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ABSTRACT: Molecular dynamics simulations leading to the isothermal compressibility, the
isobaric thermal expansivity, and the isobaric heat capacity of TIP4P/200S water are found to be Cp / KT

consistent with the coordinates of its second, liquid—liquid critical point reported recently by PO
Debenedetti et al. [Science 2020, 369, 289—292]. In accord with the theory of critical phenomena, ’
we encounter that the rise in the magnitude of these response functions as temperature is lowered is
especially marked along the critical isochore. Furthermore, response-function ratios provide a test
for thermodynamic consistency at the critical point and manifest nonuniversal features sharply
distinguishing liquid—liquid from standard gas—liquid criticality. The whole pattern of behavior
revealed by simulations is qualitatively the same as the one of a three-state Ising model of water
exhibiting a low-temperature liquid—liquid critical point. Exact solutions for the two-state
components of such a three-state model are also provided.
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1. INTRODUCTION @y, and the isobaric heat capacity per particle c, as the critical

state specified by Debenedetti et al. is approached from the one-

The existence of a liquid—liquid transition for supercooled water
phase region.

has stirred a large amount of research since it was firmly

hypothesized." The transition would end at an upper critical To do so, we perform molecular dynamics simulations for
point located at a temperature lower than the ice homogeneous TIP4P/2005 water at conditions of temperature T and pressure
nucleation temperature, namely, ~232 K at atmospheric p allowing us to analyze x7(T), @,(T), and c,(T) along the
pressure. Since below this temperature rapid crystallization critical isobar, p = p,, and the critical isochore, p = p.. Such
prevents probing the supercooled liquid phase in typical simulations indicate that critical anomalies are, as earlier pointed
experiments, most evidence restricts to the one-phase sharp out on theoretical grounds,'® larger for the critical isochore.
rises in the magnitude of response functions when temperature They also suggest a thermodynamic consistency test at criticality
is lowered—as earlier uncovered®™* and supplemented by the based on the various ratios between k7, @, and c,.
latest work reporting maxima consistent with a liquid—liquid Our simulations do not allow, however, approaching the
critical point.”™” liquid—liquid critical point asymptotically. To fill such a crucial
Part of the difficulties are overcome by molecular simulation gap, we use a three-state Ising model—henceforth to be referred
since for a number of force fields it offers characteristic time to as the “T'S model”—describing the thermodynamic scenario
scales for crystal nucleation and relaxation enabling the liquid in which water possesses two critical points, gas—liquid and
phase at deeply supercooling conditions to be probed.” liquid—liquid."* The model yields full qualitative consistency
Accordingly, liquid—liquid criticality has been reported for the with TIP4P/2005 water even at the mean-field level.
ST2, E3B3, iAMOEBA, TIP4P/2005, TIP4P/Ice, and various Further characterization of TIP4P/2005 liquid—liquid

ab initio models of water.” '® Attention has been mostly
focused, like in experiments, on the one-phase region.

The one-phase region is indeed the target of Debenedetti et al.
work'* characterizing the liquid—liquid critical point of the two
TIP4P variants mentioned above. Their study allowed a
concrete estimation of critical coordinates and, furthermore,
yielded values for critical exponents in accord with the accepted
ones for the universality class of the three-dimensional Ising
model (note also ref 17). This is the starting point of the present
work, in which we aim to thoroughly analyze the behavior of the
isothermal compressibility k7, the isobaric thermal expansivity

criticality entails comparison against gas—liquid criticality,
which we undertake with the aid of literature experimental
data.”® In addition, we consider separately the exact solutions of
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the two two-state components of our TS model, namely, a
standard lattice gas SLG*' and a compressible cell CC model.”
This makes sense taking into account, on the one hand, the wide
recognition of the SLG as a suitable model for gas—liquid
criticality and, on the other, that the CC model agrees with
phenomenological approaches to scaling in one-component
liquid—liquid criticality.”***

The paper is organized as follows. In section 2 we briefly
describe our simulation methods as well as the TS model.
Results are presented and discussed in section 3. In subsections
3.1 to 3.3 we appeal to the mean-field solutions of the three-state
model, while subsection 3.4 focuses on the exact solutions of its
individual SLG and CC components and is supplemented by an
Appendix. Section 4 contains a few concluding remarks.

2. METHODS

2.1. TIP4P/2005 Water. TIP4P/2005 is an all-atom rigid
model of water with Lennard-Jones and electrostatic inter-
actions. Details characterizing the site geometry and its
associated energetic parameters were reported originally.”®
The model has proved quite accurate and, as such, it is widely
used for a variety of applications.

Standard NpT molecular dynamics simulations**” for N =
500 TIP4P/2005 molecules were conducted using GRO-
MACS*® (version 2022.1). A cubic box under periodic boundary
conditions was used. Pressure and temzperature were controlled
using a Parrinello—Rahman barostat™ and a Nosé—Hoover
thermostat®”’" with time constants set to 31.14 and 5.17 ps,
respectively.'* Including usual long-range corrections, Lennard-
Jones interactions were truncated at a 1 nm cutoff radius.
Coulombic interactions were computed using the Particle Mesh
Ewald summation scheme®” with the same cutoff radius for the
Lennard-Jones interactions and the real part of Ewald sums. A
fourth degree interpolation with a 0.1 nm grid was used for the
reciprocal space sum. The time constant used for the integration
of equations of motion was 0.002 ps and the overall simulation
time 2 ps.

Our raw data are the volume per particle v and enthalpy per
particle h for each thermodynamic state, characterized by a
prescribed pair of T and p values. Then, starting from the

definitions
S | 2 I l(ﬂ) . (%)
= v 6p T) r v\oT p, P oT P (1)

an incremental procedure for evaluating the corresponding
derivatives over T and p intervals ranging from 5 to 10 K and
from 100 to 200 bar is used to get kr(T, p), @,(T, p), and ¢,(T,

p)- These yield via exact thermodynamic relations the isentropic
compressibility and the isochoric heat capacity per particle

_ ( ou )
c ==
oT ),
where u stands for the internal energy per particle.
Conditions of T and p for simulated states were chosen on the
basis of the TIP4P/200S critical coordinates reported by
Debenedetti et al.,'* namely, T, ~ 171.5 K, p, =~ 1872 bar, and p,
~1.024 g cm™. Thus, simulations from 185 to 300 K at 1772,
1872, and 1972 bar yielded x;(T), ap(T), and CP(T) along the
critical isobar. Note that the incremental calculation of

derivatives in eq 1 shortens the T or p intervals at which «y,
Ay and ¢, can be evaluated, implying for instance that no reliable

©)
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a, and ¢, data below 190 K could be obtained. On the other
hand, determination of x(T), ap(T), and CP(T) data along the
critical isochore was made from simulations along isobars within
the 350 to 1500 bar interval at the relevant temperatures for each
isobar allowing to meet the p = p, condition. More specifically, a
preliminary calculation led to the interpolated temperature value

corresponding to p = p, Tp(p), so that the corresponding

incremental procedure yielded x1, a,,
for the corresponding (T/y
response-function data below 190 K could be obtained. The
primary v(T, p) and h(T, p) data are deposited in tabulated form
as Supporting Information.

It is important to note that Debenedetti et al. were able to
prove TIP4P/2005 liquid—liquid criticality by performing
simulations down to 177 K. This required simulations of up to
100 us in boxes containing up to 36424 molecules. In this
context, they claimed that getting closer to criticality (e.g., down
to 173 K) is not feasible even for the long simulation times and
large box sizes they used. Our approach, recall, simulations of 2
s for a box containing 500 molecules, enables reliable v and h
data down to 190 K to be obtained while such a low temperature
could only be extended down to 185 K by averaging out over five
independent simulations to get an overall simulation time of 10
us. As advanced in the Introduction, these limitations prevent
reaching the full asymptotic critical behavior and certainly
motivate appealing to the three-state model to be described next.

2.2. Three-State Ising Model. As noted in the
Introduction, this model combines the two-state SLG*' with a
two-state compressible cell CC model.** Thus, with three basic
states for cells accommodating these two-state components, the
resulting model—which pertains to the “Blume-Capel” or
“Blume—Emery—Griffiths” class explored since long ago™ ™
and currentl;r adopted to explain water’s unusual thermody-
namics'?%%'—characterizes local energetic, volumetric, and
entropic effects with the aid of two energetic parameters, &y and
0g, two volumetric parameters, v, and dv, and one entropic
parameter A. Here we employ the parameter values proposed
originally, which at the mean-field level lead to an upper liquid—
liquid critical point and a standard gas—liquid one with
coordinates T, ~ 162.37 K, p, ~ 1700 bar, and p, ~ 0.903 g
em ™ and T, ~ 623.74 K, p. ~ 60 bar, and p, ~ 0.512 g cm ™,
respectively.'”

The model has been shown to reproduce water’s “two-critical-
point scenario” in detail.'” As a further illustration of its
capabilities, Figure 1 shows that the shape of a model’s low-
temperature—while supercritical—p(p) isotherm exhibits a
close resemblance to TIP4P/200S simulation data. It is to be
noted that the TIP4P/2005 curve in Figure 1 is in dramatic
contradiction with the class of van der Waals equations of state,
for which a supercritical isotherm is strictly incompatible with
states of negative pressure. The nice accord in Figure 1 then
constitutes an indication that the augmented equation of state
provided by our three-state picture meets challenges demanded
by supercooled water.

¢,y and derived properties
p) state. In general, no reliable

~

3. RESULTS AND DISCUSSION

3.1. Critical Isochore. Figure 2 illustrates the two paths of
approach to the critical point in the p—T plane under question,
recall, the critical isochore and the critical isobar. The plotted
data yield an estimation of the limiting slope of the critical
isochore at criticality p;, which shall further appear throughout
our discussion as a relevant parameter.

https://doi.org/10.1021/acs.jpcb.3c00696
J. Phys. Chem. B 2023, 127, 3902—-3910
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Figure 1. TIP4P/200S isotherm in the pressure—density p—p plane.
The left panel shows literature simulation data at the temperature T ~
207 K,*® the right one, three-state (TS) model values at T = 200 K.
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Figure 2. Fluid phase behavior of water in the pressure—temperature
p—T plane. Dashed curves and arrows serve to indicate the critical
isochore and critical isobar on approaching the TIP4P/200S liquid—
liquid critical point (black circle at low T) and the experimental gas—
liquid one (black circle at high T). Gas—liquid experimental data
(orange lines) are taken from the literature.”® TIP4P/2005 liquid—
liquid behavior is based on our simulation data (blue circles), with the
liquid—liquid coexistence line (solid line) being extrapolated as the
limiting slope of the critical isochore p.*” The inset is an enlarged plot
of TIP4P/2005 data close to liquid—liquid criticality yielding Opc’ =
—20.5 bar K™, while for gas—liquid criticality p/ ~ 2.8 bar K™\.*

Figure 3 shows TIP4P/200S k-, Q) and < data along the two
paths. Comparison with k; data along a near-critical isochore
from ref 14—obtained as the q = 0 limit of the structure factor—
reveals mutual consistence. While ref 14 provides data down to
177 K enabling x; critical behavior to be probed, it is to be
recalled here that the details of our simulations specified in
subsection 2.1 rule out the possibility of obtaining reliable data
below 190 K. Although this limitation precludes an asymptotic
approach to T, the behavior of the three response functions
under question is consistent with diverging behavior at
criticality. And the relevant point in this connection is that the
rise in response functions as temperature is lowered down to T,
is steeper along the critical isochore. Such a “critical-isochore-
induced enhancement” was predicted Ion% ago and is certainly
contemplated by standard scaling theory."

3904

This may be expressed in terms of critical exponents
embodied in the power law

kl—| =~ A,
%), L 3)

where x canbe v ors, k canbe +1/v, or T, and y and z canbe T
or p, while y stands for the corresponding critical exponent and
A, for the corresponding critical amplitude (with r correspond-
ingly being a,, k7, or cp). It is well-known that y = y ~ 1.239
along the critical isochore, while along the critical isobary =1 —
P/A ~ 0792 < y, with f ~ 0.326 and A =~ 1.556. Since
divergences are “stronger” for larger , it is a result of the theory
of critical phenomena that the critical enhancement of @, k7, or
¢, is more marked along the critical isochore. It is to be
emphasized that consistent with this are TIP4P/200S5 simulation
data in Figure 3, which also shows that our three-state (TS)
model exhibits the same picture.

3.2. Thermodynamic Consistency. Figure 4 shows the

temperature dependence of |(dp/dT),, |(6p/0T)V(0p/0T)S|1/2,
and (0T/dp), as obtained from our TIP4P/2005 a,, Kk, and ¢,
simulated data via the following exact thermodynamic relations

(‘)P)_ap (ap](ap]_ % or)| _ Tvg,
or), k' \or)\oT) — Tue,” \dp) o

(4)
a

Since k1, a,, and S all diverge with the same critical exponent, it

comes from the combination of eqs 3 and 4 that I(dp/dT),,
I(dp/dT),(dp/0T),I’%, and (9T/dp), reduce in the asymptotic
region to ratios between critical amplitudes that, as such, take on
finite values at the critical point. This allows the following test for
thermodynamic consistency at criticality.

Consider the exact thermodynamic relation

321+
oT ] aT ) Tvap (s)

and note that ¢, is a “weakly diverging” response function that as
such has a small critical exponent = a = 0.109 while, recall, =
y = 1.239 for the “strongly diverging” a,. Accordingly, the c,/
Tva, term in the right-hand side of eq 5 becomes negligible
relative to (dp/0T), when T — T.. It then turns out that the
critical state demands (dp/dT), = (dp/0T),. Figure 4 shows that
our simulation data are not inconsistent with this: with the I(dp/
0T),| value at criticality identified to Ip.| as obtained from the
critical isochore in Figure 2, one infers that it is likely that
I(dp/dT),(dp/0T),I"’? also tends to Ip/l as T — T,—and, hence,
(dp/0T), = (0p/0T),.

Figure 4 shows that fulfillment of this critical-point-related
constraint requires the expediency of getting closer to T, than
our simulations permit. Nevertheless, also evident from Figure 4
is the suggestion that our TS model settles the issue, thereby
providing a guide as to what should be expected for TIP4P/2005
water. Further simulations allowing us to estimate the
corresponding ratios closer to T, seem worthwhile. They
would be especially suited for (dT/dp),, for which a closer
approach to criticality is expected to reveal a dramatic
temperature dependence.

Note finally that the TS model picture for

I(dp/dT),(dp/0T),I’> and (AT/dp), in Figure 4 is found as

soon as ¢, data are shifted by a constant 70 J mol ™! K™! value (cf.

https://doi.org/10.1021/acs.jpcb.3c00696
J. Phys. Chem. B 2023, 127, 3902—-3910
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Figure 3. Isothermal compressibility k7, isobaric thermal expansivity @,, and isobaric heat capacity per particle ¢, on approaching the liquid—liquid
critical point occurring at the temperature T.. Filled circles are our TIP4P/2005 simulated values along the critical isochore, open ones are their
counterparts along the critical isobar, and triangles are Debenedetti et al. data at p ~ 1.012 g cm™>."* Continuous lines in lower panels are our three-
state (TS) model values along the critical isochore, dashed ones being their counterparts along the critical isobar. The ¢, values have been deliberately
shifted by a constant 70 J mol™" K™ value (see text).
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Figure 4. Response-function ratios [(dp/dT),| (circles, purple), I(dp/dT),(dp/0T)"'* (triangles, green), and (9T/dp), (diamonds, orange) on
approaching the liquid—liquid critical point occurring at the temperature T,. The black filled circles are the corresponding critical values, identified to |
pel in left panels and to p:l in the right ones (cf. Figure 2). Filled symbols are our TIP4P/2005 simulated values along the critical isochore, open ones

being their counterparts along the critical isobar. Lines between our simulation points and the critical one are interpolated values. Continuous lines in
lower panels are our three-state (TS) model values along the critical isochore, dashed ones being their counterparts along the critical isobar.

Figure 3). This partially corrects the unrealistically under- liquid criticality, a task we undertake by incorporating in our
estimated values originating from the coarse-grained nature of analysis literature experimental data near water’s gas—liquid
the model, which precludes any detailed approach to the variety critical point—and, for completeness, results from our TS
of degrees of freedom contributing to c, at low temperatures. model. Figure S shows kr(T), ap( T), and cp( T) data along the
3.3. Nonuniversal Features. Further characterization of gas—liquid critical isobar and critical isochore (cf. Figure 2).
water’s liquid—liquid criticality involves comparison with gas— Comparison with Figure 3 reveals a quite similar picture, with
3905 https://doi.org/10.1021/acs jpcb.3c00696
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Figure S. Isothermal compressibility k7, isobaric thermal expansivity a,, and isobaric heat capacity per particle ¢, on approaching the gas—liquid critical
point occurring at the temperature T,. Filled symbols are water’s literature experimental data along the critical isochore, open ones being their
counterparts along the critical isobar.”® Continuous lines in lower panels are our three-state (TS) model values along the critical isochore, dashed ones
being their counterparts along the critical isobar.
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Figure 6. Response-function ratios (dp/0T), (circles, purple), 1(dp/0T),(dp/ OT)Sll/ 2 (triangles, green), and (0T/dp), (diamonds, red) on

approaching the gas—liquid critical point occurring at the temperature T.. The black circles are the critical values, identified to p; in left panels and to

—1.

p, intheright ones (cf. Figure 2) Filled symbols are water’s literature experimental data along the critical isochore, open ones being their counterparts

along the critical isobar.”® Continuous lines in lower panels are our three-state (TS) model values along the critical isochore, dashed ones being their
counterparts along the critical isobar.

the main differences being the opposed sign of

crossing of kr curves corresponding to the critical isochore and
the critical isobar for gas—liquid criticality. One concrete
manifestation of the similar patterns of behavior observed are
the common values of critical exponents in eq 3 and the
underlying common universality class both transitions belong to.
By contrast, significant differences at a quantitative level are

a, and the

P
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for gas—liquid criticality.
Comparison of gas—liquid (dp/dT),, 1(dp/dT),(dp/dT)I%,
and (0T/dp), data in Figure 6 with their liquid—liquid

counterparts in Figure 4 evidences sharply contrasting pictures

evident, implying significantly larger critical amplitudes in eq 3

on both quantitative and qualitative grounds. Recall that these

https://doi.org/10.1021/acs.jpcb.3c00696
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response-function ratios are in effect ratios between critical
amplitudes in eq 3, implying that the nonuniversal (i.e., system-
dependent) character of critical amplitudes may distinguish
gas—liquid from liquid—liquid criticality.

To understand (dp/dT), behavior, it is useful to look at the
functional form the mean-field ppT equation of state of the CC
and SLG components our TS model reduces to. Since both have
the mathematical structure p = kzTf(p) + g(p), with f(p) a
monotonically increasing function,””*" it turns out that (dp/
0T), reflects the variation of p at near-criticality. The joint
inspection of data in Figures 4 to 6 and p(T) data in Figure 7
supports this.

0 40 80 120 O 100 200
111 o
Gas — Liquid 196
1.08 4
% Experiment
1.0 Ve 103
1.02
0
3 ]
099} p(gem™)
T 045
0961 TS mode
TS model 193
093}
40.15
0.9 1 1 1 1 1 1 1 " 1 1 L 1 1 1 " 1 1 1
0 50 100 150 2000 50 100 150 200
T - T.(K) T —T.(K)

Figure 7. Temperature dependence of the density p along the critical
isobar on approaching the TIP4P/2005 liquid—liquid and gas—liquid
critical points occurring at T.. The black point in each panel is the
corresponding critical value taken from the literature.'**° Liquid—
liquid TIP4P/2005 data above T, are taken from the present
simulations, the experimental water’s gas—liquid ones being taken
from the literature.”” Lines between our simulation points and the
critical one are interpolated values. Corresponding behavior for our
three-state (TS) model is also illustrated.

When it comes to (0T/dp),, we put the focus on eq 5. A
remarkable difference between the liquid—liquid and gas—liquid
cases is that the significantly smaller la,| values for the former
result in substantially larger c,/Tva, values. Such enhanced

liquid—liquid ¢,/ Tvay, values largely dcfminate over the (dp/9T),
contribution, while its temperature dependence is determined
by the one of @, [we have checked that the ¢,(T) dependence is
insignificant not very close to criticality]. The net result is that, as
Figure 4 evidences, (0T/dp); reflects @, behavior. This is not the
case for gas—liquid criticality, in which (dp/dT), and (0T/dp),
take on values of the same order of magnitude owing to the
larger la,| values.

3.4. Asymptotic Behavior. An enhanced approach to
asymptotic critical behavior demands exact solutions beyond
mean-field approximation. This can be explored for CC and SLG
models via their individual mappings into the exactly soluble
spin-1/2 (two-state) Ising model. This is described in the
Appendix, which contains full details on definitions and
algebraic calculations.
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The procedure explained in connection with eq A.14, leads to
the critical amplitudes of response functions along the CC
critical isochore (cf. eq 3):
p5v
2k T,

2
1

pévin i
a, — T T

c

1 2 2
Acp = sz(ln A) QIIJI

QII'

KT

(6)

where kg stands for the Boltzmann constant while Q; and Uj are
critical amplitudes of the underlying Ising model. Equation 4
then readily yields

, _kglni
S (7)
Corresponding results for the SLG follow from eq A.19:
A 25 U? ! U?
(1p T; I KT kB Q—I 1
12 2
Acp = 4kBSc QIL]I (8)
’ kBS !
p. =
0 )

where 5" is the critical entropy per spin of the underlying Ising
lattice.

A few comments regarding signs and magnitudes are in order.
While eq 9 prescribes p, > 0 for gas—liquid criticality as
universally observed, the possibility that A is greater or lesser
than 1 results from eq 7 in p, unrestricted in sign for liquid—
liquid criticality. Simulations of the Jagla and related core-
softened model fluids support such unrestricted p.,”*** whereas
the p; < 0 value of TIP4P/2005 reported in this work as well as
the one of ST2 water*’ demand 4 < 1 (so that Aap < 0 from eq

6). As regards magnitudes, it comes out from eqs 6 and 8 that
AKGT L/AKLT L ~ 8. Such an enhanced A, value for the gas—liquid

case is consistent with evidence from experiment and molecular
simulation noted in subsection 3.3.

4. CONCLUDING REMARKS

Recent work by Jedrecy et al.** has surprisingly reported the lack
of coexistence of two liquid phases below Debenedetti et al.’s T',
reported value. In this connection, we emphasize from our
present Figure 4 the close resemblance between TIP4P/2005
and a TS model exhibiting a hquld liquid critical point
terminating a coexistence line."” Since it seems difficult to

conclude that such an agreement is merely accidental, it is
natural to expect two-liquid coexistence for TIP4P/2005 water.
This issue needs to be clarified.

When it comes to the real existence of a liquid—liquid critical
point for water, one is naturally led to the recent state-of-the-art
spectroscopic study reporting the observation of two coexisting
liquid phases between 195 and 215 K. *5 Nevertheless, a detailed
experimental analysis of thermodynamic or transport properties
in the critical region is still not feasible for the short observation
time imposed by crystal nucleation.® A most promising
approach continues to be the original one of analyzing the
behav10r 1n the one-phase region at temperatures as low as
possible.”” Wh11e progress along this line has been made over
the last years,”™” the results of subsection 3.1 suggest that the

https://doi.org/10.1021/acs.jpcb.3c00696
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experimental search of a supercooled-water isochore exhibiting where t = (T - T.)/T, p=(p - pc)/kaBTc, and

the known attributes of a critical isochore is worthwhile.

B APPENDIX: ASYMPTOTIC BEHAVIOR OF CC AND
SLG MODELS

We start from the two-state (spin-1/2) Ising model. Let
f = —F/NkgT, K = J/kzT, and h H/kT denote
dimensionless thermodynamic variables of a system of N
spins occupying the sites of a regular lattice at a temperature T in
the presence of an external magnetic field H; F is the free energy,
and ] is the spin coupling energy. On introducing the
dimensionless energy per spin # = U/NJ and magnetization
per spin m = M/N, thermodynamics are described by the
differential relation

df =@ dK + m dh (A1)
so that
() (%)
u=|—|, m=|—
oK X oh < (A2)

At near-criticality, f splits into background and singular
contributions:

F =Ty +]

The above definitions allow to express the former to leading
order as

ing (A3)

¢ (A4)

where we have used that m, = 0 while asymptotically close to
criticality f = (T — T,)/T, % K. — K/K,. On the other hand,
ng obeys scaling:*’

Zing ~ QI lflz_aW_"(w) (AS)
where Q; > 0 is a nonuniversal (i.e., system-dependent) critical
amplitude and W_(w) is the universal scaling function at (+) ¥ >
0 and (—) ¥ < 0 depending on the scaling variable

w= U——-
" (A6)

with U; > 0 another nonuniversal amplitude.
A small-w expansion of the scaling function applies to the

N 48
critical isochore for T > T.:

W,(w) & 1 +w’ (A7)
which leads to
~ d I
m ~ 2QUw Il Ty = (—'") =2Q,U ™7
oh J;
(A8)

with y satisfying the scaling relation A = § + 7.

With this preamble, we are ready to work out CC and SLG
models. The CC one is known to have the following mapping
into the Ising model:**

f

~
~

- %—m(/\f/u'o) + %111/1 +z]t+p -

f~

1 1
t, h~x~——pdévp + —In it
ZPC P 2
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f=(u—pu)/kgT, while A = h\27z/mkgT, with 7 the
reduced Planck constant, is the thermal de Broglie wavelength
for a particle with mass m. Then, introduction of eqs A.3 to A.5
into eq A.9 and eq A.10 leads to

v

H =~ —Sct + p _f;ing (A.ll)

where § = % —In(A3/v_) + %ln/l +f + %K, has been
obtained with the aid of Gibbs—Duhem relation

SdT - Vdp+Ndu=0 (A.12)
In turn, eq A.12 allows us to write
( op ] [dﬂ ]
s=—l—|, v=|—
aT), dp ). (A.13)

which combined with eq A.2 and eq A.11 straightforwardly leads
to

1 1
~Rs + —kylni R+ =6
sR s+ Jkylndm, vy + —ovm (A14)
It comes out from eq A.14 that the critical isochore, v = v, is
defined by m =0 (and so h =0). Thus, in the one-phase region, T
> T, eq A8 applies and evaluation of the corresponding
derivatives of m in eq A.14 leads to A, , A @y and A, as defined

by eq 3. This requires the use of exact differential relations

involving y,, as given by eq A.8 and of derivatives of h with

respect to T and p as readily obtained from eq A.10. The final

result for the amplitudes is that quoted by eq 6 in subsection 3.4.
As for the SLG, we start from™

_ —  1[3 3. — 1, 1.
Rf ——|=—In(AS /v +2]t+— - =
f Ji 212 ( 0) f; 2P 2/4
(A.15)
_ 1. 1., 1[3 3.]
fxt, hr =i+ =6vp + —|= — In(A]
N0 2[2 n(A/%) (A.16)

A procedure completely analogous to the one for the CC model
above yields

R I
pr t+p +)§in
pkg ¢ (A.17)
%) 0
S (_P) - [_PJ
oT H o), (A.18)
B |3 3. 1
S~S§+ —{— — In(A, /vo)]m, pRp+—m
Y 2y,
(A.19)

with S = S§/V. This leads to eq 8 in subsection 3.4 for A, , Aap,
and A, .
P
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