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What I will be talking about today

1. Fast multipole methods

2. Hierarchical low-rank matrices

3. Kronecker factorization

M2M

M2L
L2L

L2P

P2P
source particles target particles

P2M

M2L



Fast Multipole Methods



Structure of matrices

Sparse Dense

locally connected fully connected

grouping based on connectivity grouping based on proximity



Hierarchical N-body methods

Particles interact with each other 
Stars, Galaxies, Atoms, etc. 

Computational cost 
Direct sum - O(N2) 
Treecode - O(NlogN) 
Fast Multipole Method - O(N)
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2. Calculate effect of center source on center target
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Near-far decomposition
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Hierarchical decomposition
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Hierarchical near-far decomposition
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How accurate is the solution?
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Higher order approximations
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Multi-level case
source target

P2M L2P

M2L
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Flow of Calculation
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How much time does each part take?
cp
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Hierarchical low-rank matrices



FMM as a hierarchical matrix-vector multiplication
group agroup b
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Hierarchical low-rank matrices

Replace dense linear algebra

O(N3) O(kaN logb N)

Hierarchical off-diagonal blocks
Approximated with low rank

O(kN)O(N2)

Compute :

Memory :

Augment sparse linear algebra
Sparse direct solvers
Schur complement (frontal matrix) is dense but numerically low-rank

Iterative solvers
Use small rank to precondition
Less sensitive to matrix condition than multigrid

x x
-1

Schur complement

Nested dissection
A L

O(N)
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Three Stages of H-matrix Compression

Reordering Subdivision Low-Rank

What to minimize？
Fill-in (Graph connections)
Rank (Geometric distance)
Communication (Locality)
→Close nodes are usually

connected, so minimizing
　rank will minimize fill-in

How much to divide？
Subdividing the block
will decrease the rank

The rank can be kept
constant while using
the subdivision to
control the accuracy
→SIMD friendly

Speed or reliability？
ACA is fast but unreliable
RSVD is reliable but slow

Many small RSVDs
must be accelerated
→TSQR on Tensor Cores



These methods run efficiently on modern architectures

Batch of many small dense matrices

Low-rank approximation needs low arithmetic precision

4
4



Replacing Exact Linear Algebra with Low-Rank

GPUCPU

BLAS CUBLAS

LAPACK
PLASMA

cuSolverDN
MAGMA

Application

Distributed
QR
LU

MatMul
Mat-vec

ScaLAPACK

MKL

cuSolverMG

?PU

HBLAS

HiCMA
STRUMPACK

GOFMM
LoRaSp

App.

Exact Approximate
O(N3)

TF32, bfloat16FP64 FP32

O(N)
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List of implementations
Method Developer url

AHMED H-matrix M. Bebendorf https://github.com/xantares/ahmed

ASKIT FMM C. D. Yu http://padas.ices.utexas.edu/libaskit

DMHM H-matrix J. Poulson https://bitbucket.org/poulson/dmhm/src/default/

GOFMM H2-matrix C. D. Yu https://github.com/ChenhanYu/hmlp

H2Lib H2-matrix S. Börm https://github.com/H2Lib/H2Lib

H2Tools H2-matrix A. Mikhalev https://bitbucket.org/muxas/h2tools

HACApK H-matrix A. Ida https://github.com/HLRA-JHPCN/HACApK-MAGMA

HiCMA H-matrix H. Ltaief https://github.com/ecrc/hicma

HLib H-matrix L. Grasydyck http://www.hlib.org

HLibPro H-matrix R. Kriemann http://www.hlibpro.com

hmglib H-matrix P. Zaspel https://github.com/zaspel/hmglib

HODLR HODLR A. Aminfar https://github.com/amiraa127/Dense_HODLR

HSS HSS J. Xia http://www.math.purdue.edu/~xiaj/

LoRaSp H2-matrix H. Pouransari https://bitbucket.org/hadip/lorasp

MUMPS-BLR BLR P. R. Amestoy http://mumps.enseeiht.fr

STURMPACK HSS P. Ghysels http://portal.nersc.gov/project/sparse/strumpack

https://github.com/gchavez2/awesome_hierarchical_matrices

https://github.com/xantares/ahmed
http://padas.ices.utexas.edu/libaskit
https://bitbucket.org/poulson/dmhm/src/default/
https://github.com/ChenhanYu/hmlp
https://github.com/H2Lib/H2Lib
https://github.com/HLRA-JHPCN/HACApK-MAGMA
https://github.com/ecrc/hicma
http://www.hlib.org
http://www.hlibpro.com
https://github.com/zaspel/hmglib
https://github.com/amiraa127/Dense_HODLR
http://www.math.purdue.edu/~xiaj/
https://bitbucket.org/hadip/lorasp
http://mumps.enseeiht.fr
http://portal.nersc.gov/project/sparse/strumpack


Differences between LRA methods

H-matrix

HODLR

(inv)-ASKIT

HSS

IFMM

H2-matrix

Shared
Basis

Admissibility

No

No

Yes

Yes

Yes

No

Strong

Weak

Strong

Weak

FMM

Strong

RS/HIF Yes Strong

BLR No non-hierarchical

Admissibility

Nested Basis

Weak Strong

Non-nested Nested

well separated

BLR2 Yes non-hierarchical



Admissibility condition

P. G. Martinsson, CBMS/NSF Conference on Fast Direct Solvers, June 2014

target

source

target

source

SVD

multipole
ID

SVD

multipole
ID

Weak admissibility

Standard admissibility



Nullity Theorem

David Keyes’ lecture 2

Gustafson, William H. (1984), "A note on matrix inversion", Linear Algebra and Its Applications, 57: 71–73, doi:10.1016/0024-3795(84)90177-0
Strang, Gilbert; Nguyen, Tri (2004), "The interplay of ranks of submatrices" (PDF), SIAM Review, 46 (4): 637–646, doi:10.1137/S0036144503434381

<latexit sha1_base64="Ei7Mz0k7naMZI77FPdMotztyjUM=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047IF+4A2lMnkph06mYSZiVBKvsCtfoE7cevH+AH+h5M2C9t6YOBwzr3cM8dPOFPacb6t0sbm1vZOebeyt39weFQ9PumoOJUU2zTmsez5RCFnAtuaaY69RCKJfI5df/KQ+91nlIrF4klPE/QiMhIsZJRoI7XEsFpz6s4c9jpxC1KDAs1h9WcQxDSNUGjKiVJ910m0NyNSM8oxqwxShQmhEzLCvqGCRKi82TxoZl8YJbDDWJontD1X/27MSKTUNPLNZET0WK16ufif1091eOfNmEhSjYIuDoUpt3Vs57+2AyaRaj41hFDJTFabjokkVJtulq4EKo+WmV7c1RbWSeeq7t7U3dZ1rXFfNFSGMziHS3DhFhrwCE1oAwWEF3iFNyuz3q0P63MxWrKKnVNYgvX1C27YlWU=</latexit>n

Apply it recursively

<latexit sha1_base64="mDQuP3aoNgfpJRA0bGOtqey6Ufk=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBCv8CtfoE7cevH+AH+h5M2C1s9MHA4517umeMnnCntOF9WaW19Y3OrvF3Z2d3bP6geHnVUnEqKbRrzWPZ8opAzgW3NNMdeIpFEPseuP7nP/e4TSsVi8ainCXoRGQkWMkq0kVq3w2rNqTtz2H+JW5AaFGgOq9+DIKZphEJTTpTqu06ivYxIzSjHWWWQKkwInZAR9g0VJELlZfOgM/vMKIEdxtI8oe25+nsjI5FS08g3kxHRY7Xq5eJ/Xj/V4Y2XMZGkGgVdHApTbuvYzn9tB0wi1XxqCKGSmaw2HRNJqDbdLF0JVB5tZnpxV1v4SzoXdfeq7rYua427oqEynMApnIML19CAB2hCGyggPMMLvFoz6816tz4WoyWr2DmGJVifPydNlTg=</latexit>

A
<latexit sha1_base64="Fli12OlJIS8ZBY/Cz2eUjaSSwqE=">AAACAHicbVBLTsMwFHwpv1J+BZZsLCokNlQJQsCywIZlkehHakPlOE5r6jiR7SBVUTecgC2cgB1iy004APfAabOgLSNZGs28pzceL+ZMadv+tgpLyyura8X10sbm1vZOeXevqaJEEtogEY9k28OKciZoQzPNaTuWFIcepy1veJP5rScqFYvEvR7F1A1xX7CAEayN1Lx6SE+cca9csav2BGiRODmpQI56r/zT9SOShFRowrFSHceOtZtiqRnhdFzqJorGmAxxn3YMFTikyk0nacfoyCg+CiJpntBoov7dSHGo1Cj0zGSI9UDNe5n4n9dJdHDppkzEiaaCTA8FCUc6QtnXkc8kJZqPDMFEMpMVkQGWmGhT0MwVX2XRsl6c+RYWSfO06pxXnbuzSu06b6gIB3AIx+DABdTgFurQAAKP8AKv8GY9W+/Wh/U5HS1Y+c4+zMD6+gWaRpce</latexit>

A�1if then

https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1016%2F0024-3795%2884%2990177-0
https://en.wikipedia.org/wiki/Gilbert_Strang
http://dspace.mit.edu/bitstream/1721.1/3885/2/HPCES009.pdf
https://en.wikipedia.org/wiki/Doi_(identifier)
https://doi.org/10.1137%2FS0036144503434381


Nullity Theorem？
David Keyes’ lecture 2

Decay of singular values

<latexit sha1_base64="mDQuP3aoNgfpJRA0bGOtqey6Ufk=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBCv8CtfoE7cevH+AH+h5M2C1s9MHA4517umeMnnCntOF9WaW19Y3OrvF3Z2d3bP6geHnVUnEqKbRrzWPZ8opAzgW3NNMdeIpFEPseuP7nP/e4TSsVi8ainCXoRGQkWMkq0kVq3w2rNqTtz2H+JW5AaFGgOq9+DIKZphEJTTpTqu06ivYxIzSjHWWWQKkwInZAR9g0VJELlZfOgM/vMKIEdxtI8oe25+nsjI5FS08g3kxHRY7Xq5eJ/Xj/V4Y2XMZGkGgVdHApTbuvYzn9tB0wi1XxqCKGSmaw2HRNJqDbdLF0JVB5tZnpxV1v4SzoXdfeq7rYua427oqEynMApnIML19CAB2hCGyggPMMLvFoz6816tz4WoyWr2DmGJVifPydNlTg=</latexit>

A
<latexit sha1_base64="1WIB2pJBa1KEuNGICs4TerVofUI=">AAAB/3icbVDLSsNAFL2pr1pfVZduBosgLkoioi6rblxWMG2hDWUymbRDJ5MwMxFK6MIvcKtf4E7c+il+gP/hpM3Cth4YOJxzL/fM8RPOlLbtb6u0srq2vlHerGxt7+zuVfcPWipOJaEuiXksOz5WlDNBXc00p51EUhz5nLb90V3ut5+oVCwWj3qcUC/CA8FCRrA2kntz5th2v1qz6/YUaJk4BalBgWa/+tMLYpJGVGjCsVJdx060l2GpGeF0UumliiaYjPCAdg0VOKLKy6ZhJ+jEKAEKY2me0Giq/t3IcKTUOPLNZIT1UC16ufif1011eO1lTCSppoLMDoUpRzpG+c9RwCQlmo8NwUQykxWRIZaYaNPP3JVA5dEmphdnsYVl0jqvO5d15+Gi1rgtGirDERzDKThwBQ24hya4QIDBC7zCm/VsvVsf1udstGQVO4cwB+vrF+allhs=</latexit>

A ⇤ 100

<latexit sha1_base64="F8j7ZBg76m6egYH31S0K0pd3yko=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdVl047KCfUA7lEwm08YmmSHJCGXoxi9wq1/gTtz6J36A/2GmnYVtPRA4nHMv9+QECWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VoU0S81h1AqwpZ5I2DTOcdhJFsQg4bQej29xvP1GlWSwfzDihvsADySJGsLFSq6fZQOB+perW3CnQMvEKUoUCjX7lpxfGJBVUGsKx1l3PTYyfYWUY4XRS7qWaJpiM8IB2LZVYUO1n07QTdGqVEEWxsk8aNFX/bmRYaD0WgZ0U2Az1opeL/3nd1ETXfsZkkhoqyexQlHJkYpR/HYVMUWL42BJMFLNZERlihYmxBc1dCXUebWJ78RZbWCat85p3WfPuL6r1m6KhEhzDCZyBB1dQhztoQBMIPMILvMKb8+y8Ox/O52x0xSl2jmAOztcvWnKXlg==</latexit>� <latexit sha1_base64="F8j7ZBg76m6egYH31S0K0pd3yko=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdVl047KCfUA7lEwm08YmmSHJCGXoxi9wq1/gTtz6J36A/2GmnYVtPRA4nHMv9+QECWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VoU0S81h1AqwpZ5I2DTOcdhJFsQg4bQej29xvP1GlWSwfzDihvsADySJGsLFSq6fZQOB+perW3CnQMvEKUoUCjX7lpxfGJBVUGsKx1l3PTYyfYWUY4XRS7qWaJpiM8IB2LZVYUO1n07QTdGqVEEWxsk8aNFX/bmRYaD0WgZ0U2Az1opeL/3nd1ETXfsZkkhoqyexQlHJkYpR/HYVMUWL42BJMFLNZERlihYmxBc1dCXUebWJ78RZbWCat85p3WfPuL6r1m6KhEhzDCZyBB1dQhztoQBMIPMILvMKb8+y8Ox/O52x0xSl2jmAOztcvWnKXlg==</latexit>�

nullity

truncation threshold singular values

The exact rank does not grow, but the numerical/truncated rank does



Kronecker factorization



Structure of matrices

Sparse Dense

locally connected fully connected

group based on
connectivity

group based on
proximity

Million-D2-D or 3-D

Each edge is a dimension

everything is close but
dimensions are embedded



A different kind of piecewise linearity

Deep learningScientific computing

Local piecewise linearity

<latexit sha1_base64="MDruyG4bNjZXdg+OJL75lQJ/010=">AAAB/nicbVDLSsNAFL2pr1pfVZduBovgqiQi1Y1QdeOygn1AG8pkMmmHTiZhZiKWUPAL3OoXuBO3/oof4H84abOwrQcGDufcyz1zvJgzpW372yqsrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHQ8rypmgTc00p51YUhx6nLa90W3mtx+pVCwSD3ocUzfEA8ECRrDOpOunK69frthVewq0TJycVCBHo1/+6fkRSUIqNOFYqa5jx9pNsdSMcDop9RJFY0xGeEC7hgocUuWm06wTdGIUHwWRNE9oNFX/bqQ4VGocemYyxHqoFr1M/M/rJjq4dFMm4kRTQWaHgoQjHaHs48hnkhLNx4ZgIpnJisgQS0y0qWfuiq+yaBPTi7PYwjJpnVWdWtW5P6/Ub/KGinAEx3AKDlxAHe6gAU0gMIQXeIU369l6tz6sz9lowcp3DmEO1tcvU9eWbQ==</latexit>

Ax = b

<latexit sha1_base64="99l4eI0BvW/3fqCqOhXud5ttEeI=">AAACHXicbVDLSsNAFJ3UV62vqEs3o0VwVRJRdCMU3bizgn1AE8JkMmmHTiZhZiKUkLWf4Re41S9wJ27FD/A/nLRZ2NYDFw7n3Mu99/gJo1JZ1rdRWVpeWV2rrtc2Nre2d8zdvY6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dFN4XcfiZA05g9qnBA3QgNOQ4qR0pJnHjqUKy9z7iIyQDkMoZMMKQzgVIBX0PLMutWwJoCLxC5JHZRoeeaPE8Q4jQhXmCEp+7aVKDdDQlHMSF5zUkkShEdoQPqachQR6WaTV3J4rJUAhrHQxRWcqH8nMhRJOY583RkhNZTzXiH+5/VTFV66GeVJqgjH00VhyqCKYZELDKggWLGxJggLqm+FeIgEwkqnN7MlkMVpuc7Fnk9hkXROG/Z5w7o/qzevy4Sq4AAcgRNggwvQBLegBdoAgyfwAl7Bm/FsvBsfxue0tWKUM/tgBsbXL0tBoYI=</latexit>Z

⌦
f�d⌦ = 0

Conservation laws
are integrated over
low-D physical space

linear linear linear

linear linear linear

linear linear linear

<latexit sha1_base64="t4pFG0WMcp/4tdSKdCyIwXRV0xU=">AAACGnicbVDLSsNAFJ3UV62vqEtBBouQbkoiim6EohuXFewD2lAmk0k7dPJgZiKGkJ2f4Re41S9wJ27d+AH+h5M2gm09MHA4517umeNEjAppml9aaWl5ZXWtvF7Z2Nza3tF399oijDkmLRyykHcdJAijAWlJKhnpRpwg32Gk44yvc79zT7igYXAnk4jYPhoG1KMYSSUN9MO+j+TI8dIku/SMoTEyfoWHrFarDfSqWTcngIvEKkgVFGgO9O++G+LYJ4HEDAnRs8xI2inikmJGsko/FiRCeIyGpKdogHwi7HTyjwweK8WFXsjVCyScqH83UuQLkfiOmsxDinkvF//zerH0LuyUBlEsSYCnh7yYQRnCvBToUk6wZIkiCHOqskI8QhxhqaqbueKKPFqmerHmW1gk7ZO6dVY3b0+rjauioTI4AEfAABY4Bw1wA5qgBTB4BM/gBbxqT9qb9q59TEdLWrGzD2agff4AYkWhKg==</latexit>

y = f(g(h(x)))
Composite functions of
of piecewise linear transformations
are used to describe complex
non-linear functions

<latexit sha1_base64="oPz2VUzrpMwfb5CelfHymv+/5G4=">AAACAnicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxWsA9oQ5lMJu3QySTOTIQSuvML3OoXuBO3/ogf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjtooSSWiLRDySXQ8rypmgLc00p91YUhx6nHa88W3md56oVCwSD3oSUzfEQ8ECRrA2Ujeo9h8T7J8PyhW7Zs+AVomTkwrkaA7KP30/IklIhSYcK9Vz7Fi7KZaaEU6npX6iaIzJGA9pz1CBQ6rcdJZ3is6M4qMgkuYJjWbq340Uh0pNQs9MhliP1LKXif95vUQH127KRJxoKsj8UJBwpCOUfR75TFKi+cQQTCQzWREZYYmJNhUtXPFVFm1qenGWW1gl7Yuac1lz7uuVxk3eUBFO4BSq4MAVNOAOmtACAhxe4BXerGfr3fqwPuejBSvfOYYFWF+/KQ2X+w==</latexit>

f( )linear

<latexit sha1_base64="FQNQHnFz+qBGkJX7Ezetshl7XQw=">AAACAnicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxWsA9oQ5lMJu3QySTOTIQSuvML3OoXuBO3/ogf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjtooSSWiLRDySXQ8rypmgLc00p91YUhx6nHa88W3md56oVCwSD3oSUzfEQ8ECRrA2UndY7T8m2D8flCt2zZ4BrRInJxXI0RyUf/p+RJKQCk04Vqrn2LF2Uyw1I5xOS/1E0RiTMR7SnqECh1S56SzvFJ0ZxUdBJM0TGs3UvxspDpWahJ6ZDLEeqWUvE//zeokOrt2UiTjRVJD5oSDhSEco+zzymaRE84khmEhmsiIywhITbSpauOKrLNrU9OIst7BK2hc157Lm3NcrjZu8oSKcwClUwYEraMAdNKEFBDi8wCu8Wc/Wu/Vhfc5HC1a+cwwLsL5+ASqrl/w=</latexit>

g( )linear

<latexit sha1_base64="mhIxM1XK0ky42Cb/BLXyhR1H9Dg=">AAACAnicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxWsA9oQ5lMJu3QySTOTIQSuvML3OoXuBO3/ogf4H84abOwrQcGDufcyz1zvJgzpW372yqsrW9sbhW3Szu7e/sH5cOjtooSSWiLRDySXQ8rypmgLc00p91YUhx6nHa88W3md56oVCwSD3oSUzfEQ8ECRrA2UndU7T8m2D8flCt2zZ4BrRInJxXI0RyUf/p+RJKQCk04Vqrn2LF2Uyw1I5xOS/1E0RiTMR7SnqECh1S56SzvFJ0ZxUdBJM0TGs3UvxspDpWahJ6ZDLEeqWUvE//zeokOrt2UiTjRVJD5oSDhSEco+zzymaRE84khmEhmsiIywhITbSpauOKrLNrU9OIst7BK2hc157Lm3NcrjZu8oSKcwClUwYEraMAdNKEFBDi8wCu8Wc/Wu/Vhfc5HC1a+cwwLsL5+ASxJl/0=</latexit>

h( )linear

Patch them together
and you get something
complex

Stack them up
and you get something
complex



Hessian, Fisher & Covariance Matrices

0.9

0.1
0

Labradoodle

Fried chicken

labelinput

1

output

Loss per data sample

Negative log likelihood per class per data sample
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rL =
dataX

d

@ld
@W
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L =
dataX

d

ld

Overall loss Gradient

<latexit sha1_base64="pus4vMJHTH1k5exrNk9U69nty2Q="></latexit>

H =
dataX

d

@
2
ld

@W 2

Hessian (Newton’s method)

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

Fisher (Natural gradient descent)

<latexit sha1_base64="WsfHVlQre6cEEPGZxz/EDYxfILw="></latexit>

C =
dataX

d

✓
@ld
@W

◆T ✓
@ld
@W

◆Covariance (KFAC)

weights

<latexit sha1_base64="ksPW5Yr5BFGthJwlsnGba5y7izw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtYeM3w==</latexit>

W

I’m intentionally forgetting vector notation to
decouple calculus from linear algebra in this slide

<latexit sha1_base64="cbYSS0T+Qu+hc+KeLBT5sv9UXa0=">AAACEXicbVDLSsNAFJ3UV62vqLhyM1iEurAkIupGKLpxWcE+oA1hMpm0QyeZMDMRS8hX+AVu9QvciVu/wA/wP5y0WdjWAxcO59zLPRwvZlQqy/o2SkvLK6tr5fXKxubW9o65u9eWPBGYtDBnXHQ9JAmjEWkpqhjpxoKg0GOk441uc7/zSISkPHpQ45g4IRpENKAYKS255gFzU+xn16d9xgcwcHHtyfVPXLNq1a0J4CKxC1IFBZqu+dP3OU5CEinMkJQ924qVkyKhKGYkq/QTSWKER2hAeppGKCTSSSfxM3isFR8GXOiJFJyofy9SFEo5Dj29GSI1lPNeLv7n9RIVXDkpjeJEkQhPHwUJg4rDvAvoU0GwYmNNEBZUZ4V4iATCSjc288WXebRM92LPt7BI2md1+6Ju359XGzdFQ2VwCI5ADdjgEjTAHWiCFsAgBS/gFbwZz8a78WF8TldLRnGzD2ZgfP0CMXOdVg==</latexit>

lcd = � log fc(xd)

<latexit sha1_base64="x/tXxvzd00vkTOXw8cNDjkHV9Ek=">AAAB/nicbVDLSgMxFM3UV62vqks3wSLUzZCpluqu6MZlBfuAdiiZTKYNzWSGJCOWUvAL3OoXuBO3/oof4H+YaQex1QOBwzn3ck+OF3OmNEKfVm5ldW19I79Z2Nre2d0r7h+0VJRIQpsk4pHseFhRzgRtaqY57cSS4tDjtO2NrlO/fU+lYpG40+OYuiEeCBYwgnUqBeWH036xhGw0A0R2tVZBl2fwR3EyUgIZGv3iV8+PSBJSoQnHSnUdFGt3gqVmhNNpoZcoGmMywgPaNVTgkCp3Mss6hSdG8WEQSfOEhjP198YEh0qNQ89MhlgP1bKXiv953UQHF+6EiTjRVJD5oSDhUEcw/Tj0maRE87EhmEhmskIyxBITbepZuOKrNNrU9OIst/CXtCq2U7XR7XmpfpU1lAdH4BiUgQNqoA5uQAM0AQFD8ASewYv1aL1ab9b7fDRnZTuHYAHWxzc5npZc</latexit>

f(x) <latexit sha1_base64="W3X2QZw9dYZ4ak1Zbj4E4J7xdbU=">AAAB+3icdVDLSsNAFL2pr1pfVZduBovgqiSi2O6Kbly2YB/QhjKZTNqhk0mYmQih5Avc6he4E7d+jB/gfzhpI1jRAxcO59zLvfd4MWdK2/aHVVpb39jcKm9Xdnb39g+qh0c9FSWS0C6JeCQHHlaUM0G7mmlOB7GkOPQ47Xuz29zvP1CpWCTudRpTN8QTwQJGsDZSJx1Xa3bdXgD9IM1mw2k0kVMoNSjQHlc/R35EkpAKTThWaujYsXbnWGpGOM0qo0TRGJMZntChoQKHVLnzxaEZOjOKj4JImhIaLdSfE3McKpWGnukMsZ6q314u/uUNEx003DkTcaKpIMtFQcKRjlD+NfKZpETz1BBMJDO3IjLFEhNtslnZ4qv8tMzk8v08+p/0LurOVd3uXNZaN0VCZTiBUzgHB66hBXfQhi4QoPAIT/BsZdaL9Wq9LVtLVjFzDCuw3r8AwRqVmg==</latexit>y

<latexit sha1_base64="HuWQ0Nz0Kk8dlCOtrKCFZNSRnLY=">AAACGnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6kYounFZwT6gjWEymbRDZ5IwMxFCyM7P8Avc6he4E7du/AD/w0nahW09MHA4577meDGjUlnWt1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPQ9JwmhI2ooqRnqxIIh7jHS98U3hdx+JkDQK71UaE4ejYUgDipHSkmseMjfz86uBTLiLHzLMkJQ5TF2sdeznrlm3GlYJuEjsKamDKVqu+TPwI5xwEqpyVt+2YuVkSCiKGclrg0SSGOExGpK+piHiRDpZ+Y8cHmvFh0Ek9AsVLNW/HRniUqbc05UcqZGc9wrxP6+fqODSyWgYJ4qEeLIoSBhUESxCgT4VBCuWaoKwoPpWiEdIIKx0dDNbfFmcVuRiz6ewSDqnDfu8Yd+d1ZvX04Sq4AAcgRNggwvQBLegBdoAgyfwAl7Bm/FsvBsfxuektGJMe/bBDIyvX3OxonI=</latexit>

ld =
classX

c

yclcd

<latexit sha1_base64="dzkZGDmaAPlWrT9iOeWS2/lxTho="></latexit>

F =
dataX

d

classX

c

fc(xd)

✓
@lcd
@W

◆T ✓
@lcd
@W

◆



Predicting Hyperparameters

Applications of H,F,C Matrices
Generalization Metrics

• Spectral bound
• Path norm
• Fisher-Rao metric
• Variance of gradients
• Sharpness
• PAC-Baysian
• Takeuchi Information Criteria

Preconditioned Optimizers

Bnoise =
tr(HC

�1)

JTHJ

<latexit sha1_base64="uGvRDAfCO0E7PZe1Dp9QaoixZS4="></latexit>

Gram-Gauss-Newton
F(✓)�1

rL(✓) = J>
f,✓

�
H`,fJf,✓J

>
f,✓

 �1 @L(✓)

@f

<latexit sha1_base64="Cgx2UAbzYSOeveyoz9o0+3Kqi8Q="></latexit>

@✓

@�
= �H

�1 @2L
@✓@�>

<latexit sha1_base64="CdZERJ50i0xR42/O/g19r+8EUUQ="></latexit>

Bayesian Inference

Gauss-Newton

F(✓)�1
rL(✓) =

�
J>
f,✓H`,fJf,✓

 �1
J>
f,✓

@L(✓)

@f

<latexit sha1_base64="zJvWWMXCoB8JS8JKLMvY9Vxqtq4="></latexit>

�
F(✓) + ��2I

 �1
rL(✓)

=
�
J>
f,✓H`,fJf,✓ + ��2I

 �1
J>
f,✓

@L(✓)

@f

<latexit sha1_base64="E86ydS+wOGEBBfDWD5mjEUPni7M="></latexit>



0.9

0.1
0

Labradoodle

Fried chicken

1 Loss per data sample

Negative log likelihood per class per data sample

<latexit sha1_base64="TGq8vZUYlJKDB8rSrBRL6H5UaPk=">AAACHnicbVDLSgMxFM34rPVVdekmWARXZUYsuhGKbly4qGAf0KnDnUymDc1khiQjlGG+xI2/4saFIoIr/RvTB6itBwIn59x7k3v8hDOlbfvLWlhcWl5ZLawV1zc2t7ZLO7tNFaeS0AaJeSzbPijKmaANzTSn7URSiHxOW/7gcuS37qlULBa3epjQbgQ9wUJGQBvJK1VdAT4HfH3uqjTygrssAA25G0ogmZuA1Aw45l6Q/9xauVcq2xV7DDxPnCkpoynqXunDDWKSRlRowkGpjmMnupuNBhJO86KbKpoAGUCPdgwVEFHVzcbr5fjQKAEOY2mO0His/u7IIFJqGPmmMgLdV7PeSPzP66Q6POtmTCSppoJMHgpTjnWMR1nhgElKNB8aAkQy81dM+mCS0SbRognBmV15njSPK061Yt+clGsX0zgKaB8doCPkoFNUQ1eojhqIoAf0hF7Qq/VoPVtv1vukdMGa9uyhP7A+vwGZEaNo</latexit>

rL =
dataX

d

@ld
@W

<latexit sha1_base64="s57meQdV8TRvffpgE2u5s/2yQQ8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0Y1QdOPCRQX7gDaGyWTSDp1JwsxELCG/4saFIm79EXf+jdPHQqsHLhzOuZd77wlSzpR2nC+rtLS8srpWXq9sbG5t79i71bZKMkloiyQ8kd0AK8pZTFuaaU67qaRYBJx2gtHVxO88UKlYEt/pcUo9gQcxixjB2ki+Xb256KtM+OF9HmKNC+6Hvl1z6s4U6C9x56QGczR9+7MfJiQTNNaEY6V6rpNqL8dSM8JpUelniqaYjPCA9gyNsaDKy6e3F+jQKCGKEmkq1miq/pzIsVBqLALTKbAeqkVvIv7n9TIdnXs5i9NM05jMFkUZRzpBkyBQyCQlmo8NwUQycysiQywx0SauignBXXz5L2kf193TunN7UmtczuMowz4cwBG4cAYNuIYmtIDAIzzBC7xahfVsvVnvs9aSNZ/Zg1+wPr4BH2WUfw==</latexit>

L =
dataX

d

ld

Overall loss Gradient

<latexit sha1_base64="Qrf0MYIwlAOrUIJFBxNweXaH96A=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiSi6EYounFZwbSFNpTJZNIOnUzCzEQsoQu/wK1+gTtx66f4Af6HkzYL23pg4HDOvdwzx084U9q2v63Syura+kZ5s7K1vbO7V90/aKk4lYS6JOax7PhYUc4EdTXTnHYSSXHkc9r2R7e5336kUrFYPOhxQr0IDwQLGcHaSO7T9bBv96s1u25PgZaJU5AaFGj2qz+9ICZpRIUmHCvVdexEexmWmhFOJ5VeqmiCyQgPaNdQgSOqvGwadoJOjBKgMJbmCY2m6t+NDEdKjSPfTEZYD9Wil4v/ed1Uh1dexkSSairI7FCYcqRjlP8cBUxSovnYEEwkM1kRGWKJiTb9zF0JVB5tYnpxFltYJq2zunNRt+/Pa42boqEyHMExnIIDl9CAO2iCCwQYvMArvFnP1rv1YX3ORktWsXMIc7C+fgH/kJbJ</latexit>

x = h0
<latexit sha1_base64="oeS8g7Am64cZNl7f2teu7TnWjwI=">AAACBHicdVDLSgMxFM3UV62vqks3wSK4GjKl1XYhFN24rGAf2A5DJpO2oZnMkGSEUrr1C9zqF7gTt/6HH+B/mGlHsKIHLhzOuZd77/FjzpRG6MPKrayurW/kNwtb2zu7e8X9g7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/PFV6nfuqVQsErd6ElM3xEPBBoxgbaS7xEMXHQ+NPOQVS8iu16r1Sg0iG82RkvJZvepAJ1NKIEPTK372g4gkIRWacKxUz0GxdqdYakY4nRX6iaIxJmM8pD1DBQ6pcqfzi2fwxCgBHETSlNBwrv6cmOJQqUnom84Q65H67aXiX14v0YOaO2UiTjQVZLFokHCoI5i+DwMmKdF8YggmkplbIRlhiYk2IS1tCVR62szk8v08/J+0y7ZTtdFNpdS4zBLKgyNwDE6BA85BA1yDJmgBAgR4BE/g2XqwXqxX623RmrOymUOwBOv9C3UxmK8=</latexit>

u0 = W0h0

<latexit sha1_base64="kCq7DLpZP7ITr63xm/PasuR7YA0=">AAACBHicdVDLSsNAFL3xWeur6tLNYBHqpiSi2C6EohuXFewD2xAmk0k7dDIJMxOhhG79Arf6Be7Erf/hB/gfTh9CK3rgwuGce7n3Hj/hTGnb/rSWlldW19ZzG/nNre2d3cLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/uB67LceqFQsFnd6mFA3wj3BQkawNtJ933Muw1Lq2SdeoWiX7QnQHKlWK06lipyZUoQZ6l7hqxvEJI2o0IRjpTqOnWg3w1Izwuko300VTTAZ4B7tGCpwRJWbTS4eoWOjBCiMpSmh0USdn8hwpNQw8k1nhHVf/fbG4l9eJ9Vhxc2YSFJNBZkuClOOdIzG76OASUo0HxqCiWTmVkT6WGKiTUgLWwI1Pm1kcvl5Hv1Pmqdl57xs354Va1ezhHJwCEdQAgcuoAY3UIcGEBDwBM/wYj1ar9ab9T5tXbJmMwewAOvjGwfsmGs=</latexit>

h1 = f(u0)
<latexit sha1_base64="i98NF53nvMx1GTvIOlT02vBIGAA=">AAACBHicdVDLSsNAFL2pr1pfVZdugkVwFRKt2o1QdOOygn1gG8JkMmmHTiZhZiKU0K1f4Fa/wJ249T/8AP/DSVuhFT0wcDjnXu6Z4yeMSmXbn0ZhaXllda24XtrY3NreKe/utWScCkyaOGax6PhIEkY5aSqqGOkkgqDIZ6TtD69zv/1AhKQxv1OjhLgR6nMaUoyUlu5Tz7lse87Ac7xyxbHsCUzbOq9W7dOaJjPlx6rADA2v/NULYpxGhCvMkJRdx06UmyGhKGZkXOqlkiQID1GfdDXlKCLSzSaJx+aRVgIzjIV+XJkTdX4jQ5GUo8jXkxFSA/nby8W/vG6qwpqbUZ6kinA8PRSmzFSxmX/fDKggWLGRJggLqrOaeIAEwkqXtHAlkHm08Xwv/5PWieWcWfZttVK/mjVUhAM4hGNw4ALqcAMNaAIGDk/wDC/Go/FqvBnv09GCMdvZhwUYH988fpiK</latexit>

u1 = W1h1

<latexit sha1_base64="W73OkZkQwqUqtkryurdoW2eNi9I=">AAACAnicbVDLSgMxFM3UV62vqks3wSLUzZCplupCKLpxWcE+oB1KJpNpQzOZIckIpXTnF7jVL3Anbv0RP8D/MNMOYqsHAodz7uWeHC/mTGmEPq3cyura+kZ+s7C1vbO7V9w/aKkokYQ2ScQj2fGwopwJ2tRMc9qJJcWhx2nbG92kfvuBSsUica/HMXVDPBAsYARrI3Xiq6Cc9J3TfrGEbDQDRHa1VkGXZ/BHcTJSAhka/eJXz49IElKhCcdKdR0Ua3eCpWaE02mhlygaYzLCA9o1VOCQKncyyzuFJ0bxYRBJ84SGM/X3xgSHSo1Dz0yGWA/VspeK/3ndRAcX7oSJONFUkPmhIOFQRzD9PPSZpETzsSGYSGayQjLEEhNtKlq44qs02tT04iy38Je0KrZTtdHdeal+nTWUB0fgGJSBA2qgDm5BAzQBARw8gWfwYj1ar9ab9T4fzVnZziFYgPXxDchil74=</latexit>

p = f(u1)

<latexit sha1_base64="j1Y2QPq7NeBkOeBVkww0KPiCVqY=">AAACHHicbVDLSsNAFL3xWesr6tLNYBFclUQU3QhFNy4r2Ae0IUwmk3bo5MHMRCghWz/DL3CrX+BO3Ap+gP/hpA1oWw8MnDnn3rl3jpdwJpVlfRlLyyura+uVjerm1vbOrrm335ZxKghtkZjHouthSTmLaEsxxWk3ERSHHqcdb3RT+J0HKiSLo3s1TqgT4kHEAkaw0pJroqt+IDDJ+gkWimGOuOvnv7dO7po1q25NgBaJXZIalGi65nffj0ka0kgRjqXs2VainKx4kHCaV/uppAkmIzygPU0jHFLpZJOf5OhYKz4KYqFPpNBE/duR4VDKcejpyhCroZz3CvE/r5eq4NLJWJSkikZkOihIOVIxKmJBPhOUKD7WBBPB9K6IDLFORunwZqb4slityMWeT2GRtE/r9nndujurNa7LhCpwCEdwAjZcQANuoQktIPAIz/ACr8aT8Wa8Gx/T0iWj7DmAGRifP1Zlotk=</latexit>

=
@ld
@W

<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="4dcnyKt/ee7kGXZ6S3uBkWEAkPc=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c6GOvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJDnqjNw==</latexit>

@u1

@h1
<latexit sha1_base64="rQepUHmc6aWrxxB1wV5j6ZVGC6k=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c66OvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJ8zGjJg==</latexit>

@u1

@W1

<latexit sha1_base64="60kCDCJfdCUFlI7azaDnN8WmG14=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRJRbHdFNy4r2Ae0IUwmk3boZBJmJkIJWfsZfoFb/QJ34lb8AP/DSRuxFT0wcObc9/FiRqWyrA+jtLS8srpWXq9sbG5t75i7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrPN69I0LSiN+qSUycEA05DShGSkuueTgIBMLpIEZCUcTgyLWzn1/iWplrVq2aNQWcI41G3a43oF0oVVCg5ZqfAz/CSUi4wgxJ2betWDlp3hIzklUGiSQxwmM0JH1NOQqJdNLpKRk81ooPg0joxxWcqvMVKQqlnISezgyRGsnfsVz8K9ZPVFB3UsrjRBGOZ4OChEEVwdwX6FNBsGITTRAWVO8K8Qhpb5R2b2GKL/PVcl++j4f/k85pzT6vWTdn1eZl4VAZHIAjcAJscAGa4Bq0QBtgcA8ewRN4Nh6MF+PVeJulloyiZh8swHj/AiX8o0g=</latexit>

@h1

@u0
<latexit sha1_base64="2g++4FK2qtbTNVizFSiWmGPzmRk=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuQlJabXdFNy4r2Ac0IUwmk3bo5MHMRCihaz/DL3CrX+BO3Iof4H84aSNa0QMD555779x7j5cwKqRpvmtLyyura+uljfLm1vbOrr633xVxyjHp4JjFvO8hQRiNSEdSyUg/4QSFHiM9b3yZ53u3hAsaRzdykhAnRMOIBhQjqSRXP7IDjnBmJ4hLihhMXXP6HfVU5OoV02g26s1aA5qGOUNOqmfNugWtQqmAAm1X/7D9GKchiSRmSIiBZSbSyfIvMSPTsp0KkiA8RkMyUDRCIRFONjtlCk+U4sMg5upFEs7Unx0ZCoWYhJ6qDJEcid+5XPwrN0hl0HAyGiWpJBGeDwpSBmUMc1+gTznBkk0UQZhTtSvEI6S8kcq9hSm+yFfLffk6Hv5PulXDqhvmda3SuigcKoFDcAxOgQXOQQtcgTboAAzuwAN4BE/avfasvWiv89Ilreg5AAvQ3j4BLYSjTA==</latexit>

@u0

@W0

Jacobian-Vector Product
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5

5

5
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15
<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="j1Y2QPq7NeBkOeBVkww0KPiCVqY=">AAACHHicbVDLSsNAFL3xWesr6tLNYBFclUQU3QhFNy4r2Ae0IUwmk3bo5MHMRCghWz/DL3CrX+BO3Ap+gP/hpA1oWw8MnDnn3rl3jpdwJpVlfRlLyyura+uVjerm1vbOrrm335ZxKghtkZjHouthSTmLaEsxxWk3ERSHHqcdb3RT+J0HKiSLo3s1TqgT4kHEAkaw0pJroqt+IDDJ+gkWimGOuOvnv7dO7po1q25NgBaJXZIalGi65nffj0ka0kgRjqXs2VainKx4kHCaV/uppAkmIzygPU0jHFLpZJOf5OhYKz4KYqFPpNBE/duR4VDKcejpyhCroZz3CvE/r5eq4NLJWJSkikZkOihIOVIxKmJBPhOUKD7WBBPB9K6IDLFORunwZqb4slityMWeT2GRtE/r9nndujurNa7LhCpwCEdwAjZcQANuoQktIPAIz/ACr8aT8Wa8Gx/T0iWj7DmAGRifP1Zlotk=</latexit>

=
@ld
@W

1

2
25 25

12
<latexit sha1_base64="0cIzgMrwBVbeLlaGe2kyLRzoJg8=">AAACB3icdVDLSsNAFL3xWeur6tJNsAiuQqJVuyy6cVnBPqCNZTKZtENnJnFmIpTQD/AL3OoXuBO3foYf4H84aStY0QMXDufcyz2cIGFUadf9sBYWl5ZXVgtrxfWNza3t0s5uU8WpxKSBYxbLdoAUYVSQhqaakXYiCeIBI61geJn7rXsiFY3FjR4lxOeoL2hEMdJG8rsq5b3wNguRRuNeqew57gS265xVKu5J1ZCZ8m2VYYZ6r/TZDWOcciI0Zkipjucm2s+Q1BQzMi52U0UShIeoTzqGCsSJ8rNJ6LF9aJTQjmJpRmh7ov68yBBXasQDs8mRHqjfXi7+5XVSHVX9jIok1UTg6aMoZbaO7bwBO6SSYM1GhiAsqclq4wGSCGvT09yXUOXR5nr5nzSPHe/Uca8r5drFrKEC7MMBHIEH51CDK6hDAzDcwSM8wbP1YL1Yr9bbdHXBmt3swRys9y9ViJrr</latexit>

dataX

d

<latexit sha1_base64="6P1RGPpQ/vQYtipjRlSI9WN9RRM=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4GmZKq+2u6MZlBfuAdiyZTNqGJpkxyQhl6Af4BW71C9yJWz/DD/A/zLQjWNEDgcM593JPjh8xqrTjfFi5ldW19Y38ZmFre2d3r7h/0FZhLDFp4ZCFsusjRRgVpKWpZqQbSYK4z0jHn1ymfueeSEVDcaOnEfE4Ggk6pBhpI3l9FfNBcJsESKPZoFhy7HqtWq/UoGM7c6SkfFavutDNlBLI0BwUP/tBiGNOhMYMKdVznUh7CZKaYkZmhX6sSITwBI1Iz1CBOFFeMg89gydGCeAwlOYJDefqz40EcaWm3DeTHOmx+u2l4l9eL9bDmpdQEcWaCLw4NIwZ1CFMG4ABlQRrNjUEYUlNVojHSCKsTU9LVwKVRkt7+f48/J+0y7ZbtZ3rSqlxkTWUB0fgGJwCF5yDBrgCTdACGNyBR/AEnq0H68V6td4Wozkr2zkES7DevwCTCpsT</latexit>

dataX

dJacobian-vector
product

<latexit sha1_base64="p4V4N6uy+7pvXjmkyIvfobbKdMA=">AAACLHicbVDLSgMxFM3UV62vqks3wSLUTZkRRZdFNy4r9AWdOmTSTBuaeZDcEcowv+Fn+AVu9QvciLjU7zDTDmhbDwROzrk39+a4keAKTPPdKKysrq1vFDdLW9s7u3vl/YO2CmNJWYuGIpRdlygmeMBawEGwbiQZ8V3BOu74JvM7D0wqHgZNmESs75NhwD1OCWjJKZu2YB5UbU8SmtgRkcCJwLFjpb+3jmOmtuTDEZzeN51yxayZU+BlYuWkgnI0nPKXPQhp7LMAqCBK9Swzgn6SvU0FS0t2rFhE6JgMWU/TgPhM9ZPpz1J8opUB9kKpTwB4qv7tSIiv1MR3daVPYKQWvUz8z+vF4F31Ex5EMbCAzgZ5scAQ4iwmPOCSURATTQiVXO+K6YjokECHOTdloLLVUp2LtZjCMmmf1ayLmnl3Xqlf5wkV0RE6RlVkoUtUR7eogVqIokf0jF7Qq/FkvBkfxuestGDkPYdoDsb3D6H7qSU=</latexit>✓
@u1

@W0

◆T

<latexit sha1_base64="cbYSS0T+Qu+hc+KeLBT5sv9UXa0=">AAACEXicbVDLSsNAFJ3UV62vqLhyM1iEurAkIupGKLpxWcE+oA1hMpm0QyeZMDMRS8hX+AVu9QvciVu/wA/wP5y0WdjWAxcO59zLPRwvZlQqy/o2SkvLK6tr5fXKxubW9o65u9eWPBGYtDBnXHQ9JAmjEWkpqhjpxoKg0GOk441uc7/zSISkPHpQ45g4IRpENKAYKS255gFzU+xn16d9xgcwcHHtyfVPXLNq1a0J4CKxC1IFBZqu+dP3OU5CEinMkJQ924qVkyKhKGYkq/QTSWKER2hAeppGKCTSSSfxM3isFR8GXOiJFJyofy9SFEo5Dj29GSI1lPNeLv7n9RIVXDkpjeJEkQhPHwUJg4rDvAvoU0GwYmNNEBZUZ4V4iATCSjc288WXebRM92LPt7BI2md1+6Ju359XGzdFQ2VwCI5ADdjgEjTAHWiCFsAgBS/gFbwZz8a78WF8TldLRnGzD2ZgfP0CMXOdVg==</latexit>

lcd = � log fc(xd)

<latexit sha1_base64="HuWQ0Nz0Kk8dlCOtrKCFZNSRnLY=">AAACGnicbVDLSsNAFJ3UV62vqEtBBovgqiQi6kYounFZwT6gjWEymbRDZ5IwMxFCyM7P8Avc6he4E7du/AD/w0nahW09MHA4577meDGjUlnWt1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPQ9JwmhI2ooqRnqxIIh7jHS98U3hdx+JkDQK71UaE4ejYUgDipHSkmseMjfz86uBTLiLHzLMkJQ5TF2sdeznrlm3GlYJuEjsKamDKVqu+TPwI5xwEqpyVt+2YuVkSCiKGclrg0SSGOExGpK+piHiRDpZ+Y8cHmvFh0Ek9AsVLNW/HRniUqbc05UcqZGc9wrxP6+fqODSyWgYJ4qEeLIoSBhUESxCgT4VBCuWaoKwoPpWiEdIIKx0dDNbfFmcVuRiz6ewSDqnDfu8Yd+d1ZvX04Sq4AAcgRNggwvQBLegBdoAgyfwAl7Bm/FsvBsfxuektGJMe/bBDIyvX3OxonI=</latexit>

ld =
classX

c

yclcd



Jacobian-Matrix Product

0.9

0.1
0

Labradoodle

Fried chicken

1

<latexit sha1_base64="Qrf0MYIwlAOrUIJFBxNweXaH96A=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiSi6EYounFZwbSFNpTJZNIOnUzCzEQsoQu/wK1+gTtx66f4Af6HkzYL23pg4HDOvdwzx084U9q2v63Syura+kZ5s7K1vbO7V90/aKk4lYS6JOax7PhYUc4EdTXTnHYSSXHkc9r2R7e5336kUrFYPOhxQr0IDwQLGcHaSO7T9bBv96s1u25PgZaJU5AaFGj2qz+9ICZpRIUmHCvVdexEexmWmhFOJ5VeqmiCyQgPaNdQgSOqvGwadoJOjBKgMJbmCY2m6t+NDEdKjSPfTEZYD9Wil4v/ed1Uh1dexkSSairI7FCYcqRjlP8cBUxSovnYEEwkM1kRGWKJiTb9zF0JVB5tYnpxFltYJq2zunNRt+/Pa42boqEyHMExnIIDl9CAO2iCCwQYvMArvFnP1rv1YX3ORktWsXMIc7C+fgH/kJbJ</latexit>

x = h0
<latexit sha1_base64="oeS8g7Am64cZNl7f2teu7TnWjwI=">AAACBHicdVDLSgMxFM3UV62vqks3wSK4GjKl1XYhFN24rGAf2A5DJpO2oZnMkGSEUrr1C9zqF7gTt/6HH+B/mGlHsKIHLhzOuZd77/FjzpRG6MPKrayurW/kNwtb2zu7e8X9g7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/PFV6nfuqVQsErd6ElM3xEPBBoxgbaS7xEMXHQ+NPOQVS8iu16r1Sg0iG82RkvJZvepAJ1NKIEPTK372g4gkIRWacKxUz0GxdqdYakY4nRX6iaIxJmM8pD1DBQ6pcqfzi2fwxCgBHETSlNBwrv6cmOJQqUnom84Q65H67aXiX14v0YOaO2UiTjQVZLFokHCoI5i+DwMmKdF8YggmkplbIRlhiYk2IS1tCVR62szk8v08/J+0y7ZTtdFNpdS4zBLKgyNwDE6BA85BA1yDJmgBAgR4BE/g2XqwXqxX623RmrOymUOwBOv9C3UxmK8=</latexit>

u0 = W0h0

<latexit sha1_base64="kCq7DLpZP7ITr63xm/PasuR7YA0=">AAACBHicdVDLSsNAFL3xWeur6tLNYBHqpiSi2C6EohuXFewD2xAmk0k7dDIJMxOhhG79Arf6Be7Erf/hB/gfTh9CK3rgwuGce7n3Hj/hTGnb/rSWlldW19ZzG/nNre2d3cLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/uB67LceqFQsFnd6mFA3wj3BQkawNtJ933Muw1Lq2SdeoWiX7QnQHKlWK06lipyZUoQZ6l7hqxvEJI2o0IRjpTqOnWg3w1Izwuko300VTTAZ4B7tGCpwRJWbTS4eoWOjBCiMpSmh0USdn8hwpNQw8k1nhHVf/fbG4l9eJ9Vhxc2YSFJNBZkuClOOdIzG76OASUo0HxqCiWTmVkT6WGKiTUgLWwI1Pm1kcvl5Hv1Pmqdl57xs354Va1ezhHJwCEdQAgcuoAY3UIcGEBDwBM/wYj1ar9ab9T5tXbJmMwewAOvjGwfsmGs=</latexit>

h1 = f(u0)
<latexit sha1_base64="i98NF53nvMx1GTvIOlT02vBIGAA=">AAACBHicdVDLSsNAFL2pr1pfVZdugkVwFRKt2o1QdOOygn1gG8JkMmmHTiZhZiKU0K1f4Fa/wJ249T/8AP/DSVuhFT0wcDjnXu6Z4yeMSmXbn0ZhaXllda24XtrY3NreKe/utWScCkyaOGax6PhIEkY5aSqqGOkkgqDIZ6TtD69zv/1AhKQxv1OjhLgR6nMaUoyUlu5Tz7lse87Ac7xyxbHsCUzbOq9W7dOaJjPlx6rADA2v/NULYpxGhCvMkJRdx06UmyGhKGZkXOqlkiQID1GfdDXlKCLSzSaJx+aRVgIzjIV+XJkTdX4jQ5GUo8jXkxFSA/nby8W/vG6qwpqbUZ6kinA8PRSmzFSxmX/fDKggWLGRJggLqrOaeIAEwkqXtHAlkHm08Xwv/5PWieWcWfZttVK/mjVUhAM4hGNw4ALqcAMNaAIGDk/wDC/Go/FqvBnv09GCMdvZhwUYH988fpiK</latexit>

u1 = W1h1

<latexit sha1_base64="W73OkZkQwqUqtkryurdoW2eNi9I=">AAACAnicbVDLSgMxFM3UV62vqks3wSLUzZCplupCKLpxWcE+oB1KJpNpQzOZIckIpXTnF7jVL3Anbv0RP8D/MNMOYqsHAodz7uWeHC/mTGmEPq3cyura+kZ+s7C1vbO7V9w/aKkokYQ2ScQj2fGwopwJ2tRMc9qJJcWhx2nbG92kfvuBSsUica/HMXVDPBAsYARrI3Xiq6Cc9J3TfrGEbDQDRHa1VkGXZ/BHcTJSAhka/eJXz49IElKhCcdKdR0Ua3eCpWaE02mhlygaYzLCA9o1VOCQKncyyzuFJ0bxYRBJ84SGM/X3xgSHSo1Dz0yGWA/VspeK/3ndRAcX7oSJONFUkPmhIOFQRzD9PPSZpETzsSGYSGayQjLEEhNtKlq44qs02tT04iy38Je0KrZTtdHdeal+nTWUB0fgGJSBA2qgDm5BAzQBARw8gWfwYj1ar9ab9T4fzVnZziFYgPXxDchil74=</latexit>

p = f(u1)

Gradient of first layer per data sample
<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="4dcnyKt/ee7kGXZ6S3uBkWEAkPc=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c6GOvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJDnqjNw==</latexit>

@u1

@h1

<latexit sha1_base64="60kCDCJfdCUFlI7azaDnN8WmG14=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRJRbHdFNy4r2Ae0IUwmk3boZBJmJkIJWfsZfoFb/QJ34lb8AP/DSRuxFT0wcObc9/FiRqWyrA+jtLS8srpWXq9sbG5t75i7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrPN69I0LSiN+qSUycEA05DShGSkuueTgIBMLpIEZCUcTgyLWzn1/iWplrVq2aNQWcI41G3a43oF0oVVCg5ZqfAz/CSUi4wgxJ2betWDlp3hIzklUGiSQxwmM0JH1NOQqJdNLpKRk81ooPg0joxxWcqvMVKQqlnISezgyRGsnfsVz8K9ZPVFB3UsrjRBGOZ4OChEEVwdwX6FNBsGITTRAWVO8K8Qhpb5R2b2GKL/PVcl++j4f/k85pzT6vWTdn1eZl4VAZHIAjcAJscAGa4Bq0QBtgcA8ewRN4Nh6MF+PVeJulloyiZh8swHj/AiX8o0g=</latexit>

@h1

@u0

<latexit sha1_base64="2g++4FK2qtbTNVizFSiWmGPzmRk=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuQlJabXdFNy4r2Ac0IUwmk3bo5MHMRCihaz/DL3CrX+BO3Iof4H84aSNa0QMD555779x7j5cwKqRpvmtLyyura+uljfLm1vbOrr633xVxyjHp4JjFvO8hQRiNSEdSyUg/4QSFHiM9b3yZ53u3hAsaRzdykhAnRMOIBhQjqSRXP7IDjnBmJ4hLihhMXXP6HfVU5OoV02g26s1aA5qGOUNOqmfNugWtQqmAAm1X/7D9GKchiSRmSIiBZSbSyfIvMSPTsp0KkiA8RkMyUDRCIRFONjtlCk+U4sMg5upFEs7Unx0ZCoWYhJ6qDJEcid+5XPwrN0hl0HAyGiWpJBGeDwpSBmUMc1+gTznBkk0UQZhTtSvEI6S8kcq9hSm+yFfLffk6Hv5PulXDqhvmda3SuigcKoFDcAxOgQXOQQtcgTboAAzuwAN4BE/avfasvWiv89Ilreg5AAvQ3j4BLYSjTA==</latexit>

@u0

@W0

<latexit sha1_base64="p3zXI15Xa0FXe04iM38owyvSlaM=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4vgqiSi6EYounFZwT6gCWEymbRDJ5MwMxFKyN7P8Avc6he4E7f6Af6HkzagbT0wcOace+feOX7CqFSW9WVUVlbX1jeqm7Wt7Z3dPXP/oCvjVGDSwTGLRd9HkjDKSUdRxUg/EQRFPiM9f3xT+L0HIiSN+b2aJMSN0JDTkGKktOSZdScUCGdOgoSiiEHmBfnvredZ+ZVnNqymNQVcJnZJGqBE2zO/nSDGaUS4wgxJObCtRLlZ8SZmJK85qSQJwmM0JANNOYqIdLPpX3J4rJUAhrHQhys4Vf92ZCiSchL5ujJCaiQXvUL8zxukKrx0M8qTVBGOZ4PClEEVwyIYGFBBsGITTRAWVO8K8QjpcJSOb25KIIvVcp2LvZjCMumeNu3zpnV31mhdlwlVwRGogxNggwvQAregDToAg0fwDF7Aq/FkvBnvxsestGKUPYdgDsbnD6JXo3w=</latexit>

@ld
@W0

=

Hessian of first layer per data sample
<latexit sha1_base64="fLkV0HgxJEP1gM0mslnwiYteNhs=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VxVZKi6EYounFZwbZCm4bJZNIOnUzCzEQoIX/gZ/gFbvUL3Ikrwa3/4aQNYlsPDJw55965d44XMyqVZX0apaXlldW18nplY3Nre8fc3WvLKBGYtHDEInHvIUkY5aSlqGLkPhYEhR4jHW90nfudByIkjfidGsfECdGA04BipLTkmse9QCCc9mIkFEWsX4fM9bPfO+y4Vr+eXbpm1apZE8BFYhekCgo0XfO750c4CQlXmCEpu7YVKyfNX8WMZJVeIkmM8AgNSFdTjkIinXTynwweacWHQST04QpO1L8dKQqlHIeergyRGsp5Lxf/87qJCi6clPI4UYTj6aAgYVBFMA8H+lQQrNhYE4QF1btCPEQ6IKUjnJniy3y1TOdiz6ewSNr1mn1Ws25Pq42rIqEyOACH4ATY4Bw0wA1oghbA4BE8gxfwajwZb8a78TEtLRlFzz6YgfH1AzQopMQ=</latexit>

@2ld
@W 2

0

=

<latexit sha1_base64="AcONnGolPxuebPshgODpJbL+6Ck="></latexit>

@2u0

@W 2
0

<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="4dcnyKt/ee7kGXZ6S3uBkWEAkPc=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c6GOvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJDnqjNw==</latexit>

@u1

@h1

<latexit sha1_base64="60kCDCJfdCUFlI7azaDnN8WmG14=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRJRbHdFNy4r2Ae0IUwmk3boZBJmJkIJWfsZfoFb/QJ34lb8AP/DSRuxFT0wcObc9/FiRqWyrA+jtLS8srpWXq9sbG5t75i7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrPN69I0LSiN+qSUycEA05DShGSkuueTgIBMLpIEZCUcTgyLWzn1/iWplrVq2aNQWcI41G3a43oF0oVVCg5ZqfAz/CSUi4wgxJ2betWDlp3hIzklUGiSQxwmM0JH1NOQqJdNLpKRk81ooPg0joxxWcqvMVKQqlnISezgyRGsnfsVz8K9ZPVFB3UsrjRBGOZ4OChEEVwdwX6FNBsGITTRAWVO8K8Qhpb5R2b2GKL/PVcl++j4f/k85pzT6vWTdn1eZl4VAZHIAjcAJscAGa4Bq0QBtgcA8ewRN4Nh6MF+PVeJulloyiZh8swHj/AiX8o0g=</latexit>

@h1

@u0

<latexit sha1_base64="JQaxI6JxbxGU7X7hxfPD2PCKs0M=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBEEoSSi6LLoxmUL9gFtKJPJTTt08mBmIpSSL3CrX+BO3PoxfoD/4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb/yQ+51nlIrH0ZOeJOiGdBjxgDOqjdS8HFSqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdqdUas4EZuV+qjChbEyH2DM0oiEqdzoLmpFzo/gkiKV5kSYz9e/GlIZKTULPTIZUj9Syl4v/eb1UB3fulEdJqjFi80NBKoiOSf5r4nOJTIuJIZRJbrISNqKSMm26WbjiqzxaZnpxlltYJe2rmnNTs5vX1fp90VAJTuEMLsCBW6jDIzSgBQwQXuAV3qzMerc+rM/56JpV7JzAAqyvXwOtlSA=</latexit>

+

<latexit sha1_base64="IC3BZczJB1g7VpddVsQWCOb6l3U="></latexit>✓
@u0

@W0

◆2
<latexit sha1_base64="TggLdRqJE1uP/xnJQDmFFzUtW9E=">AAACIXicdVDLSsNAFJ34rPUVdelmsBRclaQotruiG5cV7AOaNEwmk3bo5MHMRCghX+Bn+AVu9QvciTtx7X84aaO0ogcGzpz7Pm7MqJCG8a6trK6tb2yWtsrbO7t7+/rBYVdECcekgyMW8b6LBGE0JB1JJSP9mBMUuIz03MlVHu/dES5oFN7KaUzsAI1C6lOMpJIcvWr5HOHUihGXFLFhHY4dM/v5w8QxhvXM0StGzZgBLpBms2E2mtAslAoo0Hb0T8uLcBKQUGKGhBiYRiztNG+KGcnKViJIjPAEjchA0RAFRNjp7JwMVpXiQT/i6oUSztTFihQFQkwDV2UGSI7F71gu/hUbJNJv2CkN40SSEM8H+QmDMoK5N9CjnGDJpoogzKnaFeIxUv5I5eDSFE/kq+W+fB8P/yfdes08rxk3Z5XWZeFQCRyDE3AKTHABWuAatEEHYHAPHsETeNYetBftVXubp65oRc0RWIL28QW2ZKSQ</latexit>

@2h1

@u2
0

<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="4dcnyKt/ee7kGXZ6S3uBkWEAkPc=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c6GOvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJDnqjNw==</latexit>

@u1

@h1

<latexit sha1_base64="JQaxI6JxbxGU7X7hxfPD2PCKs0M=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBEEoSSi6LLoxmUL9gFtKJPJTTt08mBmIpSSL3CrX+BO3PoxfoD/4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb/yQ+51nlIrH0ZOeJOiGdBjxgDOqjdS8HFSqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdqdUas4EZuV+qjChbEyH2DM0oiEqdzoLmpFzo/gkiKV5kSYz9e/GlIZKTULPTIZUj9Syl4v/eb1UB3fulEdJqjFi80NBKoiOSf5r4nOJTIuJIZRJbrISNqKSMm26WbjiqzxaZnpxlltYJe2rmnNTs5vX1fp90VAJTuEMLsCBW6jDIzSgBQwQXuAV3qzMerc+rM/56JpV7JzAAqyvXwOtlSA=</latexit>

+

<latexit sha1_base64="IC3BZczJB1g7VpddVsQWCOb6l3U="></latexit>✓
@u0

@W0

◆2 <latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="oOKKxXBkqsxtVKat4hEUiX6oSQ0="></latexit>✓
@h1

@u0

◆2
<latexit sha1_base64="0w0W4FA0ABw+m2yU+f0MApEOkPQ=">AAACIXicdVBLTsMwFHT4lvILsGRjUVViFSWlQJcVbFgWiX6kJo0cx2mtOh/ZDlIV9QQcgxOwhROwQ+wQa+6B0wZEEYxkaTzznt/zeAmjQprmm7a0vLK6tl7aKG9ube/s6nv7HRGnHJM2jlnMex4ShNGItCWVjPQSTlDoMdL1xpe5370lXNA4upGThDghGkY0oBhJJbl61Q44wpmdIC4pYoMaTF1r+n2HI9ca1KauXrEMcwZoGmf1unnSUKRQvqwKKNBy9Q/bj3EakkhihoToW2YinSx/FDMyLdupIAnCYzQkfUUjFBLhZLPvTGFVKT4MYq5OJOFM/dmRoVCISeipyhDJkfjt5eJfXj+VQcPJaJSkkkR4PihIGZQxzLOBPuUESzZRBGFO1a4Qj5DKR6oEF6b4Il9tIZf/SadmWKeGeV2vNC+KhErgEByBY2CBc9AEV6AF2gCDO/AAHsGTdq89ay/a67x0SSt6DsACtPdPnuSkfw==</latexit>

@2u1

@h2
1

<latexit sha1_base64="JQaxI6JxbxGU7X7hxfPD2PCKs0M=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBEEoSSi6LLoxmUL9gFtKJPJTTt08mBmIpSSL3CrX+BO3PoxfoD/4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb/yQ+51nlIrH0ZOeJOiGdBjxgDOqjdS8HFSqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdqdUas4EZuV+qjChbEyH2DM0oiEqdzoLmpFzo/gkiKV5kSYz9e/GlIZKTULPTIZUj9Syl4v/eb1UB3fulEdJqjFi80NBKoiOSf5r4nOJTIuJIZRJbrISNqKSMm26WbjiqzxaZnpxlltYJe2rmnNTs5vX1fp90VAJTuEMLsCBW6jDIzSgBQwQXuAV3qzMerc+rM/56JpV7JzAAqyvXwOtlSA=</latexit>

+

<latexit sha1_base64="IC3BZczJB1g7VpddVsQWCOb6l3U="></latexit>✓
@u0

@W0

◆2
<latexit sha1_base64="oOKKxXBkqsxtVKat4hEUiX6oSQ0="></latexit>✓
@h1

@u0

◆2
<latexit sha1_base64="bJ4mOY/Sx8VJdy264L1EG5wbsqs="></latexit>✓
@u1

@h1

◆2
<latexit sha1_base64="3+zo4smUklhmAjmyRSvz67tvdVQ=">AAACIXicbVDLSgMxFM3UV62vUZdugqXgqsxUS3VXdOOygn1AH0Mmk2lDM5khyQhl6Bf4GX6BW/0Cd+JOXPsfZtqh2OqBwMk59+beHDdiVCrL+jRya+sbm1v57cLO7t7+gXl41JJhLDBp4pCFouMiSRjlpKmoYqQTCYICl5G2O75J/fYDEZKG/F5NItIP0JBTn2KktOSYpZ4vEE56ERKKIjaoQOZ408Udxo49qEwds2iVrRmgVa7WKtbVOVwodkaKIEPDMb97XojjgHCFGZKya1uR6ifpo5iRaaEXSxIhPEZD0tWUo4DIfjL7zhSWtOJBPxT6cAVn6u+OBAVSTgJXVwZIjeSql4r/ed1Y+Zf9hPIoVoTj+SA/ZlCFMM0GelQQrNhEE4QF1btCPEI6H6UTXJriyXS1NBd7NYW/pFUp29WydXdRrF9nCeXBCTgFZ8AGNVAHt6ABmgCDR/AMXsCr8WS8Ge/Gx7w0Z2Q9x2AJxtcP+UWktg==</latexit>

@2ld
@u2

1

0

0

0

<latexit sha1_base64="Rku4uP2ellI03T6CRbCHQ8q2WfA=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRJRdCMU3bhswT6gDWUyuWmHTiZhZiKU0C9wq1/gTtz6MX6A/+GkzcJWDwwczrmXe+b4CWdKO86XVVpb39jcKm9Xdnb39g+qh0cdFaeSYpvGPJY9nyjkTGBbM82xl0gkkc+x60/uc7/7hFKxWDzqaYJeREaChYwSbaTW7bBac+rOHPZf4hakBgWaw+r3IIhpGqHQlBOl+q6TaC8jUjPKcVYZpAoTQidkhH1DBYlQedk86Mw+M0pgh7E0T2h7rv7eyEik1DTyzWRE9Fitern4n9dPdXjjZUwkqUZBF4fClNs6tvNf2wGTSDWfGkKoZCarTcdEEqpNN0tXApVHm5le3NUW/pLORd29qjuty1rjrmioDCdwCufgwjU04AGa0AYKCM/wAq/WzHqz3q2PxWjJKnaOYQnW5w8gS5Uy</latexit>=

<latexit sha1_base64="3+zo4smUklhmAjmyRSvz67tvdVQ=">AAACIXicbVDLSgMxFM3UV62vUZdugqXgqsxUS3VXdOOygn1AH0Mmk2lDM5khyQhl6Bf4GX6BW/0Cd+JOXPsfZtqh2OqBwMk59+beHDdiVCrL+jRya+sbm1v57cLO7t7+gXl41JJhLDBp4pCFouMiSRjlpKmoYqQTCYICl5G2O75J/fYDEZKG/F5NItIP0JBTn2KktOSYpZ4vEE56ERKKIjaoQOZ408Udxo49qEwds2iVrRmgVa7WKtbVOVwodkaKIEPDMb97XojjgHCFGZKya1uR6ifpo5iRaaEXSxIhPEZD0tWUo4DIfjL7zhSWtOJBPxT6cAVn6u+OBAVSTgJXVwZIjeSql4r/ed1Y+Zf9hPIoVoTj+SA/ZlCFMM0GelQQrNhEE4QF1btCPEI6H6UTXJriyXS1NBd7NYW/pFUp29WydXdRrF9nCeXBCTgFZ8AGNVAHt6ABmgCDR/AMXsCr8WS8Ge/Gx7w0Z2Q9x2AJxtcP+UWktg==</latexit>

@2ld
@u2

1

<latexit sha1_base64="aENufBL+EZ99+g5stLK5ADY7YDY=">AAACKnicbVDLSgMxFM3UV62vqks3wSLUTZkRRZdFNy4r2Ad0hiGTybShmQfJHaEM8xd+hl/gVr/AXXGr/2GmLWhbDwROzrk39+Z4ieAKTHNilNbWNza3ytuVnd29/YPq4VFHxamkrE1jEcueRxQTPGJt4CBYL5GMhJ5gXW90V/jdJyYVj6NHGCfMCckg4gGnBLTkVhu2YAHU7UASmtkJkcCJwKlr5b+3rmvmtuSDIZy71ZrZMKfAq8Sakxqao+VWv20/pmnIIqCCKNW3zAScrHiZCpZX7FSxhNARGbC+phEJmXKy6b9yfKYVHwex1CcCPFX/dmQkVGoceroyJDBUy14h/uf1UwhunIxHSQosorNBQSowxLgICftcMgpirAmhkutdMR0SHRHoKBem+KpYLde5WMsprJLORcO6apgPl7Xm7TyhMjpBp6iOLHSNmugetVAbUfSMXtEbejdejA9jYnzOSkvGvOcYLcD4+gEYwKhf</latexit>✓
@u1

@W0

◆<latexit sha1_base64="p4V4N6uy+7pvXjmkyIvfobbKdMA=">AAACLHicbVDLSgMxFM3UV62vqks3wSLUTZkRRZdFNy4r9AWdOmTSTBuaeZDcEcowv+Fn+AVu9QvciLjU7zDTDmhbDwROzrk39+a4keAKTPPdKKysrq1vFDdLW9s7u3vl/YO2CmNJWYuGIpRdlygmeMBawEGwbiQZ8V3BOu74JvM7D0wqHgZNmESs75NhwD1OCWjJKZu2YB5UbU8SmtgRkcCJwLFjpb+3jmOmtuTDEZzeN51yxayZU+BlYuWkgnI0nPKXPQhp7LMAqCBK9Swzgn6SvU0FS0t2rFhE6JgMWU/TgPhM9ZPpz1J8opUB9kKpTwB4qv7tSIiv1MR3daVPYKQWvUz8z+vF4F31Ex5EMbCAzgZ5scAQ4iwmPOCSURATTQiVXO+K6YjokECHOTdloLLVUp2LtZjCMmmf1ayLmnl3Xqlf5wkV0RE6RlVkoUtUR7eogVqIokf0jF7Qq/FkvBkfxuestGDkPYdoDsb3D6H7qSU=</latexit>✓
@u1

@W0

◆T

2

2
25

2

<latexit sha1_base64="3+zo4smUklhmAjmyRSvz67tvdVQ=">AAACIXicbVDLSgMxFM3UV62vUZdugqXgqsxUS3VXdOOygn1AH0Mmk2lDM5khyQhl6Bf4GX6BW/0Cd+JOXPsfZtqh2OqBwMk59+beHDdiVCrL+jRya+sbm1v57cLO7t7+gXl41JJhLDBp4pCFouMiSRjlpKmoYqQTCYICl5G2O75J/fYDEZKG/F5NItIP0JBTn2KktOSYpZ4vEE56ERKKIjaoQOZ408Udxo49qEwds2iVrRmgVa7WKtbVOVwodkaKIEPDMb97XojjgHCFGZKya1uR6ifpo5iRaaEXSxIhPEZD0tWUo4DIfjL7zhSWtOJBPxT6cAVn6u+OBAVSTgJXVwZIjeSql4r/ed1Y+Zf9hPIoVoTj+SA/ZlCFMM0GelQQrNhEE4QF1btCPEI6H6UTXJriyXS1NBd7NYW/pFUp29WydXdRrF9nCeXBCTgFZ8AGNVAHt6ABmgCDR/AMXsCr8WS8Ge/Gx7w0Z2Q9x2AJxtcP+UWktg==</latexit>

@2ld
@u2

1

<latexit sha1_base64="p4V4N6uy+7pvXjmkyIvfobbKdMA=">AAACLHicbVDLSgMxFM3UV62vqks3wSLUTZkRRZdFNy4r9AWdOmTSTBuaeZDcEcowv+Fn+AVu9QvciLjU7zDTDmhbDwROzrk39+a4keAKTPPdKKysrq1vFDdLW9s7u3vl/YO2CmNJWYuGIpRdlygmeMBawEGwbiQZ8V3BOu74JvM7D0wqHgZNmESs75NhwD1OCWjJKZu2YB5UbU8SmtgRkcCJwLFjpb+3jmOmtuTDEZzeN51yxayZU+BlYuWkgnI0nPKXPQhp7LMAqCBK9Swzgn6SvU0FS0t2rFhE6JgMWU/TgPhM9ZPpz1J8opUB9kKpTwB4qv7tSIiv1MR3daVPYKQWvUz8z+vF4F31Ex5EMbCAzgZ5scAQ4iwmPOCSURATTQiVXO+K6YjokECHOTdloLLVUp2LtZjCMmmf1ayLmnl3Xqlf5wkV0RE6RlVkoUtUR7eogVqIokf0jF7Qq/FkvBkfxuestGDkPYdoDsb3D6H7qSU=</latexit>✓
@u1

@W0

◆T

25

2

<latexit sha1_base64="aENufBL+EZ99+g5stLK5ADY7YDY=">AAACKnicbVDLSgMxFM3UV62vqks3wSLUTZkRRZdFNy4r2Ad0hiGTybShmQfJHaEM8xd+hl/gVr/AXXGr/2GmLWhbDwROzrk39+Z4ieAKTHNilNbWNza3ytuVnd29/YPq4VFHxamkrE1jEcueRxQTPGJt4CBYL5GMhJ5gXW90V/jdJyYVj6NHGCfMCckg4gGnBLTkVhu2YAHU7UASmtkJkcCJwKlr5b+3rmvmtuSDIZy71ZrZMKfAq8Sakxqao+VWv20/pmnIIqCCKNW3zAScrHiZCpZX7FSxhNARGbC+phEJmXKy6b9yfKYVHwex1CcCPFX/dmQkVGoceroyJDBUy14h/uf1UwhunIxHSQosorNBQSowxLgICftcMgpirAmhkutdMR0SHRHoKBem+KpYLde5WMsprJLORcO6apgPl7Xm7TyhMjpBp6iOLHSNmugetVAbUfSMXtEbejdejA9jYnzOSkvGvOcYLcD4+gEYwKhf</latexit>✓
@u1

@W0

◆

<latexit sha1_base64="DXaApO6JhfeuHAT1Csy1POe8tjs="></latexit>s
@2ld
@u2

1

<latexit sha1_base64="ONqlBfzCDu4U0H6SassZvx1CU40="></latexit>✓
@u1

@W0

◆T
<latexit sha1_base64="IYwsHGq9MUtxjsSxHHeMuIXlVjY="></latexit>✓

@u1

@W0

◆<latexit sha1_base64="DXaApO6JhfeuHAT1Csy1POe8tjs="></latexit>s
@2ld
@u2

1

2

25

2

<latexit sha1_base64="p4V4N6uy+7pvXjmkyIvfobbKdMA=">AAACLHicbVDLSgMxFM3UV62vqks3wSLUTZkRRZdFNy4r9AWdOmTSTBuaeZDcEcowv+Fn+AVu9QvciLjU7zDTDmhbDwROzrk39+a4keAKTPPdKKysrq1vFDdLW9s7u3vl/YO2CmNJWYuGIpRdlygmeMBawEGwbiQZ8V3BOu74JvM7D0wqHgZNmESs75NhwD1OCWjJKZu2YB5UbU8SmtgRkcCJwLFjpb+3jmOmtuTDEZzeN51yxayZU+BlYuWkgnI0nPKXPQhp7LMAqCBK9Swzgn6SvU0FS0t2rFhE6JgMWU/TgPhM9ZPpz1J8opUB9kKpTwB4qv7tSIiv1MR3daVPYKQWvUz8z+vF4F31Ex5EMbCAzgZ5scAQ4iwmPOCSURATTQiVXO+K6YjokECHOTdloLLVUp2LtZjCMmmf1ayLmnl3Xqlf5wkV0RE6RlVkoUtUR7eogVqIokf0jF7Qq/FkvBkfxuestGDkPYdoDsb3D6H7qSU=</latexit>✓
@u1

@W0

◆T
<latexit sha1_base64="DXaApO6JhfeuHAT1Csy1POe8tjs="></latexit>s

@2ld
@u2

1

Jacobian-matrix product

Gauss-Newton approximation

2



Kronecker Factors

0.9

0.1
0

Labradoodle

Fried chicken

1

<latexit sha1_base64="Qrf0MYIwlAOrUIJFBxNweXaH96A=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiSi6EYounFZwbSFNpTJZNIOnUzCzEQsoQu/wK1+gTtx66f4Af6HkzYL23pg4HDOvdwzx084U9q2v63Syura+kZ5s7K1vbO7V90/aKk4lYS6JOax7PhYUc4EdTXTnHYSSXHkc9r2R7e5336kUrFYPOhxQr0IDwQLGcHaSO7T9bBv96s1u25PgZaJU5AaFGj2qz+9ICZpRIUmHCvVdexEexmWmhFOJ5VeqmiCyQgPaNdQgSOqvGwadoJOjBKgMJbmCY2m6t+NDEdKjSPfTEZYD9Wil4v/ed1Uh1dexkSSairI7FCYcqRjlP8cBUxSovnYEEwkM1kRGWKJiTb9zF0JVB5tYnpxFltYJq2zunNRt+/Pa42boqEyHMExnIIDl9CAO2iCCwQYvMArvFnP1rv1YX3ORktWsXMIc7C+fgH/kJbJ</latexit>

x = h0
<latexit sha1_base64="oeS8g7Am64cZNl7f2teu7TnWjwI=">AAACBHicdVDLSgMxFM3UV62vqks3wSK4GjKl1XYhFN24rGAf2A5DJpO2oZnMkGSEUrr1C9zqF7gTt/6HH+B/mGlHsKIHLhzOuZd77/FjzpRG6MPKrayurW/kNwtb2zu7e8X9g7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/PFV6nfuqVQsErd6ElM3xEPBBoxgbaS7xEMXHQ+NPOQVS8iu16r1Sg0iG82RkvJZvepAJ1NKIEPTK372g4gkIRWacKxUz0GxdqdYakY4nRX6iaIxJmM8pD1DBQ6pcqfzi2fwxCgBHETSlNBwrv6cmOJQqUnom84Q65H67aXiX14v0YOaO2UiTjQVZLFokHCoI5i+DwMmKdF8YggmkplbIRlhiYk2IS1tCVR62szk8v08/J+0y7ZTtdFNpdS4zBLKgyNwDE6BA85BA1yDJmgBAgR4BE/g2XqwXqxX623RmrOymUOwBOv9C3UxmK8=</latexit>

u0 = W0h0

<latexit sha1_base64="kCq7DLpZP7ITr63xm/PasuR7YA0=">AAACBHicdVDLSsNAFL3xWeur6tLNYBHqpiSi2C6EohuXFewD2xAmk0k7dDIJMxOhhG79Arf6Be7Erf/hB/gfTh9CK3rgwuGce7n3Hj/hTGnb/rSWlldW19ZzG/nNre2d3cLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/uB67LceqFQsFnd6mFA3wj3BQkawNtJ933Muw1Lq2SdeoWiX7QnQHKlWK06lipyZUoQZ6l7hqxvEJI2o0IRjpTqOnWg3w1Izwuko300VTTAZ4B7tGCpwRJWbTS4eoWOjBCiMpSmh0USdn8hwpNQw8k1nhHVf/fbG4l9eJ9Vhxc2YSFJNBZkuClOOdIzG76OASUo0HxqCiWTmVkT6WGKiTUgLWwI1Pm1kcvl5Hv1Pmqdl57xs354Va1ezhHJwCEdQAgcuoAY3UIcGEBDwBM/wYj1ar9ab9T5tXbJmMwewAOvjGwfsmGs=</latexit>

h1 = f(u0)
<latexit sha1_base64="i98NF53nvMx1GTvIOlT02vBIGAA=">AAACBHicdVDLSsNAFL2pr1pfVZdugkVwFRKt2o1QdOOygn1gG8JkMmmHTiZhZiKU0K1f4Fa/wJ249T/8AP/DSVuhFT0wcDjnXu6Z4yeMSmXbn0ZhaXllda24XtrY3NreKe/utWScCkyaOGax6PhIEkY5aSqqGOkkgqDIZ6TtD69zv/1AhKQxv1OjhLgR6nMaUoyUlu5Tz7lse87Ac7xyxbHsCUzbOq9W7dOaJjPlx6rADA2v/NULYpxGhCvMkJRdx06UmyGhKGZkXOqlkiQID1GfdDXlKCLSzSaJx+aRVgIzjIV+XJkTdX4jQ5GUo8jXkxFSA/nby8W/vG6qwpqbUZ6kinA8PRSmzFSxmX/fDKggWLGRJggLqrOaeIAEwkqXtHAlkHm08Xwv/5PWieWcWfZttVK/mjVUhAM4hGNw4ALqcAMNaAIGDk/wDC/Go/FqvBnv09GCMdvZhwUYH988fpiK</latexit>

u1 = W1h1

<latexit sha1_base64="W73OkZkQwqUqtkryurdoW2eNi9I=">AAACAnicbVDLSgMxFM3UV62vqks3wSLUzZCplupCKLpxWcE+oB1KJpNpQzOZIckIpXTnF7jVL3Anbv0RP8D/MNMOYqsHAodz7uWeHC/mTGmEPq3cyura+kZ+s7C1vbO7V9w/aKkokYQ2ScQj2fGwopwJ2tRMc9qJJcWhx2nbG92kfvuBSsUica/HMXVDPBAsYARrI3Xiq6Cc9J3TfrGEbDQDRHa1VkGXZ/BHcTJSAhka/eJXz49IElKhCcdKdR0Ua3eCpWaE02mhlygaYzLCA9o1VOCQKncyyzuFJ0bxYRBJ84SGM/X3xgSHSo1Dz0yGWA/VspeK/3ndRAcX7oSJONFUkPmhIOFQRzD9PPSZpETzsSGYSGayQjLEEhNtKlq44qs02tT04iy38Je0KrZTtdHdeal+nTWUB0fgGJSBA2qgDm5BAzQBARw8gWfwYj1ar9ab9T4fzVnZziFYgPXxDchil74=</latexit>

p = f(u1)

parameters
per layer

param
eters

per layer

<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="4dcnyKt/ee7kGXZ6S3uBkWEAkPc=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c6GOvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJDnqjNw==</latexit>

@u1

@h1

<latexit sha1_base64="60kCDCJfdCUFlI7azaDnN8WmG14=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRJRbHdFNy4r2Ae0IUwmk3boZBJmJkIJWfsZfoFb/QJ34lb8AP/DSRuxFT0wcObc9/FiRqWyrA+jtLS8srpWXq9sbG5t75i7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrPN69I0LSiN+qSUycEA05DShGSkuueTgIBMLpIEZCUcTgyLWzn1/iWplrVq2aNQWcI41G3a43oF0oVVCg5ZqfAz/CSUi4wgxJ2betWDlp3hIzklUGiSQxwmM0JH1NOQqJdNLpKRk81ooPg0joxxWcqvMVKQqlnISezgyRGsnfsVz8K9ZPVFB3UsrjRBGOZ4OChEEVwdwX6FNBsGITTRAWVO8K8Qhpb5R2b2GKL/PVcl++j4f/k85pzT6vWTdn1eZl4VAZHIAjcAJscAGa4Bq0QBtgcA8ewRN4Nh6MF+PVeJulloyiZh8swHj/AiX8o0g=</latexit>

@h1

@u0

<latexit sha1_base64="2g++4FK2qtbTNVizFSiWmGPzmRk=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuQlJabXdFNy4r2Ac0IUwmk3bo5MHMRCihaz/DL3CrX+BO3Iof4H84aSNa0QMD555779x7j5cwKqRpvmtLyyura+uljfLm1vbOrr633xVxyjHp4JjFvO8hQRiNSEdSyUg/4QSFHiM9b3yZ53u3hAsaRzdykhAnRMOIBhQjqSRXP7IDjnBmJ4hLihhMXXP6HfVU5OoV02g26s1aA5qGOUNOqmfNugWtQqmAAm1X/7D9GKchiSRmSIiBZSbSyfIvMSPTsp0KkiA8RkMyUDRCIRFONjtlCk+U4sMg5upFEs7Unx0ZCoWYhJ6qDJEcid+5XPwrN0hl0HAyGiWpJBGeDwpSBmUMc1+gTznBkk0UQZhTtSvEI6S8kcq9hSm+yFfLffk6Hv5PulXDqhvmda3SuigcKoFDcAxOgQXOQQtcgTboAAzuwAN4BE/avfasvWiv89Ilreg5AAvQ3j4BLYSjTA==</latexit>

@u0

@W0

<latexit sha1_base64="p3zXI15Xa0FXe04iM38owyvSlaM=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4vgqiSi6EYounFZwT6gCWEymbRDJ5MwMxFKyN7P8Avc6he4E7f6Af6HkzagbT0wcOace+feOX7CqFSW9WVUVlbX1jeqm7Wt7Z3dPXP/oCvjVGDSwTGLRd9HkjDKSUdRxUg/EQRFPiM9f3xT+L0HIiSN+b2aJMSN0JDTkGKktOSZdScUCGdOgoSiiEHmBfnvredZ+ZVnNqymNQVcJnZJGqBE2zO/nSDGaUS4wgxJObCtRLlZ8SZmJK85qSQJwmM0JANNOYqIdLPpX3J4rJUAhrHQhys4Vf92ZCiSchL5ujJCaiQXvUL8zxukKrx0M8qTVBGOZ4PClEEVwyIYGFBBsGITTRAWVO8K8QjpcJSOb25KIIvVcp2LvZjCMumeNu3zpnV31mhdlwlVwRGogxNggwvQAregDToAg0fwDF7Aq/FkvBnvxsestGKUPYdgDsbnD6JXo3w=</latexit>

@ld
@W0

=

<latexit sha1_base64="2g++4FK2qtbTNVizFSiWmGPzmRk=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuQlJabXdFNy4r2Ac0IUwmk3bo5MHMRCihaz/DL3CrX+BO3Iof4H84aSNa0QMD555779x7j5cwKqRpvmtLyyura+uljfLm1vbOrr633xVxyjHp4JjFvO8hQRiNSEdSyUg/4QSFHiM9b3yZ53u3hAsaRzdykhAnRMOIBhQjqSRXP7IDjnBmJ4hLihhMXXP6HfVU5OoV02g26s1aA5qGOUNOqmfNugWtQqmAAm1X/7D9GKchiSRmSIiBZSbSyfIvMSPTsp0KkiA8RkMyUDRCIRFONjtlCk+U4sMg5upFEs7Unx0ZCoWYhJ6qDJEcid+5XPwrN0hl0HAyGiWpJBGeDwpSBmUMc1+gTznBkk0UQZhTtSvEI6S8kcq9hSm+yFfLffk6Hv5PulXDqhvmda3SuigcKoFDcAxOgQXOQQtcgTboAAzuwAN4BE/avfasvWiv89Ilreg5AAvQ3j4BLYSjTA==</latexit>

@u0

@W0

<latexit sha1_base64="ssorhLW1L1nF8jld/l0Mu6MtIug=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRJRbHdFNy4r2Ae0IUwmk3boZBJmJkIJWfsZfoFb/QJ34lb8AP/DSRuxFT0wcObc9/FiRqWyrA+jtLS8srpWXq9sbG5t75i7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrPN69I0LSiN+qSUycEA05DShGSkuueTgIBMLpIEZCUcQgc/3s55e4VuaaVatmTQHnSKNRt+sNaBdKFRRouebnwI9wEhKuMENS9m0rVk6at8SMZJVBIkmM8BgNSV9TjkIinXR6SgaPteLDIBL6cQWn6nxFikIpJ6GnM0OkRvJ3LBf/ivUTFdSdlPI4UYTj2aAgYVBFMPcF+lQQrNhEE4QF1btCPELaG6XdW5jiy3y13Jfv4+H/pHNas89r1s1ZtXlZOFQGB+AInAAbXIAmuAYt0AYY3INH8ASejQfjxXg13mapJaOo2QcLMN6/AICuo38=</latexit>

@ld
@u0

<latexit sha1_base64="Ez758ZhWFAvW5tW9MvyD22HU2o0=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkoKVWFXwYZlkehHaqLIcZzWqvOR7SBVUdYcgxOwhROwQ2wRB+AeOG0FtDCSpfHMe37P4yWMCmmaH1ppaXllda28XtnY3Nre0Xf3OiJOOSZtHLOY9zwkCKMRaUsqGeklnKDQY6Trja4Kv3tHuKBxdCvHCXFCNIhoQDGSSnL1QzvgCGd2grikiEHm+vnPLXWt3NWrpmFOAE2j3qiZF6fwW7FmpApmaLn6p+3HOA1JJDFDQvQtM5FOVjyJGckrdipIgvAIDUhf0QiFRDjZ5Cs5PFaKD4OYqxNJOFF/d2QoFGIceqoyRHIoFr1C/M/rpzI4dzIaJakkEZ4OClIGZQyLXKBPOcGSjRVBmFO1K8RDpLKRKr25Kb4oVitysRZT+Es6NcOqG+bNWbV5OUuoDA7AETgBFmiAJrgGLdAGGNyDR/AEnrUH7UV71d6mpSVt1rMP5qC9fwFobaNu</latexit>

@ld
@u1

<latexit sha1_base64="rQepUHmc6aWrxxB1wV5j6ZVGC6k=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwVRKt2mXRjcsK9gFNCJPJpB06mYSZiVBC136GX+BWv8CduBU/wP9w0ka0ohcGzj3nvub4CaNSWda7UVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3RZa53b4mQNOY3apwQN0IDTkOKkdKUZ+47oUA4cxIkFEUMpp49+c66OvPMql2zpgGt2lm9bp00NCiYL6kKimh55ocTxDiNCFeYISn7tpUoN8tHYkYmFSeVJEF4hAakryFHEZFuNv3KBB5qJoBhLPTjCk7Znx0ZiqQcR76ujJAayt9aTv6l9VMVNtyM8iRVhOPZojBlUMUw9wUGVBCs2FgDhAXVt0I8RNobpd2b2xLI/LQ5X/4HneOafVqzruvV5kXhUBnsgQNwBGxwDprgCrRAG2BwBx7AI3gy7o1n48V4nZWWjKJnF8yF8fYJ8zGjJg==</latexit>

@u1

@W1

<latexit sha1_base64="ES/YW1wUD31fIojK4GuQzJyNpro=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4vgqiSi6EYounFZwT6gCWEymbRDJ5MwMxFKyN7P8Avc6he4E7f6Af6HkzagbT0wcOace+feOX7CqFSW9WVUVlbX1jeqm7Wt7Z3dPXP/oCvjVGDSwTGLRd9HkjDKSUdRxUg/EQRFPiM9f3xT+L0HIiSN+b2aJMSN0JDTkGKktOSZdScUCGdOgoSiiEHmBfnvrefZ+ZVnNqymNQVcJnZJGqBE2zO/nSDGaUS4wgxJObCtRLlZ8SZmJK85qSQJwmM0JANNOYqIdLPpX3J4rJUAhrHQhys4Vf92ZCiSchL5ujJCaiQXvUL8zxukKrx0M8qTVBGOZ4PClEEVwyIYGFBBsGITTRAWVO8K8QjpcJSOb25KIIvVcp2LvZjCMumeNu3zpnV31mhdlwlVwRGogxNggwvQAregDToAg0fwDF7Aq/FkvBnvxsestGKUPYdgDsbnD6Pwo30=</latexit>

@ld
@W1

=

<latexit sha1_base64="2Z9vIFZu1z24Xr4IBefUplopa4U="></latexit>0

BBBB@

@u1
@W1

@u1
@W2

· · · @u1
@W10

@u2
@W1

. . .
...

...
. . .

...
@u5
@W1

· · · · · · @u5
@W10

1

CCCCA
2 R10⇥5

<latexit sha1_base64="zoy5uADeJgnXvpOw0YL29vWdyCA=">AAAB+3icdVDLSgMxFM3UV62vqks3wSK4GjJatcuiG5ct2Ae0Q8lkMm1oJjMkGaEM8wVu9QvciVs/xg/wP8y0I7SiBwKHc+7lnhwv5kxphD6t0tr6xuZWebuys7u3f1A9POqqKJGEdkjEI9n3sKKcCdrRTHPajyXFocdpz5ve5X7vkUrFIvGgZzF1QzwWLGAEayO10ahac2w0B0T2db2OLhuGFMqPVQMFWqPq19CPSBJSoQnHSg0cFGs3xVIzwmlWGSaKxphM8ZgODBU4pMpN50EzeGYUHwaRNE9oOFeXN1IcKjULPTMZYj1Rv71c/MsbJDpouCkTcaKpIItDQcKhjmD+a+gzSYnmM0MwkcxkhWSCJSbadLNyxVd5tGy5l/9J98J2rmzUrteat0VDZXACTsE5cMANaIJ70AIdQAAFT+AZvFiZ9Wq9We+L0ZJV7ByDFVgf3zM7lT8=</latexit>

0

<latexit sha1_base64="zoy5uADeJgnXvpOw0YL29vWdyCA=">AAAB+3icdVDLSgMxFM3UV62vqks3wSK4GjJatcuiG5ct2Ae0Q8lkMm1oJjMkGaEM8wVu9QvciVs/xg/wP8y0I7SiBwKHc+7lnhwv5kxphD6t0tr6xuZWebuys7u3f1A9POqqKJGEdkjEI9n3sKKcCdrRTHPajyXFocdpz5ve5X7vkUrFIvGgZzF1QzwWLGAEayO10ahac2w0B0T2db2OLhuGFMqPVQMFWqPq19CPSBJSoQnHSg0cFGs3xVIzwmlWGSaKxphM8ZgODBU4pMpN50EzeGYUHwaRNE9oOFeXN1IcKjULPTMZYj1Rv71c/MsbJDpouCkTcaKpIItDQcKhjmD+a+gzSYnmM0MwkcxkhWSCJSbadLNyxVd5tGy5l/9J98J2rmzUrteat0VDZXACTsE5cMANaIJ70AIdQAAFT+AZvFiZ9Wq9We+L0ZJV7ByDFVgf3zM7lT8=</latexit>

0
<latexit sha1_base64="zoy5uADeJgnXvpOw0YL29vWdyCA=">AAAB+3icdVDLSgMxFM3UV62vqks3wSK4GjJatcuiG5ct2Ae0Q8lkMm1oJjMkGaEM8wVu9QvciVs/xg/wP8y0I7SiBwKHc+7lnhwv5kxphD6t0tr6xuZWebuys7u3f1A9POqqKJGEdkjEI9n3sKKcCdrRTHPajyXFocdpz5ve5X7vkUrFIvGgZzF1QzwWLGAEayO10ahac2w0B0T2db2OLhuGFMqPVQMFWqPq19CPSBJSoQnHSg0cFGs3xVIzwmlWGSaKxphM8ZgODBU4pMpN50EzeGYUHwaRNE9oOFeXN1IcKjULPTMZYj1Rv71c/MsbJDpouCkTcaKpIItDQcKhjmD+a+gzSYnmM0MwkcxkhWSCJSbadLNyxVd5tGy5l/9J98J2rmzUrteat0VDZXACTsE5cMANaIJ70AIdQAAFT+AZvFiZ9Wq9We+L0ZJV7ByDFVgf3zM7lT8=</latexit>

0

<latexit sha1_base64="JYLpzq16KQ+za3itwHIhuRnHLWw=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4B2KJlMpg3NJENyRyhDV36BW/0Cd+LWL/ED/A8z7Sxs64XA4Zx7OScnSAQ34LrfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdgBgmuGQt4CBYN9GMxIFgnWB8l+udJ6YNV/IRJgnzYzKUPOKUgKU6fQU8ZmZQrbl1dzZ4FXgFqKFimoPqTz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmQ9CyWxJn42izvFZ5YJcaS0fRLwjP17kZHYmEkc2M2YwMgsazn5n9ZLIbrxMy6TFJikc6MoFRgUzv+OQ64ZBTGxgFDNbVZMR0QTCrahBZfQ5NGmthdvuYVV0L6oe1d19+Gy1rgtGiqjE3SKzpGHrlED3aMmaiGKxugFvaI359l5dz6cz/lqySlujtHCOF+/TOuYHg==</latexit>⌦

<latexit sha1_base64="JYLpzq16KQ+za3itwHIhuRnHLWw=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4B2KJlMpg3NJENyRyhDV36BW/0Cd+LWL/ED/A8z7Sxs64XA4Zx7OScnSAQ34LrfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdgBgmuGQt4CBYN9GMxIFgnWB8l+udJ6YNV/IRJgnzYzKUPOKUgKU6fQU8ZmZQrbl1dzZ4FXgFqKFimoPqTz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmQ9CyWxJn42izvFZ5YJcaS0fRLwjP17kZHYmEkc2M2YwMgsazn5n9ZLIbrxMy6TFJikc6MoFRgUzv+OQ64ZBTGxgFDNbVZMR0QTCrahBZfQ5NGmthdvuYVV0L6oe1d19+Gy1rgtGiqjE3SKzpGHrlED3aMmaiGKxugFvaI359l5dz6cz/lqySlujtHCOF+/TOuYHg==</latexit>⌦

<latexit sha1_base64="JYLpzq16KQ+za3itwHIhuRnHLWw=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4B2KJlMpg3NJENyRyhDV36BW/0Cd+LWL/ED/A8z7Sxs64XA4Zx7OScnSAQ34LrfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdgBgmuGQt4CBYN9GMxIFgnWB8l+udJ6YNV/IRJgnzYzKUPOKUgKU6fQU8ZmZQrbl1dzZ4FXgFqKFimoPqTz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmQ9CyWxJn42izvFZ5YJcaS0fRLwjP17kZHYmEkc2M2YwMgsazn5n9ZLIbrxMy6TFJikc6MoFRgUzv+OQ64ZBTGxgFDNbVZMR0QTCrahBZfQ5NGmthdvuYVV0L6oe1d19+Gy1rgtGiqjE3SKzpGHrlED3aMmaiGKxugFvaI359l5dz6cz/lqySlujtHCOF+/TOuYHg==</latexit>⌦



K-FAC

ImageNet-1k, ResNet-50Distributed K-FAC (K. Osawa et el., CVPR2019, TPAMI)



Summary

• The structure of matrices depend on the underlying geometry

• Sparsity is related to connectivity, where as rank is related to proximity

• FMM is a matrix-free mat-vac of a hierarchical low-rank matrix

• Using the matrix form is useful for multiple right hand sides and factorization

• Nesting of bases and admissibility distinguishes the various hierarchical formats

• FMM and hierarchical matrices both rely on geometric separation

• Everything is close in high dimensions but dimensions may also have structure

• Embedding of dimensions leads to Kronecker structure

• Exploiting this structure is useful for very high-dimension problems



Thank you
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