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Preface

In this research I examined four-wave mixing (FWM) in Vertical Cavity Surface
Emitting Lasers (VCSELs) and Resonant Cavity Light Emitting Diodes (RCLEDs).

These are new photonic devices whose microscopic structure offers unique features for
optimizing FWM and discerning the conjugate signal produced by the mixing.

Many people contributed to the success of my research. I must first thank Dr. Jeff
Grantham, my research advisor. His help was invaluable, from forming the idea to
overcoming the many obstacles man and nature put in my way. I'm particularly grateful
for his help in the past year, when he was assigned to Wright Labs (Eglin AFB) on other
duties and still found time to help me. Ithank Dr. Won Roh for his support with sponsor
money for equipment to make the experiment happen. Dr. Jim Lott supplied the VCSELs
and RCLEDs, the heart of the research, through his work and connections at the
University of New Mexico. Mr. Rick Patton provided invaluable technical help in getting
the equipment working and keeping it working. And my thanks go to Bill Cooley, who
shared my lab, my successes, my frustrations, and learned more about four-wave mixing
than he wanted.

Thanks to my sponsors at Wright Laboratory, who provided the funds to make the
experiment happen. I'm grateful for the generosity of Profs. Kevin Malloy, Julian Cheng,
and Stephen Hersee at the University of New Mexico who grew the VCSELSs and
graciously gave me a sample--twice!

Finally, I thank my wife, Diana, for her endless support. Without her constant

encouragement, I could not have succeeded.
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Abstract

Four-wave mixing (FWM), a nonlinear optical process, was investigated in
resonant cavity light emitting diodes (RCLEDs) and vertical cavity surface emitting lasers
(VCSELSs) below lasing threshold. These semiconductor photonic devices consisted of an
optical gain region of quantum wells sandwiched between two distributed Bragg reflector
(DBR) mirrors. Pump and probe lasers were injected into the devices to generate FWM.
The dependence of FWM on bias current, pump laser power, and spectral and spatial
separation between pump and probe lasers was investigated experimentally. A computer
model of FWM based on the wave and carrier density equations was developed and
agreed well with experimental results.

Conjugate reflectivities of 1.0 were obtained in the VCSEL when bias current was
below threshold but above transparency. Reasonable conjugate reflectivities were
obtained for pump-probe detunings up to 2 GHz in both devices. Noncollinear FWM was
performed for the first time in VCSELSs or RCLED:s at angles up to 10°. Both experiment
and model showed the possibility of generating a strong reflected conjugate signal while
minimizing the reflected pump signal. The noncollinear FWM demonstrated the possibility

of phase front conjugation for correcting aberrated signals in vertical cavity devices.




1. Introduction

1.1. Motivation

The Air Force interest in optics goes back to its earliest days, when it was
primarily a reconnaissance branch of the Army. Since then, we have used optical systems
for target detection, identification, and fire control, in addition to the original
reconnaissance mission. Two areas of recent heightened interest are the use of optical
systems to replace electronics (called photonics) and the use of optical systems (lasers) as
weapons. In both of these applications, the transmitting medium (optical fiber or earth's
atmosphere) can cause severe aberrations in the optical field over long distances. There
are many efforts to correct these aberrations. This thesis addresses one--phase
conjugation.

Phase conjugation is a nonlinear optical effect which produces an exact reversal in
the phase front of incoming radiation. This results in a beam that retraces the incoming
path and completely reverses all of the aberrations induced along the path. This makes
phase conjugation an attractive technique for correcting aberrations.

A number of nonlinear optical processes can produce phase conjugation:
stimulated Brillouin scattering, the photorefractive effect, and four-wave mixing are the
most common. (Fisher, 1983) (Four-wave mixing, the process chosen in the research, will
be explained in Chapter 2.) A common requirement for nonlinear optical processes is high
optical field intensities. This can be a difficult problem if the signal one seeks to conjugate
is a low power laser. A solution is to do the phase conjugation inside a Fabry-Perot
cavity, where the internal fields can be much higher than the injected field and allow the
nonlinear optical process to occur. It also helps to find a nonlinear medium with a strong
electric susceptibility. Some of the largest susceptibilities are in semiconductors when

photon energies are near the band gap. (Fisher, 1983: 308) Faced with a small signal to




conjugate, it makes sense to try putting a semiconductor material in a Fabry-Perot cavity
as a phase conjugator. The most rugged, compact way to do this is to build a monolithic
structure entirely out of semiconductor material. One example of such a structure is a
semiconductor laser.

The high efficiency of semiconductor structures is documented in the numerous
journal articles on four-wave mixing in semiconductor lasers. Most of these experiments
(Chinn, 1991; Jiang, 1994; Liu, 1994; Mecozzi, 1993; Nakajima, 1985b; Simpson, 1993)
involve the laser operating above threshold, with the internally generated laser field acting
as the pump field and the probe (signal) field injected into the laser. The problem is
discrimination of the phase conjugate field from the rest of the fields (pumps and probe).
In the experiments, discrimination is achieved by slightly detuning the various fields'
frequencies from each other, and using a Fabry-Perot interferometer to distinguish the
fields. The use of a narrow band filter to distinguish the conjugate field is not very
appealing and not very practical for Air Force applications. It would be better to have
another way to discn'miriate the conjugate field from the rest of the field. This motivates

the present research.

1.2.  Problem Statement

What can be done to optimize four-wave mixing and phase conjugation in
semiconductor lasers? The ideas for this research were motivated by the development of a
new type of semiconductor laser: the Vertical Cavity Surface Emitting Laser (VCSEL).
Semiconductor lasers have been around since 1962, and have generally been similar to the
design shown in Figure 1. Because of their geometry, edge emitters have clear
polarization preferences, multiple longitudinal modes due to a long cavity, and an
asymmetric beam due to unequal diffraction from the cleaved waveguide facet. The newer
VCSEL design, typified by Figure 2, is distinct from the edge emitter in being very short,

circular in cross-section, with highly reflective mirrors. As a result, VCSELS have only a




weak polarization preference, a single longitudinal mode, and a symmetrically diffracted
beam. A cousin of the VCSEL, the Resonant Cavity Light Emitting Diode (RCLED)
differs from the VCSEL only in the number of distributed Bragg reflector (DBR) layers in
the mirrors. The RCLED has fewer DBR layers, making lower reflectivity mirrors that

prevent lasing, but has highly enhanced spontaneous emission.

Stripe
Contact

Full
Surface
Contact

p-side —»

Gain Region
(p-n Junction)

n-side

<«——— Output Beam

Figure 1. Typical Edge Emitting Semiconductor Laser.

The VCSEL design sparked some ideas for phase conjugation which were pursued
in this research effort. First, the mirrors can be grown to the desired reflectivity. Unlike
edge emitters, which use the semiconductor-air interface as a weak mirror, VCSEL
mirrors are quarter wave stacks of dielectric material, which can be adjusted in reflectivity
by varying the number of layers grown. Since the mirror reflectivity can be selected by

growth of mirror layers and the gain adjusted by carrier injection, the Fabry-Perot cavity




can be fine tuned until its on-resonance reflectivity is nearly zero. This allows
discrimination of the conjugate field, since it will be the only field coming back out of the

VCSEL if the normal reflectivity is zero, and maximization of the four-wave mixing.

Top Mirror
N 1/4 Wave

p-side
Pairs

Gain Region with

Quantum Wells w —— p-n junCtion

— r

Bottom Mirror
M 1/4 Wave
Pairs

n-side

Figure 2. Typical VCSEL.

A second possibility is the use of angle discrimination, which is the most common
technique used in most four-wave mixing experiments other than those in semiconductor
lasers. VCSELs have such short cavity lengths that the range of angles accepted into the
cavity on-resonance is very wide compared to other lasers. Another way to state this is
that the VCSEL is a poor spatial filter compared to larger Fabry-Perot cavities. If the
probe field can be offset in angle from the pump fields, it should be possible to spatially

discriminate the conjugate field from the other fields.




1.3.  Research Objectives

The objective of this research was to determine how to maximize the conjugate
signal produced by four-wave mixing in RCLEDs and VCSELSs below threshold and how
to best discriminate the conjugate signal from the pump and probe signals. To do so, the
effects of important parameters were studied: current, pump laser power, pump-probe

detuning, and pump-probe angle.

1.4.  Organization

The remainder of this document explains how the objective of the research were
met. Chapter 2 provides background information so the reader can understand the
research results. Chapter 3 describes the experimental and modeling methods used in the
research. Chapter 4 presents the results and analysis of both experiment and modeling.

Chapter 5 summarizes significant conclusions.




2. Background

To make the results of this research clear, some explanation of prior work,
concepts, and terms is required. This chapter explains the concepts of phase conjugation
and four-wave mixing, describes VCSELs and RCLEDs in some detail, and introduces the

idea of a cavity with gain material and cavity balance.

2.1.  Phase Conjugation

The ability of phase conjugation to self-correct aberrations in the incoming probe
beam is described in many texts. (Butcher, 1990: 235; Fisher, 1983: 1-18) The simplest
demonstration of the phenomenon is in Fisher's book. Starting with Maxwell's equations
and the assumption that the material is homogeneous, nonmagnetic, nonconducting, with
no free charges, one can obtain the standard wave equation in a nonlinear medium for

plane waves (in SI units).

V2E=ﬂ0§122=ﬂ0—§2“(€013+1’) 1

Here E is the electric field, P is the polarization, D is the displacement, & is the vacuum
permittivity, and g is the vacuum permeability, and bold-face indicates a vector or
matrix/tensor quantity. The polarization can, in turn, be written as dependent on E
through the electric susceptibility tensor (¥). The susceptibility can be expanded in terms

of its dependence on E, and the terms grouped in a convenient way.
P=¢gyrE= 80(;((1) +x(2):E +Z(3)::EE+...):E = goz(l):E+ Pyr 2)

In equation (2) the colons (;) represent the operation of a tensor on a number of vectors.
The first term in y is a constant, and the rest of the terms are grouped together to form the
nonlinear part of the polarization (Py;). This can be substituted in equation (1), and by

noting € = gy(1+ (1)), one can obtain equation (3).




V2E -y, i; = o 62;271“ (3)

This is the classic wave equation in a nonlinear medium with a source term based on the
nonlinear polarization‘. For a linear medium, the source term disappears and it is simply
the familiar wave equation.

The aberration-correcting characteristic of phase conjugation can be demonstrated
with the case of a monochromatic, non-plane wave propagating in the +z direction through
a medium with dielectric constant &(r). For notational ease, the dielectric constant and the

electric field are written as scalars. The electric field can be written as

E(r,t)= —21-8(r)exp(—i( wt-kz))+c.c, 4

where @ is the angular frequency, & is the propagation constant in the medium, € is the
complex amplitude, r represents the three spatial coordinates, and c.c. means complex
conjugate. Putting this wave into the wave equation for a linear medium (Py;=0), we find

the resulting equation.

oe
V38+[wzp{;*(r)—k2]8+21ka -

Z

0 )

As an exercise in mathematics, take the complex conjugate of equation (5), producing

v + [a)2 ue(r) - k2 ]s* —2ik %:* =0, (6)
assuming that x and £ are real. Note that equation (6) can be interpreted as the same
wave equation applied to a wave propagating in the -z direction, with amplitude
proportional to the complex conjugate of the original wave. That is, if one can produce a
backward-traveling wave with amplitude proportional to the complex conjugate of the

incoming wave, it will exactly retrace the path of the incoming wave and replicate its




wavefront everywhere. To demonstrate this graphically, Figure 3 shows the wavefront

replication by a phase conjugate "mirror" compared to a normal mirror.

> o« —> «— B
Phase Co_njugate
Incident Reflected Distorting Mirror
Wavefront Wavefront Medium
Normal Mirror
—> <+ —> <« [ ]

P Ve IR B

Figure 3. Wavefront Replication By Phase Conjugate Mirror.

The challenge is to produce this phase conjugate wave. A number of nonlinear
optical processes have produced phase conjugate waves. The next section examines the

process that is most effective in semiconductors: four-wave mixing.
2.2.  Four-wave Mixing

2.2.1. FWM in Transparent, Non-Absorbing Media
The early research in four-wave mixing was for transparent, non-absorbing media.
Numerous straightforward explanations of the phenomenon can be found in the literature.

(Fisher, 1983: 23-78; Yariv, 1977; Butcher, 1990) The fundamental relationship that




creates the nonlinear mechanism is equation (2), which relates the material polarization (P)
to the electric field (E). In equation (2) Py is described in terms of its dependence on E,
but in general P,y is a function of many things. For example, as will be shown later, it can
be a strong function of carrier density (N) in semiconductors.

But in non-absorbing media, the expansion of y in terms of powers of E is the
most useful one. One can write equation (2) in component notation and expand y. The
result is equation (7), where the i,j,k,/ indices represent directions in Cartesian coordinates

(x=1, y=2, z=3) and K, is an integer representing degeneracy of the nonlinear mechanism.

3 3 3
B=203 3 3 (2PE; + Koy DE B + Ky YD EE)+.) )
j=lk=1i=1

This needs to be simplified for use in the wave equation. The first term (linear) is
conventionally absorbed into the expression for €, as shown in the derivation of equations
(2) and (3). In a medium with inversion symmetry, including all materials in this study,
2" =0 for n even. (Butcher, 1990: 138) So the first important term in Py is the 3(3)
term. In a non-absorbing medium, this term is much larger than higher order terms, so the
rest are neglected as an approximation.

Although the transparent medium case does not apply directly to this research, it
provides an easy framework for introducing the four-wave mixing (FWM) terminology.
The classic FWM experiment involves mixing two strong pump waves and one weak
probe wave, to create the fourth wave, called the conjugate wave. A typical FWM

configuration is shown in Figure 4.




Pump

Wave #
Probe
Wave #3 ] )
_ Nonlinear Medium
_ Conjugate
~ Wave #4
ump
Wave #1

Figure 4. Degenerate Four-wave Mixing Geometry.

To show mathematically how the conjugate wave is generated, the total electric
field is written as the sum of all four waves, which in general will have different
frequencies (@,) and wave vectors (k,). By convention, the pump waves are labeled 1

and 2, the probe 3, and the conjugate 4.
4 —
E(r,t):—zl— Zs(wa,r)exp[i(a)at—ka-r)]+c.c. ®)
a=1

Assume there is no conjugate wave initially, so waves 1,2,3 are the sources that generate
the Py;. Using the notation of equation (8) in the #(3) term of equation (7), the
expression for Py is

%
Pi(r,t)='21-€0K32’ijk1(~wa;0’1,0’2,-03)51,j(0’1,r)82,k(0)2,r)83,1(0)3,r)>< @

exp{i[(a)l +wy - a)3)t —-(kl +ky -~ k3)-r]}+c.c.

In this notation, a positive frequency represents a photon annihilation and a negative
frequency represents a photon creation. Note that w,= @ + @, - w; refers to the

frequency of the polarization wave. This expression focuses on the term that involves the

10




annihilation of two pump photons and the creation of a probe photon. This choice also
dictates the minus sign for ks and the complex conjugation of €. (See Butcher's book for
an explanation of the physical reasons behind this notation.) Note that there are many
other terms in Py, involving different combinations of each of the three types of photons.
For example, there is a term with three @, photons, a term with two @, photons and one
@3 photon, and so on. These give rise to other nonlinear optical effects outside the realm
of this study. The term chosen for equation (9) is the FWM term of interest.

To apply this to the experiment indicated in Figure 4, look at the exponential
factor in equation (9). The pump beams are opposite in direction, and if @, = @y, then k;
+ ky = 0. The exponential term becomes exp{i[w#-(-k3)-r]}. So the polarization
oscillates like a wave traveling opposite to the probe with frequency w,= 2w, - as.
FWM is usually described as either degenerate (DFWM) or non-degenerate (NDFWM).
Degenerate refers to the case when all waves have the same frequency, so a5 = 0} = @,.
For NDFWM, the probe frequency is different than the pump frequency, and usually
described as w3 = @) + Q. As a result the polarization's temporal frequency is @, = @) +
@) - 01 = w) = for DFWM, and o= w; + @] - (0 + Q) =0, -Q=0-Q for
NDFWM, so in all cases @ refers to the frequency of the pump wave. For DFWM -k;=k,,
but for NDFWM, kj3+k,=Ak=0, making a phase mismatch between the polarization wave
and the conjugate wave. Sometimes this Ak limits the NDFWM detuning.

This polarization wave will, in turn, generate an electromagnetic wave with the
same frequency (@w,). There are two ways to see why this is true. The first is
conservation of energy. If there is no absorption occurring in the medium, then if two
pump photons are annihilated and one probe photon is created, the extra energy must go
into creation of another photon. The energy difference is hw /27, the same frequency as
the polarization wave. A second way to look at it is through the power transferred from

the P field to the E field. As Fisher points out (Fisher, 1983: 9), the power transferred
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between the two fields is the volume integral of P-E, and if the two waves are at different

frequencies, the integral (due to orthogonality of complex exponentials) will be zero.
The final step in this analysis shows how the conjugate wave is produced in FWM.
As a second order differential equation, the wave equation is difficult to solve. It can be

simplified by making the slowly varying envelope approximation (SVEA). First, assume

scalar plane waves traveling in the +z direction, as in equation (4), and assume &(r)~£(z).

That is, the amplitude variation is greatest in the z direction. Applying the wave equation

to this wave, we obtain
s s
ke + S 2k |+ ppewe = — g P 10
[ &2 Py Ho Ho ( )

where the common complex exponential has been factored out and # is the complex

amplitude of the polarization vector. The SVEA assumes

(1

which means the complex amplitude changes slowly on the scale of the wavelength of the
light. This is a reasonable assumption in the case of a continuous wave and long smooth
pulses. Dropping the second derivative and noting that k2E=e0?E for a plane wave, we

are left with the simplified version of the wave equation.

s 2
2k—=- P 12
) Py HoD ( )

Now inserting the expression for the polarization from equation (9) and bringing
the constants to the right side of the equation, we have the relationship between the

created wave and the phase conjugate of the pump wave.
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5E4i 1 6)2 *
5 - 4160k 7K3Zijk1("wo')gl,j(wlar)82,k(w2,r)83,1 (@3,r) X

exp{i[(a) -Q)t- (-—k3) . r]} +c.c.

(13)

This is not the full equation; other terms involving the conjugate of fields 1 and 2 exist.
But it is clear that in the solution to the set of equations describing the fields there will be
a term where &4 o £3*. For the proper boundary conditions and for probe intensities
much smaller than pump intensities, this is the dominant term, so within these restrictions
the fourth wave is proportional to the complex conjugate of the probe wave.

The generation of the conjugate wave is often described with the terminology of
gratings, since the concept of a light wave scattering off gratings is a familiar one. (Fisher,
1983: 49-50) In FWM, two gratings are produced. Pump 1 and the probe interfere to
create a spatial intensity pattern, and therefore a spatial pattern of index variation, and
pump 2 scatters offit. At the same time, pump 2 and the probe interfere, and pump 1
scatters off their grating. The conjugate wave is the combination of the two scattered
waves.

While the geometry in Figure 4 is one of the most common, it is not unique. With
an angle between the pump wave and the probe/conjugate waves, the overlap region is
small. To maximize the overlap, the waves are made collinear, but this makes it hard to
distinguish the conjugate wave from the pumps and probe. One way to solve this is to
make the pump waves linearly polarized in one direction and the probe wave polarized in
the orthogonal direction. Due to symmetry requirements in cubic crystals, the conjugate
wave will then be polarized parallel to the probe wave. Since the probe wave travels in
the opposite direction of the conjugate wave, it is easy to distinguish the conjugate wave.
Note that this process uses a different element of the tensor (3) than did the previous
example. The first case, with everything co-polarized (in the x direction, for example),
used the element ¥(3),,,. The second case used the element %3, ,,, which is usually a

smaller value. For cubic crystals, ¥3),,,, = #3),,,,/3. (Fisher, 1983: 313-4) Note that
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this exact relationship does not necessarily hold in the absorbing cases discussed next. But
it's clear FWM with waves of different polarizations will have a smaller y than if the same
waves were co-polarized.

Another way to have collinear propagation and still distinguish the conjugate wave
is by char;ging the frequency of the probe wave and performing non-degenerate four-wave
mixing (NDFWM). If the pump waves are at frequency @ and the probe wave is at
frequency w+Q, the conjugate wave will be at frequency w—C, as shown earlier. By
resolving the measured field spectrally, one can distinguish the conjugate wave from the

pump and probe waves.

2.2.2. FWM in Absorbing Media

When operating near an absorption in the medium, it no longer makes sense to
expand y in terms of a power dependence on £, because there is no dominant leading
term. For atomic two-level systems, the susceptibility can instead be calculated using
density matrix techniques. (Fisher, 1983: 217-222) The resulting expression is

_ 2a0 i(1+i5) 1

(14)

where ¢ is the small signal absorption, & is the wave number, & is the normalized
detuning from line center, I, is the saturation intensity, and E is the electric field scaled
so that |E|2 has units of intensity. Figure 5 shows summations of the first » terms in the
polynomial expansion of y in powers of |E| (=E) compared to the full expression in
equation (14). It's clear the expansion is useless anywhere near or above the saturation
intensity, when [E[2=I,,. Equation (14) has been used with much success to predict the
efficiency of DFWM in atomic and molecular systems near resonance. (Abrams, 1978;

Brown, 1983)
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In semiconductor solids near the band gap energy, we face a similar situation.
However, the derivation of y from first principles is not as straightforward as a two level
system. A thorough and insightful derivation is presented by Chow (Chow, 1994: 111-
118). The use of Chow's exceeding detailed approach is beyond the scope of this

research.

Figure 5. Electric Susceptibility of a Two-Level System. The exact solution is shown
along with five polynomial approximations. Note that terms with i=2,4,6... are zero.

An early effort to characterize resonant four-wave mixing in a semiconductor

(Kukhtarev, 1980) modeled the carrier (N) dependent permittivity as
£=¢gy— N, (15)

where y is a proportionality constant, and used it with a spatially modulated intensity
pattern from the beam interference to create a grating based on carrier density variations.

As scalars, the permittivity is related to the susceptibility by y=£—1. This same picture
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has been used by each successive theory (see Figure 6), but adding more details and

refinement each time. It differs from the standard theory by having an intermediate
mechanism (carrier density N) between the light intensity and the index grating. This
means in semiconductors one could achieve the same gratings and nonlinear optical effect
by directly modulating the carrier density. A clever experiment involving simultaneous
measurement of the optical and electrical spectrum (Nietzke, 1989) showed that the
conjugate wave production was directly correlated to carrier density fluctuations in a

semiconductor laser, verifying the intermediate step.

. Light Carrier Index and
Semiconductor Interference Density Absorption
Theory Pattern Pattern Grating

Standard Light Index and
Theory Interference Absorption
Pattern Grating

Figure 6. Model of Four-wave Mixing in Semiconductors.

In both theories, the grating explains the creation of the conjugate wave. Any two
of the three input waves interfere and create the grating (whether directly or indirectly),
while the third input wave scatters off the grating to create the conjugate wave. (Fisher,

1983: 50)

2.3.  Four-wave Mixing in Semiconductor Lasers
Now we turn to a review of FWM in semiconductor lasers. Most of the
experiments and theory have focused on edge-emitting lasers, due to the maturity of the

technology. Hundreds of articles have been written on the subject since the first discovery
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of the phenomenon. (Nakajima, 1985a/b) Interest is high because NDFWM has a number
of uses besides aberration corrections via phase conjugation. These include wavelength
conversion and characterization of laser parameters.

Reported FWM experiments in VCSELSs have been fewer: only three as of this
writing (Boggavarapu, 1993; Jiang, 1994; Simpson, 1995b). All three articles have
focused on the fundamental dynamics behind NDFWM. All have investigated VCSELs
operating above threshold.

Most of the NDFWM theory has been developed from a fundamental model built
by Agrawal. (Agrawal, 1988a) His approach is outlined here. He starts with the wave
equation (3) and assumes a field composed of pump (@wy=w), probe (v;=w+£2), and
conjugate (@,=w—Q) waves. The susceptibility is assumed to be linearly dependent on

the gain and carrier density

x(N)=—-—'—'a§(ﬂ+i)g(N)=—"—af +i)a(N - No) (16)

where N is carrier density, g(N) is the carrier dependent gain, N is carrier density at
transparency, a is the linear gain coefficient, ¢ is the speed of light in vacuum, # is the real

linear index of refraction, 7 is the imaginary number, and fis the unitless linewidth

enhancement factor, defined as

_drelw))/av
A

B 17
Agrawal's fundamental picture of the FWM is a time-domain picture. He assumes
the waves are collinear, so there are no spatial gratings in the sense of the original FWM
theory. The energy of pump and probe photons are assumed to be above the bandgap of
the semiconductor, so we're dealing with a strong absorbing or amplifying medium. This

is in contrast to the extensive FWM work done in semiconductors below bandgap.
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(Turner, 1996) The interaction is assumed to be NDFWM, and the beat frequency due to
the pump-probe detuning produces beats in the carrier density due to gain saturation

effects. The carrier density obeys the rate equation

aN_J _N_eM)gr, py2y (18)
dt ed 1, ho
with injected current density J, electron charge e, active region thickness d, carrier

recombination time 7, and diffusion coefficient D. The carrier rate equation is solved

using an assumed solution of the form

N@®=N +[N1 exp(~iQ) + N} exp(+iQt)], (19)

where N is the steady state value of the carrier density and N, is the small fluctuation of
the cam’ef density. The solution from the carrier density equation is then plugged into the
wave equation. Note this form assumes the carrier density fluctuates in time due to the
detuning of the pump and probe fields, a process called population pulsations.

The results of four-wave mixing are most often reported as conjugate reflectivity,
the ratio of the output conjugate wave intensity to the injected probe wave intensity at the

entrance to the device, or

R, = 'Econjugate(z = 0)|2

l Einjected(z = 0) I ’ (20)

where the values for E¢ypjygate and Ejyjoereq are obtained from solving the wave equation
using the given boundary conditions. The device extends from z=0 to z=L. The conjugate
reflectivity, whiéh can be greater than 1, depends primarily on Q, £, J, and the pump
power. The mathematical expression for R, will be presented later, as it depends on the
methods and assumptions used to solve the equations. In general, R, decreases with

increasing €2, and increases with increasing S, J, and pump power.
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This fairly simple theory has been adapted to apply to various situations. Agrawal
himself has two different solutions, one for Qz; <1 and one for Q7 >1. For small Q the
dominant mechanism for nonlinearity is actual carrier density modulations. For larger Q
the interband carrier recombination cannot keep up with the temporal speed of the
intensity modulations, so a faster but weaker process takes place. Agrawal attributes it to
spectral hole burning, a fast intraband process. In later work, others (Tiemeijer, 1991;
Mecozzi, 1995a) show that a number of intraband processes (carrier heating, spectral hole
burning, Kerr effect, and two photon absorption) are responsible for the FWM at larger
detunings. In fact, NDFWM is used to characterize the time constants for each of these
mechanisms. (Mecozzi, 1995a)

Agrawal's theory has been the starting point for many modifications. One
modification is to introduce gain saturation by the electric field. (Mecozzi, 1993) The

expression for susceptibility (equation 16) becomes
nc . 2
2= =228+ (N - No)1- ofEP) 1)

with o the gain compression parameter. Mecozzi solves the equations with this modified
gain expression, and gets good correlation to experiment. (Mecozzi, 1993: 1486) Note
this gain saturation is not the conventional saturation due to reduction in total carrier
density by a field, but is localized saturation of gain at the frequency of the field. It is
often called spectral hole burning. (Agrawal, 1988b) |

The most important modification applicable to this research is the work by Yee
and Shore (Yee, 1994a), which modifies Agrawal's theory to include cavity effects. That
is, it explicitly accounts for the forward and backward traveling components of the pump,
probe and conjugate waves in a resonant cavity, which Agrawal ignored. In their

generalization, they allow for asymmetric cavities, where the asymmetry can be from
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unequal mirrors or variations in the current within the cavity. This model served as the
basis for most of the modeling work in this dissertation.

A rather different approach has been taken by Simpson and others (Simpson, 1991;
Simpson, 1995a/b; Simpson, 1996a; Liu, 1993; Liu, 1994) in a series of articles
investigating nonlinear dynamics in semiconductor lasers. Their approach solves the
carrier density equation (18) and a rate equation for the field in the cavity instead of the
wave equation. These equations will be presented later in the theoretical methods section.
Simpson's approach has matched experimental data very well, but has limited use in
examining lasers below threshold. (Simpson, 1996)

Finally, while all of the FWM literature in semiconductor lasers is NDFWM in
order to allow collinear propagation, one group also tried introducing an angle between
the pump and probe beams to achieve angle discrimination. (Awaji, 1993) While
successful, they had to use a broad stripe edge emitting laser, and the conjugate reflectivity
dropped drastically with angle, from R, ~ 50 at @ = 0° to R, ~ 4 at 6= 5°. Note the

reflectivities are still greater than one. It is not clear whether they attempted DFWM.

2.4 VCSEL Structure

The VCSEL structure is different enough from the traditional edge emitting laser
that a discussion of how its differences affect FWM is needed. The first difference is the
length. While edge emitting lasers are a few hundred um long, electrically pumped
VCSEL cavities are usually less than 1 gm long. Optically pumped VCSELSs can be
longer, since there is no need for an abrupt p-n junction. This makes the longitudinal
mode spacing very large. Typical edge emitter mode spacing is 100 GHz, well within the
speed of intraband effects, while a 14 VCSEL has a mode spacing of 105 GHz.

Cavity length also affects the spectral width of the cavity modes and the
subsequent spatial and spectral filtering. The shorter the cavity, the broader the spectral

and angular acceptance. This can be shown by first deriving the expressions for reflection
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and transmission of a simple Fabry-Perot cavity with top mirror reflectivity R, and

transmittivity 7}, bottom mirror reflectivity R,, amplitude gain ¥, cavity length d, input

angle 6, wave number £, and refractive index n. The result is

_ 2
R=\F - LRy eXp(2m’eff)CXP(’Z.’“"eﬁr ) | (22)
1- JRiR exp(Zydeﬁr)eXp(lzkdeﬁ”)l
T=| VAT exp(Wyy ) explikd gy ) i (23)
|1~\/R1R2 exp(2 g ) exp(i2kd 57 )

where dejfis simply d/cosf. The spectral half-width at half-maximum (Av) can be
calculated by finding the value of k¥ where transmission is half of its peak value on
resonance, and subtracting it from the adjacent value of  for a resonance peak. The

resulting Ak can be transformed into a Av, resulting in

Av= 2 ¢ cos”l[Z - ————VRlez exp(2 ;deﬁw )- (24)

1
-2
Mdeﬁ“ 2 (————RI & exp( }deﬁ" ))

which makes it clear that a smaller dyjresults in a larger Av.

Derivation of the expression for angular half-width at half-maximum (A6,,) is a
little more involved, since it depends on the cavity mode number m. This is shown in
Figure 7, which depicts the transmission spectrum for a Fabry-Perot interferometer for
three different incident angles. To calculate the angle at which the peak of the off-axis
transmission shifts to the half-maximum of the on-axis transmission (my definition of
A@,), one has to pick a mode m. And clearly for higher m, the A8, will be smaller.

Solving the equations for A6, produces the result in equation (25). The

dependence on cavity length is not as clear as in equation (24), because it is embedded in
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the mode number m. For a given frequency, the longer the cavity, the greater the mode

number of that frequency. Note the exp(2d) factor is a much weaker d dependence.

—cos 1oL cosl| o YRR I _
AG,, =cos [1 2m”cos [2 5 exp(2)d) 2‘/Ekz_exp( 27d))](25)

Table 1 shows some sample calculations for four different designs. The two VCSELSs and
the resonant cavity light emitting diode (RCLED) are devices available for this research.
(The electrically pumped devices are explained in Tables 2 and 3.) The edge emitter is a
typical design. All calculations were done for n = 3.5 and setting ¥ = 0 for demonstration
purposes. It's clear that the short cavities have much broader acceptance, both angularly
and spectrally. This angular acceptance can be thought of as a measure of the power of
the cavity as a spatial filter. A cavity/laser with narrower angular acceptance will filter out
parts of a wave front that deviate too much from a plane wave. The cavities with greater
acceptance will allow wavefronts with more aberrations, and perhaps allow a true phase
front conjugation. For optical phase conjugation, short cavities are preferable.

Another characteristic of VCSELSs that distinguishes them from edge emitters is
the high reflectivity mirrors. The resulting high finesse means that an injected probe
wave's frequency has to be within the width of the Fabry-Perot transmission mode to
successfully make it into the VCSEL cavity. Contrast this to the low finesse edge
emitters, where virtually any frequency has a decent input coupling. The high finesse also
means the fields inside the VCSEL cavity are much higher than for an edge emitter, given
the same injected field. The last column of Table 1 shows the ratio of maximum intensity

inside the cavity (/,,,,) to the injected intensity (/;,) for the lasers, assuming y= 0.
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Figure 7. Transmission of Fabry-Perot Cavity vs. Frequency for Three Incidence Angles.

Table 1. Spectral and Angular Half-Width of Fabry-Perot Transmission Modes.

Device d m Ry Ry Av AG Lo
(zm) (GHz) | (degrees) I;

Electrically 0.24 2 0.8 0.98 | 3460 8.0 60

Pumped RCLED

Electrically 0.24 2 0.98 |0.98 574 3.2 200

Pumped VCSEL

Optically 2.6 18 098 | 098 |64 1.08 200

Pumped VCSEL ,

Edge Emitter 426 3550 {03 |03 22 0.64 3.5

While VCSELSs can be designed to guarantee a single longitudinal mode, the
transverse modes are much harder to control. (This is the opposite of edge emitters,

where transverse modes are easy to control, and longitudinal modes are notoriously
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difficult.) Transverse modes in VCSELSs are determined by the waveguide geometry, just
as in edge emitters. But many VCSELSs are wide enough that microscopic details like the
placement of contacts and direction of current flow can determine the transverse modes.

Most VCSELSs have a cylindrical geometry, and so have no clear polarization
preference, unlike edge emitters which prefer TE modes over TM modes. In fact, there
are numerous efforts to introduce some kind of polarization control into VCSELS, without
which the polarization is unpredictable from device to device. (Choquette, 1993) For
injection of light into a VCSEL at normal incidence, it means that all polarizations have
the same input coupling and mode characteristics when the laser is operating below

threshold.

2.5.  Cavities With Gain

This research focused on nonlinear wave mixing in optical cavities with
gain/absorption material. The basic equation describing linear reflection and transmission
in such a cavity was given in equations (22) and (23). While the reader is certainly familiar
with optical cavities, the presence of an active medium introduces effects which are key to
this research, and will be introduced here. Figure 8a shows a plot of the spectral
reflectivity near one mode of such a cavity for a variety of gain values. Note the two
mirrors have unequal reflection coefficients, so with zero gain the total reflection on
resonance does not go to zero as it does in Fabry-Perot cavities with equal mirrors. By
adding some negative gain (absorption), the reflection on resonance can be made zero, as

shown in Figure 8a. When this occurs, we say the cavity is "balanced." One way to think
of this is to look at equation 22 and realize that if we replace /R, exp(27deﬁr) with

14
\/ R, , we have the same equation as a cavity with no gain and mirror 2 with a new
’ ’
reflectivity of R, . When R, = Ry, the reflectivity on resonance goes to zero; the gain

has balanced the cavity.
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The value of yd that balances a given cavity is simple to derive from equation

(22), and is
Woy = +n(R/Ry) (26)

where yis the amplitude (not intensity) gain coefficient. If the first mirror is more
reflective than the second, gain balances the cavity; if the second mirror is more reflective,
absorption balances it. This balancing gain value is shown as y1 on Figure 8b. Also shown

is the lasing point, where
W, =—1In(RR,) | 27)

and is labeled 52.
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Figure 8. Reflectivity of Fabry-Perot Cavity with an Active Region. Mirror reflectivities
are R1=0.8, R,=0.98. Plot (a) shows spectral reflectivity for a few values of yd, while plot
(b) shows reflectivity at resonance as a function of gain. The values y1 and 2 are
calculated via equations (26) and (27). :
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3. Methods

The goal was to characterize four-wave mixing in vertical cavity devices below
threshold as thoroughly as possible. Although this is primarily an experimental
characterization, some theoretical work was done by adapting existing models. The

methods used in the investigation are explained below.

3.1.  Experimental Methods
This section focuses on the typical experiment used to generate the data being
analyzed. Since data are limited by the equipment and techniques used, both are

described.

3.1.1. Experimental Equipment
The equipment used in the majority of experiments is depicted in Figure 9. The pump
laser was a semiconductor laser (SDL-5422) with power of 150 mW in a single
longitudinal mode. It was rqughly tuned with temperature and current adjustments,
though there were mode hops throughout the tuning regime, which was 839-844 nm. The
probe laser was an external-cavity semiconductor laser (New Focus 6226), tuned by a
tiltable grating and adjustable cavity length. This gave single mode operation and
continuous tunability from 830 nm to 850 nm. The maximum output was about 12 mW.
Both lasers were optically isolated to prevent effects of feedback from the mirrors or
cross-injection. The lasers were combined at a beamsplitter and carefully aligned to
propagate collinearly. One of the beamsplitter output legs went to the VCSEL sample,
and the other to a wavemeter (Burleigh WA-10) with 0.002 nm resolution, which was

used to tune the two lasers to the same wavelength.

27




{Wave Meter |

Pump Laser IS

Probe Laser IS

Grating
Spectrometer
|White Light }
Fabry-Perot
Interferometer
/M=Mirror

IS=Optical Isolator

BS=Beamsplitter T
WP=Half Wave Plate VCSEL [™} Gurrent

" Source
----------- White Light —

— Pump/Probe In
-~ Pump/Probe/Conj. Out /

Figure 9. Experimental Apparatus.

The spectral matching of the injected laser to VCSEL was aided by sending a
white light through the same path and using a camera to observe the VCSEL surface with
the reflected white light. The reflection was also observed on the spectrometer, which
displayed the spectral reflectivity of the VCSEL, including the wavelength of the cavity
mode.

The VCSEL samples were mounted on a translation stage, which was moved to
select a particular deviceband to adjust the optical injection of the lasers into the VCSEL.
The VCSEL was mounted on a copper block, which served as electrical contact for the

bottom side of the device and as a thermal conductor for the thermoelectric cooler (TEC).
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The TEC adjusted the copper block (and the VCSEL substrate) temperature from about
15°C to 40°C.

After the pump and probe combined in the VCSEL, the resulting output was sent
to diagnostic equipment. The camera was used primarily as an optical alignment tool, but
also to observe changes in intensity and spatial pattern in the lasers. The spectrometer had
an optical multichannel analyzer (OMA) attached, giving spectra in near real time. This
was used to coarsely match the input laser wavelengths to the emission wavelength of the
VCSEL's Fabry-Perot cavity mode. There were two Fabry-Perot Interferometers (FPI) in
the experiment; only one was used at a time. The high resolution FPI was a confocal
design (Burleigh SA) with a free spectral range of 2 GHz and a finesse of 150, giving a
resolution of 12 MHz. The other FPI (Burleigh RC) had planar mirrors with adjustable
free spectral range and finesse of 70. The planar FPI was primarily used with large free
spectral range (~100 GHz) to help in coarse wavelength adjustment, observe broad
VCSEL lasing lines, and measure large detuning effects.

Other equipment was inserted as necessary. A power meter was used to measure
pump or probe laser power at various locations. A polarization analyzer was used to
characterize the effects of various elements on the polarization of the beams. A
heterodyne system was used to measure the linewidths of both lasers, and consisted of an
optical fiber delay line, acousto-optic modulator, fast photodetector, and spectrum
analyzer.

With this arrangement the parameters of importance in four-wave mixing in
VCSELSs could be controlled and measured. Pump and probe power were independently
adjusted. Both lasers were tuned relative to the VCSEL and each other. Polarization of
both input beams was adjusted to be parallel or orthogonal to each other and the VCSEL's

polarization.
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3.1.2. Experimental Procedure

The procedure typically used to perform an experiment follows. First the VCSEL
device was selected and positioned to inject the pump and probe beam into it, by
monitoring the reflection from the VCSEL with the camera. Then the VCSEL bias
current was adjusted to the regime of interest.

Tuning the pump laser to the VCSEL wavelength usually required adjusting the
pump laser's current and temperature along with the VCSEL's temperature, all while
monitoring both pump and VCSEL output on the spectrometer. The spectrometer was
only good for matching wavelengths to £0.5 nm, which is about 200 GHz. If the VCSEL
was lasing, finer tuning was achieved by monitoring the VCSEL and pump on the low
resolution FPI and making the current and temperature adjustments. When the VCSEL
was below threshold, fine tuning was more difficult. The tunable diode laser (probe) was
used to measure spectral reflectivity of the device with 0.002 nm (1 GHz) resolution by
tuning the laser, monitoring its wavelength with the wavemeter, and measuring reflectivity
wavelength by wavelength. The VCSEL mode wavelength could usually be identified by a
dip or peak in the spectral reflectivity. Then temperature and current adjustments were
made, and the procedure repeated until the pump laser and VCSEL were tuned
appropriately. For the RCLED, the spectral width of the cavity mode was so broad (4
nm) that coarse tuning on the spectrometer was sufficient.

Once the pump laser and VCSEL wavelengths were matched, tuning the probe
laser was simple, since it tuned smoothly over the region of interest. The wavemeter was
used to match the probe to the pump wavelength to within 0.002 nm (1 GHz). Then the
fine resolution FPI, with free spectral range of 2 GHz, was used to get the probe tuned to
within 20 MHz of the pump. Once this zero detuning point was found, pump-probe
detuning could be monitoring exclusively on the FPIL.

Next, the pump power, probe power, VCSEL current or temperature, pump-probe

detuning, or whatever parameter was of interest was varied. Note that not all were
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equally easy to vary. A change in VCSEL current, for example, shifted the wavelength of
the VCSEL, requiring repetition of the elaborate wavelength matching procedures
described above. A change in pump-probe detuning, on the other hand, was a simple twist
of a knob.

The parameters of interest were typically conjugate reflectivity (R,), prdbe
reflectivity (Rp), and pump reflectivity (Rpump orR). Rand Rp are defined like R, in
equation (20), except that R is normalized by the injected pump, not injected probe. R,
and R, were measured from the FPI. A typical FPI scan is shown in Figure 10, indicating
the pump, probe, and conjugate fields. The strengths of the probe and conjugate fields
were measured from the height of their peaks on the FPI scan. It was easy to convert this
to optical power for the probe, since we could simply send the probe alone into the FPI

and measure the response in volts/microwatts.
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Figure 10. Typical Fabry-Perot Spectrum of Four-wave Mixing.
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The same could not be done for the conjugate, which never exists alone and so the
power in watts could not be directly measured. The FPI response for the conjugate will
be different than for the probe because the conjugate has a different linewidth than the
probe. A combination of tools is required to solve this problem. First is a theory about
the relative linewidths of the pump, probe, and conjugate fields involved in four-wave
mixing. (Hui, 1992) Hui reports that in this kind of experiment, the fundamental

linewidths due to spontaneous emission are related by the following equation.
AVconjugate = 4AVpump + AVprobe (28)

These linewidths can be measured with a self-heterodyne technique mentioned earlier and
documented in a number of publications. (Gallion, 1984; Ludvigsen, 1994) Measurements
showed Av,0p,=5 kHz and Avpy,,,=5-15 MHz, which match manufacturer claims very
well, so the linewidth of the conjugate field is dominated by the pump linewidth.
Unfortunately other parameters, like jitter of the pump laser and the FPI, obscure this
simple relation and make conversion of FPI peak voltage into optical power very
uncertain. A demonstration of the pump jitter is shown in Figure 11, which shows four
sequential measurements of the FWM spectrum. The probe frequency is relatively steady,
but the pump jitters considerably, probably due to imperfect shielding and grounding of
the current source. If one tries to average spectra to increase signal-to-noise ratios, the
jitter results in considerable smearing of the spectrum, obscuring the simple linewidth
relationship derived by Hui.

Because the effect of this jitter varied from day to day and experiment to
experiment, conjugate reflectivity results reported herein were calculated with Hui.'s factor
of 4 for consistency purposes. This may over- or under-estimate the values of R,, but by

no more than a factor of two. More importantly, great effort was made to ensure that the

32



measurement error was consistent within a set of data, making the trends in each set of

data valid.
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Figure 11. Effect of Pump Jitter on FWM Spectrum. The four scans were taken 30
milliseconds apart, and show maximum frequency shifts of 20 MHz.

3.2.  Modeling Methods

Because this investigation is primarily experimental, the modeling effort was an
adaptation of other researchers' models. The experiments of interest included below
threshold and near threshold operation of the VCSELSs, which encompass more than the
existing models were designed to handle. The adaptations done in this research were to
bridge the gaps between the models.

Two models were used. The first was a modified version of the asymmetric cavity
model of Yee and Shore (Yee, 1994a). The second was the lumped oscillator model of
Simpson and Liu (Simpson, 1991). The asymmetric cavity model was used for the
majority of the analysis, since it was the most general and powerful. However, it took

longer to run. The lumped oscillator model had analytical solutions and ran much faster,
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but applied only to VCSELS near or above threshold. It was used primarily to analyze the

effects of pump-probe detuning in the VCSEL near threshold.

3.2.1. Asymmetric Cavity Model

The asymmetric cavity model of Yee and Shore (Yee, 1994a) formed the basis of
most of the modeling. Their model, based on the population pulsation concept pioneered
by Agrawal (Agrawal, 1988a), envisioned a laser operating above threshold, with gain
linearly dependent on carrier density. Their contribution was to allow arbitrary spatial
dependence of carriers, and low or unequal mirror reflectivities. Because of this, the
solution requires numerical integration of the linear differential equations describing the
growth of the pump, probe, and conjugate fields in space. The rest of this section
describes the asymmetric cavity model as modified for this research.

The model was adapted to handle the below-threshold case by allowing an injected
pump field. The assumption that gain varies linearly with carriers also breaks down when
trying to describe both below- and above-threshold behavior, so a nonlinear gain

expression was used, of the form

K KK
N)=Ky-—1_—=Ky-—-1-2
EM =Ko~ vg, ~Fo ko

(29)

where N is the carrier density and the constants (K, Kj, K,) are determined by fitting the
equation to a gain curve calculated by other means. In this case, a theoretical model of
quantum well gain was used to determine the spectral gain curves for a number of carrier
densities. (Fitzgerald, 1994) Then a wavelength was chosen and the gain at that
wavelength was plotted versus carrier density and equation (29) fit to the data points.
Figure 12 shows a few of the spectral gain plots and the single wavelength gain vs. carrier

density.
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Figure 12. Calculated Quantum Well Gain vs. Carrier Density. (a) shows the full spectral
gain for various carrier densities, and plot (b) shows gain at 841 nm for a wider range of
carrier densities. Also shown is the curve fitting Equation (29) to the single wavelength
gain data. All calculations were for a constant temperature T=300K.

This model solves the wave equation and the carrier density equation. The

assumption is that both the material polarization and the electric field oscillate in the form

E(t)=e"" wO'(EO + B Y 4 Byt )
. . . (30)
P(t)= e ( By + Be ¥ 4 peti¥)
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where ay) is the frequency of the strong pump field (Ep) and Q is the detuning between the
pump and the weak probe (E;). The third field (E,) is the conjugate field, detuned from

the pump field by -Q. The interaction between the field and the medium is

P=goiE. (1)

The nonlinear gain expression, equation (29), is substituted into equation (16), resulting in

nc . nc , K
N)=——B+i)gN)=——B+D Ko——= 7| 32
2N) =~ (f+DgN)= =8 >( 0 1+N/K2) (2)
The wave equation is simplified by assuming the fields of interest can be written as
scalar fields in a particular transverse mode of the cavity. The three electric fields and

three polarization fields can be written as having a common transverse function, so

2
E(x,y,2)= U(x,y)ZEj(z)exp(—ia)jt)
j=0

2
P(x,y,2)= U(x,y)ZPj(z) exp(—ia)jt)
=0

(33)

where U(x,y) is the transverse function representing the mode. The frequencies are linked

by the relationship

a)l—a)oza)o—a)z—“'—ﬂ. (34)

The expressions in equation (33) are substituted in the wave equation, which is then
integrated over x and y, giving rise to a confinement factor I. The one-dimensional wave

equation then becomes

d2E. Tw?
J 2 J
+k2E; =——2LP, (35)
dZ2 J 6‘002 J
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where k; = nw /c and n is the effective index of refraction for the mode.'

The model begins by solving the carrier equation with the carrier diffusion term
ignored (36). The effect of diffusion is usually to "wash out" gratings with a small spatial
period compared to the diffusion length. But for these VCSELS the carriers are confined
to the quantum wells, which are much too thin to have carrier gratings within them, so
diffusion effects can be ignored, thus

2
d ed 7t ho RON (36)

The expression for a pulsating population, equation (19), is substituted for N(f). For the
gain g(N,f) we expand the expression for g(V), equation (29), in a Taylor series about the
steady state value of carrier density (N) and allow the first order terms to contain the
time variation.

(N(n-N)

N
KKy KKy

P N+K (F4ky)

=g+ g’(Nle_iQt +N1*e+im)

g(N.1)= g(ﬁ)+{;%

(Ve + Ny leti) G7)

The quantities g (gain with steady state carrier density) and g’ (derivative of gain with
respect to carriers at the steady state value) are defined by the final line of equation (37).

The expression for the intensity (|E|?) also contains some fluctuation terms. By expanding

the expression and assuming |Eg|>> |Ey|,|E,| the intensity fluctuations are approximately

. , , 2
IEI2 = e_'a’ot (Eo +E1e_'Qt +E2€+’Qt )l

(38)
~|Eo +(ELEy + BB )™ +(EoEy + ESE, Je*™™.
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With the expressions for time-varying intensity (38) and carriers (19) in the differential
equation, the terms can be grouped according to their dependence on Q. The resulting

equations can be used to solve for N and Ny. After considerable algebra, the results are

ﬁz-%(K2_£+%IEO|2)

ed ho
Jr TiK 2 (T, (Kog-Ky) J %)
1 v 07 |2 2{&9 — K 2 Jr
+1 g, -L54 Ef] -4 E 2 -2k,
2\/( 27%d " ho | °|) ( ho [Eol ed 0)

IOty Kiky
_ N+K2

=
TiE| KK,
ho (N_+K2)

(40)
+1-iQ7

2

where 0 = E;El +E0E; for convenience and I" is the confinement factor derived earlier.

With these solutions for the carrier density quantities, we return to the wave equation and
the relationship between the medium polarization and the fields. Substituting equations

(19), (30) and (32) into equation (31), we obtain

By + R + Py = aoM| g+ g/ (Me ™ + NJeH ) By + e + Epe i )ca1)

where M = —nc(f+i)/w. Again, dropping terms involving the product of two small

coefficients, we can solve for the polarization terms,

Ry = 5gM(gE,)
R = 6oM(ZE, + g'N\Ey) = egMg(E; - AnqEy) - (42)
Py = 5oM(ZE, + g'N} Eo) = 2oMg(E; - Ml Eo)

where Ang, =N, g'/g. These terms go in the differential equation (12) describing the

growth and decay of the various fields.
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To account for cavity effects, we write the electric field in the cavity as the sum of
a forward- and backward-traveling wave, which will then be subject to the boundary
conditions at the edges of the cavity. The polarization is also written with a forward and

backward component. Thus we have

Ejz)=yT; [A;.“(z)exp(ikoz)+ Aj'.(z)exp(—ikoz)]
Pi(2)= ij"(z)exp(ikoz) +P; (z)exp(-ikoz),

(43)

where I is the saturation intensity and k; is the wavenumber for the pump field. These
expressions are substituted into the wave equation (35), which is then simplified using the
slowly varying envelope approximation to give a set of linear differential equations. The

expressions for polarization (42) are also substituted, yielding

+
‘Mo_ il pt £ (1-if)gat

- 2ncg0J—_ 0

(44)

T ogmyx o 10l pr T ool 4t~ Angat 45
&z 1 2""50\/Z 1 2( ’ﬁ)g( 1 QA()) (45)

dA mQ + iogl’ F *
—2 i O i_ ~if)g\ 4 - An AT 46
& ¢ 2 2nceyyl, B 'B)g( 2 Q o) (46)
These look deceptively simple. The gain coefficient § depends on the fields and
therefore on z, and Ang, depends on the fields and z through Q. But if the pump is much
stronger than the probe or conjugate, g will depend only on the pump field and so
equation (44) is independent of probe and conjugate. It was solved using the piecewise

constant inversion population (PCIP) approximation (Middlemast, 1991; Yee, 1994a),

which breaks the gain region into chunks in which the gain is assumed constant. For a
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VCSEL with quantum well gain, this is obviously a good assumption! First the gain and
field were set to guessed values. This gain was put into equation (44), which was
integrated piecewise along the cavity in the positive direction to calculate the forward
field. This new forward field was used to saturate the gain and the boundary condition set
the value of the backward wave at z=L. Then equation (44) was integrated in the
backward direction. The new backward field was then used to calculate a new saturated
gain, and the forward field was set by the boundary condition at z=0. This iteration
continued until the fields and the gain were self-consistent.

Once the pump field and gain were calculated, the probe and conjugate fields could
be calculated from equations (45) and (46). The fields are broken into a forward and
backward wave amplitudes for both the probe and conjugate. Since the amplitudes are
complex, there are a total of eight quantities to be calculated. The system of eight coupled
linear differential equations with four boundary conditions on each end is then solved
using a standard finite difference approach. The in€)/c terms in equations (44) and (45)
represent the Ak phase mismatch between the probe and conjugate. For VCSELSs they
have little effect until Q is near the VCSEL mode spacing, a few THz.

The boundary conditions are simply that the forward and backward electric fields

at a mirror are related by the mirror reflectivity. This is easily written as

Ef(0)=\1-R Ey; + R E; (0) 47)
E;(L)= J- RZE;.’(L) (48)

where R; is the reflection coefficient for the ith mirror and E;y; is the injected probe field
and is set to zero when j=2. Using the notation introduced in equation (43), the boundary

conditions can be written for the complex amplitudes (4 ;) as
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A7) = 1-Ry Ay + Ry 47 (0) (49)

A5 (Lyexp(-iL) = 1= Ry 4} (L)exp(ixL) (50)

where « is the wave number of the pump field in the cavity. Once these boundary

conditions are met, the reflected fields are calculated from the relations

IJI—RlAf(O)- RlAinjiz

P =| 4y (51)
2
,/I—R A5 (0
R, = ———ALLQ (52)
inj

The original model assumed the pump field was the self-generated lasing field.
This allowed the boundary conditions for the pump field to be very simple: a round trip
produced an amplitude gain of unity and a phase delay equal to a multiple of 2. Put more

directly, the self-generated lasing field obeys
L , L
JRRy exp| [ (8(2)- @tass)dtz |exp| i| 21~ [ Be(2dz |[=1  (53)

where ¢, introduces field losses other than the mirrors and active region absorption,
such as scattering losses. When a pump field is injected, the amplitude can still be solved
self-consistently using the PCIP method, but equation (53) is not correct.

The model was modified to show this, and to allow injection of the pump field at a
frequency different than the solitary laser mode. The objective was to find an expression

for 2L to use in boundary condition (50). For the solitary laser, the phase obeys

24~ | OL Bgo(2)dz = m2r+ 0= dy, (54)
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where go(z) is the gain with no injected pump and ¢, represents the phase for the solitary
cavity mode. When the pump is injected, it either creates a field if the laser was below

threshold or locks the field if the laser was above threshold. The phase now obeys
L
20~ [ R (z)dz = ¢ (55)

where g(z) is the gain saturated by the injected pump field. The wave number (x) in

boundary equation (50) now obeys
exp(i2KL) = exp[i(m2n+ o+ I:ﬂgo(z)dz)] = exp[i(9+ I()L,Bgo(z)dz):l (56)

and so does not depend on the injected pump. However, if we want to know the
difference in phase between the solitary laser mode and the cavity mode after gain has

been saturated by a strong pump, it is simply
L
Ap= [ [g(z)- go(2)]ez (57)

which may be useful for comparison to other researchers looking at injection locking.
(Simpson, 1995b; Petitbon, 1988; H. Li, 1996)

The FORTRAN computer program implementing this model is in Appendix A.
This program was validated in two ways. First, output from the model was compared to
results published by Yee and Shore in their original artible (Yee, 1994). Figure 13 shows
results from the model as written in Appendix A. Figure 14 shows the same calculation as
published by Yee and Shore in their article. The two results agree very well. Model

results were compared to other cases in the same article and agreed very well.
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Figure 13. Calculated Probe and Conjugate Transmittivity vs. Pump-Probe Detuning for
Various Lifetimes. (a) shows probe and (b) shows conjugate.
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Various Lifetimes. (a) shows probe and (b) shows conjugate.

Second, the model was tested by contriving a test case with an analytic solution.

To obtain an analytic solution, the differential equations (44-46) must have coefficients

independent of z. Since the coefficients depend on z through the pump fields and
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saturated gain, we seek a case with constant pump fields. For a laser cavity with highly
reflective mirrors, the self-generated pump infensity is nearly constant throughout the
cavity. By setting the linewidth enhancement factor (f) to zero, the phase change is
eliminated and so the pump field is also constant. With nearly constant field, the pump
fields can be found merely by noting that in an operating laser, gain equals loss. With the
constant pump field established, the differential equations for the probe and conjugate
fields can be solved analytically. The analytic solution is described in detail in Appendix
B, by use of a MathCad 5.0+® worksheet. The numerical model results and analytic
solution are nearly identical for the test case, as shown in Figure 15.

Further validation of the model by comparison to experiment was demonstrated by
Yee and Shore in their article. (Yee, 1994a) Typical experimentally-measured features of
probe and conjugate reflectivity are: a peak at the relaxation oscillation frequency which is
proportional to pump power, an exponential decrease with pump-probe detuning, probe
spectral asymmetry, and a dramatic enhancement when pump-probe detuning equals cavity
mode spacing. All these features are shown in the asymmetric cavity model, unlike earlier
variants on the Agrawal population pulsation model.

These three levels of validation boost confidence in the ability of the asymmetric
cavity model to describe FWM in self-pumped semiconductor lasers. The ability of the
modified model to handle a wider variety of cases (externally generated pump and below

threshold operation) will be shown in the discussion of results.
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Figure 15. Probe and Conjugate Field Intensity in a Cavity. Results of the asymmetric
cavity model are shown as points, while the analytic solutions are shown as lines.

3.2.2. Lumped Oscillator Model

Another modeling approach was developed by Simpson and Liu in a series of
articles investigating nonlinear dynamics in semiconductor lasers. (Simpson, 1991,
Simpson, 1995a/b; Simpsbn, 19962, Liu, 1993, Liu, 1994) Although not as applicable to
these experiments as the model of Yee and Shore, it has the advantage of a simple closed
form solution. In one particular article (Simpson, 1996a) they adapt their model to a

VCSEL with a strong injection locking pump wave, which is one part of the regime
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studied in this dissertation. Their model is a time domain model, lumping all the spatial
variation of the fields into one big average. For short cavity VCSELS, this is a very good
assumption, and the model can explain much of the dynamics. However, it does not lend
itself to the investigation of cavity balancing or behavior significantly below threshold.
(Simpson, 1996b)

The lumped oscillator model assumes the VCSEL can be described by the average
of the electric field amplitude in the cavity. The interaction between the gain medium and
the electric field is then described by two differential equations.

a

2 Lo fri(op - 004+ (- iB)gA+ WA+ 46™Y)  (58)

an _J N_2:;0n2

2
. A 59
da ed Vs hoy g| l (59)

where A represents the total complex field amplitude in the cavity at the locked frequency
wy. The bare cavity frequency is @,, 7, is the cavity decay rate in sec’, T is the field
confinement factor, B is the linewidth enhancement factor, g is the gain coefficient in sec1,
Ay is the amplitude of the injection locking (pump) signal and 4,;,,; is the weak probe signal
at w;+€). The coupling rate 7 is the fraction of injected signal that makes it into the
cavity times the round trip time in the cavity. (van Tartwijk, 1995) The carrier density is
N, J is the injection current density, e is the electronic charge, d is the active region layer
thickness, ¥, is the spontaneous carrier decay rate and the inverse of carrier lifetime (7°1),
and » is the refractive index of the gain medium.

The solutions for A and N are assumed to be the steady state solutions with small
fluctuations at the frequency Q, and the gain dependence on field and carrier density is
assumed to be small and linearized about the operating point. These assumptions are

written as
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A= Ap+ A,e7 Y + 48
N=N+ Nle-'nt + N;e'nt

VS x| -7 4 s (60)
N.S)=gNS+2] v S
0= WSl V-Ti (5=

= g0+ 8N - N}+g,(S-9)

with 4 ; the amplified probe, 4, the four-wave mixing conjugate signal, 4 the locked
steady state field, S the photon number (properly normalized intensity |4|2), and the rest of
the quantities defined as shown in equation (60). |

First the equations are solved in steady state, with no injected probe, for both the
bare laser and the locked laser. With no injection locking signal, this is a simple matter.
With the injection locking signal, an additional equation relating the phase, frequency, and
amplitude of the locking signal and locked signal must be introduced.

oy -wy=p612-pU+V

U= 7)|A1 /ALICOS¢L (61)
V =14 | Ag|sin ¢

where &=y, —I'g, the gain deficit of the free running laser before injection and ¢; is the
relative phase of the free running and locked fields. If the laser is above threshold before
injection, 5=0. By solving the equations with and without the injected term, the
relationship between the injection field (4;), bare laser field (4,), and locked field (4;) can
be derived. In general, this involved a third order polynomial which was solved
numerically. A plot of |4;|2 as a function of |42 and |4,2 for typical values of the other
parameters is shown in Figure 16.

Once the steady state solution was found, the dynamic solution can be obtained.
The full dynamic expressions for N and A4 are substituted into equations (58) and (59), and
using orthogonality of the complex exponentials, terms oscillating at +Q and -Q are

grouped separately and the equations solved. Terms oscillating at higher multiples of )
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are ignored, as are terms involving higher order products of N}, 4;, or A,, which are

small compared to the steady state values N and 4;.
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Figure 16. Injected Locked Field Intensity vs. Free Running Intensity and Injected Field
Intensity.

After considerable algebra, expressions for R, and R, can be written in terms of

the defined parameters and two new parameters,

2n280

YL = |AL|28n
B (62)
2
YpL =~ :a)io |AL|2rgp

which are just scaled versions of the derivatives of gain with respect to carriers and

photons at the operating point. The expressions are
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2

R, = %{( Vs + ¥t —iQU - i(Q-V)|+ L0 +iBN7erns + 757 p1 ~ 207t - 07,1}
(63)
2
R = B";{%(l B rerms + 757 pt = 2rns +i€ 1)} (64)
where

D= (7, + yur (U =10NU + 7 ~1Q)+ V(¥ + By i )|+ (U + 8V V1o =2V = 11 )1

These have the merit of being closed-form solutions that efficiently show the detuning
dependence of R; and R, It is for this purpose that the model was used.

Both models suffer from one fundamental assumption which is probably good for
lasers above threshold but not below threshold. The assumption is that £, the linewidth
enhancement factor, is a constant. This "constant" is defined by the relative rates of
change with carrier density of the real and imaginary parts of the susceptibility (see
equation (17)) and typically has values of 2-6 in the experimental literature for lasers
above threshold. But as pointed out in the definitive document on the linewidth
enhancement factor (Osinski, 1987), for low carrier densities one can achieve #=0. In
fact, B depends heavily on carrier density and optical energy relative to bandgap. This
variation is not a problem in lasers above threshold, where carrier density is essentially
clamped at the threshold value by the strong field, regardless of injection current. But in
experiments below threshold with a wide variety of currents and injected powers, S is
almost surely not a constant. Nevertheless, without good data for f, it's probably better to

treat it as constant than try to guess a functional form.
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4. Results and Analysis

The experiments were performed on two different types of devices: VCSELs and
RCLEDs. The two device types were very similar, operating with peak emission between
840 and 850 nm, using GaAs quantum wells as a gain medium and different Al,Ga;_(As
layers to make the mirrors and buffers. A RCLED is simply a VCSEL with fewer DBR
layers on the mirrors, making them less reflective. The mirror losses are greater than the
gain, so a RCLED never lases. But it emits highly enhanced, spectrally narrow
spontaneous emission, and is usually cheaper and easier to grow than a VCSEL. In the
context of this work, the RCLED is a highly unbalanced cavity. Since R;<R,, it takes

absorption (negative gain) to balance the cavity, which occurs at zero or low current.

4.1. RCLED Results

4.1.1. Device Information

Before describing the results of four-wave mixing experiments, some basic
description of the device is necessary. The resonant cavity light emitting diode (RCLED)
used in this experiment was designed at AFIT and grown and fabricated at the University
of New Mexico (UNM) in 1994 for another AFIT student, and his thesis contains a
complete description of the device design. (Fitzgerald, 1994) The cavity has a lower
mirror consisting of 38.5 pairs of graded quarter wave layers of AlAs and Alj ;5Gag gsAs,
giving a calculated reflectivity of about 0.98. The top mirror has 6 pairs of quarter wave
layers with a calculated reflectivity of about 0.8. The central region contains 4 GaAs
quantum wells, 8 nm wide, separated by 10 nm buffer layers of Alj ;5Gag gsAs centered
in the optical cavity. The region between the wells and mirrors is linearly graded in index
to reduce ohmic heating, as are the interfaces between mirror layers. Table 2 records the

growth layers in the RCLED.
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Table 2. Growth Layer Description for UNM RCLED.

Layer Composition Doping | Thickness | Function
(cm-3) | (nm)

GaAs p~1019 200 Cap Layer

Aly 15Gag g5As p~1018 498 Mirror High Index "

Al,Ga;.(As (x=0.1521.0) [p~1018 |12.0 Graded Index 3
S [ AlAs p~1018 1586 Mirror Low Index g
-§ Al Ga;  As (x=1.020.15) |p~1018 |12.0 Graded Index 3
2 Aly 15Gag gsAs p~1018 |498 Mirror High Index -
=~ | Al,Ga;_,As (x=0.1521.0) |{p~10!1% [12.0 Graded Index

AlAs p~1018 | 586 Mirror Low Index "

Al,Ga;_ As (x=1.0=0.15) | undoped | 85.8 Graded Index _5
> LAl «Gag gsAs undoped | 10.0 Buffer } §
S | GaAs undoped | 8.0 Quantum Well E‘
O [ Al 15Gag g5As undoped | 10.0 Buffer <

Al,Ga;_ As (x=0.15=1.0) | undoped | 85.8 Graded Index
5 | AlAs n~1018 | 586 Mirror Low Index @
E | AlLGa;. As (x=1.020.15) |n~1018 [12.0 Graded Index 2
2 [ Aly 15Gag gsAs n~1018 (4938 Mirror High Index 'ié_
£ [ALGay. As (x=0.1521.0) [n~1018 |12.0 Graded Index kS
g AlAs n~1018 1586 Mirror Low Index %

Al Ga;_(As (x=1.020.15) |{n~1018 | 14.0 Graded Index

GaAs n~10!% |500.0 Smoothing Layer

The devices are defined by gold contacts on the top mirror measuring 180 zm x 90
um, with a circular aperture to allow light out. Aperture diameter ranged from 5 ym to
50 ym. There was no mesa etching of these devices. The RCLEDs were designed to
operate at 842 nm, with quantum well band edge at about 860 nm. The operating

wavelengths of the devices ranged from 839 nm to 846 nm, due to nonuniform layer
| thickness across the wafer.

Spectral reflectivity was measured using both a broadband white light and a
tunable diode laser. The white light was focused onto the sample and the reflected signal

sent to the spectrometer/OMA. The tunable diode was simply tuned to a number of
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wavelengths and reflectivity measured with a power meter. The results are shown in
Figure 17. Both show a broad, deep dip in the reflectivity at the cavity mode. The
discrepancy in the wavelength at which the minimum occurs is due to the white light being
focused onto the surface at a wide variety of angles (0° to 15°). For each angle, a
different wavelength is resonant, with shorter wavelengths for larger angles. Thus, the
minimum measured by the white light is shifted to shorter wavelengths than the

measurement by the narrow (spectrally and spatially) tunable laser.

Reflectivity
o
W
1

White Light/OMA
74— Tunable Laser

834 836 838 840 842 844 846 848
Wavelength (nm)

Figure 17. Spectral Reflectivity of RCLED.

Because the cavity has only a single mode in the spectral width o'f the gain
material, there is considerable narrowing of the spontaneous emission into the cavity
mode. But the cavity has fairly low finesse, making the cavity mode spectrally broad
compared to most cavities. Figure 18 shows a typical spectral output of the RCLED, with
a spectral full width at half maximum of about 5 nm. That is narrow compared to a

conventional LED but broad compared to a laser. Note the spectral mismatch in Figure
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18a between the peak of the emission and the dip in the reflectivity as measured by the
tunable diode laser, for the same reason as Figure 17. Figure 18b shows as current
increases, the spontaneous emission shifts to slightly shorter wavelengths at 50 mA,
probably due to the blue shift of band edge with carrier density or the negative shift in
index with carrier density. (Park, 1988) With higher current the peak shifts to longer
wavelengths as the device heats up, which increases both index and cavity length. Beyond
150 mA, the total emission stops increasing as heat decreases the efficiency of emission.
The total optical power out of the RCLED varies linearly with the current at low
currents. Figure 19 shows a typical plot of optical power versus current into the device.
Note that since the light aperture is a small fraction of the total device, and there is no
carrier confinement so current flows through the whole device, the currents are quite high

to achieve modest output powers. These devices were built for science, not efficiency.

4.1.2. Pump-Probe Detuning

The conjugate reflectivity (R,) as a function of pump-probe detuning should
depend on the speed of mechanisms involved in the FWM. Since this type of FWM relies
on interband transitions of the carriers, one would think carrier lifetime would determine
the frequency/speed characteristics of FWM. Results showed that carrier lifetime is only a
part of the process.

Predictions from the asymmetric cavity model show a decay of R, with detuning
which depends on the pump power. Figure 20a shows the model predictions for a carrier
lifetime of 1 ns. Exponential curves are fit to the model predictions as a simple way to
describe the decay behavior. There is no physical reason to choose an exponential over
other forms of decay; it's just a simple descriptive tool. For low pump powers, the decay
is faster than an exponential. As power increases, the decay looks more like an
exponential but with a changing slope. Figure 20b shows the decay coefficients of the

fitted exponentials as a function of pump power.
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Figure 18. Spectral Measurement of Light from a RCLED. Plot (a) shows spontaneous
emission and spectral reflectivity (measured with tunable laser) of the RCLED at 50 mA.
Plot (b) shows spontaneous emission for a variety of currents.
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Figure 19. Light vs. Current for RCLED.

Experimental results show similar decay, depicted in Figure 21 for a variety of
pump powers. The decay looks more nearly exponential than the model predictions,
particularly at low pump powers.

The dependence of FWM decay rate (as estimated by the exponential decay
coefficient) on pump power is shown in Figure 22. The decay coefficients are around 1
ns. But the coefficients increase with increasing pump power, the opposite to the model
predictions.

The rough correlation of decay rates (1 ns) shown by model and experiment is very
encouraging. The difference between model and experiment in predicting the depéndence
on pump power is a curious trend. The discrepancy may be due to the rate equation
approximation used in the model. Equation (18) models the carrier decay as a simple N/z
dependence. Carrier recombination is due to a variety of mechanisms, radiative and non-

radiative, which in general do not depend linearly on N. (Chow, 1994: 29) This
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approximation is probably good for a laser above threshold with very high carrier

densities, where the conduction band is quite full and the carrier density saturates at the

point where gain equals loss, reducing the amount of variation in N. At low carrier

densities, the nonlinear dependence of lifetime on carrier density is more pronounced, and

may account for the mismatch between experiment and model.
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Figure 20. Model Predictions of Conjugate Reflectivity vs. Pump-Probe Detuning for
Various Pump Powers. Part (a) shows the model predictions and part (b) shows the decay
coefficients of exponential fits to the pump power data. Injection current is 0.
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Figure 21. Measured Conjugate Reflectivity in RCLED vs. Pump-Probe Detuning for
Various Pump Powers. The markers show experimental data, and lines are exponential fits
to the data. Injection current is 0.
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Figure 22. Decay Coefficient vs. Pump Power.

In addition, parameters other than carrier lifetime clearly play a role. The model
was run with a variety of carrier lifetimes. While the FWM decay coefficient (as estimated
by an exponential fit) did increase with carrier lifetime, it was not a simple linear

relationship.

4.1.3. Pump Power and Bias Current

The dependence of R, on pump power and bias current is the most complex issue
in the study of FWM in RCLEDs. The effects of pump and current are interrelated. Both
are sources of carriers, though very different sources. Before discussing specific RCLED
results, some general trends of FWM with bias current will be discussed.

Results of model calculations for three hypothetical devices are shown in Figure
23. The three devices differ only in their mirrors. The product RyR,=0.72 is the same for
all three, but the balance of the two mirrors is different. The current density (J) is
normalized to the transparency current density (Jy). In all three cases R, is minimum at
the transparency point (J/Jy=1) because if gain is zero, y is also zero and no mixing

occurs. For negative gain (J/Jy<1) R, has a local maximum, while for positive gain
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Figure 23. Calculated Pump, Probe, and Conjugate Reflectivities vs. Bias Current for
Three Hypothetical Cavities. Part (a) is for R;=0.8, R,=0.9, (b) is for R;=0.9, R,=0.8, (c)
is for R;=0.85, R,=0.85. Pump power is 0.1 of saturation power.

(JlJp>1), R, simply increases with current. The local maximum in the negative gain
(absorption) region is due to trade-off between wanting large absorption to maximize the
value of |y] for creating a conjugate wave, and the drawback that with large absorption the
conjugate wave (and all other waves) will be re-absorbed. For positive gain, there is no
trade-off: the more gain the better. Note that R, and R behave differently than R, and
have minima at the cavity balance point, not the transparency point. The balance point is

at negative gain for case (a) and positive gain for case (b) earlier. In case (c) with two
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equal mirrors, the balance point and transparency point coincide. These general trends are
useful when analyzing measurements from a real device.

Returning to the RCLED, the asymmetric model predictions for conjugate
reflectivity as a function of pump power and current are shown in Figure 24. Parts (a) and
(b) show the same data plotted two different ways for clarity. The pump power (P) is
normalized to the saturation power (P,,,). The region with negative gain (J/Jy<1) has a
local maximum for R, and the current at which the maximum occurs moves lower as pump
power increases. The shift of the maximum is because higher pump powers saturate the
negative gain, and to achieve the same saturated negative gain the initial negative gain
must be larger in magnitude, which means less current. As current increases, gain moves
to the transparency point and R, goes down, reaching zero at the point where gain is zero.
The model also predicts that at large pump powers, R, is reduced by saturation of the
gain/absorption.

The experimentally measured power and current dependence of R,, is shown in
Figure 25. In most respects, it matches the model predictions very closely. For lower
pump powers, there is an optimum current for which R, is a maximum. As pump power
increases, the optimum current decreases all the way to zero, and with further increase of
pump power, R, decreases due to saturation. As the current becomes large enough to
move the absorption toward zero, R, goes to zero.

There is one difference between the model and experiment. The model predicts
that when current increases beyond transparency, R, should increase again, as shown in
Figure 23. The experimental data shows no increase. In fact, attempts were made to
measure R, at currents as high as 200 mA without success.

To explain this mismatch, the gain of the cavity was probed through a series of
reflectivity (R) measurements. This is an indirect and imprecise way to measure gain, but
the only way available. The reflectivity at mode center is the quantity of interest, so a

single laser was injected and the reflectivity measured. The total R depends on the
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Figure 24. Model Predictions of R, vs. Current for Different Pump Powers. Plot (a)
shows current on the horizontal axis, and plot (b) shows the same data with pump power

on the horizontal axis.
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Figure 25. Conjugate Reflectivity vs. Pump Power and Injection Current. Plot (a) shows
current on the horizontal axis, and plot (b) shows same data with pump power on the
horizontal axis. '
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reflectivity of the two mirrors and value of gain/absorption, as shown in equation (22). In
turn, the gain depends on current and the injected field, which can saturate the gain.

Model predictions of this reflectivity are shown in Figure 26 for the same ranges of
current and pump power as the R, data. The reflectivity reaches a minimum at the cavity
balance point. This point moves with pump power because of gain saturation by the pump
field. For high pump powers, the absorption is reduced and the balance point moves to a
lower current, representing a larger unsaturated absorption. As current moves the
absorption toward transparency, all the pump powers see the same value of reflectivity,
about 0.8. Pump power becomes unimportant because a gain of zero cannot be saturated,
regardless of pump power.

Experimentally, the pump laser was tuned to the mode center and used for a series

of reflectivity measurements with varying pump power and current injection. As current

increased the device heated, shifting the cavity resonance to longer wavelengths. Careful
analysis showed that the center wavelength of the spontaneous emission was a good
indicator of temperature in the cavity's active region, so as current increased the center
wavelength, the thermoelectric cooler was adjusted to cool the sample until the center
wavelength was back to the original wavelength. In this way, the measurements at
different currents should all be for the same cavity temperature and the same absolute

wavelength. The results are in Figure 27.
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Figure 26. Model of RCLED Reflectivity vs. Current and Injected Power. Plot (a) shows
current on the horizontal axis, and plot (b) shows the same data with pump power on the
horizontal axis.
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Figure 27. Measured Mode-Center Reflectivity of RCLED vs. Current and Pump Power.
Plot (a) shows current on the horizontal axis, and plot (b) shows the same data with pump
power on the horizontal axis. Cavity temperature was maintained at T=23°C.
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The experimental results and model match in many fundamental ways. The current
producing minimum reflectivity (cavity balance point) moves to smaller currents as the
injected power increases, just as the model predicts. The experimental minimum
reflectivity is about 0.2, not zero. There are a number of possible reasons for this. First,
the cavity is not perfect. Scattering can occur from the top surface of the device as well as
defects within the multi-layered growth. Unlike the model assumption, the injected beam
is not a perfect plane wave, but a focused Gaussian beam. A fraction of the field may not
be well coupled to the cavity and get reflected. The carriers are not injected uniformly in
the RCLED aperture, either, and so different parts of the beam may see different carrier
densities and therefore, different gain. One could describe all these effects and other under
the umbrella term of mode-matching. In short, the model assumes perfect mode-
matching, which is impossible to achieve in these experiments.

Still, these measurements of R and R, move together as the model predicts. As
current increases, R->0.8 and R0, as predicted if the gain/absorption is approaching
zero. Experimentally, this point was never reached. The fact that the same pattern occurs
as pump power increases, saturating the absorption, adds more credence to the theory.
The biggest question is why increasing the current doesn't move the quantum wells past
the transparency point. The answer is in the size of the RCLED. A quick calculation
shows if one assumes a transparency carrier density of 2x1018 ¢cm-3 and a carrier lifetime
of 2 ns, and no additional carrier losses, the current to produce transparency is 83 mA!
Attempts were made to do four-wave mixing with currents as high as 200 mA, with no
sign of a conjugate signal. All the data indicates the quantum well gain never increases to
positive values large enough to produce a measurable conjugate signal.

Full spectral reflectivities were measured as the RCLED current was increased to
further check for transition to gain. The measurements are shown in Figure 28. A clear

indicator of gain would be an on-resonance reflectivity greater than 1. A weaker indicator
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would be an on-resonance reflectivity greater than 0.8, the calculated reflectivity when the

quantufn wells are transparent. There is no indication of gain, even at 200 mA.
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Figure 28. Measured Spectral Reflectivity of RCLED vs. Current. No temperature
compensation is made for these measurements, so the reflectivity spectrum red-shifts.

Another bothersome issue is the presence of RCLED spontaneous emission at
currents as low as 10 mA, yet the claim is that positive gain is never achieved. Actually,
this is not too surprising, once one gets used to the current scale being so high. It is
certainly possible to have spontaneous emission with negative gain material. Figure 29,
generated from Fitzgerald's model of a quantum well, shows that spontaneous emission is

produced before gain is achieved.
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Figure 29. Spontaneous Emission and Spectral Gain for a GaAs Quantum Well. Plot (a)
shows spontaneous emission and plot (b) shows spectral gain.

In the end, the experimental results match reasonably well to the model
predictions. Experimental limitations prevented a complete mapping of the current/pump
power space, but when experiment and model were compared, there was good qualitative
agreement. Most importantly, the key features show up in both model and experiment: a
minimum in R when the cavity is balanced, a maximum in R, at the right combination of
pump power and current, and a convergence of both R and R, to the right values (0.8 and

0) as the transparency point was approached.
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4.1.4. Probe Beam QOffset

In order to investigate whether non-collinear FWM was feasible in short cavities,
the probe was offset spatially relative to the pump. The technique used was similar to that
used by Awaji. (Awaji, 1993) An optical flat was inserted into the probe beam before it
combined with the pump. The result was a probe beam parallel to, but slightly offset from

the pump beam. See Figure 30 for a demonstration of the technique.

Beam Splitter/

Joiner
f—s—>

Pump Beam

Undeviated
Probe

Probe Beam

Optical
Flat

Figure 30. Optical Flat Creating Parallel Offset Beams.

When these parallel beams enter the focusing lens for the VCSEL, they are focused
to the same spot, but at different angles. According to phase conjugate theory, the
conjugate beam should rétrace the path of the injected probe beam, while the
conventionally reflected probe should come out on the opposite side of the pump. As the

offset d increases, the angle between the pump and probe increases as &= tan™ (d/ 1),

where fis the focal length of the lens (14.5 mm). See Figure 31 for a diagram of this idea.
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Figure 31. Angular Discrimination of Conjugate Beam Through a Lens.

The strength of the conjugate signal was measured on the FPI as the probe offset

was changed. Conjugate reflectivity decreased with increasing angle, as shown in Figure

32. Beyond a few degrees, the conjugate signal was no longer detectable. The rate of

decrease of R, with angle is much less than claimed by Awaji, who fit an exponential

decrease with angle to his data.

To spatially discriminate the conjugate from the pump and probe, the probe was

offset enough to see a spot on the camera distinct from the bright pump beam, while still

producing a conjugate field on the FPI. A razor blade was used to block the

conventionally reflected probe and the pump, leaving only the conjugate signal.

Unfortunately, the pump and probe were bright enough that their diffraction off the razor

edge was brighter than the conjugate beam, preventing a direct observation of the

conjugate beam.
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Figure 32. Conjugate Reflectivity vs. Pump-Probe Angle. Squares indicate RCLED data;
dotted line are results from Awaji. Data are self-normalized. At 8=0, R.~0.01 for
RCLED and R ~50 for Awaji.

Since the camera was not able to discern a spatially separate conjugate beam, an
alternate method was used. The razor blade was placed in front of the FPI and scanned
across it. The relative strengths of the three fields were measured on the FPI as the blade
moved, giving an idea of the location of the beams. The results are shown in Figure 33.
The conjugate is clearly spatially discriminated from the pump, and is located opposite to
the conventionally reflected probe. This is the first reported spatial separation of a
conjugate wave in a vertical cavity device.

Retracing of the probe input path by the conjugate wave is a strong indicator that
true phase front conjugation is occurring. This implies these devices could actually be
used to correct mild aberrations on probe beams. Unfortunately, the inability to image the
conjugate beam prevents checking for phase conjugation by the usual means of aberration

correction.
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Figure 33. Spatial Separation of Conjugate from Pump and Probe. Experimental
measurements are shown as points. The lines are a fit of the data to the theoretical
function for a sharp edge scanning across a Gaussian beam. Injection current was zero,
pump-probe detuning was 350 MHz, and pump power was about 12 mW.

4.2. VCSEL Results
To complement the investigation of FWM in the RCLED, similar experiments

were performed in a VCSEL strongly resembling the RCLED.

4.2.1. Device Information
The VCSEL was also grown by UNM for other purposes, and generously donated
for use in this experiment. Its design is very similar to the RCLED, except for the

additional layers in the top mirror. Details are in Table 3.
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Table 3. Growth Layer Description for UNM VCSEL.

Layer Composition Doping | Depth | Function
(cm3) | (nm)

GaAs p~101% |40.0 | CapLayer

Aly 15Gag g5As p~1018 |498 | Mirror High Index @

Al Ga; . As (x=0.1521.0) | p~101® | 12.0 | Graded Index S
5 | AlAs p~1018 | 586 | Mirror Low Index S
E [ALGa; As (x=1.020.15) |p~1018 [12.0 | Graded Index § ;
E. Alg 15Gag g5As p~1018 1498 | Mirror High Index %
S | ALGa).(As (x=0.1521.0) p~1018 1120 | Graded Index

AlAs p~1018 1586 | Mirror Low Index "

Al,Ga;_,As (x=1.0=0.15) |undoped | 87.9 | Graded Index .S
> [ Alp 15Gag g5As undoped | 10.0 | Buffer §
S | GaAs undoped | 8.0 | Quantum Well E
O | Alg 15Gag g5As undoped | 10.0 | Buffer <

Al,Ga;_ As (x=0.15=1.0) |undoped | 87.9 | Graded Index
5 | AlAs n~1018 | 586 | Mirror Low Index @
£ | AlGay As (x=1.090.15) | n~1018 [12.0 | Graded Index -2
2 | Aly 15Gag g5As n~1018 {498 | Mirror High Index 8
€ [AlL.Ga; As (x=0.1521.0) | n~1018 [12.0 | Graded Index &
2 | AlAs n~10!8 1586 |Mirror Low Index o
B "Al.Ga;_As (x=1.020.15) | n~1018 [ 140 | Graded Index

GaAs n~10!8 1500.0 | Smoothing Layer

Fabrication included a conventional ion implanted structure and metal contacts on
top and bottom. The top mirror reflectivity was calculated as 0.988 and the bottom mirror
reflectivity was 0.987. The threshold current is about 7-9 mA, depending on the particular
device, the temperature of operation, and one's definition of threshold. The wavelength of
operation is about 841-845 nm. Figure 34 shows a typical family of current/output power
curves. They show the laser with different threshold currents for different TEC

temperatures, as expected.
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Figure 34. Output Power vs. Current for UNM VCSEL.

The spontaneous emission from the VCSEL below threshold is shown in Figure 35
for a series of different currents. The emission is spectrally much narrower than the
RCLED because the cavity has a much higher finesse, reducing the spectral width of the
cavity mode. The spontaneous emission is spectrally asymmetric for simple geometric
reasons. The light emitted exactly normal to the VCSEL surface (6=0) comes out at a
certain wavelength (4;) matched to the cavity length. But light can be emitted at other
angles, too. As the angle increases, the mode of the cavity shifts to shorter wavelengths,
as demonstrated by measurements performed on the RCLEDs. (Fitzgerald, 1994) But the
larger the angle, the weaker the emission, especially out of the high finesse VCSEL. Since
the lens in front of the VCSEL collects light emitted at angles up to about 15°, the
spectrometer shows the strong 6=0 emission at the longest wavelength, with weaker off-
axis radiation at shorter wavelengths. One can also see at the highest current (6 mA) the

VCSEL about to start lasing, as the emission strengthens at the long 8=0 wavelength.

75




4
2510 T T T T T T T T T
210" | ]
1.510

110

Intensity (arbitrary units)

5000

0 _
839 8395 840 840.5 841 8415 842 8425 843 843.5 844
Wavelength (nm)

Figure 35. Spontaneous Emission From UNM VCSEL for Various Currents.

This shift with angle became important when tuning the injected signals to the
VCSEL's cavity mode when below threshold. Since there was no lasing from the VCSEL
itself, the VCSEL mode had to be discerned from the broad spontaneous emission. For
matching the VCSEL 6=0 cavity mode, the injected signals were placed on the long
wavelength side of the spontaneous emission, contrary to early intuition.

Fortunately, the tunable diode laser could be used to map out a spectral reflectivity
curve with great accuracy, allowing better determination of the cavity mode wavelength.
Figure 36 shows a series of these spectral reflectivity plots for a VCSEL at different
currents. As current increases, the cavity mode shifts first to shorter, then to longer
wavelengths. The reason for the initial shift is probably the GaAs quantum wells index
change with carrier density, which is negative just above band gap. (Park, 1988) The shift
to longer wavelength at higher currents is probably due to heating. Although the copper

block and VCSEL substrate were kept at a constant 26 °C, the current creates
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considerable local resistive heating in the device. The refractive index of AlGaAs
increases with temperature (Bagnell, 1995), making the optical length of the VCSEL

cavity increase, shifting the emission to longer wavelengths.
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Figure 36. Spectral Reflectivity of UNM VCSEL for Various Currents. Part (a) shows
low currents and part (b) shows high currents.

Also seen in Figure 36, the minimum of the reflectivity dip generally decreases
with current until about 4-5 mA and then increases with current. This behavior is

predicted by the simple Fabry-Perot cavity model with adjustable gain/loss in the cavity.
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(See Figure 8) As the current increases, the absorption is reduced and the cavity becomes
more nearly balanced. At the cavity balance point, reflectivity is a minimum, theoretically
zero. Then, after the absorption turns to gain, the reflectivity of the cavity mode is greater
than one. Note that the VCSEL is not lasing yet; there is optical gain in the quantum
wells, but the optical gain is less than the optical loss of the cavity until currents exceeds

threshold of about 8.5 mA.

4.2.2. Pump-Probe Detuning

Conjugate reflectivity should vary with detuning in the VCSEL much as it did in
the RCLED. Model predictions are shown in Figure 37. As with the RCLED, an
exponential fit can be made to the results. Both model results and exponential fit are
shown. The model predicts a curve that falls off faster than an exponential for small
detunings.

The conjugate reflectivity was measured in the VCSEL below threshold as a
function of pump-probe detuning. Figure 38 shows results for the VCSEL with no
current injection. The data differ from the exponential fit much as the model results did.

For the VCSEL around threshold, in addition to this decay in R, as detuning
increased, there was a peak in R, at detunings between 10 and 35 GHz. These peaks
occurred at values of Q that depended directly on the amount of pump power being
injected. By changing to the FPI with large free spectral range, one could clearly observe
the well documented asymmetric gain induced by strong pump power. (Simpson, 1995b;
Lowry, 1993) Figure 39 shows the spectrum of the VCSEL and pump with various
amounts of pump power. As the amount of pump power injected at the original VCSEL
frequency increases, the modified VCSEL mode moves to lower frequencies. The pump-
induced asymmetric gain has modified the refractive index of the quantum wells, shifting

the VCSEL mode resonance to smaller frequencies as the pump increases.
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Figure 37. Calculated Conjugate Reflectivity vs. Pump-Probe Detuning in VCSEL. Data
points show output from model, while the line shows an exponential fit to the data. Plot

(a) is a log plot, (b) is a linear plot. Current was 0 and pump power was 0.5 of saturation
power.
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Figure 38. Measured Conjugate Reflectivity vs. Pump-Probe Detuning. Data points show
measurements, while the line shows an exponential fit to the data. Plot (a) is a log plot, (b)
is a linear plot. Current was 0 and pump power was 12 mW.
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Figure 39. Spectrum of VCSEL with Injected Pump. The three modified peaks indicate
new VCSEL cavity modes causes by a power-dependent index change in the quantum

wells.

The detuning between the original VCSEL frequency and the modified frequency
is plotted versus injected pump power in Figure 40. For the case examined, the
relationship was fairly linear. Then, for the same pump powers, a measurement of FWM
was made and the value of Q when R_. reached its peak (call it Qz) was noted. The
frequencies were identical, confirming the link between the theory of gain modification by
coherent transfer of energy (CTE) in semiconductors (Lowry, 1993) and the relaxation
oscillations in a lumped oscillator modified by injection locking (Simpson, 1995). While
CTE predicts that the relationship between detuning and injected power is always linear,
the lumped oscillator model shows a large variability in the relationship, depending on

VCSEL power, pump power, and initial pump-VCSEL detuning.
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Figure 40. Detuned VCSEL and Qp vs. Injected Pump Power. The FPI mode spacing
was about 20 GHz, causing a gap in the detuning data at this point.

4.2.3. Pump Power and Bias Current

Model predictions for the VCSEL are much the same as for the RCLED. The
VCSEL definitely crosses the transparency point and attains gain, as shown in Figure 36.
The conjugate reflectivity and probe reflectivity are shown in Figure 41 as a function of
pump power for a few currents. As in the RCLED, the optimum point moves to lower
currents for higher powers, and vice versa. The probe reflectivity is included in Figure
41b to show correlation between a maximum in R, and a local minimum in R,

Experimental data for low currents, where the FWM was occurring in absorbing
quantum wells, is shown in Figure 42a. The results are very similar to the RCLED.
Compare to Figure 25b in the earlier section. The peak of R, moves with power and
current much as the model predicts. Also shown in Figure 42b is the probe reflectivity,
which has a minimum that tracks well with the maximum of the conjugate reflectivity.

The data in Figure 42 stop at 1.0 mA because the conjugate signal gets too small

to measure. As current is further increased beyond 1.0 mA, the conjugate becomes
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detectable again. Figure 43 shows the same data as the current changes in the 4-6 mA
region. Again, the point at which R, is maximum moves to lower pump power as current
increases. Note the pump powers are an order of magnitude lower than the data in Figure
42 and the values of R, are much higher, on the same order of magnitude as Ry, For
absorption, R is below Ry, for gain, they are approximately the same. Again, the

minimum in R, tracks the maximum of R, over most of the region.
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Figure 41. Calculated Probe and Conjugate Reflectivity vs. Pump Power for Various
Currents. Plot (a) shows conjugate and (b) shows probe.
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Figure 42. Measured Conjugate and Probe Reflectivity vs. Pump Power and Current.
Plot (a) shows R, and (b) shows R,,. Pump-probe detuning was {/2n=350 MHz.
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Figure 43. Conjugate and Probe Reflectivity vs. Pump Power for Various Currents. Plot
(a) shows R, and (b) shows Ry, Data were taken with a fixed pump-probe detuning of
Q=350 MHz. Indicated currents are in mA.

The trend for the peak in R, to move to lower powers with higher currents seems
to be a consistent one over a large range of current and power. From the disappearance of
FWM between 1 and 4 mA, it would seem that would correspond to the transparency

region. A simple calculation predicts that the transparency current is on the order of a few
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mA. Looking at Figure 36, it would seem the cavity balance point is around 4-5 mA,
where the reflectivity dips the lowest. Unfortunately, there is not a more precise way to
measure the gain vs. current or to more accurately determine the mirror reflectivities. The
mirror reflectivities calculated earlier show the two mirrors are nearly identical. But from
simple balanced cavity analysis, it seems the bottom mirror may be slightly less reflective
than the top, since the balance point seems to occur at higher current (and higher gain)

than transparency.

4.2.4. Pump-Cavity Detuning

For the VCSEL, detuning of the cavity mode from the pump frequency has a large
effect on the FWM. This was less true for the RCLED, since the cavity mode was many
nanometers wide. For the VCSEL, the cavity mode was no more than 0.2 nm wide. The
effects of detuning were investigated by slightly changing the TEC temperature and
measuring R, R, and R,,. Figure 44 shows the spectral reflectivity of the VCSEL
measured by the tunable diode laser at three temperatures, along with the wavelength of
the pump laser. The shape of the spectral reflectivity is strange and has not been
explained. It is neither a dip nor a peak, but one of each, in a dispersion-like curve.

The power of the pump was varied and the various reflectivities measured. Results
are shown in Figure 45. The pump power at which R, peaked changed radically with
temperature tuning, from 1 mW at T=31°C to 100 W at T=33°C. From the spectral
plot, it seems the cavity was best matched to the pump laser wavelength at T=33°C, where
the dip occurred. So one would expect for a pump laser wavelength of 842.8 nm, T=32°C
would provide the best cavity match.

Note the uncertainty of the data reported in Figure 45 is about 10-15%, except at
the lowest powers for each temperature. In these areas, uncertainty is large because there
is a bistability point in VCSEL reflectivity which affects all three reflectivities. Figure 46

shows the spectral reflectivity at T=33°C for various levels of pump power. At the
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highest power level, the reflectivity jumps radically. This jump occurs throughout the
operating regime of the VCSEL, and seems to be the temperature-based reflective
bistability investigated in VCSELSs at AFIT in earlier years. (Peters, K. M., 1994; Bagnell,
1995) Measurements of pump reflectivity vs. pump power showed identical results to
those reported by Peters for other VCSELSs; a clear bistable region that shifted to different

powers for different pump-VCSEL detunings.
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Figure 44. Spectral Reflectivity of VCSEL at 5.5 mA for Three Temperatures. The
wavelength of the pump laser for FWM experiment is shown at 842.86 nm.

The jump manifested itself in FWM data. A careful examination of Figure 45

shows the values for R, and R, jumping between two levels at low pump powers for each

of the three temperature data sets.
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Figure 45. Conjugate, Probe, and Pump Reflectivity vs. Pump Power and Temperature
Tuning. Plot (a) shows conjugate, (b) shows probe, and (c) shows pump. Pump-probe
detuning was 350 MHz and current was 5.5 mA.
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Figure 46. Spectral Reflectivity of VCSEL for Four Power Levels.

4.2.5. Probe Beam Offset

The dependence of R, on pump-probe angle was similar to the RCLED's. Results
of the measurement are shown in Figure 47, along with- the earlier RCLED angle data.
Despite the similarity of angle data to the RCLED results, the razor blade measurements
of the location of the conjugate beam showed very different results. As seen in Figure 48,
the conjugate beam appears to be collinear with the pump, or slightly smeared in the
direction opposite to the probe. Similar measurements were made many times for both
devices, and the results were consistent with what is reported here. The VCSEL seems to
be acting like a much stronger spatial filter than the RCLED, as predicted in the

background section.
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Figure 47. Conjugate Reflectivity vs. Pump-Probe Angle. Results are compared to the
RCLED data previous seen in Figure 32. Pump power was 12 mW, detuning was 350
MHz.
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Figure 48. Relative Intensity of Three Beams vs. Razor Blade Position. Experimental
measurements are shown as points. The lines are a fit of the data to the theoretical
function for a sharp edge scanning across a Gaussian beam.
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4.3. Additional Modeling Results

The good qualitative fit between model and experiment indicates the model has
captured the essential features of FWM in VCSELSs both below and above threshold. The
model will be used to explore a unique possibility in the use of these devices to do FWM:
discrimination of the conjugate from the pump and probe via cavity balancing.

The idea, proposed earlier, is simple: find a combination of mirror reflectivities
and active region gain/absorption that produces near-zero reflectivity for the pump and
probe fields, but non-zero reflectivity for the conjugate. This may seem impossible. After
all, conservation of energy requires that for every two pump photons annihilated, one
probe photon and one conjugate photon are created. So the probe field must be at least as
strong as the conjugate.

For example, if a single field is injected into a cavity mode at the cavity balance
point, the reflectivity is zero. This does not mean there is no field in the cavity, just that
the field in the cavity that comes out the top mirror exactly cancels the portion of the
injected field reflected from the top mirrors. This phase match creates the balance point.

When FWM occurs, the pump and probe may see R=0 at the balance point, when
their intra-cavity fields exactly cancel the reflection of the injected field from the top
mirror. But since the conjugate field has no injected component, the cancellation doesn't
occur.

Mathematically, this is represented in the asymmetric cavity model. Figure 23
showed three types of devices, and cases (a) and (b) both showed a possible operating
point where R was a minimum and R, was not. For case (b), where the balance point
occurred with positive gain, the value of R, was larger than in case (a). This is the key
optimization step: attain cavity balance when the active region is amplifying, not
absorbing. This will maximize the conjugate field. To do this, we need the top mirror to

be more reflective than the bottom mirror.
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The devices used in the experiments did not have this characteristic. The RCLED
had R;=0.8 and R,=0.98, which is similar to case (a). The VCSEL had two nearly equal
mirrors, Rj=R,=0.998, which is similar to case (c). There was no device similar to case
(b) with R{>R,, since the experiments used off-the-shelf, not customized, devices. A
logical follow-up effort would be to grow an optimum device similar to case (b).

The optimum design can be studied through modeling. Figure 49 shows the
various reflectivities for a cavity with R;=0.9 and R,=0.8 as a function of current for the
quantum wells modeled earlier. Results are calculated for three different values of . At
the balance point the pump reflectivity (R) drops below R, and R),.

However, R), does not generally fall below R,.. The reason is simple. In a cavity
without nonlinear mixing, the weak probe field would be balanced at the same point as the
pump field, and their reflectivities should be the same everywhere. With FWM occurring,
the probe field is amplified, as is the conjugate field. The extra probe photons unbalance
the probe field and result in R, >R and R, =R, at the balance point.

Pump power has a similarly strong effect on behavior at the balance point. Figure
50 shows a sequence of the same plots for various pump powers. For some pump powers
it is possible for R, to exceed Ry, but not at the cavity balance point.

Nonetheless, by operating at the balance point, we still get rid of most reflected
pump power, which is the major source of unwanted reflected photons. If angle
discrimination is used in conjunction with cavity balance techniques, it may offer a way to

select the conjugate beam and reject the unwanted pump and probe.
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Figure 49. Calculated Pump, Probe, and Conjugate Reflectivity vs. Current for Three

Values of Linewidth Enhancement Factor. Plot (a) is #=0, (b) is /=2, (c) is /~4. Pump
power was P=0.19P,,.
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Figure 50. Calculated Pump, Probe, and Conjugate Reflectivity vs. Current for Various

Pump Powers. Linewidth enhancement factor was /=4.
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5. Conclusions

Four-wave mixing in vertical cavity semiconductor devices operating below
threshold has been thoroughly explored. The effects of pump power, pump-probe
detuning, current and gain, probe injection angle, and cavity-pump detuning have been
investigated and agree qualitatively with results from a model based on asymmetric
cavities and carrier population pulsations.

Conjugate reflectivity decreased as pump-probe detuning increased. Measurable
FWM occurred for detunings up to 1-2 GHz in RCLEDs and VCSELSs below threshold.
In VCSELS near threshold, a peak in FWM occurred at large detunings ranging from 10-
30 GHz, depending on the pump power.

Conjugate reflectivity depended on pump power and current in a complex manner,
as predicted by modeling. Minimum conjugate reflectivity occurred at the quantum well
transparency current. Below the transparency current, when the quantum wells had
negative gain, certain pump power and current combinations produced a local maximum
of R,=0.01 for both RCLED and VCSEL. When the VCSEL quantum wells had positive
gain, R =1 was measured for certain combinations of current and pump power. This high
reflectivity in a device not optimized for FWM indicates that practical applications are
possible.

Noncollinear FWM was characterized for the first time in a vertical cavity device.
Conjugate reflectivity decreased with increasing pump-probe angle. Reasonable conjugate
reflectivities were obtained for pump-probe angles up to 10° in both VCSEL and RCLED.
Experiments with the RCLED showed the conjugate beam retraced the path of the input
probe. This indicates phase front conjugation, which can be used to correct aberrations on
optical signals.

Two new techniques have been demonstrated for discriminating a conjugate wave

from the strong pump and weaker probe. A geometrical technique based on injecting the
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probe beam at an angle to the pump beam worked in the low finesse RCLED but not in
the high finesse VCSEL. The cavity balance technique has been demonstrated in the
model and experiment. This technique maximizes conjugate reflectivity while minimizing
pump reflectivity, making it easier to discriminate the conjugate wave from the strong
pump wave. This is the first time such a technique has been reported, because it is a
unique feature of externally pumped active cavities.

There are a number of possibilities for future work. Vertical cavity devices
optimized for cavity balancing should be grown and tested experimentally. A variety of
devices with top mirror reflectivity larger than the bottom mirror reflectivity could be
grown to find the optimum combination. The asymmetric cavity model developed here
could be used to help design such devices.

The asymmetric cavity model could be improved in a number of ways. The biggest
improvement would be a better description of susceptibility (¥) for semiconductor
quantum wells. The use of a gain curve with constant linewidth enhancement factor () is
a simplification that works well for lasers above threshold, but not as well below
threshold. Additional theory and experiment to describe y as a function of carrier density

and pump power would make the model more accurate.
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Appendix A: FORTRAN Code for Asymmetric Cavity Model

PROGRAM FWMFDV
C***#******#*****************************#*#****#**#******#*****#*****
C This program solves the four-wave mixing problem in a semiconductor
C laser. The starting point are the first order differential equations
C from an article by Yee and Shore, "Nearly degenerate four-wave mixing
C in laser diodes with nonuniform longitudinal gain distribution,”

C JOSA B, vol. 11, no. 7, July 1994, p. 1221. The equation are 19,20,21. \
C Converting to the real and imaginary parts, we then solve for the ‘
C strong pump ficld using the PCIP approach mentioned in the article, 1
C and then solve for probe and conjugate using a finite difference

C approximation for the differential equations. This works as long as

C the equations are linear. If nonlinear (weak pump would cause this)

C then a relaxation approach to the finite difference equations can be

C used.
C****************************************************#******************

INTEGER M,ITER,N,NM

INTEGER V1,V2,V3,V4 V5

INTEGER OMEGAN,RATN,INJN,RIN,R2N

INTEGER SPUMP1,SPUMP2,SFIELD,SREFL,SSHOW,SLOG,SPHAS

PARAMETER (N=8,M=22 NM=176) '

DOUBLE PRECISION L,R1,R2,ALPHA NO,RAT,A,GAMMA BETA,PHASO,

+TAU,DEL,G0,OMEGA,C,INDEX x1,xr, PHASET,INTIN,PL,AIN, TOL

DOUBLE PRECISION MX(N,N,M),MR(NM,NM),AA(23,NM)

DOUBLE PRECISION X(NM),Y(N,M),B(NM)

DOUBLE PRECISION AORR(M),AORI(M), AOFR(M),AOFI(M)

DOUBLE PRECISION OMEGA1,0MEGAD,RAT1,RATD,INJ1,INJD

DOUBLE PRECISION R11,RID,R21,R2D

DOUBLE PRECISION Y1,Y2,Y3,Y4,Y5,Y6,Y7,Y8

DOUBLE PRECISION INJ

DOUBLE PRECISION KK0,KK1,KK2

DOUBLE PRECISION NBAR(M-1), GBAR(M-1)

¢ COMMON /parms/L, R1,R2, ALPHA,NO,RAT,A, GAMMA BETA PHASO,
¢ +TAU,DEL,G0,OMEGA,C,INDEX,xI,xr,PHASET,INTIN,PL AIN,TOL
COMMON /parms/ L,R1,R2, ALPHA,NO,RAT,A,GAMMA BETA PHASO,
+TAU,DEL,G0,0MEGA,C,INDEX, x],xr, PHASET,INTIN,PI AIN, TOL
COMMON /parmx/KK0,KK 1,KK2
COMMON /SWITCH/SPUMP1,SPUMP2,SFIELD,SREFL,SSHOW,SLOG,SPHAS

OPEN (UNIT=1,FILE="fwm.in', STATUS="UNKNOWN")
OPEN (UNIT=2,FILE="fwmfd.out',STATUS='NEW")
OPEN (UNIT=3,FILE="reflfd.out', STATUS='NEW")
OPEN (UNIT=4,FILE="pumpfd.out',STATUS='NEW")
OPEN (UNIT=6,FILE="reflfdp.out',STATUS="NEW")
OPEN (UNIT=7,FILE="reflfdi.out',STATUS='NEW")

CH*** Read parameter data from external file *****xkkkdkkrkkkskkkk
READ (1,17) ITER
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READ (1,18) L
READ (1,19) R11,RID,RIN
READ (1,19) R21,R2D,R2N
READ (1,18) ALPHA
READ (1,18) NO
READ (1,19) RATL,RATD,RATN
READ (1,18) A
READ (1,18) GAMMA
READ (1,18) BETA
READ (1,18) TAU
READ (1,18) INTIN
READ (1,18) TOL
READ (1,18) BTOL
READ (1,18) AIN
READ (1,19) OMEGA1,0MEGAD,OMEGAN
READ (1,19) INJ1,INJD,INJN
READ (1,17) SPUMP1
READ (1,17) SPUMP2
READ (1,17) SFIELD
READ (1,17) SREFL
READ (1,17) SSHOW
READ (1,17) SLOG
READ (1,17) SPHAS
READ (1,18) KKO
READ (1,18) KK1
READ (1,18) KK2

16 FORMAT (4(D9.3))

17 FORMAT (24X,15)

18 FORMAT (24X,D9.3)

19 FORMAT (24X,2(D10.4),15)

‘ CLOSE(1)

Creerrrrxx Set Universal ConStants *FE*sesssssiktkkdds*
C=2.9979D+10
P1=3.1415926D+00
INDEX=3.6D+00

NO = KK2*(KK1/KK0 - 1.0D0)
CH+**x+%Bepin the big Joop**FF# Kk Ekkkahbk Rk kMK HRKHHAL RS 4K
DO 11115 V5=0,R2N
DO 11114 V4=0,RIN
DO 11113 V3=0,INJN
DO 11112 V2=0,RATN
DO 11111 V1=0,0OMEGAN

CH¥¥xrekxsxx Establish parameter values for this loop******

IF (SLOG.EQ.0) THEN
OMEGA = OMEGA1 + DBLE(V1)*OMEGAD

ELSE
QQ = (OMEGAD/OMEGA 1)**(1.0d0/DBLE(OMEGAN))
OMEGA = OMEGA1*(QQ**V1)

ENDIF

RAT=RATI1+DBLE(V2)*RATD




INJ = INJ1+DBLE(V3)*INJD
R1 =RI11 + DBLE(V4)*R1D
R2 =R21 + DBLE(V5)*R2D
c R2 = (0.9d0)*(0.8d0)/R1
CHexernsxrrex Print loop control and parameter data **¥*¥**¥
IF (SSHOW EQ.1) THEN
WRITE (5,296) V1,OMEGAN, V2, RATN, V3,ININ, V4 RIN,V5 R2N
WRITE (7,296) V1,OMEGAN,V2,RATN,V3,INJN,V4 RIN,V5 R2N
296  FORMAT (5(14,14))
ENDIF
C*** Calculate COnStaIltS fOI' thiS Loop##**********#***********
c GO=GAMMA*A*N0*(Rat-1.0d0)
C***x New way to calculate gain as function of RAT*##*+*4
GO = KKO - (KK1*KK2)/(KK2+RAT*NO)
C************#**************************#**********#***#**#*
DEL=L/DBLE(M-1)
x1=0.0d0
xr=L
C****************
PHASET=0.0d0
PHAS0=0.0d0
IF (SPHAS.EQ.1) THEN
CALL pcip0(M,ITER,AOFR, AOFI,AORR,AORI,0.0d0,GBAR,NBAR)
PHASO=PHASET
PHASET=0.0d0
CALL pcip(M,ITER,AOFR,AOF, AORR,AORLINJ,GBAR,NBAR)
c WRITE (5,6859) (PHASET-PHASO0)/(2.0d0*PI)
¢ 6859 FORMAT (D9.3)
PHASET=PHASO
ELSE .
CALL pcipO(M,ITER,AOFR,AOFI, AORR,AORI,INJ,GBAR,NBAR)
ENDIF
C*** Call MATRIX to create coefficient matrix for the diffeq **
CALL matrix(N,M,MX,AOFR,AOFI, AORR, AORI, GBAR,NBAR)
C*** Convert matrix to the finite difference equations***#****+
CALL convrt(N,M,NM,MX MR)
C*** Convert finite difference matrix (MR) to band format (AA)***
CALL DCRGRB(NM,MR,NM,11,11,AA,23)
B(1) = SQRT(1.0D0-R1)
C*** SOIVC Ax=b e 3 2 o o o o e 3 o o o o ke e s o e o o o e ke e ok ok o o sk e de o ok ok o ok ok ke o ok ke o ok ok ke ok ok ok
CALL DLSLRB(NM,AA,23,11,11,B,1,X)
C CALL DLSARG(INM,MR,NM,B, 1,X)
C*** Conven X vector to y ValueS ke 2 o ke e 3 3 o o e o o ke s o sl o s ol e ok 3 ae o ok 3 ok o ok ok
CALL CONVY(X,Y,N,M,NM)
C*** Calculate reﬂectiviﬁes a3 e 2 e ok 2 ok o o o ok o ok o ke o 3 o 3 afe o ok 2 ol ok o ok ok Ak ok ok
Y1=Y(1,M)
Y2=Y(2,M)
Y3=Y(3,1)
Y4=Y(4,1)
Y5=Y(5,M)
Y6=Y(6,M)
Y7=Y(7,1)
Y8=Y(8,1)
RP=(1.0d0-R1)*(Y3*Y3+Y4*Y4) + R1 - 2.0d0*SQRTR1*(1.0d0-R1))*Y3
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RC=(1.0d0-R1)*(Y7*Y7+Y8*Y8)
TP=(1.0d0-R2)*(Y1*Y1+Y2*Y2)
TC=(1.0d0-R2)*(Y5*Y5+Y6*Y6)

IF (INJ.NE.0.0d0) THEN
RPUMP = ((AORR(1)**2+A0RI(1)**2)*(1.0d0-R1) + INJ*INJ*R1 -
+  2.0d0*INJ*AORR(1)*SQRT(R1*(1.0d0-R1)))/(INJ**2)
TPUMP = (1.0d0-R2)*(AOFR(M)**2 + AOFI(M)**2)/(INJ**2)
ENDIF
C*** QOutput results, depending on which switches are ***#kkkkkkddhhs

C*** Print internal probe and conjugate ficld distribution **##*****

IF (SFIELD.EQ.1) THEN
c89 FORMAT (/E11.4)
c write (2,89) OMEGA

DO 475 J=1M
write (2,487) dble(j-1)*DEL,(Y(1,])),I=1,N)

487 format (9(E12.5))
475  continue

ENDIF

C*** Print reflectivities and the varying parameters *#**¥*¥#kkkik
IF (SREFL.EQ.1) THEN
WRITE (3,787) RP,RC, TP, TC
WRITE (6,788) OMEGA ,RAT,INJ,R1,R2
787  FORMAT (4(E12.4))
788 FORMAT (5(E12.4))
ENDIF

C*** Print pump information, with or without internal fields *****¥¥*****kk¥x
IF (SPUMP1.EQ.1) THEN
87 FORMAT (9(E13.5))
write (4,87) OMEGA,RAT,INJ,R1,R2 RPUMP,TPUMP,AOFR(M),AOFI(M)
ENDIF
IF (SPUMP2.EQ.1) THEN
DO 375 =1 M
write (4,387) dble(j-1)*DEL,a0fr(j),a0fi(j),a0rr(j),a0ri(j)
387 format (5(E13.5))
375  continue '
ENDIF

11111 continue

11112 continue

11113 continue

11114 continue

11115 continue
STOP
END
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C#********#************#**#*#*********#****#****t*##***#*#***

SUBROUTINE convy(X,Y,N,M,NM)
C*********************#*********#*****#***********#****##****
C Converts a vector of length N*M to a matrix of sixe N x M,

C given both N and M.
C******#*****#********************#*********#*****##*********
DOUBLE PRECISION X(NM),Y(N,M)
INTEGER LK

DO 401 I=1,N
DO 402 K=1M
Y(LK) = X((K-1)*N + )
402 CONTINUE
401 CONTINUE

RETURN
END
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CH¥kdersieikakdodkkkdokskokkokskok ook sk ok ok ok skl sk kol ok sk skokok ek ok ok sk sk sk dkokok ok ok ok

SUBROUTINE convrt(N,M,NM,MX MR)
C********##*******#****************************************#
C This converts the 3D tensor MX (N x N x M) to the
C 2D matrix MR (N*M x N*M) in preparation for the
C finite difference technique. See handwritten documents
C for description of intermediate matrix T and the role
C of each counting index I,J K,LL,P,Q.
C******************************************#****#****t#*****

INTEGER LJ,K,LL,P,Q,BEG,END,M,N NM

INTEGER t1,12,13,t4

DOUBLE PRECISION MX(N,N,M),MR(NM,NM), T(NM,NM),H

DOUBLE PRECISION L, R1,R2, ALPHA NO,RAT,A, GAMMA BETA PHASO,

+TAU,DEL,G0,OMEGA,C,INDEX x1,xr, PHASET,INTIN,PL, AIN,TOL

¢ COMMON /parms/L, R1,R2, ALPHA ,NO,RAT,A,GAMMA BETA,

¢ +TAU,DEL,G0,OMEGA,C,INDEX xl,xr, PHASET,INTIN,PI,AIN,TOL
COMMON /parms/ L,R1,R2, ALPHA NO,RAT,A,GAMMA ,BETA,PHASO,
+TAU,DEL,G0,OMEGA,C,INDEXx1,xr, PHASET,INTIN,PI,AIN,TOL

¢ OPEN (UNIT=55,FILE="tst.in', STATUS="UNKNOWN")
¢ READ (55,545) t1,12,t3,t4
c545 FORMAT (4(i5))

C*** Set up counting variables to put the elements in matrix***
H=DEL
BEG=N/2+1
END=NM-N/2
C*** LOOp thl'Ollgh elements Of matrix T 3he 2 2 ke o 3k e e o e o o ke s ok e ok ok ok ok ok sk ok ok ok
DO 501 P=1,NM
DO 502 Q=1,NM

C*** Zero the elements of the matrices T and MR ####kkkkkkkkkkk
T®,Q)=0.0d0
MR(P,Q)=0.0d0

C*** Formulas for the counting variable, based on P, Q, N *#*#k**
I=P-N*INT(REAL(P-1)/REAL(N))
J=Q-N*INT(REAL(Q-1/REAL(N))
K=INT(REAL(P-1)/REAL(N))+1
LL=INT(REAL(Q-1)/REAL(N))+1

C*** Matrix is sparse, so only if LL=K or LL+1=K is there data.
C*** Fil'St the K = LL+1 case 3 o o ok e o 2 o o o sk ke e ok ok e o o ok ke ok ok o ok ok e o ok ok ok ok ok ke ok

IF (K.EQ.(LL+1)) THEN
IF (LEQ.J) THEN
T(P,Q) = (-H/2.0d0)*MX(LJ,LL)-1.0d0
ELSE
T(P,Q) = (-H/2.0d0y*MX(1,J,LL)
ENDIF
ENDIF

C*** Nowthe K=LL case Frikskkkok ookl ok ok ok o ook ok ok sk ok ok sk o ke ok ok ok ok ok




IF (K.EQ.LL) THEN
IF (LEQ.J) THEN
T(P,Q) = (-H/2.0d0)*MX(L,J,LL)+1.0d0
ELSE
T(P,Q) = (-H/2.0d0)*MX(1,J,LL)
ENDIF
ENDIF

502 CONTINUE
501 CONTINUE

C*** Now convert temporary matrix T to real matrix MR by a shift***
DO 601 P=BEG,END
DO 602 Q=1,NM
MRP®,Q=T(P+4,Q)
602 CONTINUE
601 CONTINUE

C*** Fill in MR with boundary conditions at beginning and end ******

MR(1,1) = 1.0D0
MR(2,2) = 1.0D0
MR(3,5) = 1.0D0
MR(4,6) = 1.0D0
MR(1,3) = -SQRT(R1)
MR(2,4) = -SQRT(R1)
MR(3,7) = -SQRT(R1)
MR(4,8) = -SQRT(R1)

MR(NM-(N/2)+1,NM-N+1) = -SQRT(R2)*COS(PHASET)
MR(NM-(N/2)+1,NM-N+2) = SQRT(R2)*SIN(PHASET)
MR(NM-(N/2)+1,NM-N+3) = 1.0D0

MR(NM-(N/2)+2,NM-N+1) = -SQRT(R2)*SIN(PHASET)
MR(NM-(N/2)+2,NM-N+2) = -SQRT(R2)*COS(PHASET)
MR(NM-(N/2)+2,NM-N+4) = 1.0D0

MR(NM-(N/2)+3,NM-N+5) = -SQRT(R2)*COS(PHASET)
MR(NM-(N/2)+3,NM-N+6) = SQRT(R2)*SIN(PHASET)
MR(NM-(N/2)+3 NM-N+7) = 1.0D0

MR(NM-(N/2)+4,NM-N+5) = -SQRT(R2)*SIN(PHASET)

MR(NM-(N/2)+4, NM-N+6) = -SQRT(R2)*COS(PHASET)
MR(NM-(N/2)+4, NM-N+8) = 1.0D0

RETURN
END
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C*#***#*****************t***#******#*#*#****#*#***************

SUBROUTINE matrix (N,M,MX,AOFR,AOFI, AORR,AORI,GBAR,NBAR)
C**********###***********##*******t*************t*************
C  Calculates the tensor MX describing the original
C  differential equations. The first two indices, both with
C  length N, describe the N variables. The third index of
C  length M describes position along the cavity. The pumps
C  change throughout the cavity, so the matrix does, too.
C****t************************************#*******************

INTEGER NM,LJK

DOUBLE PRECISION MX(N,N.M),X

DOUBLE PRECISION B1,C1,B2,C2,PT,U,V,G,DETUN

DOUBLE PRECISION K1,K2,K3,K4,K5K6,K7K8

DOUBLE PRECISION 71,72,723,Z4,Q1,Q2,Q3,04

DOUBLE PRECISION AORR(M),AORI(M),AOFR(M),AOFI(M)

DOUBLE PRECISION F1,F2,NB,GB,KK0,KK1, KK2 KKQ

DOUBLE PRECISION L, R1,R2, ALPHA ,NO,RAT,A,GAMMA BETA PHASO,

+TAU,DEL,G0,O0MEGA,C,INDEX x1,xr, PHASET,INTIN,PI,AIN,TOL

DOUBLE PRECISION NBAR(M-1), GBAR(M-1)

¢ COMMON /parms/ L, R1,R2, ALPHA,NO,RAT,A,GAMMA BETA,

¢ +TAU,DEL,G0,OMEGA,C,INDEX,xl,xr,PHASET,INTIN,PL,AIN,TOL
COMMON /parms/ L,R1,R2, ALPHA NO,RAT,A,GAMMA BETA PHASO,
+TAU,DEL,G0,0OMEGA,C,INDEX x1,xr PHASET,INTIN,PI,AIN,TOL
COMMON /parmx/KK0,KK1,KK2

C*** Calculate pump field at position K in the cavity ****kskkkkkkks*
DO 101K =1M
X=DBLE(K-1)*DEL
B1=A0FR(K)
C1=A0FI(K)
B2=A0RR(K)
C2=A0RI(K)

C*** Shorthand notation for various complicated quantities *******

PT = B1*%2 + C1**2 + B2**2 + C2%%2
c*******
C  FI=RAT*N0-KK2*(1.0d0+PT)
C  F2=4*KK2*NO*(RAT+PT)
C  NB-=(FI+SQRT(F1*F1+F2))/2.0D0
C  GB=KKO-(KKI*KK2)/(NB+KK2)
C*********
IF (K.NE.M) THEN
NB = NBAR(K)
GB = GBAR(K)
ELSE
NB = NBAR(K-1)
GB = GBAR(K-1)
ENDIF

KKQ = (KK1*KK2/(KK0*(KK2+NB)))**2
U = KKQ*(KKQ*PT+1.0d0)/(KKQ*PT+1.0d0)**2 + (TAU*OMEGA)**2)

111




V = KKQ*(TAU*OMEGA)/((KKQ*PT+1.0d0)**2 + (TAU*OMEGA)**2)
G = (GAMMA/2.0D0)*GB
DETUN=INDEX*OMEGA/C

K1 =B1*U+C1*V
K2 = C1*U-B1*V
K3 = B2*U+C2*V
K4 = C2*U-B2*V
K5 =B1*U-C1*V
K6 = C1*U+BI1*V
K7 =B2*U-C2*V
K8 = C2*U+B2*V

Q1 = BI+BETA*C1)*G
Q2 = (C1-BETA*B1)*G
Q3 = (B2+BETA*C2)*G
Q4 = (C2-BETA*B2)*G

Z]1 =G - ALPHA/2.0d0
Z2 = G*BETA -DETUN
Z3 = G + ALPHA/2.0d0
ZA = G*BETA + DETUN

C*** These are the differential equations, using the Jacobean form *****
MX(1,1,K) = -K1*Q1 - K2*Q2 + Z1
MX(1,2,K) = -K2*Q1 + K1*Q2 + Z2
MX(1,3,K) = -K3*Ql - K4*Q2
MX(1,4,K) = -K4*Q1 + K3*Q2
MX(1,5,K) = -K5*Q1 + K6*Q2
MX(1,6,K) = -K6*Q1 - K5*Q2
MX(1,7,K) = -K7*Ql1 + K8*Q2
MX(1,8,K) = -K8*Q1 - K7*Q2

MX(2,1,K) = -K1*Q2 + K2*Ql - 22
MX(2,2,K) = -K2*Q2 - K1*Ql + Z1
MX(2,3,K) = -K3*Q2 + K4*Ql
MX(2,4,K) = -K4*Q2 - K3*Ql
MX(2,5,K) = -K5*Q2 - K6*Ql
MX(2,6,K) = -K6*Q2 + K5*Q1
MX(2,7,K) = -K7*Q2 - K8*Ql
MX(2,8,K) = -K8*Q2 + K7*Ql

MX(3,1,K) = K1*Q3 + K2*Q4
MX(3,2,K) = K2*Q3 - K1*Q4
MX(3,3,K) = K3*Q3 + K4*Q4 - Z1
MX(3,4,K) = K4*Q3 - K3*Q4 - 22
MX(3,5,K) = K5*Q3 - K6*Q4
MX(3,6,K) = K6*Q3 + K5*Q4
MX(3,7.K) = K7*Q3 - K8*Q4
MX(3,8,K) = K8*Q3 + K7+Q4

MX(4,1,K) = K1*Q4 - K2*Q3

MX(4,2,K) = K2*Q4 + K1*Q3
MX(4,3,K) =K3*Q4 - K4*Q3 + Z2
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MX(4,4 K) = K4*Q4 + K3*Q3 - Z1
MX(4,5,K) = K5*Q4 + K6*Q3
MX(4,6,K) = K6+Q4 - K5*Q3
MX(4,7,K) = K7*Q4 + K8*Q3
MX(4,8,K) = K8*Q4 - K7+Q3

MX(5,1,K) = -K1*Q1 + K2*Q2
MX(5,2,K) = -K2*QI - K1*Q2
MX(5,3,K) = -K3*Q1 + K4*Q2
MX(5,4,K) = -K4*Q1 - K3*Q2
MX(5,5,K) = -K5*Q1 - K6%Q2 + Z1
MX(5,6,K) = -K6*Ql + K5*Q2 + Z4
MX(5,7.K) = -K7*Ql - K8*Q2
MX(5,8,K) = -K8*Ql + K7*Q2

- MX(6,1,K) = -K1*Q2 - K2*Ql
MX(6,2,K) = -K2*Q2 + K1*Q1
MX(6,3,K) = -K3*Q2 - K4*Ql
MX(6,4,K) = -K4*Q2 + K3*Q1
MX(6,5.K) = -K5*Q2 + K6*Q1 - Z4
MX(6,6,K) = -K6*Q2 - K5*Ql1 + Z1
MX(6,7,K) = -K7*Q2 + K8*Q1
MX(6,8 K) = -K8*Q2 - K7*Q1

MX(7,1,K) = K1*Q3 - K2*Q4
MX(7,2,K) = K2*Q3 + K1*Q4
MX(7,3,K) = K3*Q3 - K4*Q4
MX(7,4,K) = K4*Q3 + K3*Q4
MX(7,5.K) = K5*Q3 + K6*Q4
MX(7,6,K) = K6*Q3 - K5*Q4
MX(7,7.K) = K7*Q3 + K8*Q4 - Z1
MX(7,8,K) = K8*Q3 - K7*Q4 - 24

MX(8,1,K) = K1*Q4 + K2*Q3
MX(8,2.K) = K2*Q4 - K1*Q3
MX(8,3,K) = K3*Q4 + K4*Q3
MX(8,4,K) = K4*Q4 - K3*Q3
MX(8,5,K) = K5*Q4 - K6+Q3
MX(8,6,K) = K6*Q4 + K5*Q3
MX(8,7,K) = K7*Q4 - K8*Q3 + Z4
MX(8,8 K) = K8*Q4 + K7*Q3 - Z1

101 CONTINUE

return
END
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C***************#**#*******************************#**********

SUBROUTINE pcip(M,ITER,AOFR,AOFI, AORR,AORLINJ,GBAR,NBAR)
C****###*#****************#*************** e ok ko ok ok ok e 3 ok e o ok e o ke o ol ko
C This program implements the Piecewise Continuous Inversion
C Population (PCIP) solution to the internal pump field in a
C semiconductor laser. See Yee and Shore, JOSA B, vol. 11,

C no. 7, p 1221 for a description. The Middlemast reference

C in the article is even more enlightening.
C********************************************t*******#**************#**

INTEGER M
DOUBLE PRECISION BR(M),CR(M),BF(M),CF(M)
DOUBLE PRECISION AORR(M),AORI(M),AOFR(M),AOFI(M)
DOUBLE PRECISION INR(M),INF(M)
DOUBLE PRECISION AIF(M-1),AIR(M-1),P(M-1),Q(M-1)
DOUBLE PRECISION NBAR(M-1),GBAR(M-1)
DOUBLE PRECISION x1,x2
DOUBLE PRECISION BC1A,BC1B,BC2A,BC2B, THETA
DOQUBLE PRECISION F1,F2,KK0,KK1,KK2
INTEGER LJILITER, M1, M2
INTEGER SPUMP1,SPUMP2,SFIELD,SREFL,SSHOW
DOUBLE PRECISION L, R1,R2, ALPHA NO,RAT,A,GAMMA BETA,PHASO,
+TAU,DEL,G0,0OMEGA,C,INDEX xl,xr, PHASET,INTIN,PLAIN,TOL
DQUBLE PRECISION INJ,RPUMP, TPUMP

¢ COMMON /parms/ L,R1,R2,ALPHA ,NO,RAT,A,GAMMA BETA PHASO,
¢ +TAU,DEL,G0,0OMEGA,C,INDEX,xl,xr,PHASET,INTIN,PL,AIN,TOL
COMMON /parms/ L,R1,R2, ALPHA NO,RAT,A,GAMMA BETA PHASO,
+TAU,DEL,G0,0OMEGA,C,INDEX x1,xr, PHASET,INTIN,PI,AIN,TOL
COMMON /parmx/KK0,KK1,KK2
COMMON /SWITCH/SPUMP1,SPUMP2,SFIELD,SREFL,SSHOW,SLOG,SPHAS

MI1=10

M2=12
Mi=1
M2=M-1

(eI o]

C*** ASSIgn lmﬁal Vallles fOf intensities sk 3k 2k 3 2 3k o 3k 3 e ok o s 2k 2k ok ok ok e ak ok ok ok ok ok ok
DO 20 I=1M

BF(I) = 0.5*SQRT(INJ)*SQRT(1.0d0-R1)/(1.0d0-SQRT(R1*R2))
CF(I) = 0.0D+00
BR(I) = 0.5*SQRT(INJ)*SQRT(1.0d0-R1)/(1.0d0-SQRT(R1*R2))
CR(I) = 0.0D+00
INF(I) = 0.5*INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2
INR(I) = 0.5*INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2

20 CONTINUE

C*** Assign initial values for average intensities and gain values *****
DO 21 =1 M-1
AIF(D) = INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2
AIR(I) = INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2
F1=0.0d0
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F2 =0.0d0
NBAR(D) = 0.0d0
GBAR(I) = 0.0d0
P(I) =0.0d0
Q) =0.0d0
21 CONTINUE
DO 2121 =EM1I M2
F1 = RAT*NO0-KK2*(1.0d0+AIF(I)+AIR(I))
F2 = 4*KK2*NO*(RATHAIF(I)+AIR(D)))
NBAR(I) = (F1+SQRT(F1*F1+F2))/2.0D0
GBAR(I) = KK0-(KK1*KK2)/(NBAR(I)+KK2)
P(I) = DEL¥(GAMMA*GBAR(I)-ALPHA)/2.0d0
Q@) = DEL*GAMMA*BETA*GBAR(I)/2.0d0
2121 CONTINUE
C*** The Iteration LOOp 300 o s 2 o e e o e o o e e s e o ok e ae o 3 3k ok e o o ofe ae e e o 3 e ok ke o ofe e o o ok ok sk ok ok ok
DO 40 J=1,ITER
IF (J.EQ.ITER) THEN
WRITE (5,2872) ITER
2872 FORMAT (' Not Converging in'I5,' Iterations’)
ENDIF
C*** Calculate POintS in gnd usmg formu]a ke s e ok ok o o e o ke ok ale ok e ok o ok ok ok ok ok ok ok 3 o ok Sk ok
THETA =0.0d0
C*** Tterate forward ficlds and use results to modify gain *******¥*¥*

DO 30 I=1,M-1
IF ((1.GE.M1).AND.(I.LE.M2)) THEN
c F1 = RAT*NO-KK2*(1.0d0+AIF(I)+AIR(]))
c F2 = 4*KK2*NO*(RAT+(AIF(I)+AIR(I)))

F1 = RAT*NO-KK2*(1.0d0+(KK 1/KKO)*(AIF(I)+AIR(I)))
F2 = 4*KK2*NO*(RAT-+KK 1/KK0)*(AIF()+AIR(I)))
NBAR() = (F1+SQRT(F1*F1+F2))/2.0D0
GBAR(I) = KK0-(KK1*KK2)/(NBAR(I)+KK2)

P(I) = DEL*(GAMMA*GBAR(I)-ALPHA)/2.0d0
Q) = DEL*GAMMA *BETA *GBAR(I)/2.0d0
ENDIF
BF(I+1)=EXP(PM))*(BF(I)*COS(Q())+CF(I)*SIN(Q)))
CF(I+1)=EXP(P())*(CF(I)*COS(Q(I))-BF()*SIN(Q(I)))
INF(I+1)=BF(I+1)*BF(I+1) + CF(I+1)*CF(I+1)
IF (P(1).EQ.0.0D0) THEN
AIF(D)=INF(D)
ELSE
ATF(D)=INF(I)*(EXP(2.0d0*P(I))-1.0d0)/(2.0d0*P(T))
ENDIF
THETA = THETA + BETA*DEL*GAMMA*GBAR(])
30 CONTINUE

C*** Calculate boundary values for convergence and set new

C*** values Of reverse ﬁeld at the end FFrEkkkdkkikkokiokdkkokokdkokk ok kkokokkkokokk
BC2A=SQRTR2y*(BF(M)*COS(PHAS0)-CF(M)*SIN(PHAS0))-BR(M)
BC2B=SQRT(R2)*(CF(M)*COS(PHAS0)+BF(M)*SIN(PHAS0))-CR(M)
BR(M) = SQRT(R2)*(BF(M)*COS(PHASO0)-CF(M)*SIN(PHASO0))
CR(M) = SQRT(R2)*(CF(M)*COS(PHAS0)+BF(M)*SIN(PHAS0))
INR(M) = BRM)*BR(M) + CR(M)*CR(M)

C*** Jterate the reverse fields and recalculate gain ******#tkiokkddok ik
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THETA = 0.0d0
DO 31 1=M-1,1,-1
IF ((I.GE.M1).AND.(ILE.M2)) THEN
c F1 = RAT*NO-KK2*(1.0d0+AIF(T)+AIR(T))
c F2 = 4*KK2*NO*(RAT+HAIF(1)+AIR(D))

F1 = RAT*NO-KK2*(1.0d0+(KK I/KKO0)*(AIF(I)+AIR(D)))
F2 = 4*KK2*NO*(RAT+EKK I/KKO)*(AIF(I)+ AIR(D)))
NBAR(]) = (F1+SQRT(F1*F1+F2))/2.0D0
GBAR(T) = KKO-(KK1*KK2)/(NBAR(I)+KK2)
P(I) = DEL*(GAMMA*GBAR(I)-ALPHA)/2.0d0
Q(I) = DEL*GAMMA*BETA*GBAR(1)/2.0d0
ENDIF
BR(D=EXP(P))*(BR(I+1)*COS(QM)+CRA+1)*SIN(QD))
CR(M=EXPPD))*(CRI+1)*COS(Q(D))-BR(I+1)*SIN(Q(D)))
INR(I)=BR(I)*BR(I) + CR(I)*CR(I)
IF (P(1).EQ.0.0D0) THEN
AIR(D=INR(I+1)
ELSE
AIRD)=INR(I+1)*(EXP(2.0d0*P(1))-1.0d0)/(2.0d0*P(l))
ENDIF
THETA = THETA + BETA*DEL*GAMMA*GBAR(])
31 CONTINUE

C*** Calculate boundary values at beginning and reset forward field ****
BC1A = SQRT(R1)*BR(1) + SQRT(1.0d0-R1)*INJ - BF(1)
BC1B = SQRTRI1)*CR(1) - CF(1)
BF(1) = SQRT(R1)*BR(1) + SQRT(1.0d0-R1)*INJ
CF(1) = SQRTR1)*CR(1)
INF(1) = BF(1)*BF(1) + CF(1)*CF(1)

C*** Check for convergence and exit if within tolerance ¥*****&¥¥¥kkkk¥
IF ((ABS(BC1A).LT.TOL).AND.(ABS(BC1B).LT.TOL).AND.
+ (ABS(BC2A).LT.TOL).AND.(ABS(BC2B).LT.TOL)) THEN
GO TO 50
ENDIF

40 CONTINUE
50 CONTINUE

C*** Put results in the AO** matrixes for use by other routines *******¥
DO781=1M
AOFR(I) = BF(I)
AOFI(I) = CF()
AORR(T) = BR(T)
AORI(I) = CR(I)
78 CONTINUE

PHASET = THETA

RETURN
END
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C****************************#**#**************#************#*

SUBROUTINE pcip0(M,ITER,AOFR,AOFI, AORR,AORI,INJ,GBAR,NBAR)
C***#*#******t*******************#******#t*****************t**t*#***#***
C This program implements the Piecewise Continuous Inversion
C Population (PCIP) solution to the internal pump field in a
C semiconductor laser. See Yee and Shore, JOSA B, vol. 11,

C no. 7, p 1221 for a description. The Middlemast reference

C in the article is even more enlightening.
C******************************************#***t***********************

INTEGER M

DOUBLE PRECISION BR(M),CR(M),BF(M),CF(M)

DOUBLE PRECISION AORR(M),AORI(M),AOFR(M),AOFI(M)
DOUBLE PRECISION INR(M),INF(M)

DOUBLE PRECISION AIF(M-1), AIR(M-1),P(M-1),Q(M-1)
DOUBLE PRECISION NBAR(M-1),GBAR(M-1)

DOUBLE PRECISION x1,x2

DOUBLE PRECISION BC1A,BC1B,BC2A,BC2B,THETA

DOUBLE PRECISION F1,F2 KK0,KK1,KK2

INTEGER LJ,ILITER M1,M2

INTEGER SPUMP1,SPUMP2,SFIELD, SREFL,SSHOW

DOUBLE PRECISION L, R1,R2,ALPHA NO,RAT,A,GAMMA BETA,PHASO,
+TAU,DEL,G0,0OMEGA,C,INDEX xl,xr, PHASET,INTIN,PLAIN,TOL
DOUBLE PRECISION INJ,RPUMP,TPUMP

¢ COMMON /parms/ L,R1,R2, ALPHA NO,RAT,A,GAMMA BETA,PHASO,
¢ +TAU,DEL,G0,OMEGA,C,INDEX,xl,xr, PHASET,INTIN,PI,AIN,TOL
COMMON /parms/ L,R1,R2, ALPHA NO,RAT,A,GAMMA BETA ,PHASO,
+TAU,DEL,G0,OMEGA,C,INDEX xl,xr, PHASET,INTIN,PLAIN,TOL
COMMON /parmx/KK0,KK1,KK2
COMMON /SWITCH/SPUMP1,SPUMP2,SFIELD,SREFL,SSHOW,SLOG,SPHAS

Mi=10

M2=12
Mi=1
M2=M-1

(oK ¢

C*** ASSlgﬂ imtlal values fOr intensities ke ok o 2 ok ok ok o 3k ok 2 3 o o ok o ok ok ok ok 2 sk ok ok 3k ok ok ok
DO 20 I=1.M

BF(I) = 0.5*SQRT(INJ)*SQRT(1.0d0-R1)/(1.0d0-SQRT(R1*R2))
CF(I) = 0.0D+00
BR(I) = 0.5*SQRT(INJ)*SQRT(1.0d0-R1)/(1.0d0-SQRT(R1*R2))
CR(I) = 0.0D+00
INF(I) = 0.5*INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2
INR(I) = 0.5*INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2

20 CONTINUE

C*** Agsign initial values for average intensities and gain valucs *****
DO 21 =1, M-1
AIF(I) = INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2
AIR(I) = INJ*(1.0d0-R1)/(1.0d0-SQRT(R1*R2))**2
F1=0.0d0
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F2 =0.0d0
NBAR(I) = 0.0d0
GBAR(®) = 0.0d0
P() = 0.0d0
Q() =0.0d0
21 CONTINUE
DO 2121 =M1.M2
F1 = RAT*NO-KK2*(1.0d0+AIF(I)+AIR(I))
F2 = 4*KK2*NO*(RATH(AIF(I)+AIR(D))) .
NBAR(D) = (F1+SQRT(F1*F1+F2))/2.0D0
GBAR(T) = KKO-(KK1*KK2)/(NBAR(I)+KK2)
P(I) = DEL*(GAMMA*GBAR(I)-ALPHA)/2.0d0
Q(D) = DEL*GAMMA*BETA*GBAR(1)/2.0d0
2121 CONTINUE
C*** The Iteration LOOp ke 3 2 ke e ok ke o ok 3 e o e s sk ke e o ke ok ke e s e e o ok e o e e ok ok o ok e o sk 2 ok ke o ok ok ok ok ok
DO 40 J=1,ITER
IF (J.EQ.ITER) THEN
WRITE (5,2872) ITER
2872 FORMAT (' Not Converging in',I5,' Iterations')
ENDIF
C*** Calculate POiﬂtS in gl'ld usmg fomula 2l o e ok ae ok ok akc a ke o e 3 2 ok ok e ok o ok o ok 3k 2 ok ok ok ok
THETA = 0.0d0
C*** Iterate forward fields and use results to modify gain ********t**

DO 30 I=1,M-1
IF ((1.GE.M1).AND.(LLE.M2)) THEN
c F1 = RAT*NO0-KK2*(1.0d0+AIF(I)+AIR(I))
c F2 = 4*KK2*NO*(RAT+(AIF()+AIR(I))

F1 = RAT*NO-KK2*(1.0d0+(KK 1/KKO)*(AIF(I)+AIR(I)))
F2 = 4*KK2*NO*(RAT+HKK 1/KKO0)*(AIF(I)+AIR(I)))
NBAR(I) = (F1+SQRT(F1*F1+F2))/2.0D0
GBAR() = KK0-(KK1*KK2)/(NBAR(T)+KK2)
P(I) = DEL*(GAMMA*GBAR(I)-ALPHA)/2.0d0
Q(I) = DEL*GAMMA *BETA *GBAR(I)/2.0d0
ENDIF
BF(I+1)=EXP(P(D))*(BF(I)*COS(Q())+CF(I)*SIN(Q()))
CF(I+1)=EXP(PD)*(CF(D)*COS(Q(I))-BF(I)*SIN(Q(I)))
INF(I+1)=BF(I+1)*BF(I+1) + CF(I+1)*CF(I+1)
IF (P(1).EQ.0.0D0) THEN
ATF(D)=INF(I)
ELSE
ATF()=INF(D)*(EXP(2.0d0*P(I))-1.0d0)/(2.0d0*P(T))
ENDIF
THETA = THETA + BETA*DEL*GAMMA*GBAR(])
30 CONTINUE

C*** Calculate boundary values for convergence and set new

C*** values Of reverse ﬁeld at the end 9 2 ke ke e 2 o o 3 28 ke e 3 e o ok o ok 3 3 o o o ok ok ke e ok e ok ok ok
BC2A=SQRT(R2)*(BF(M)*COS(THETA)-CF(M)*SIN(THETA))-BR(M)
BC2B=SQRT(R2)*(CF(M)*COS(THETA)+BF(M)*SIN(THETA))-CR(M)
BR(M) = SQRT(R2)*(BF(M)*COS(THETA)-CF(M)*SIN(THETA))
CR(M) = SQRT(R2)*(CF(M)*COS(THETA)+BF(M)*SIN(THETA))
INR(M) = BRMM)*BR(M) + CR(M)*CR(M)

C*** Iterate the reverse fields and recalculate gain ******skkkkshkkhsnsx
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THETA = 0.0d0

DO 31 I=M-1,1,-1
IF ((1.GE.M1).AND.(I.LE.M2)) THEN
c F1 = RAT*NO-KK2*(1.0d0+AIF(T)+AIR())
c F2 = 4*KK2*NO*(RAT+(AIF(I)+AIR(I)))

F1 = RAT*NO-KK2*(1.0d0+KK 1/KKO)*(AIF(I)+AIR(D)))
F2 = 4*KK2*NO*(RAT+KK 1/KKO0)*(AIF(I)+AIR(T)))
NBAR(]) = (F1+SQRT(F1*F1+F2))/2.0D0
GBAR(D) = KK0-(KK1*KK2)/(NBAR(I)+KK2)
P(I) = DEL*(GAMMA*GBAR(I)-ALPHA)/2.0d0
Q) = DEL*GAMMA*BETA*GBAR(I)/2.0d0
ENDIF
BR(=EXP(P(D))*(BRI+1)*COS(Q(D)+CR(I+1)*SIN(Q()))
CR(D=EXP(P(I))*(CR(I+1)*COS(Q())-BR(I+1)*SIN(Q(D)))
INR()=BR(I)*BR(I) + CRI)*CR(I)
IF (P(1).EQ.0.0D0) THEN
AIR(D)=INR(I+1)
ELSE
AIR(D=INR(I+1)*(EXP(2.0d0*P(I))-1.0d0)/(2.0d0*P(I))
ENDIF
THETA = THETA + BETA*DEL*GAMMA*GBAR(I)
31 CONTINUE

C*** Calculate boundary values at beginning and reset forward field ****
BC1A = SQRT(R1)*BR(1) + SQRT(1.0d0-R1)*INJ - BF(1)
BC1B = SQRT(R1)*CR(1) - CF(1)
BF(1) = SQRT(R1)*BR(1) + SQRT(1.0d0-R1)*INJ
CF(1) = SQRT(R1)*CR(1)
INF(1) = BF(1)*BF(1) + CF(1)*CF(1)

C*** Check for convergence and exit if within tolerance ***#**kksdddkk*
IF ((ABS(BC1A).LT.TOL).AND.(ABS(BCI1B).LT.TOL).AND.
+ (ABS(BC2A).LT.TOL).AND.(ABS(BC2B).LT.TOL)) THEN
GO TO 50
ENDIF

40 CONTINUE
50 CONTINUE

C*** Put results in the AO** matrixes for use by other routines ******#%
DO781=1M
AOFR(I) = BF(I)
AOFI(I) = CF(I)
AORR(I) =BR(I)
AORI(I) = CR(D)
78 CONTINUE

PHASET = THETA

RETURN
END
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Appendix B: MathCad Document for Analytic Solution

This computes an analytic (mostly) solution to the problem of four wave mixing (FWM) in a semiconductor
laser. The analytic solution exists only for a very special case, where BETA = 0. We also have to assume a
pump intensity that does NOT vary in z, which is close to true for highly reflective mirrors. In these cases,
the eight first order differential equations have constant coefficients, and we can use matrix methods to
solve them analytically. See Schaum's outline on  Theory and Problem of Modern Introductory Differential
Equations for a good description of the matrix method. While in principle an analytic solution, actually
finding the solutions would be a nightmare. So rather than writing the matrices analytically, I've treated them
numerically and inverted them numerically.

First, read in the data from the FWMIN file, which is the data input file for the FORTRAN program with the
labels removed. Then assign variables based on this input data. The names closely match the names in the
FORTRAN program.

Data := READPRN fwmin)
L:=Data, Rl:=Data, R2:=Data; Alpha :=Data, Rat:=Data, T '=Data, b =Data,

L=2.5‘10_4 R1=0.99 R2=0.99 Alpha =20 Rat=24 r=1 b=0
1 1=Datam Q f=Data15 KO f=Data24 K1 I=Data25 K2 1=Data26

1=110" Q=62810 K0=210" Ki1=203210" K2=655710"

Now assign some global variables.

n:=36 ¢:=2997910"

Now create variables for the calculation, based on the input constants. NO is the transparency carrier
density, N is the injected carrier density with no field, and g0 is the corresponding small signal gain. Nsat
is the carrier density required to saturate the gain to equal the losses. | is the intensity required to produce
Nsat.

NOI=K2—(E— 1) N :=Rat-NO 20 =K0- K1k
KO K2+N
NO=1.11510"® N=267510% g0=457341 I-g0-L=0.114 Alpha -L =0.005
Nsat :=-K2+ K1k2 _ (K2+ Nsat )-((N - Nsat )-K0) ~ K1.K2
Alpha In(R1R2) 1= g =KO~ ——
Ko- P12 MRS 2K1-K2:(Nsat — N0) K2+ Nsat
r 2LT
Nsat =1.31610'® 1=3386 g T =60.201
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Read in the pump intensity information from the full model for comparison. The plot shows the analytic
solution (I) is equal to the average of the forward and backward pump solutions from the full model.

Pump '=READPRN pumpfdout ) T :=rows(Pump) t:=0.T-1

1.845 [ T T T T

1.835 =
0 5°10 0 0 0 0

lt,O

Fill out the matrix representing the set of 8 differential equations. The original equation is of the formy' =
Dy, where y is the vector of field amplitudes, y' is the vector of field amplitude derivatives (wrt z) and D is the
matrix of constant coefficients. The quantities are defined the same as the full model. B is the field
amplitude of the forward and backward pump waves. Since BETA=0, there is no imaginary part to the field
(C=0).

2
Bi=«[I wis 1+2:B v Q-1
2)2 2 2)? 2
(1+2~B) +(Q-1) (l+2-B) +(Q-1)
B=184 u =0078 v =0.063 n—==0.754
o= (g_ g.u.Bz).L_ (Al—pha..) B ::E.g.Bz.v_ n.g il j:L.g.u.Bz v ::E.g.v.Bz
2 2 2 c 2 2
a =12.167 B =5.657 p =7.933 v =6411
@ B o-p v o-p-vop -y ] [ 12.167 5657 -7933 6411 -7.933 —6.411 -7.933 —6.411 |
-Ba -v-po-vopo-vop » —5.657 12.167 6411 -7933 -6411 7933 -6411 7.933
Bovo-a B opovop v 7933 6411 -12.167-5657 7933 6411 7933 64l
D= v p B -a v -p v -p D= 6411 7933 5657 -12.167 6411 -7933 6411 -7.933
-pv o o-povoa - o-p o-v —7.933 6411 -7933 6411 12.167 -5.657 -7.933 -6.411
v pov op B oa v o-p 6411 7933 6411 7933 5657 12167 6411 -7.933
b v op vop v o-a B 7933 6411 7933 -6411 7933 6411 -12.167 5657
-V -p -V -p -y p -B -a |6.411 -7.933 -6.411 -7.933 -6411 7.933 -5.657 -12.167
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Get the eigenvalues and eigenvectors and check for orthogonality and linear independence of the
eigenvectors.

AL = eigenvals (D) A =sort(AR)
[-12.992+ 19.592i | [-20.101+ 0.754i
-12.992- 19.592i -20.101- 0.754i
12.992+ 19.592i -12.992+ 19.592i
= 12.992- 19.592i . -12.992~ 19.592i

20.101+ 0.754i
20.101- 0.754i
-20.101+ 0.754i
~20.101- 0.754i

12.992+ 19.592i
12.992- 19.592i
20.101- 0.754i
| 20.101+ 0.754i

wi=0.7 q:=0.7 EVec ™ ‘= eigenvec (D,lw> Dotw’qI=EVec<W>-EVec<q>
[-20.101+ 0.754i | 100 0 0 0 00
~20.101- 0.754i 010 0 0 0 00
-12.992+ 19.592i 001 0 0 -0.151- 0.034i 0 0
-12.992~ 19.592i 000 1 -0.151+ 0.034i 0 00

"<l 12992+ 19592 [P 710 0 0 -0.151- 0034 1 0 00
12.992- 19.592i 0 0 —0.151+0.034i 0 0 1 00
20.101- 0.754i 000 0 0 0 10
| 20.101+ 0.754i 0 00 0 0 0 0 1]

ID| =4.99910"°  |EVed =-0.976

Since the determinant of EVec is nonzero, the eigenvectors are linearly independent. However, they are not
orthogonal, since the matrix of their dot products (Dot) has nondiagonal elements.

Now calculate the rotation matrix and make sure it works by seeing if it transforms the D matrix into a
diagonal matrix with eigenvalues.

LL, =if(wmq,A,,0)  U:=EVes'
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Now solve the differential equations using the method derived by hand. This will use a lot of index variables,
so assign them all right now.

1:=0.7  j:=0.7 k:==0.7 n:=0.3 M:=10 m:=0.M z =

m

m.
Since this is a boundary value problem, some numerical iterations are required. We'll use the%rminology
and approach for a shooting algorithm described in Numerical Recipes . The vector v represents the freely
chosen initial conditions, which translates into the vector yinit with the appropriately restricted initial
conditions. Then we'll calculate a vector y at the end of the laser and create a vector f with the boundary
conditions. If we've chosen well, f = 0. If not, go through the process describedin  Numerical Recipes to
change the initial guess until f = 0. With a set of linear differential equations, only one iteration is required so

do it manually. These are the initial guesses . The
0.1 1811 1911 blind_ guess {(v0) is aug‘ment.ed bya dv
obtained from the first iterations.
0.1 131.634 131.734
vO ‘= v .= + v =
0.1 1.861 1.961
0.1 134.709 134.809

The S vector and T matrix represent the transformation of the initial guesses (v) into a valid set of initial
values for vector y, called y0.

Rl 0 0 0 r )

J— «/— N1-RI [ 2.001
0 ~RL 0 0 0 131.074
r-oe o0 o 0 1911

1= 0 1 0 s=| © Tvas | 131734
0 0 JR1 0 0 YETVES 3071 05

0 =
0 AR Vi o =Y0, 134.133
1 o 0 1.961
0
o 1 | 134.809 |
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Now use the analytical results derived by hand to calculate the value of y at every z step. The method
transforms initial values (y0) to the eigenvector basis (Y0), then propagates along z to get Y, then

transforms Y back to original basis (y).

Y.

i,m

Y0:=U-y0

= Yq-exp(li-zm)

y=ULy

Now calculate the parameters for analyzing the error and changing initial condition. Again, the nomenclature

follows

Numerical Recipes for the most part. The matrix W is the Jacobian, T is just a shorthand way of

writing the initial relation between v and y0, and F is the discrepancy vector with the boundary conditions at

the end.
"y2,M_ «/EZyOM - Won
Fie Y3,M_ "/R_z'yl,M -
YoM~ “/R—z'y4,M b
REAYS ’\/R_z'yS,M- W,
dv :=- (W'1>-F Win

W

e

1 k

53
53

U T,

i “k.n °"P(AJ'L)

UJk Tk,n-exp(lj-L)

Uy Ty wexp(tyL)

UJk Tk.n-exp(kj-L)

Now look at the results. If F is not close enough to zero, take the results from dv and use it to modify the
guess as many times as necessary. Thisis a linear problem, so it should only take one iteration to get

within roundoff error.

399710 ¢
-933410°
466810

-345210 % + 61610 !

- 739910 i
- 6.13910 !
- 744910 i

Rp =174.185

Re=

Lomt -191610 °
131.734 9.50810 °
- Fa dv =
1.961 -18910 °
134.809 ) 6
-9.60310
Rpi=(1—R1)[<y20 N 2]+R1—2 RI(1-R1)y,
Rci=(1—R1)[(y60 + 2]
3 2
Tp = (1- B2 (vg 02+ (V1.0)’]
- 2 2
Te :=(1- Rz)'[(y4.M) + (y5’M) ]

181.773

Tp =173.577

Tc =181.773

Read in the results for reflectivity and transmissivity from the full model for comparison.

REF :=READPRN(REFL)
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Now read in the results for the internal probe and conjugate fields from the full numerical solution to the
problem for comparison.

xx = READPRN fwmfdout) RR:=rows(xx)-1 SS:=cols(xx)- 1 m=0.RR ss :=0..8S f:=1.8

205 T T T T
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