<,0) be a standard single valued neutrosophic metric space.
Then

(i) if every Cauchy sequence is convergent, then X is said to be complete.

(il) X s said to be compact if every sequence contains a convergent subsequence.

3.2. Fundamental properties of standard single valued neutrosophic metric
space. In this section, we investigate the fundamental properties of standard single valued
neutrosophic metric space that will be used in the following section.

Proposition 3.1. Fvery open ball in a standard single valued neutrosophic metric space
(X, M, *,4,0) is an open set.

Proof. Let B(x,r) be an open ball with radius r and center z, where r €]0, 1] and = € X.
Suppose that y € B(z,r), this implies that
un(x,y) > 1—r, opy(z,y) >1—rand vy (z,y) <.

Let 7o = par(z,y). Then, there exist s €]0,1[ such that ro > 1 —s > 1 — r. Now, for
a given rg and s such that ro > 1 — s. Then, Remark 3.2 guarantees that there exist
r1,72,73 €]0, 1] such that

roxr; > 1—s,rgdreg > 1—sand (1 —rp)o (1l —r3) <s.
Next, if we put r4 = max{ry,re, 73} and consider the open ball B(y,1 —r4), then from the
above, we can show that B(y,1 —r4) C B(z,r) as follows:

Let z € B(y,1 —r4). Then, un(y,z) > ra, op(y,2) > rq and vay(y,z) < 1 — ry.
Furthermore, we obtain

/“LM('rvz) EMM(xay)*:U’M(yaZ) ZTO*T4ZTO*T1 Z 1—s5> 1_T7
om(z,2) > op(z,y) <on(y,z) >ro<dry >rgdrg >1—s>1—r
and var(z, 2) <vap(z,y) ovm(y,z) < (1 —rg)o(1—ry) < (1 —rg)o(1—r3) <s<r

It follows that z € B(x,r), and hence B(y,1 —r4) C B(z, 7). According to Definition 3.4,
then it holds that B(x,r) is an open set. O
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Proposition 3.2. Let B(xz,r1) and B(x,re) be two open balls with same center x in a
standard fuzzy metric space (X, M,x,<,¢). Then either B(xz,r1) C B(x,ry) or B(x,ry) C
B(z,r1) where r1, r2 €]0,1].

Proof. Let © € X and 71, r2 €]0,1[. If 71 = ro, then B(x,r1) = B(z,72), and hence the
result is trivially holds. Next, we assume that r; # 9. Then, we distinguish two cases:
ry <rg and rp > ra.
(i) If 7 < ro and suppose that y € B(z,r1), then ppy(x,y) > 1 — 1, om(x,y)
1 —r and vy(x,y) < 71, which implies that ppa(z,y) > 1 —ro, opm(x,y)
1 —ry and vy (z,y) < ra. Therefore, y € B(z,r2), and hence B(z,71) C B(x,rz).
(ii) If r1 > 7o, then by applying a similar reasoning, we get B(x,r2) C B(z,71).

>
>

O

In the following theorem, we provide the topology induced by the single valued neutro-
sophic distance.

Theorem 3.1. Let (X, M, *,4,0) be a standard single valued neutrosophic metric space.
Then it holds that the set

™ ={AC X |z € A if and only if there exists r €]0, 1] such that B(x,r) C A}

s a topology on X and it is called the topology induced by the single valued neutrosophic
set M.

Proof. (i) It is clear that 0, X € .

(ii) Consider Ay, Ay € Tp7. Then, on the one hand, A; N A2 C X. On the other hand,
for any x € A, there exists r; €]0,1[, such that B(x,r) C A, and, for any
x € Ag, there exists ro €]0,1[, such that B(xz,rs) C Ay. Here, we need to show
that for any = € Ay N Ag, there exists r €]0,1[, such that B(z,r) C Ay N As.
Indeed, due to Proposition 3.2, we distinguish two cases:
(a) If B(z,r1) C B(x,rs) and take r = ry, then B(z,r) C A; N As.
(b) If B(x,r2) C B(z,r1) and take r = ro, then B(x,r) C A1 N As.
Hence, A1 N Ay € 1)y.
For the sake of completeness, we mention here, if we repeat this process for a finite
number n (n € N*) of sets A1, A,, ..., A, € Tar, we deduce that <?<nAi € TM.

(iii) Suppose that (4;)icr € 7ar and put H = ‘UIAi' We will show that H € ™.
1€
Let x € H, then x € AUIAi- It follows that there exists ig € I such that x € A;,.
1€

The fact that A;, € 7as then, there exists 79 €]0, 1] such that B(x,ro) C A,,.
Hence, B(z,r9) C A;, C 'UIAi = H which implies that H € 7.
1€

Finally, we deduce that 7, is a topology on X.
O

Remark 3.4. Let (X,d) be an ordinary metric space and (X, M, *,<,¢) be the correspond-
ing standard single valued neutrosophic metric space on X. Then, the topology 14 induced
by the metric d and the topology Tp; induced by the single valued neutrosophic set M are
coincide. This means that 74 = T.

The following theorem provides a basic property for the standard single valued neutro-
sophic metric spaces.

Theorem 3.2. Every standard single valued neutrosophic metric space (X, M, *,<,0) is
a Hausdorff space.
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Proof. Let (X, M,x*,<,0) be a standard single valued neutrosophic metric space, and
choose two distinct points x and y of X. Assume that 1 = up(z,y), 72 = op(x,y) and
rs = vp(x,y) with r = max{ry,ra, 1 — r3}. If we take rog €|r, 1], then, from Remark 3.2,
it follows that there exist 74,75, r¢ such that

7"4*?”427"0,7"547"527"0 and (1—7‘6)0(1—7“6)31—7“0.

Next, if we put 7 = max{ry, 5,76} and consider the open balls B(z,1—7r7) and B(y, 1—r7)
then, it is clear that B(z,1 —r7) N B(y,1 —r7) = 0. Now, if we suppose that there exists
z € B(z,1—1r7) N B(y,1 —r7), then

r1 = (2, y) > par(x, 2) * par(2,y) > rrxrg > raxrg > 19 > 711,
ry = on(2,y) = op(x,2) <o (z,y) > 17 <Ary 2 15415 > 10 > 1Y,
and r3 = var(z,y) < va(z, 2)ovm(z,y) < (1=r7)o(1—r7) < (1—-rg)o(1—r6) < (1—10) < r3.

which is a contradiction. Hence, (X, M, %, <,¢) is a Hausdorff space. O

Remark 3.5. We mention here that o Hausdorff space, also known as a separate space;
1$ a topological space in which any two distinct points always admit disjoint neighborhoods.

3.3. Continuity property in standard single valued neutrosophic metric space.
In this subsection, we will study some interesting properties of single valued neutrosophic
continuous mappings in standard single valued neutrosophic metric space. First, we in-
troduce the notion of single valued neutrosophic continuous mapping.

Definition 3.7. Let (X, M, *,<,¢) and (Y, M', x,<,0) be two standard single valued neutro-
sophic metric spaces. The mapping f: X — Y is a single valued neutrosophic continuous
if and only if the inverse of each open set on Y is an open set on X.

Example 3.2. Let (R, M,*,4,0) and (R, M’,*,<,0) be two standard single valued neu-
trosophic metric spaces. Define the t-norms zxy = min{x,y}, x<y = min{z,y} and the
t-conorm x oy = max{zx,y}, for all z, y € [0,1]. Define the single valued neutrosophic
sets M and M’ on ]R%_ and R? respectively as:

1 1 |:E . x/|
) = o—az!| ! = / e —
MM(-’I;7$ ) - e|95*$'| O’M($7$ ) e‘mix,‘, and VM(CL',SU ) 1 T ’:U — m/| .
1 () =~ o (o) = —— and vap () = LY
’ elv='l ’ elv=y'’ ’ 1+ ly =y

Then the mapping f : (R4, M, x,<,0) = (R, M',*,,0) defined by f(x) = x+«, where a €
R is a single valued neutrosophic continuous mapping. Indeed, let G be an open set
on (R, M’ %,4,0), and let x € f~YG), then it follows that f(x) € G. Since G is an
open set, then Jey,) €]0,1[, where Br(f(z),es)) € G, and f~H(Br(f(x),epu))) C
JTHG). For ex = ey(y), we will show that f~'(Br(f(x),ef())) = Br,(x,e2). Let
z € fTHBr(f(2),e4(x))), it follows that f(z) € Br(f(x),e(x)), and

M= 1 _ M=t
MM/(f(.T),f(l‘ )) - m >1 Ef(z)» O'M’(f(x)af(x )) T elf@)—f@)] >1 €f(x)

nd g (), ') = SIS
Then, it holds that

< Ef(x)-

1 1
par (f(z), f(2')) = Tera—@ra) = L@ on (f(x), f(a')) = Jete i)~ T @)
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__l@t+a)— (@' +a)
1+ (x+a) — (2 + )

and vy (f(x), f(2))
This implies that

ir (F(@), (&) = —— > 1= ey, oan(f(@), F(&)) =

e\x—x’\

< Ef(x)-

>1 _Ef(a:)

e\x—x’|

/
Ny ‘x — T ’
and vap (f(z), f(2)) = Tje—a| < Ef(z)-
Hence,
prt(z, ') > 1 — ez, op(z,2') > 1 — e, and vy (x,2) < e

We get that, v € Br(x,e;). In the same way, we obtain the inverse implication. There-
Jore, fTUBr(f(x),ef(x))) = Br,(x,e2). We conclude that f~'(G) is an open set on
(Ry, M, *,<,0), which satisfy the condition of the continuity property.

Remark 3.6. Let (X, M,x*,<,0) be a standard single valued neutrosophic metric space.
Then the single valued neutrosophic identity mapping Id : X — X is a single valued
neutrosophic continuous mapping.

Remark 3.7. Let (X, M,*,<,0) and (Y, M,*,<,0) be two standard single valued neutro-
sophic metric spaces. The mapping f: X — Y is a single valued neutrosophic continuous
if and only if the inverse of each closed set on'Y is a closed set on X.

The following proposition shows that the continuity property is preserved through the
composition of single valued neutrosophic mappings.

Proposition 3.3. Let (X, M,x*,<,0), (Y,M,x,<,0) and (Z,M,*,<,0) be three standard
single valued neutrosophic metric spaces and f : X =Y, g: Y — Z be two continuous
mappings. Then the composition go f : X — Z is a continuous mapping.

Proof. Let A be an open set of Z. Definition 3.7 guarantees that g~1(A) is an open set of
Y and by applying the same definition, we also get that f~'(g~!(A)) is an open set of X.
Since (go f)~1(A) = f~Y(g7(A)), it follows that g o f is a continuous mapping. O

4. EDELSTEIN FIXED POINT THEOREM IN STANDARD SINGLE VALUED NEUTROSOPHIC
METRIC SPACES

The aim of the present section, is to give an extension of Edelstein fixed point theorem
in a standard single valued neutrosophic metric space. We start with the key results.

Lemma 4.1. Let (X, M, *,<,0) be a standard single valued neutrosophic metric space and
let (z,) and (yn) be two sequences in X. If limy, oo Ty, = x and lim,_yo0 yn, = y, then the
following statements hold:

(i)

,LLM(.’E, y) S lim inf MM(xn7 yn)7 O'M(JZ‘, y) S lim inf O-M(‘rﬂn yn)

and vyr(z,y) > le sup var(Tn, Yn) - (1)

MM(x7y) > lim Sup,UzM(JIn,yn),UM(«T7y) > lim SupUM(xmyn)
n—o00 n—o00

and vy (z,y) < lim inf v (2n, yn) - (2)

n—o0
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Proof. (i) Let (zy,) and (y,) be two sequences in X. From Definition 3.1 (iv), it follows
that

,U/M(xna yn) > 1M (:L’n, LU) * ,U/M(xv y) * NM(y) yn)§
oM (@n, Yn) = om (Tn, ) Qo (@,y) Qom (Y, yn);
VM(xna yn) < VM(wny (L‘) < VM(xv y) < /LM(ZJ, yn)'
Since limy, o0 € = = and limy, o Yy = ¥, then it holds from Definition 3.5 that
limy, o0 piar (Tn, ) = 1, limy o0 opr (2, ) = 1 and limy, o0 vas(2n, ) = 0. This
implies that,
lim inf pps(zn, yn) > 1% puar(z,y) * 1;
n—oo

lim inf op(Tn, yn) > 1<om(x,y) * 1;

n—oo

lim sup vy (2n, yn) < 00 vy (z,y) ©0.

n—oo

Hence,

lim inf pas (20, yn) > par(z,y);
n—oo
lim inf op(xp, yn) = op(x,y);
n—oo
lim sup vas(Tn, yn) < var(x,y).
n—oo

(ii) Follows from Definition 3.5 and (i).
O

In the following theorem, we will establish the Edelstein fixed point theorem for standard
single valued neutrosophic metric spaces.

Theorem 4.1 (Edelstein fixed point theorem). Let (X, M, x,<,¢) be a compact standard
single valued neutrosophic metric space. Let T : X — X be a mapping satisfying

pr (T, Ty) > pa(z,y), om (T, Ty) > op(,y)

and vy (Tz, Ty) < vm(z,y), (3)
for all x #£y. Then, T has a unique fixed point.
Proof. Let z € X and define an iterative sequence () by zp+1 = T'xy, for any n € N.
Let us suppose that x, # z,4+1 for each n (because, if x,, = x,,41 then z,, = Tx,, which
means that z, is a fixed point of T'; then the proof is finished). Therefore, x,, # x; where
n # k. For otherwise, i.e., x,, = x} with n # k we obtain
pnt (T Trg1) = png (Th, Thy1) > pag (Th—1, Th) > oo 2> ot (T, Trge1),
oM (Tns Tny1) = opr (T, Thy1) > om(Th—1, Tk) > oo 2 oM (Tny Tot1)
and var(Tn, Tny1) = Vi (@h, Thg1) < v (@p—1, k) < ... < v (Tp, Togt)
where k > n, a contradiction. Since X is compact, then (z,) has a convergent subsequence

(2n,;). Let lim; z,,, = y. Also, we suppose that y, Ty ¢ (z,,) where i € N (if not, choose a
subsequence with such a property). Due to the above hypotheses we now have

1234 (Tan ) Ty) > 123,74 (xnia y)7 oM (Tl'nl ) Ty) > oM (l‘nia y)

and vy (Txp,, Ty) < var(zn,,v),
for all i € N. Then, by (1) we obtain
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limop (Txp,, Ty) > limoy (xn,,y) = uam(y,y) =1
and lim vy (Txy,, Ty) < limva(xn,,y) = vamr(y,y) = 0.
Hence, lim T'x,,, = T'y. Similarly, we get
lim T2z, = T%y. (4)
Now, recall that T'z,, = Ty for all i« € N. Notice that

pns (T, Tay,) < uM(T:nni,Tsz) << unp(zg,, Tey,)
,uM(Txni,Tani) S Zpy(Trp,,, Tay,,,)
/LM(TCEniH,Tzﬂ?niH) <..<1,

IN A

O'M(Txm,Tani) <. <op(zn,Trn,)
O'M(T.Tni,TQIL’ni) <. Zou(Twpy,, Tan,,,)

o (T, s T?Tny,,) < o <1

oy (Tn,, Tn,)

IN A

IN

and
v (Tn;, Tn,) I/M(TZL‘M,TQSL'”Z.) > > vz, Tp,)
VM(TJJni,TziL“ni) > . 2vy(Tep,,, Tay, )

v (T, 1 T?%p,,,) > .. > 0.

AVARAY}

Y

Therefore, the sequences formed from pps(zn,, Txp,) and ppr(Tzy,, T2:cnl.) are convergent
to a common limit [22] (we get the same if we replace puys by oar or vyy). Thus, by (2), (4)
and (1) we obtain

/’LM (y7 Ty) Z hm Sup ,U/M (xni; Txnz) = hm Sup IU/M (Txm ) T2$nz)
> liminf ppr (Tn,, T?20,) > pa(Ty, T?y),

om(y, Ty) > limsup o (n,, Txy,) = limsup UM(TxninQQUni)
> liminf O'M<T:L'ni,T2IBni) > JM(Ty,TQy),

v (y, Ty) < liminf vy (zp,, T2y,) = liminf VM(T:vm,Tani)
< limsup var(Tan,, T?xy,) < var(Ty, T?y).

Now suppose y # T'y. Then by (3), we have

e (y, Ty) < pnr(Ty, T%y), oar (y, Ty) < oar(Ty, T?y) and

v (y, Ty) > var(Ty, T?y), which is a contradiction. (recall that jps and o) are continuous
and non-decreasing, and, vy is continuous and non-increasing). Hence, y = Ty, i.e., y is
a fixed point of 7. Uniqueness follows at once from (3). O

5. CONCLUSION

In this work, we have generalized the notion of standard fuzzy metric space introduced
by J.R. Kider and Z.A. Hussain to the setting of single valued neutrosophic sets. Also, the
fundamental properties related to the standard single valued neutrosophic metric space
have been studied. Moreover, as an application we have been given an extension of the
Edelstein fixed point theorem on standard single valued neutrosophic metric space.
Future work is anticipated in multiple directions. We think it makes sense to study
some other properties such as the connexity and the convexity of standard single valued
neutrosophic metric space. Moreover, we intend to extend this work to other fixed point
theorems.
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